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SPECTRAL PROPERTIES OF DEGENERATE ELLIPTIC
OPERATORS WITH MATRIX COEFFICIENTS

M.G. GADOEV, S.A. ISKHOKOV

INTRODUCTION

The paper is continuation of the work [1] and it is devoted to spectral properties
of a class nonselfadjoint degenerate elliptic operators A in the space H! = L,(0,1)!
associated with noncoercive bilinear forms.

Questions as completeness of the system of root vector-functions of the operator
A in H', description of the domain of operator A, estimation of the resolvent of
operator A, asymptotical distribution of eigenvalues of operator A are considered.

Spectral asymptotics of degenerate elliptic operators far from selfadjoint ones
were studied in [2-7] in a case when eigenvalues of an operator are divided into
two series, one lies out of the angle |argz| < ¢, ¢ < m and another localizes to
the ray Ry = (0,+00). This paper as [1] sides with [2,3,7], among them more
general results were obtained in [7] where it was assumed that a leading coefficient
of operator A

a(t) € C™(]0, 1]; EndC") (0.1)

and has simple different eigenvalues (e.v.) for any ¢t € [0, 1].
In stead of (0.1) we require only that a(t) € C([0, 1]; EndC').

1. STATEMENT OF MAIN RESULTS

1. A nonselfadjoint operator A given in a Hilbert space H is called far from
selfadjoint ones if it is impossible to express it in the form

A=B(E+S), B=DB", S€au(H). (1.1)

Here, and in the sequel, the symbol o (H) stands for the class of completely
continuous linear operators in H and B* - adjoint operator of B.

Spectral properties of elliptic differential and pseudodifferential operators near
to selfadjoint ones, i.e. those are expressible in the form (1.1), have been studied
in a literature in greater details (see [8, 9]). Also, spectral properties of elliptic
differential operators (d.o.) and pseudodifferential operators (p.d.o.) far from
selfadjoint ones were investigated in the case when those are given in a compact
manifold without edge (see [7, 10-12], and references cited therein). In the case
of domains with a boundary d.o. and p.d.o. that are far from selfadjoint were

studied in [3, 4, 13-18]; only [3, 4, 13] are devoted to degenerate elliptic problems.
1
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2. In this work we study spectral properties nonselfadjoint operator in Lo (0, 1)!
generated by bilinear form

Alu, 0] i / Bass (D (1), ps (09 () > dt. (12)

Here

pt) = (1= ) (= 0m). 6 < m, uO(p) = LA,

aij € Loo(J; EndCY) (4,5 =0, m),
where J = (0,1). Symbol <, > stands for scalar product in C'.
Let H to be the closer of linear manifold C§°(.J) with respect to the norm

el = ([ O™ OFd+ [ looPary
7 7
We put:
H=1ILyJ), H=Hae --aH (-),
H.o=H, & -aH, (I-).

Here and in the sequel we denote the scalar products in the spaces H, H' by the
same symbol (, ). Analogously the norms in the spaces Hy, H' and H,H', C!
will be denoted by | |, | | respectively.

Denote by ||T|| the norm of a bounded operator T given in H or H'.

As a domain of the bilinear form Afu, v] (1.2) we accept the space H', .

Suppose that a,m,(t) € C™(J; End C!) and matrix a(t) = apm(t) for any
t € J has [ different nonzero eigenvalues ji;(t), ..., pu(t). Thus the eigenvalues of
the matrix a(t) can be numerated such that j;(t), u; ' (t) € C™(J),j = 1,1.

Let the following conditions are fulfilled:

lag; (1) < Mt°(1—1)° (i+35<2m), 6&>0, (1.3)
)¢S  (G=11tel), (1.3)

where S C C - some closed angle with vertex at the origin and p;(t) - eigenvalue

(e.v.) of the matrix a(t).
Under above stated conditions the following theorems are valid (see [1]):

Theorem 1.1. There is a unique closed operator A in H' enjoying the following
properties:
(1) D(A) c Hy, (Au,v) = Alu,v] (Yu € D(A), v e HL),

(1) for some zy € C there is a continuous inverse operator

(A—2E)" : H — H.

Let A be the same operator as one in the conditions (4), (4i).
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Theorem 1.2. The operator A has discreet spectrum. The system of root vector-

functions of the operator A is complete in H!, i.e. the set of its finite linear

combinations is dense in H'. The order of the resolvent of the operator A is
1

not greater then -. For N(X) — the number of eigenvalues of the operator A

whose modules are less or equal to N\ with the multiplicity counted, the bound
N(A) < MAY2m (X > 1) is valid.
3. Denote by H_ the completion of H with respect to the norm

lul_ = sup |(“’_90>|_
okper. | Pl+

Weput H . =H_@---®@H_ (I-times). An element F' = (F,..., F) € H.
generates antilinear continuous functional on H', by the formula

< Fyv>= lim (u;,v), UEHZJF,
1—+00
where a sequence of vector-functions uy,us, ... € H' is selected such that u; —

Note that if v = (vy,...,v) € H. then

I I
<Fu>=Y <Fu> |Fl_=0_ IR
i=1 =1
Here and in the sequel both for the case [ = 1 and for any arbitrary [ € N we
use the same notations: | |-, <, >.

Conversely for any antilinear continuous functional g(v) (v € HY,) there is a
unique element F' € H. suchthat g(v) =< F,v >,Vu € H.. At the same time
the norm of the functional g is equal to |F|_.

In what follows, antilinear continuous functionals on Hﬂr are identified with
the corresponding elements of the space H. .

4. By the aid of the Hardy inequality under the condition (1.3) we have

|Alu, v]] < Mluly|oly (Va0 € HY).
Thus it is possible to introduce an operator A : Hﬂr — H' | acting by the equality
< Au,v >= Alu, v] (Vu,v € H.).

Let A be the same operator as in theorems 1.1, 1.2. The following theorem is
valid:

Theorem 1.3. For sufficiently large by modules A\ € S there are continuous
1muverses

A-XE) ' HE - H, (A-XE)':H — H,
and an equality

(A= XE) 'u=(A-XE)'u  (VueH)
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holds. At the same time Au = Au (Yu € D(A)), and
D(A)={ueH, : AueH'}.

A similar result for partial differential operators with scalar coefficients has been

received in article [19]. Note that the first part of the assertion of the theorem
1.3 can be proven by the scheme of the article [19] only in a case of additional
assumption that

larg {(t) < a(t)h, h >ai}| < ”T_g VteJ,0£heC),  (14)

where ¢ > 0,7(t) € C(J),v(t) # 0(¥t € J). Here and in the sequel it is
considered that the function arg z takes values in on the interval (—x, 7.
In particular, it followes from (1.4)that

T —¢€ -
| argy(t)u;(t)] < — (Vte J,j=11).

5. The proof of the theorem 1.2 is produced in §2. Note that following bound
of the resolvent of the operator A in the sector S is obtained in §2:

1A= ABR)~H < M(IADT (A€ S, Al = ¢(9)),

where ¢(S) > 0. Summability of the Fourier series of elements f € H' with
respect to the system of root vector-functions of the operator A by the Abel
method with brackets was established in [1]. In this work completeness of the
system of root vector-functions of the operator A in H! is proved.

In §3 we describe the domain of the operator A. In §4 we investigate asymptotic
behavior of eigenvalues of the operator A.

2. RESOLVENT ESTIMATE OF THE OPERATOR A
1. Let P be a selfadjoint operator in ‘H associated with the bilinear form
P'lu,v] = (p°u™, p?v™), D[P'] = H,.
Below we need the following (see [1, p.36]).

/

Lemma 2.1. There exists continuous inverse operator T, : H_ — H,w > 1,
1
such that T,u = (P + wE) 2u, Yu € H , moreover

T,F| < M|F|_, (Vw>1vell2w),VF eH_,),

where a number M > 0 dose not depend on w, v.

2. Let T, be the same operator as in lemma 2.1, 7, : ' H — H_ — inverse
operator with respect to the operator T, : H_ — H. Asin lemma 2.1 it is proved
that

|Toul_, < Mu] (Vw > 1,v € [1,2w),Yu € H),

where M > 0 is independent of w,v. At the same time if u € H,,, then
Tou=(P+ wE)%u.
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Introduce operators T : H. — H', T!: H! — H' by the formulas:
Ti} = diag{Tw? o T } Tl - d,la‘g{Twu e w}

We put P, = diag{P, ..., P}.

The following theorem is valid
Theorem 2.1. For A € S, |\ > o, where o > 0 is sufficiently large, the
following representation hold

(A= XE) " = (P + |\E) "\ (2.1)
(A= AE)™ = (B + NE)20(\)(P + N E) 2, (2.1)
where ®(\) : H! — H' — bounded operator and
sup [|[P(N)]]| < +oo. (2.2)
AES, |A|>o

Proof. We prove that if v = |\| then for sufficiently large in magnitude A € S,

(P + NE)? (A, — AB) T ul < Mlu| (vVu € H!)
we use the equality (see [1], §4, (4.6), (4.7))
(A, = AE)™ = X, (A, (\).
It is clear that
T4 D0 Tl < [P TRl < M Tl < Moful, (A€ S, > o).

It remains to show that (see [1], §4, (4.6), (4.7))
(P + A E)2 X (N Thul < Mslul, (u € HY). (2.3)

Using (4.3), (3.13) from [1] we bring a proof of the estimate (2.3), as above, to
the proof of the following inequality:

(P + [AE)? R (N Tl < MuJo], (v € H).

This inequality for numbers A € S sufficiently large in magnitude follows from
representation (3.12) from [1]. Thus we have

(A, = AE) ™ = (B + NE) 20(MNT, (A€ S|\ > 0), (2.4)

where ®(\) : H' — H' — a bounded operator satisfying the estimate (2.2).
Note that

(A, —AE) '"F=(A—=XE)'F. Vv>1,FeH). (2.5)
For u € H' we have
Thu= (P +\E)2u, (A= AE) 'u=(A—AE)™"
which together with (2.4), (2.5) proves (2.1), (2.1"). The theorem is proven.

o
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3. From representation (2.1") it follows that
(A= XE) | < MATS (A e S, |\ > o). (2.6)

Since the order of the resolvent of the operator F; equals to 5 -, it follows from
(2.1") that the order of the resolvent of the operator A is at most 21 From here
and from (2.6), applying theorem 6.4.1 from [20], we establish that the system of
root vector-functions of operator A is complete in H'.

Note that summability of the Fourier series of elements f € H' with respect to
the system of root vector-functions of the operator A by the Abel method with
brackets was established in [1].

4. Let H be a Hilbert space. Denote by o,(H), 7 > 0 the space of operators
L € 0, (H), which series of s-numbers in order 7 is convergent ([21]):

1

L], = (Z s;.(L)) < 400.
j=1
(The lower bound of numbers 7 such that L € o,(H) is called the order of the
operator L.)

Denote by p1(t), po(t), ... the sequence of e.v. of operator L € o, (H) num-
bered according nonincreasing their magnitudes and taken with their algebraic
multiplicities. Note that

s ((L*L)%> — (L), j=1,2,....

In what follows, we need the following well known inequalities (for example,
see [21])

+oo
D O < [[LI, (VL € 01(H)) (2.7)
j=1
LL|l, < ILIIL, L Ll < [IELI ], (2.8)
if L €o,(H),p>1,L"is a bounded operator;
1Ly Ly < |[Lafley | Lo, (2.9)

if Lj € on,(H), 1<p<rk; (j=1r), XK'= %. From (2.9) for L; = ... =
=1

‘]_
L,=Le€o(H),kj=r(j=1,r) it follows that
L[ < LA (2.10)

From (2.7) follows convergent of the series:
SL—Zmuj , VL € 01(H).

5. In the last part of current section we prove the assertion of the theorem 1.2
on spectral estimation of operator A.
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Denote by Aq, Ag, ... the sequence of e.v. of operator A numbered according
nonincreasing their magnitudes and taken with their algebraic multiplicities.
Using (2.1'), (2.8)-(2.10) we obtain

. _1 LT L
104 = AE) Tl < 1B+ NE) F @) (B -+ NE) [ < MNP+ )

(A€ SN > o) (2.11)
where r = 4m, o > 0 is a sufficient large number. It is known that
No(t) «f Z 1 ~ const -t (t — +00),
w;<t
where wq, ws, ... denotes the sequence of e.v. of the operator L. Therefore

“+o00

+oo
_1 8m _am dNy(t 1 _4m
I+ E) = 3 oy 4 177 = [ ST < M (a2 1),
0

idm —
e )

From here and from (2.7), (2.11) we conclude that

+oo
ST =N < M ET (Ve S |A] > o).

j=1

Let us choose a number ¢ € (—m; 7| such that the ray I' = {\ = te’? : ¢t > 0}
be the mean line of the angle S. Then

lz| + A <z =N (V2 & S,Ael), (2.13)

where ¢ > 0 depends only on the spread of the angle S. For sufficiently large
J > jo we have \; € S. It is clear that

t

N(t) = /dN(T) < (2t)4m/tﬂ < (2t 70(6”\7& =

(t47)tm = t 4 7)im
0 0

+oo

= (26)" Y (Nl + )7,

j=1
where N(t) = card{j : |\;| < t}. Therefore (see (2.12), (2.13))

+0o0
N(t) < My + Mat*™ > |\ — te™ |74 < Mytzs (¢ > 1).
Jj=Jjo

Thus proof of the theorem 1.2 is completely finished.
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3. DESCRIPTION OF THE DOMAIN OF OPERATOR A

1. Let A be the same operator as in the theorem 1.1 and coefficients
aij(t) € CV(J; EndC") (i,j = 0,m). (3.1)

Theorem 3.1. The domain D(A) of the operator A is described as a class of
vector-functions u € W3 (J)' NWHY, such that

f=Y (1 (ma)p; (t)ay (t)ul ()Y € H'.
i,j=0
At the same time f = Au.
Proof. Let u € W37.(J)' N'H' and a vector function f(t) € H’. Then for
arbitrary vector-function v(t) € Cg°(J)! by integrating by parts we obtain
(frv0) =D (pal)ay (£)ul (£), p; (£)0 (1)) = Alu, v].
i,j=0

These equalities are extended by continuity for any v € Hﬂr. Therefore according
the theorem 1.1 uw € D(A), f = Au.
Conversely, let u € D(A), fi = Au. Then

(f1,0) = Z(piaiju(i)ypjv(j))a Yo e C(J),
i,j=0
so that an element

fo= Y (=1 (pi(t)p; (t)ass (£)u (),
i,j=0
considered in the sense of distributions belongs to the space H!.  f, = f». Fur-
thermore it follows from general theory of elliptic equations that u € Wz%’;gc(J )
2. In connection with the theorem 3.1 we note that the space HL when —% <
< m—3 is described (see [20]) as a class u(t) € H' with fined norm

2

lul, = /|p29(t)u(t)|2dt+/|u(t)\2dt < +o0, (3.2)

which have zero traces
u(0) =uP(1) =0, j=0,1,...,50 — 1;

here sy is an integer such that m — 0—% < s < m-—80+ % Ifo < —% or
m—3 < 6 < m, then the space H', consists of vector-functions u(t) € H' ( [20])
with finite norms |u|; (3.2).

3. Together with theorem 3.1 the following theorem is valid
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Theorem 3.2. Let condition (3.1) is satisfied and

()] < M{t(1 - )}, (k=0,1,.... ).
Let furthermore 6 + % ¢ {1,2,...m}. Then the domain of the operator A is
described as a class of vector-functions u € W37 (J)' N'H!, such that

po(t)u(t), > (=1 (pi(t)p;(t)as; (HuV (1)) € H'.

1,7=0

4. ASYMPTOTIC DISTRIBUTION OF EIGENVALUES OF OPERATOR A

1. Let A be thesame operator as in the theorem 1.1. Suppose that an eigenval-
ues pu1(t), ..., i (t) of matrix a(t) are located on the complex plane in the following
way:

pn(t), oo () € Ry < {2 € C: Rez > 0,Imz = 0}, prair (), ., pu(t) € @,

where 1 < n < 1. ® = {z € C: |argz| < ¢}, € (0,7). Then according the
theorem 1.3 in any closed sector S C ®\R,, with vertex the origin includes a
finite number of e.v. of operator A. It follows from here that

lim arg\; =0,

j—+oo
where A1, Ao, ... denotes a sequence of e.v. of operator A, located in the angle

® and numerated in order to nondecreasing their magnitude taking into account
root multiplicities.

The following theorem is valid
Theorem 4.1. For the function
N(t) = card{j : |\;| < t},
the asymptotic formula

1
1 1 & _e L
Nt et o= 230 [ e
Jj=1 0
holds as t — +o00.

Analogous result for the second order differential operators was established in
[4, 13]. However we note that the scheme of works [4, 13] is not applicable for the
case m > 1 even if condition (1.4) is satisfied. An significant moment of methods
of current work is that we “single out” in an explicit form a principle part of
“generalized resolvent” as operator acting from H! , to H!.

In combination with application of some another analytic techniques it allows
us to compute a principle part of asymptotic of the function Sp(A — 2E)~! as
z — 400 by some half-line I' C ®\R,; with beginning from zero. Obtained
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asymptotic formulas here even for the case m = 1 related to more general class
of operators then those in works [4, 13].

2. To prove theorem 4.1 we use (4.6), (4.7) (see [1], §4) for v = |A|. Let
P, T', T! are the same operators as in subsection 1 of section 2.

Denote by w1, us, ... orthonormal sequence of eigenfunctions of the operator the

P. Let Pu; = wjuj, wi < wp < ... . Since g, Uy, ... — orthonormal basis in H!
(A= AE) 'u; = (A, — AE) 'u; Vv > 1, it follows that
+o0 +o00
sp(A=AE)™ = (A= AE) Tuj,u) = Y (A, = AB) 'y, u5) =
Jj=1 Jj=1

= Z(Xu(k)uj,uj) + Z(XV(A)FV(A)%%% (Ae S A z0=0(5)), (41)

where S C ®\R, — arbitrary closed angle with vertex the origin. Taking into
account

(P + INE)®2u; = (w; + |\) 7y,
we obtain
+oo +o00 ) )
S (X (Wug, 1) = D (TP A+ E) g, (P + [N B) 2uy) =

j=1 j=1
+o0 )
=D (B +AE) ZX, (N T T T (N g, uy). (4.2)
j=1
According (4.6) (see [1], §4) for v = |\|,u € H' we have
[T (V) Tl < MIT, ()Tl -5 < M= Tiajul -3 = Maf A Jul.
Thus operator 7/, I',(A)T]y induces a bounded operator in H', which norm dose
not exceed My|A|~¢". From here by (4.1), (4.2) we find

+oo
def — —e’ 1
Z0N) = |sp(A=AB) " =3 (X, (Vg uy)| < M [P+ A E) 2 X, () Ty |-

j=1

Here regardless of the fact that 7}y —unbounded operator in H!, operator X, v (A)T)
induces in ‘H' a bounded operator. Applying (2.3) we obtain

Z(\) < MNP+ IAE) ™y < Myt
Future we have (see [1], §4, (4.3)),

+o0 “+o0o “+o0o

D (X Nug,u) =Y (UB, = AE) U uj,u) = Y (B, = AE)  uy, uy) =

J=1 J=1 J=1
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Sp(Qx — AE) ™.

MN

B
Il

1

Here operators @k, k = 1,1 are defined in the space H by following way:
D(@k) = {U S H+ : Ql/,kv S H},Vl/ > 17

Qxv = Quiv, Yo € D(Qy).
Operators @, were introduced in [1, §4, subsec. 1]. Note that

(BV - )‘E>_1 = diag{(@u,l - /\E)_lv ) (Qu, I~ /\E)_l}

Operators @1, e @l are defined above does not depend on v > 1.

Applying theorem 1.3 to current case when [ = 1, A = @j, j = 1,1 we obtain
that operator éj,j =n+ 1,/ has a finite e.v. in angle ®. Since u;(t) € Ry (j =
1,n) then @j = @j >0, (j = 1,n). Thus we have

4oo 1
SpA=AE) " =33 i =N HO(NZ ), (A€ S A = 0(S)), (4.3)

=1 k=1

where ¢ > 0,5 C ®\R, — a closed angle with vertex the origin and As A2 fey -

denotes the sequence of e.v. of operator (J; are numbered according nonincreasing
their magnitudes.

Let ¢ € (0, ),
L={z€C:argz=+y}U{0}

be a contour turning round R, from the left. Choose a number a,d > 0 such
that the following conditions be satisfied:

(1) [(arghy) £ @l = 0, [(argAjn) £ | = 0, if [Nj| = a or [Ajs| = a, (5 =
1,2,...,k = 1,1) accordingly;

(i) Np &P, (k=n+1,1),if |X\;jx| > a.

Here M\, \,, ... denotes a sequence of e.v. of operator A numbered according
nonincreasing their magnitudes.

Then in a case when |N;| > a,|\jx] > a, A € £ we have [A = Nj|7! <
MINTT AT IN = Nl 7 < M 7A€ (4,1) . Therefore

%7
SN AT < Mir(g) A (4.4)
a<|xj|
de _r
rg) = ST N =0, (g — +o0). (4.5)
< ||

Here we use assertion of the theorem 1.2 on spectral estimate of operator A.
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Future we have

=l I SR VREES I KO DTS R Y

271 - -
L a<|)\j|§q a<|)\j\§q

where the summation Y’ being taken over those j for which |arg\}| < 1.
Taking into account that (see (4.4), (4.5))

lim r(q)/|)\|7_1\t+)\\_1d)\:0,

q—-—+oo

and passing to the limit in (4.6) as ¢ — +o0, we find

(EDYRN NPT R I S N (R (4.7)

27 / /
vy a<|\)| a<|A]

Analogously

=N S = = Y T k=T (48)

g
L a<‘)\]”k| a<‘)‘j,k|

where the summation " being taken over those j for which |arg); x| < 9.

Operators @nﬂ, o @z have a finite number of e.v. in angle ®. From here and
from (4.3), (4.7), (4.8) we conclude that

—+00 +oco n
STE+A)T =D D+ AT+ Ot ), — o0
j=1 j=1 k=0

Since arg\; — 0(j — +00), then \;|\;|™" — 1 (j — +o0). Thus for ¢ = 1,2, ...
we have

- Al
E: Ej <
(E+ X)) —@E+IN])T <2 {t+|A| }

+oo +oo
P‘j’ / -1
< g —— < E t+ |\
_Cq j=q (t+|>\]|)2 _cq j_q( +| j|)

where ¢y, ¢, — 0 (¢ — +00). It is easy to drive from here that

+oo +o0

DN~ (E+ M) (E— +o0).

J=1 J=1
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For e.v. of operator Q;, k = 1,n it is known that

+00 +o0o
dN;
S+ a0~ [T o),
- T+
Jj=1 0
where
1L \
1 0 —L
Ni(7) = —72m [ p7o () ™ (8)dt
0
Thus we have
oo 400  ~
Iy
T+t T+t ’
0 0

() =3 M)

Applying appropriate tauberian theorem we obtain the formula

N(B) ~ 3 Ni(e), (= +o0),

which proves theorem 4.1.
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