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ON SPECTRAL PROPERTIES OF THE MODIFIED
CONVOLUTION OPERATOR

AINUR JUMABAYEVA, ESMUHANBET SMAILOV, AND NAZERKE TLEUKHANOVA

ABSTRACT. We investigated the s-number of the modified convolution opera-
tor and obtained the following results
[ ets)as

/go(x)dx
Q

Q

where l <p<2<qg<oo,p = ;;%17 G be a set of all segments Q from [0, 1],

F be a set of all compacts from [0, 1], |@Q| is the measure of a set Q.

1
C1 Sup ﬁ
Qec |Q|

)

< [lepllarg < es sup
QeF
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1. INTRODUCTION

Let 1 < p < oo, 0 < g < oo. We denote by &, , the space of all compact oper-
ators A, acting in the space Ly[0, 1] of all 1-periodic functions square integrable
on [0, 1] for s-numbers such that the following quasinorm is finite

s 1/q
||A||6p,q = (Z Sgn(A)mq/p—1> ,

m=1
if ¢ < 0o, and

|Alle, . = supmism if ¢ = oo.
m

Recall that the sequence s,,(A) (the s— numbers of operator A) are numerated

eigenvalues of the operator v A*A.
We consider the convolution operator

(Af)(y) = / Kz — y)f(x)de
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acting in L0, 1].Given a function ¢ € L;[0,1] we consider also the modified
convolution operator
1

(Ao (y) = / (K )@ — y)f(x)de.

0

We say that ¢ belongs to the space MpLat if for A € &,, 4, A, € &), 4, and

HAgo”Gpl,ql g CHA||6P0a‘ZO7

where ¢ > 0 depends only on po, qo, p1, ¢1-
This means that the linear operator R, defined by the equality R,(A) = A, is
bounded from &, 4 to &,, 4 . Let

roa = || Ryl -
||90||Mp0’q0 e 16pg,a0=6p1,q1

Given that the eigenvalues of the operator K * f coincide with the Fourier
coefficients of the kernel K with respect to the trigonometric system, in the case
Po = p1 = Qo = ¢1 = p this problem reduces to the well-known problem of
Fourier series multipliers. Let K € L;(]0,1]) and {a,,(K)}mez be the sequence
of its Fourier coefficients with respect to the trigonometric system {e?™**}, .
It is assumed that K is such that {a,(K)}mez € [, 1 < p < oo. Let T, =
{am(K¢)}mez € l,. The problem is to determine conditions on the function ¢,
ensuring the boundedness of the operator T.,: [, — [,,.

This problem was considered in works of S.B. Stechkin [1], [.I. Hirschman [2],
S.L. Edelstein [3], M.Sh. Birman and M.Z. Solomyak [4], G.E. Karadzhov [5] and
others.

We obtain sufficient conditions on a multiplier ¢ ensuring that it belongs
to space M4t These conditions are expressed in terms of Lorentz and Besov
spaces. We also construct examples showing the sharpness of the obtained con-
stants for corresponding embedding theorems.

2. MAIN RESULTS

Let f be a u measurable function which takes finite values almost everywhere
and let
m(o, f) = p({z: z€0,1], [f]>0})

be its distribution function. The function

f1(t) = nf{o - m(o, f) <t}
is a nonincreasing rearrangement of f.

We say that a function f belongs to the Lorentz space L, , if f is measurable
and

o0

1o, = / (5 1 (8))

0

J

; < 00,
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for 1 < ¢ < o0 and
l *
[ f]lL, 0 = suptr f*(t) < oo,
>0

for ¢ =
Theorem 1. Let 1 <py <2< p,1 <q <q0<oo,%:pi0—]%1,%:q%—qio and
w € L, 4[0,1]. If A€ &, 40, then A, € S, 4, and

HASD|’6p1,q1 < CH@HLT,S AHGpO,qO’

i.e. L, 4[0,1] — MPprar,

Po»q0

In the following theorem the cases p = p, = qo, ¢ = p1 = q1 are considered. The
upper and the lower estimates of the norm |||y (M} := M) are obtained.

Theorem 2. Let 1l <p<2<g<oo, p = p%l. Let G be a set of all segments
Q from [0,1], F be a set of all compacts from [0,1], then

1
rsup ——r | [ o(oie] < g < s — | [ wls)a
QEG”Q‘F’ o EF‘ 5

where |Q)| is the measure of a set Q.

We shall define the class of generalized monotone functions for which the upper
and the lower estimates coincide.

We say that function f is a generalized monotone function, if there exists a
constant ¢ > 0 such that for every z € (0, 1] the inequality

ol < 2| [ 1wy

holds. The class of such functions is denoted by 1.
Corollary 1. Let 1 <p<2<q<oo. If o €N, then p € M if and only if

11
suptr a*(t) < oco.
>0

Moreover, ||¢l|pg ~ supt%_%w*(t)-
>0

In the case parameters pg, p; are both either less or greater then 2, we use the
space of smooth functions.

Let 1 < p < oo, a>0. We denote by ng[O, 1] the space of all measurable
functions such that

1
q

1/l 55, = (Z 2% a5 fllp) ) <00
k=0
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for 1< g < oo, and
/115 = sup 2°%|| ag fllp < o0
for ¢ = oo. Here Ay [ = So o an(f)eFm ™ {an(f)}men are Fourier
[25—1]<[m]| <2

coefficients of function f by trigonometric system {e*"**}, ;.
This class is called Nikol’skii-Besov space.

Theorem 3. Let 1 < py < p1 <00, 2¢ [po,p1], 1 < qo < ¢1 < 0,

. 1 1 1 1 1
o= mn |-—z/, —= max |[-—x|, 1——=—— —
vl &2 roowellh]2 S Qo Q
and o € By[0,1].
If A€ &, 4, then A, € &, 4, and
[All6p.q < cllellBe, [All6,g.00
i.e. Be, < Mpra,
In the case pgp = p1 = ¢ = ¢, Karadzhov’s result (see [5]) follows from
Theorem 3:
1 1 1 1
By, = M, = MP?, ——=|-—_|.
P T p 2

Now consider the case 1 < ¢; < qo <

Theorem 4. Let 1 <py < p; <00, 1<q <q <00, 2¢ (po,p1) +—a=
L1l 1 _1a> min x|.
po p1 S q1 q0 1 1

Then By, [0, 1] — MP-a

Po,qo *

’l _
2
P17po )

3. PROPERTIES OF J\/[Phq1 CLASS

To prove the properties of M plvgol class we need the following lemma. We first
define a discrete Lorentz space. [, is called discrete Lorentz space whose elements
are sequences of numbers £ = {£}72 . with the only limit point 0 , such that

0 1
* a_ q
€, = (D lgalms )", 1<g <o
m=1

where {£,}2°_, nonincreasing rearrangement of the sequence {|&;|}72 .
For ¢ =

1

Lemma 1. (see [6]) Let 1 < 1,po,p1 < 00 1< qo,q1,5 < 00. Then

Ha * lepl,ql ~N CHler,s a’HlpO,q07

1=141r r_1,41
where + 7’_'_170’ Q1 8+qo
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Let A = (Ap, A;) where Ay, A; are Banach spaces be compatible pair. We
define the functional K (¢,a) for t > 0 and a € Ay + A; by the following formula

K(ta)=inf (lagllay + tlanlla,).

=ap+ai
We denote by Ay, x the space {a € Ag+ A : ||allogr = Poqy(K(t,a))}, where @y,
is functional defined on the nonnegative functions ¢ by formula

ot

B q(p(t)) = </OOO ()"~ >; , 1< g <oo.

and
Dy (p(t)) = supt?p(t), ¢ = cc.
t>0

Let Xqo 0 and X,y 1 are the spaces obtained by the method of real interpola-

Q5,p.

tion of Banach pairs of spaces (XJ, X7), (X2, X?) respectively.

Lemma 2. (see [7]) Let 0 < o, B; < 1, 1 < ps,q; < 00, 1 = 0,1, ag # ay, Po #
By If T be a bilinear operator:

T Xagpo X Yo = Zgyq0
and

T: Xaypo X Y1 = Z3, 4
then

T Xap % Yor = Zpy.
Here o = (1 — Q)ag + 0y, 5 = (1 — )5y + 004,
P+ (1-0) (- o) +0(E — 5)y, wy = max(,0)

q0 q1 p1

1 1 1 _
5+;>1, 1+5—

Remark. Since the s-numbers of convolution operator A coincide with the mod-
ules of the Fourier coefficients of the kernel K, the problem of estimating of
s-numbers of "transformed” operator A, can be reduced to the study of the
following inequality

(1) la bl 4, < cllallipo.q0;

and we have to decribe the class of those functions ¢ with Fourier coefficients
b = {bm }mez, for which inequality (1) holds.

Theorem 5. 1) Let 1 < po,p1 < 00, 1 < qo,q1 < 00, I%i—i-pi; :%%—qi;:l,
1=20,1. Then o
Mz = M
2) Let 1 < py < 1o < p} < 00, pil—i—pi,l:l pil_pio:%_%’ then
Mg
where % — % (qu — in)Jr
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Proof. The proof of the first statement follows from Remark and from the fact
that ||(7,,)*|| = ||7||, where ¢ is complex conjugate of function ¢. Now we prove
2).

Let ¢ € MPra1 then by 1) it follows that ¢ € MP% | and

10,90 P1.a;

Ao lley,.0 < Nllazya [[Alleyyq0 YA € Gpogos

P0-490

HALP”G%% < ||90HM”1"11HAHGP/1¢1/17 VA€ 6p g,

P0-490

where pil_ + 1% = % + % = 1. According to Lemma 1 the operator T'(a, p) = a*b

. P11
T lpggo X Mp():qo > lpy

is bounded. Using 1) we have

. P1,91
T by, gy < Mo ’ lpéwqé'

Further, applying the theorem on bilinear interpolation (Lemma 2) we find that
the operator

. P1,91
Tlpgs X Moo — 1oy

i i P1,q1 T1,t
is also bounded, i.e. MPD — M1 where

1 1-6 6 1 _1-6 6 1 1 <1 1)
+

q1 qo

WA - WA

_|_ —
| P Po 7o p pt s
for every 0 < 6 < 1. Eliminating 6 from this equations, we obtain that
1 1 1 1

Y

P1r Po T1 To
and the condition 0 < # < 1 implies the condition 1 < py < rg < pj < oo, where
11
=+ 5 =1

p1 41 .
The proof is complete.

By 2), in particular, the following proposition follows.
Letl<p<r<p’<oo,%—|—}%:1then

My g — M,
where M, , = MP:? and q,t € [1, 00[ are any.

4. PROOF OF MAIN RESULTS

For a given pair A = (Ap, A;) we consider the space I'(A), consisting of all
functions f bounded and continuous in the strip

S={z: 0< Rez < 1}
with values in Ag + A;. Moreover, f are analytic in the open strip

So={z: 0 < Rez < 1}
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and such that the mapping t — f(j +it) (j = 0,1) is a continuous function on
the real axis with values in A; (j = 0,1) which tends to 0 for |[t| — oco. Clearly

that I'(A) is a vector space. We endow I" with the norm
Ifllr = max(sup || £(it)]|4,, sup [ f(1 +t)][.,).

The space /_1[9], 0 < 0 < 1 consists of all elements a € Ag+ Ay, such that a = f(0)
for some function f € I'(A). The norm on Ay is equal to

lallg = Wt {{[fllr: f(O) =a, fel'}
In order to prove our main result, we need two lemmas in [8].

Lemma 3 (Bilinear interpolation, the complex method, see [8]). Let T be a
bilinear operator such that

T: Xgx Yy — Zy,
and
T: X1 xY, — 7.
Then
T X[g] X Yv[g} — Z[Q],
where Xg), Yjg), Zg) are the spaces obtained by the method of complex interpolation
of Banach pairs of spaces (Xo, X1, (Yo, Y1), (Zo, Z1)) respectively.

Lemma 4. (bilinear interpolation, the real method, see [8]) Let T be a bilinear
operator such that

T X(] X 1/0 — Z(],
and

T Xl X }/1 — Z1
with the norms My, My respectively. Then

T: X@,tl X %,tg — 29,87

where % +1= i + % Moreover

1T < eMy~™*My.
Proof of Theorem 1. First we prove the inequality:

(2) ||CL * b”lmﬂ1 < C”(pHLrHa”lpo,qo’

where b = {by. }rez are Fourier coefficients of function .
If r < 2, inequality (2) follows by Lemma 1 (for s = r) and Hardy-Littlewood
inequality
16ll,, , < cllellz, -
Now let 2 <7 < co. Let a € Iy, f~ > are*™*2 then by Perseval’s equality we

kez
get

lax blli, = lfoll, < Nflleallellie = el lials,
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i,e. My = L. From Lemma 1, using the Parseval equality we have

lla b, 4 < cllellzsllallg.q

1 1,1 1 ,1_ 1 1 _ 1,1
Wherep—l—i-1—§+p—0, p_1+5_p_0’ q_1_q_o+§'

Thus, for the bilinear operator T'(a, ) = a * b we obtain
T:ly X Loy — o,

T:1

Applying the method of complex interpolation (Lemma 3), we obtain inequality

(2). Now we shall prove the inequality

XLQ—)Z

P0,90 p1,q91-

(3) la*blli,, ., <clellr,.llally,.q

where £t = L — L
s q1

q0
Let gy = oo and pg be fixed in inequality (2). Taking qil 1
1

= r—i,i =0, 1, choose
parameters rg, 71, pJ, p} such that
1 1
(4) -— = — -+
Po D

Then from inequality (2)we have:

1

T

i=0,1.

la*blle, < ellalliyg, o1l

la*blls,, < eallalli,y, ez,
Using Marcinkiewicz - Calderén interpolation theorem (see [8]) we get
(5)  llaxbly,. < (allaly, ) (clally, ) lell.. = cllall, ..
1 _ 16,6 1_169, 6 :, 1 _ 1 _1
Wherep—l— T T Tl o=

Now we apply Lemma 2 with fixed parameters r, s and parameters p', pj, i =
0,1 satisfing to (4) to the inequality of type (5). We have:

(LT,S?LT‘,S>9,1 X (lpgoo’lpé, ) 0,90 (lp(l),mlp}, ) 0,91

or
T : LTS X lpy.go = Ipy, q1
1 1 1 1 1 1 1-6 : 1 1 1 1 1 1
where ——= = = —— = = = ie. = =s4=2 =—= ==,
91 qo s oo’ pr p? + pi’ po 8+ q1 S+¢]0’ po D1 r

Since the parameters p!, p, i = () 1 are arbltrary in inequality (5), it guarantees
the arbitrary of the corresponding parameters in inequality (4).
Thus, the following inequality holds:

@ bllt,, 4, < cllalltyg,g 1]l Lrss
1 11

Where b = {bm}mez are Fourier coefficients of function ¢ and 1 = o T ps =
1

qo According to the Remark this inequality is equivalent to the statement
of Theorem 1.
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Proof of Theorem 2. Let ¢ € M? and @ be an arbitrary segment in [0, 1],

fo(z) = {(1)5 Z g

Note that by Boas theorem [9] (see also [10] ) we get
1 7
7 Lo nyg Bt 3
(6) Lfo(B) e, ~ NI follz,, = /(tp @)~ =1l
0
Applying Theorem 5 from [11] and using (6) we obtain:

Hstqu HfoSOHZq
p

lellarg
o Ifl, Aol
1 q q
1 1 dt
> [ s o @] | ) 2
Q|7 wistwea |W] t
0 W
c 1
> suptq sup  —— /gp(x)dx >
|Q’p’ t>0 |W=t,WeG |W|
nQ
C1 L1 &1
1o~ | [ ez = —F| [ etz
R Q|

Since the interval @) is arbitrary, we get

1
||90||M,‘3 Z sup 11 /gO(:L‘)dZL‘ )
QGG‘Q’;}’ q 5

where constants ¢ and c¢; depend only on parameters p and q.

9

The proof of obtaining an upper estimate follows from Theorem 1 and the

embedding [, — [, 4, for p < q.
Indeed, from Theorem 1 it follows

Lo — Mg ,

1 *
Iy < cosupti'(6) < casup o [ (s =
t>0 ¢p/

= c3 sup

1
/ )|dz ~ sup = /go(m)dx :
Qe Q| 0z Q|7 F |
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Proof of Corollaryl. Let () be an arbitrary compact from F.
From the condition of generalized monotonicity of the function ¢ we have
y

1 1 c
—T.T /s@(y)dy < ﬁ/— /go(x)dx dy <
|Q|p/ 4 0 |Q|p’ q 5 Yy

0

c 1 dy 1
S 37 SuWp—— 7 /‘P@)dw /T < Sup — — /cp(:v)dx .
|Q‘p’+q AeG |A‘p’+q Y Y AEG ‘A’PH—

A Q A
Taking into account that ) € F is arbitrary, we have

Q=

1 1
sup —— /ga(x)dx <csup —— /(p(x)dx .
QeF yQ|p'+* Q<G |Q[7 e

Q Q

Thus, from Theorem 2 we get

1.1,
el ~ sup s | [ eonds] ~sup e o)
o >0
Q
Proof of Theorem 3. Let 2 < py < p; < oo. For a sequence of numbers
a = {am }mez and a function ¢ € L]0, 1] we consider the mapping 7" of the form
T(a,p) = a*b, where b = {b,,}mez is the sequence of Fourier coefficients on
trigonometric system of functions ¢. This map is bilinear and from Karadzhov

theorem ([5]) and Remark it follows that it is bounded from I; x B3, to I;.
Since My = L., the mapping
T,: 1y X Loo — Iy
is also bounded. By the Theorem on bilinear interpolation (Lemma 4) the oper-

1
ator T' is bounded from I, x (B3, Lo ),1 t0 lp 4. In paper ([5]) it is shown that

1 1
Bl < (B3}, Lao)o,1, where £ = 158, Thus, taking into account Theorem 5, we
will get

1
(7) T:1,, X B;:l — lpq,

for 2 <p<oo, 1<q< o0, %:%—]%.

From Minkowski inequality and Parseval equality we get

TIl1XL2—>l2.

Further, from Lemma 3 on bilinear interpolation (complex method) taking into
it follows that T" is a bounded mapping from
111

account that (Lo, B, ur e = B,
lpqu'Oquffs tolp, g5 Where 2<po<p1 < 90, FT iy a= %—pio. Tbe arb.itrary
choice of parameters guarantees the arbitrary of the parameters available in the

theorem.
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The case 1 < pg < P < 2 follows from the statements proved above and the
property MP1a —= Mpoﬂo

Po,q0 P1q;
Proof of Theorem 4. Let 1 < py < p; < 2. Let us consider the bilinear mapping
T(a,p) = a*0b, where b = {b;,}mez is the sequence of Fourier coefficients of
function ¢. The mapping

(8) T lpggo X Lo — 1y, 4,

is bounded according to Theorem 1. Here L — i = ;, qil — qlo = %, l<qg <
2 < qo, 1 <pg <2< p;. The result of Theorem 3 in thecase g = ¢4 =1, pg =
p1 = p can be written as

1/t 1 1 1
(9) T: lp71 XBt,l —>lp71, ;ZZ—)—é
Applying Lemma 3 on the bilinear interpolation to (8) and (9), and taking into
account the properties of the embedding of the spaces [,,, and B, we have:

(10) T lpyy X By — Iy oo,

where parameters r, a, pg, p1 satisfy the following conditions:

(11) l<pp<pm<2 ——a=———, a>— — =
T

Let in (11) parameter r be fixed. Using Lemma 4 on bilinear interpolation and
taking into account that

(B, B )on = By, with = (1—0)a’ + o',

r,1»
we get
T lpo,hl X Br Jha ; lp,hsa
1 -1 4 1 11 i L_ 1 _,=1_ 1
where T 1= e TR @ 2 mer[gni 2 zl, P YT T

Therefore, with fixed a € [, . and r we obtain that
Py By —

pi 005
and

HPaHBai—ﬂ - <cillally,
Wherel—al—pio—pii,a> z—Ol

Using Marcinkiewicz - Calderon 1nterp01at10n theorem we have
. o
Pa‘ Br,s lphS?
and
||Pa”B7O-is_)lp1,s < C||a“”lp0,oo

Thus
T lpyoo X By —> 1y s
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To complete the proof we fix a function ¢ and the parameters r, s, « and we choose
the parameters pj, pi,i = 0, 1 satisfying (11).We use Lemma 2 to get By, [0, 1] —

P1,91

Po,q0 *

The case 2 < pg < p1 < 00, as in the proof of Theorem 3 will follow from
MP1ar — MPIOv‘I,o.

P0,40 P,

5. EXAMPLES DEMONSTRATING THE SHARPNESS OF THE RESULTS

Proposition 1. Let 1 < py < 2 < py, % = pio — pil, % = (qu — L)Jr. If ¢1 < qo,
then for any e > 0 there exists fi € Ly syc such that fi ¢ MP-IY | If g > qo there
exists fo € Ly_c oo, such that fo ¢ MPaL,

Po»q0

Proof. Let € be an arbitrary positive number, and numbers i, 82 be such that

1 1 1 1 1
pr>—— B>— bith<-+—=—.
s+e qo S qo G
Let .
bk: = B )
(|k| + )Y " (|k| + 1)
1
ar = ,
C (R + DY P (fk] £ 1)
and

—+00
fl ~ E : bk€27r7,kac‘

k=—0o0
Then for m # 0
+o00o 1
ax*b), = ~
x? k::z_oo (k] + DV W™ ([k| + 1) (|k — m| + 1)Y/po In™ (|k — m| + 1)
dz
||/ In |2]|%t |2 — m|/Po| In [z — m||B2
dx B
|33,1/r/| In [ ][5t — m|V/eo|In |2 — ml[%2
— |m|—(%+ )+ dy
Iyll/r’llnlyl + Infm[[Pr]y — 1]V In]y — 1] + In [m[]Pz
“+00
_ |m|7(%+%)+1| In [m|| =P . / dy
| In ln
—00 |y|1/ 1n\|i|\ +1‘ |y 1|1/p0 TIn|m| |
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)+1 1 B1—PB2 . dy
> ml bl | R TR T

Thus (@ * b)y = c(|m| + 1)_(%+%)+1\ In(|m| + 2)|771=72. Since
+oo

S ((m -+ 17584 (] + 2)| A7) (] + 1)) = o,
m=0
axb & Iy 4 and therefore f; ¢ MPL9. Since Fourier coefficients of f; is the

sequence {b }rez it follows that f; € L,
To prove the second part of proposition we take s = co. Let numbers a; and
oy be such that

1 1 1 11
> ;=1 ;> —, aptag<l——+4—
(r—e) r—e Po T po

(note that last inequality does not contradict the previous two). Choosing

1 1
bk = = b eQﬂ'zkx
(k[ + 1) (k[ +1 Z

k=—oc0
we can show that
a % b ~ {(’k’ 4 )7oz1fa2+1}kez.

Hence axb ¢ 1, 4, and therefore fy ¢ MP141. At the same time taking into account

the monotonicity of the sequence {by}rez and Hardy - Littlewood theorem, we
have that fs € L,_. ». The statement is proved.

Theorem 6. Let 1 < pg < p1 <2, 1 <q1 < qo, %—a:pio—pil %:qll— L
Then for any € > 0 there evist fi € Bi P (B . and fy € By, such that
F g M S 8 MBS
Proof. Let s < co and numbers 1, 55 be such that
51>L, 52>l, 51+52<1+l:i-
ste qo 5 Qo Qi
Let b = {bg}rez and a = {ay }rez, where
B 1
(k] D IO (k] + 2)8
1
ap =

(Ik]+ 1)’“/”0 In™ (J&] +2)%

It is obvious that a € I, 4, and fo ~ Z bre?™*% belongs to B

k=—00

r,8+¢€"

It is easy to show that
(a5 b)m = c(lm| + 1) 5 (In(|m| + 2))7+7
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and consequently a * b ¢ [, ,,. Therefore, fo ¢ MPLD

Ppo,q0
To construct the function f; it is sufficient to consider the sequences

b= {m}mez’ “= {m}mez’

where
> —e——+1,a— 1
7 > max(a — ¢ r+,o¢ T+€—|—),
1
Yo > —
bo
and
1 1
Mt+r<a—-—+—
T Do

+o0 .
fi~ > bee*™* 7 The proof that f; € BY S\ B, o, f1 € MESD s similar to

Po,90
k=—o00

the proof of the first part.
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