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Moduli of smoothness and growth properties of Fourier transforms:
two-sided estimates

D. Gorbachev and S. Tikhonov

ABSTRACT. We prove two-sided inequalities between the integral moduli of smoothness of a function
on R?/T? and the weighted tail-type integrals of its Fourier transform/series. Sharpness of obtained
results in particular is given by the equivalence results for functions satisfying certain regular condi-
tions. Applications include a quantitative form of the Riemann—Lebesgue lemma as well as several
other questions in approximation theory and the theory of function spaces.

1. Introduction

This paper studies the interrelation between the smoothness of a function and growth properties
of Fourier transforms/coefficients. Let us first recall the classical Riemann-Lebesgue lemma: |fn| — 0
as |n| — oo, where f € L'(T%). Its quantitative version, the Lebesgue type estimate for the Fourier
coefficients, is well known [Zy, Vol. I, Ch. 4, § 4] and given by

~ 1
Flse (o) o ferim, (1)
1
where the modulus of smoothness w;(f,d), of a function f € LP(X) is defined by
— o« l
wi (f,6), = \zl\lgpg AL @) oy 1 <P <00, (1.2)

and
ALf@) = A (Anf (@), Anf(a) = flz+h) = f(a).
For the Fourier transform, the estimate similar to (1.1) can be found in, e.g., [Tr1]

~

1 o
FO1 S w (f, |§|>1’ f e L'(RY), (13)

where the Fourier transform is given by
F© = [ fla)ede, €eRL (1.4)
R4

However, unlike (1.1) the inequality (1.3) cannot be extended for the range p > 1 (see section 7.2
below).

Very recently, Bray and Pinsky [BP1, BP2] and Ditzian [Di] (see also Gioev’s paper [Gi])
extended Lebesgue type estimate for the Fourier transform/coefficients. We will need the following
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avarage function. For a locally integrable function f the average on a sphere in R? of radius ¢ > 0 is
given by

1
Vif(z) :/ | fly)dy with Vi1=1, d>2.
—z|=t

For | € N we define
l
Viadw) = o 317 (2 )sa)

—J

THEOREM A. Let f € LP(RY), d>2, and 1 <p <2, 1/p+1/p' = 1. Then fort > 0,1 €N,

~ p’ /v’
([, [minc g2 17@1]" de) s = Vislo 1<p<2, (1.5
and
sup [min(1,tlE)*|F©)I] < I = ViaS - (1.6)
EERC

Similar results were also proved for moduli of smoothness of functions on R and T¢ (see [Di]). In
the rest of the paper we will assume that ¢ > 0, [ € N, and

Ql(f7 t)P = ||f - ‘/l,tpr? 6 =2, (17)
if d > 2 and
Ql(f, t)p = wl(f, t)p, =1 (1.8)
ifd=1.
The main goal of this paper is to extend inequalities (1.5) and (1.6) in the following sense. First,
we prove sharper estimates by considering the weighted L? norm of min(1, ¢[¢])%|f(¢)|, that is,

| minuten™ 7|, S0 p<a (1.9)

with the certain weight function u. Then varying the parameter ¢ gives us the better bound from
below of ;(f,t),. In particular, if ¢ = p’ we arrive at (1.5) and (1.6).

Second, we prove the reverse inequalities showing how smoothness of a function depends on the
average decay of its Fourier transform:

Q(f.8)y S ||min(L, )| FE)| a<p, (1.10)

Li(u)

Third, we define the class of general monotone functions and prove that for this class the equivalence
result holds:

1)y = || min(r, eI FE)| (1.11)
Lr(u)

Note that for p = 2, this follows from (1.9) and (1.10) in the general case (see also [BP1, Gi]).

The paper is organized as follows. In Section 2, we prove inequalities (1.9) and (1.10) when
1 < p <2andp > 2 respectively. In Section 3 we study inequalities (1.9) and (1.10) in the case of
radial functions and we show that, with a fixed p, the range of the parameter ¢ is extended. In Section
4 we deal with the general monotone functions. Again, we prove inequalities (1.9) and (1.10) under
wider range of the parameter ¢ than in the case of radial functions. Moreover, we show equivalence
(1.11) in this case. Section 5 studies inequalities (1.9) and (1.10) for functions on T¢, d > 1. In
Section 6 we obtain the equivalence result of type (1.11) for periodic functions whose sequence of
Fourier coefficients is general monotone. Section 7 considers several application of obtained results in
approximation theory (sharp relations between best approximations and moduli of smoothness) and
functional analysis (embedding theorems, characterization of the Lipschitz/Besov spaces in terms of
the Fourier transforms).

Finally, we remark that inequalities between moduli of smoothness and the Fourier transform in
the Lebesgue and Lorentz spaces were studied earlier in [C]] and [GK].
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2. Growth of Fourier transforms via moduli of smoothness. The general case
The following theorem is the main result of this section.

THEOREM 2.1. Let f € LP(RY), d > 1.
(A) Let 1 < p <2. Then for p < q <p we have |§|d(1*1/p71/q)]?(§) € LY(RY), and

R 1/q
([, [mincr.sigpefaro-imiig))” ag) - < u(so) (2.)

(B) Let 2 < p < oo, \§|d(1_1/”_1/‘”f(§) € LY(RY), ¢ > 1, and max {q,q'} < p. Then

R 1/q
([, [minca,sigperearoim iy ag) 2 u(so) (22)

REMARK. Theorem A follows from Theorem 2.1 (A) (take ¢ = p’). In part (B) we assume that
for f € LP(R?) the Fourier transform f is well defined and such that [¢|?(1=1/P=1/a) f(¢) € L9(R?) for
a certain ¢ > 1 satisfying max {q, ¢’} < p.

PROOF OF THEOREM 2.1. We will use the following Pitt’s inequality [BH] (see also [GLT]):

(/R (I~ df)l/q S (/R (le?lg())” dx)l/p, 23)

1 1 1 1 d
6'yd<1>, maX{O,d<+1>}§’y<, 1<p<qg<oo. (2.4)
P q p q q

Here the Fourier transform g is understood in the usual sense of weighted Fourier inequality (2.3);
see, e.g., [BL, Sect. 1, 2].
Let us write inequality (2.3) with change of parameters g « f, p < ¢, 8 < —v. Let [|77f(§) €

L4(R?), then
e1FoN) ) 2 ([ (el do " (2.5)
([ (e ae) "= ([, )
where

1 1 1 1 d
5—’y:d(1——>, max{O,d(+—1>}§—ﬂ<, 1<g<p<oo. (2.6)
p 4q P q p

The case of d > 2. Then by (1.7), (f,t)p = If — Vi.efllp, @ = 2. Let us write the left-hand side
in (2.1) and (2.2) as

I:= [|min(1,¢l6)? R, h(&) = ¢4 PTYD (e,
In [DD, Cor. 2.3, Th. 3.1], it is shown that for f € LP(R?), 1 < p < oo, t > 0, and integer I,
Hf - ‘/l,tf”p = Kl(fv A7t2l)p = Rl(fa Aa t2l)pa (27)

where

where
Ki(f, A, 820, == inf {|[f — gll, + | Algll,: Alg € LP(R)},

. . . _8? o2
the Laplacian is given by A = 907 4+ 4 507

Ri(f, 082, = [If = Raip(£)llp + P NA R ()]s

2.8
A=1/t, b>d+2. (28)

Here (see [DD, Sec. 2])
Rais(f)(@) = (Gagp* @), Grupl(z) = NGry(Ax),  Gry(€) = ma(€)),

where

ma(s) = (1—s")5, s=¢ =0, (2.9)
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and
(R s (HDI7(E) = mptlENFE),  [f = Raun(HIT(E) = [1 = mp(tIEN]F(E), (2.10)
[A'Ry16(£)] (€ ) (=D'EP [Raan(HI7(€) = (=D)L ms (HED F(©)-
Also,
[Grep(@)] = (2.11)
Taking into account that, for b > 0,
ma(s) ~1—bs*, s—0, my(s) =0, s>1,
we obtain
1 —mp(s) < min(1,8)%, s>0. (2.12)
Changing variables b < b+ 1 gives
min(1,s)* =<1 —mpr1(s) = 1= (1= s )mp(s) = 1 —mp(s) + s%mp(s)-
Therefore,
1 = |[min(LHe)2R(E)|, = [[[1 = maltig]) + (HeD mo(tleD] AE)], (2.13)
Define
hi(€) = [1—mp (NI h(E),  ha(§) = (HEN) > mp(tIE])R(E). (2.14)
Note that both h; and ho are non-negative. For non-negative functions we have
71 + hallg < lhallg + l[h2llg, 1< g < oo (2.15)

This, (2.13), and (2.14) yield
I |l 000 [ D @)+ (el == el matieDI T -
or, by (2.10),
1= |l |1 = By (DD @+ el [atmaun @l - 21

Now to prove (A), we assume that p < ¢ and we use (2.16) and Pitt’s inequality (2.3) with
B = 0. In this case v = d (% + % — 1) and v > 0 (see (2.4)). The latter is ensured by ¢ < p’. Then
[g#0=1/P=19) f(€) € L9(R) and

IS = Raas(HI, + t? HAZR)\,l,b(f)Hp'

Combining this with (2.7), and (2.8) we get (A).

In part (B) we assume that ¢ < p. Inequality (2.2) follows from (2.16) and inequality (2.5) for
B = 0. In this case, by (2.6), v =d (1% + % — 1) and max{0,v} <0, i.e., ¥ < 0. The latter is ¢ > p’
or, equivalently, ¢’ < p.

The case of d = 1. According to (1.8), we have Q(f,t), = wi(f,t), and 8 = 1. The proof of key

steps is similar to the proof in the case of d > 2. The only difference is the realization result ([DHI])
given by

l
aaft)p = inf (If = gllp + ¢ 190lp: 0¥ € ExOLPR)) <11 = gallp + 0y A =1/,
where Ey is the collection of all entire functions of exponential type A and gy € Ej is such that

If = aallp S Ex(f)p := inf |If = gllp.
geE,

Since ||g)\)Hp = ||Hg(l)||p7 1 < p < oo, where H is the Hilbert transform [Tit, Ch. 5], then w;(f,t), <
Ilf = axllp + t11Digallp, where D; = (id/dx)! for even | and D; = —iH (id/dx)! for odd .
Let xx := X[o,n]- As Hille and Tamarkin [HT] showed, if Sx(f) is the partial Fourier integral
of f,ie.,
[SX(NI(€) = xa (€N f(E), (2.17)
we have
ISx(Dllp S [[fllps 1 <p < oo
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Then (see also [Tim]) gy can be taken as S\(f), that is, | f — Sx(f)ll, S Ex(f)p. Therefore, for
1 <p<oo,

w0 = Nf = Sa(Dll, + SO, = 1F = S (Pl + L 1DSa DI, (@218)
where
[SV (DO = (XA EDFE©),  [DSAAIE) = 6 (D). (2.19)
For s > 0 we have min(1,s)! = 1 — x1(s) + s'x1(s) and x1(ts) = xx(s), which gives
min(1,ts)" =1 — xa(s) + (ts)'xa(s). (2.20)

This, (2.15), (2.17), and (2.19) imply

1 o= [min(L, fe) e =P F@)| =[] - xalle + @ieD xalieD] e Fe|
= [Jler /e an —xa eIz, +H|§\1 Ve aeITel|,
= [ler e = sapre@l| +¢ ler=r sl oee

which is an analogue of (2.16). Then as in the case of d > 2 we continue by using Pitt’s inequality
(2.3) and its corollary (2.5) with =0 and d = 1. This concludes the proof of the case d = 1. O

3. Growth of Fourier transforms via moduli of smoothness. The case of radial functions

Theorem 2.1 was proved under the condition 1 < p < ¢ < p’ < o0 (A) and 1 < max{q,q¢'}
< p < oo (B). When d > 2 these conditions can be extended if we restrict ourselves to radial functions

f(@) = fo(lz]).

The Fourier transform of a radial function is also radial f(é“) = Fp(|€]) (see [SW, Ch. 4]) and it
can be written as the Fourier-Hankel transform

Fo(s) = |54 / Jo(£)ayar (st)t4" dt,

where jo(t) = T'(a + 1)(¢/2)~*J,(t) is the normalized Bessel function (j,(0) = 1), @ > —1/2. Useful
properties of J, can be found in, e.g., [AS, Ch. 9]; see also [GLT] for some properties of j,.

THEOREM 3.1. Let f € LP(R?) be a radial function and d > 2.

-1
(A) Let 1 < p < g < o0. Thenforp<d+1,q<ooord+1<p<2 p<q<( +1 %) ,

~ 14 Va
( /R [min(L, tlg)) g0 Fg) ds) S = Vi lp-

N -1
(B) Let 2 < p < oo, |¢|¥0-Vr=V D) f(¢) € LIY(R?), ¢ > 1 and max {q,d (d“ - %) } < p. Then

R 1/q
( [, [mincudepig =11 | ds) 217 = ViaSllp

REMARK. 1. Formally, when d = 1 conditions in Theorems 3.1 and 2.1 coincide. However, note
that no regularity condition was assumed in Theorem 2.1.

2. The range of conditions on p and ¢ in Theorem 3.1 is wider than the corresponding range in
Theorem 2.1 for d > 2.

Indeed, in Theorem 2.1 (A) we assume the following conditions: 1 < p < 2 and p <

q
1
< p < 2, then (%—%)

p. If
>

p < d+1, in Theorem 3.1 (A) conditions are p < g < oo. If d+1 p.

-1
Thus, the conditions p < ¢ < (% - %) are less restrictive than p < ¢ < p'.
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In its turn, in Theorem 2.1 (B) we assume that 2 < p < oo and max{q,¢'} <p. If ¢ < 2, then

~1 -1 ~1
p>q/andmax{q,d(d*2‘l—;> }:d(d;l—;) <q/.If2<q,thenmax{q,d(d‘2"1—(11) }:

-1
q. Hence, we get max {q,d (% — %) } <max{q,q¢'}.

PROOF OF THEOREM 3.1. The proof is similar to the proof of Theorem 2.1 but we use Pitt’s
inequality for radial functions. We also remark that for a radial function f, functions f — Rx;(f)
and A'Ry ;,(f) are radial as well.

De Carli [DC] proved Pitt’s inequality for the Hankel transform. In particular, this gives inequality
(2.3) for radial functions. As it was shown in [DC], in this case the condition on + is as follows

d d+1 11 d
_++max{,/}§’y<, 1<p<g<oo. (3.1)
q 2 P q q
Therefore, (2.5) for radial functions holds under the condition
d d+1 11 d
_++max{,/}§—ﬁ<, 1<g<p<oo. (3.2)
p 2 qp p

We will use (3.1) and (3.2) with 3 =0 and v =d (% + 1 1).

q
To show (A), we assume (3.1), that is, the following two conditions hold simultaneously
d—1 1 d d—1 1 d
< <

IR
If d > 2, the first condition is equivalent to p < 2. If p < %, then the second condition is ¢ < co. If

2d

d+1 _ dY)
d+1 2

P
Let us verify all conditions in (B). We assume (3.2), or, equivalently,

d d+1 1 d d+1 1
T E R}
P 2 q p 2 P

If d > 2, the second inequality is equivalent to the condition p > 2. The first inequality can be rewritten

-1 —1
asp>d (% — %) . Since also p > q, we finally arrive at condition max {q, d (% - %) } <np,

under which needed Pitt’s inequality holds. O

< p < 2, then respectively g < (

4. Growth of Fourier transforms via moduli of smoothness.
The case of general monotone functions

The following equivalence holds for p = 2 (see [BP1], [Di], [Gi] and Theorem 2.1 (A, B)):

(/. [pincr.ecrmiion]” o) = ouis., (4.1)

where Q;(f,t), and 6 are given by (1.7) and (1.8).
2d

In this section we show that similar two sided inequalities also hold for a1 <p<o© provided f
is radial, nonnegative and regular in a certain sense.

4.1. General monotone functions and the GM? class. A function (z), z > 0, is called
general monotone (¢ € GM), if it is locally of bounded variation on (0, 00), vanishes at infinity, and
for some constant ¢ > 1 depending on ¢, the following is true

/ |[dp(u)] < / @ du <oo, z>0 (4.2)
z z/c
(see [GLT]). Any monotone function vanishing at infinity satisfies GM-condition. Note also that (4.2)

implies

pals [ 2, (1)

fe U
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In particular, the latter gives, for any b > 1,

= o)
e(2)] S /Z/(bc)u ( /u/bvd“> du. (1.4)

We will also use the following result on multipliers of general monotone functions.

LEMMA 4.1. Let ¢ € GM and a function a(z) be locally of bounded variation on (0,00) such that
lim, o a(z) =0 and

cu
/ |[da(v)] < Ja(u)], u>0.
0
Then o1 = ap € GM.
PrOOF. By definition of GM, it is sufficient to verify

1= [Cais lerll g, 2 >0 (45)

u

First,
< / lo(u)] [da(u)] + / ()| [dip(u)| =: I, + I,
and, by (4.3), we get

n= [Tlelida@is [ ( /[ '*’“'d) o) = [~ ([ taatwr) E2
To estimate I, using
z)| + /Zu |[da(v)|, w> z,
and condition (4.2), we have
LS lat: |/ el + [ ([ tda ) ot
o [ avs [ ([ 1agtu) o)
< Ja(2) |/°° p(v)] dv+/:o </jo|ﬂ:)|du> |da(v)|
|/°O "Pv“ dv+/jj (/u |da(v)> “pi“” du.
/OZ da(v)| < /OZ |da(v)
we arrive at

<L+ 5/7 (|a(z)|+/:u |da(v)|) '“"Sj N gy < /jo </Ocuda(v)|) "95}”” dv.

Finally, the integral condition on « concludes the proof of (4.5). O

Therefore, since

a(2)] =

Let GM<, d > 1, be the collection of all radial functions f(z) = fo(|z|), z € R?, which are defined
in terms of the inverse Fourier-Hankel transform

1541 . d—1
fo(z) = 2 Fo(8)jaja—1(28)s" " ds, (4.6)

where the function Fy € GM and satisfies the following condition

1 0o
/sd*1|F0(s)|ds+/ s{=D/2 |4 Fy(s)| < oo. (4.7)
0 1
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Applying Lemma 1 from the paper [GLT] to Fp, we obtain that the integral in (4.6) converges in the
improper sense and therefore fy(z) is continuous for z > 0. In addition, Fy is a radial component of
the Fourier transform of the function f, that is, f(f) FO(\§|) £ e RY,

Let us give some examples of functions from the class GMH.

ExaMpLE 1. Let f € C(R%) N LP(R?), where 1 < p < 2d/(d+ 1) for d > 2 and p =1 for d = 1,
be a radial positive-definite function such that Fy € GM. Then f € GMe. Indeed, fis continuous

function vanishing at infinity and fz 0 [SW, Ch. 1]. From continuity of f at zero we get fe L'(R%)
[SW, Cor. 1.26], i.e., [~ s¢7!|Fy(s)|ds < co. Since any GM-function Fy satisfies ((GLT, p. 111])

/ s”|dF0(s)\§/ U Fy(s)|ds, o >0,
1 1/c

then, using (d —1)/2 —1 < d — 1, we get

1 [e’e) )
/ sd*1|F0(s)\ds+/ s(d’l)/2|dF0(s)|§/ Sy ()| ds < oo
0 1 0

Therefore, condition (4.7) holds, that is, f € GM®. As an example of such function we can take
f(z) = (1 + |=|>)~(@*+1/2 and the corresponding Fy(s) = cqe™*.

EXAMPLE 2. Take f(z) = ja/2(|z|) (for d = 1, f(z) = #2£). Then Fy(s) = cx1(s) € GM and

condition(4.7) holds, i.e., f € GM¢. Moreover, we have (see, e.g., [GLT])
dajp(z) <1, 0<2<L jap(2)| S 272 221
and
7(‘”1)/27 S U [Pd/z,k + €, Pd/2,k+1 — 5} )
k=1

where pq positive zeros of the Bessel function J,, infy>; (pd/g)kﬂ — pd/g,k) > 3¢ > 0. This implies
f € LP(RY) if p >

EXAMPLE 3. Let Fy(s) € GM and [¢|*=1/P=DFy(|¢]) € LY(R?), 1 < ¢ < p < 00, 74 < p.
Then, using statement (A.1) below, condition (4.7) for Fy holds, f is defined by (4.6), and f €
GM? N LP(RY). The fact that f € LP(R?) follows from Pitt’s inequality (4.8) (take 3 = 0).

lias2(2)| 2 =

d+1

4.2. Two-sided inequalities.

THEOREM 4.1. Let f € GM N LP(RY), d > 1.
(A) If]?ZO and 1 <p < q < oo, then

R 1/q
</Rd [min(l,t|§|)el|f|d(1—1/p—1/q)|f(§)|}q dg) S U(f, )

(B) If [¢]40-1/r=V/D) f(¢) € LYRY), 1 < ¢ < p < 00, 2L < p, then

R 1/q
(/Rd [min(l,t|£|)01|£|d<1*1/p—1/q>|f(g)|}q dg) > (f,t)p

REMARK. Conditions on p and ¢ in Theorem 4.1 (A, B) are less restrictive than corresponding

-1
conditions in Theorem 3.1. It is clear for (A). Since % <d (d'H — %) , conditions ¢ < p and

—1
% < p in Theorem 4.1 (B) are weaker than max {2 q,d (M — %) } < p, which is the corre-
sponding condition in Theorem 3.1 (B).

In case of p = g Theorem 4.1 gives the following equivalence result.

COROLLARY 4.1. If f € GMNLP(RY), d>1, f >0 < p < oo, then

’ d+1

N 1/p
( / [min(1, e er -2 fey ] dg) = (f, ).
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EXAMPLE. Take f(z) = jas2(|7|) (see Example 2). By Corollary 4.1, for 0 < ¢ < 1 and % <
p < 0o, we have

(f. 1)y = |min(L, 2ig) €=/ Palel)| = .

4.3. Weighted Fourier inequalities. To prove Theorem 4.1, we will use several auxiliary re-
sults from the paper [GLT].

Let d>1,1<pg <o, f—7=d(1-1=1) g) = go(la]), and §(&) = Go(l€]).

a
(A1) If goe GM, p <gq, and
d_d+1 d
¢ 2 STy
then the following Pitt’s inequality holds [GLT, Th. 2 (A)]

€173, S llz’g(@)]], -

p
Then changing Variablesg<—>f,p<—>q, and § < —v, we get
~ d d+1 d
B <H - ‘ —_——— < < - < 4.8
T T , , <np. .
k@l <lef@],. S-S5 <-s<% a<s (48)

Here f(£) = Fy(|¢]) and Fy € GM. Note [GLT, Sect. 5.1] that the condition |§|_'Vf(§) € LI(RY)
implies condition (4.7).
(A.2) Let go € GM, go > 0 and go satisfy condition (4.7). Then if ¢ < p and
a_d+1__
q 2 ’
then [GLT, Th. 2(B)]
liea©l, 2 a9, -

Again, changing variables g < f, p < q, and B < —v, we arrive at
- d+1
[l (@), 2 |l 7]

d
- — < - <gq. 4.9
o g <h psa (4.9)
Here f(£§) = Fo(|€]) > 0 and Fy € GM.
From (A.1) and (A.2) (see also [GLT, Th. 1]), for a non-negative GM-function Fy satisfying
condition (4.7), we have

Jra==mie)| =@, 5 <p<oo (110)

(A.3) Let gg > 0. For z > 0 we get (see [GLT, formula (53)])

00 bu gO(U) 2bc/z u
/ ut / dv | du S / uld=1/2-1 </ v @D2|Go (v))] dv> du, (4.11)
z/(bc) u/b U 0 0

where 1 < b < pg/a1-
(A.4) The following inequality was shown in [GLT, pp. 115-116]

) u v p 1/p
|:/ u—’yp—i—dp/q—dp—l (/ v(d—l)/2—1 (/ Z(d_l)/2|Go(Z)|dZ) d’l)) du:|
0 0 0

Yiod d+1
([ leraena) - <n gsp
Rd q

2

Noting u~P+dp/a—dp=1 — 4=PB—d=1 4p( changing variables § < f, p < ¢, 3 < —v, we obtain

o) u v q 1/q
U yir—d-1 (/ p(d-1/2-1 (/ z(dl)/2|f0(z)|dz> dv> du]
0 0 0

1/p
< (/R (1”1 f (@)1)" dm) , g_ Al 5 L<q (112)
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4.4. Proof of Theorem 4.1 in the case d > 2. Let t > 0, f € GM¢ N LP(RY), f(x) = fo(|z]),

-~

and f(§) = Fy(|€]). Note that Fy € GM. We use notations from the proof of Theorem 2.1.
First, we prove (B). Let [¢|?(0—1/P=1/a) f(¢) € L9(R?). We have

I Hmin(l’t|£|)21|§|d(1—1/p*1/q)|f(£)|Hq

< [flep e [y e T+ |l O e ma DI FON| = 1+

Then inequalities

o cu min(cu,1/t)
/ (1 —mp(tv))] =< tQI/ v o (tv) dv < tm/ 21 gy
0 0 0

= min(1, ctu)? < 1 —np(tu), b>1,

~

and Lemma 4.1 imply that the function [1 —n(ts)] Fo(s) = [1 —m(tE])]f(€) is a GM-function.
Using Pitt’s inequality (4.8) for =0 and v =d (% + % — l) yields

I= [l = = R (1@ 21 = Bl (4.13)

for
_— <np. 4.14
P>y 4P (4.14)
Since 7;5(s) = 0 when s > 1, then (ts)?'n;,,(ts) = min(1,ts)?n; ,(ts). This and (2.10) give
(=)' [ATRy 14(£)]7(€) = mo(ts) min(1, t5)2 Fy(s), s = |¢].
Also, since m,(t€]) = Gip(€), then
(=) A'Ry 14(f) = Gaap + b, B(€) = min(1, t[¢])2 Fo([¢]).
Using Young’s convolution inequality, we obtain
[ A R LoD, < IGxwslllIRlly = 1GLo 1]l S Al

We remark that
min(1,ts)% Fy(s) € GM. (4.15)

This follows from the estimate
/Cu |dmin(1, tv)*| < t* /min(cuﬁl/t) 0?71 dy = min|[(ctw)?, 1] < min(1, tu)?,
0 0
and Lemma 4.1.
Using again Pitt’s inequality (4.8), we have
1= |l 0he) | 2 a2 [ AR, (4.16)

Adding estimates (4.13) and (4.16), we get
1f = Viafllp = If = B (Il + ¢ [[A Ry (D, SH+TS T

This and (4.14) give the part (B) of the theorem.

Let us now prove the part (A). If p < %7 the proof follows from Theorem 3.1. Suppose f(f) =
Fy(|¢]) > 0. By [DD, Lemma 3.4],

[f = Vi ST () = [ = mu(t[€N)]F(E),
where the function m(s) satisfies for d > 2 the following conditions
0<Cis¥<1— my(s) < Cys?, 0<s<m, 0<m(s) <wvgy <1, s>m.

This gives
1 —my(s) < min(1,s)%, s>0. (4.17)
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Define h(z) = f(z) — Vi+f(x) and its radial component by hg := Go. Using (4.11) for the
non-negative function go(s) = [1 —my(ts)] Fo(s), we obtain

00 bu 2bc/z u
J(z) ::/ ™t (/ %0(v) dv) du < / u(d=1/2-1 </ o @D2)pg (v)] dv) du.  (4.18)
z/(bc) w/b v 0 0

Using (4.17), we get
) bu - 21
1,tv)*" F
J(z) x/ u! ( min(1, t0)” Fo(v) dv) du, z>0.
z/(bc) u/b v
where, by (4.15), min(1, tv)? Fy(v) € GM. Therefore, (4.4) for z > 0 yields
min(1,t2)% Fy(z) < J(2).

Further, the latter and (4.18) imply

£ = 1/q
1 = hminu, gy e g = ([ [0 min( 22 ()] )
0

S q 1/q
S (/ [Zd(l_l/p_l/q)J(Z)} zd—l dZ)
0

0o 2bc/z u 4 a
< (/ lzd(ll/pl/q) (/ pld—1/2-1 </ v(dl)/2|h0(v)|dv) du)] L1 dz) '
0 0 0

Changing variables 2bc/z — z, we obtain

e} z u q 1/q
I<(/ z9d(-1/p=1/q)—d—1 [/ uld—v/2-1 (/ v<d1>/2h0(v)|dv> du] dz> . (4.19)
0 0 0

Let us now use (4.12) for =0 and v =d (% + % — 1). Since, in this case

,—ad(1-1/p=1/q)—d=1 _ ,qy—d—1

inequalities (4.19) and (4.12) give

1/p
< ([ m@pd) =17 - vierl, (4:20)
Rd
when % — % < 0 and p < q. The latter is ﬁdl < p < ¢q. The proof of (A) is now complete. O

4.5. Proof of Theorem 4.1 in the case d = 1. We follow the proof of Theorem 2.1. We have
aalf ) = inf (I = glly + 29 p: 0¥ € BANLP®)), A=1/1

To show the estimate of wy(f,t), from above, that is, to prove (B), we take gx(z) such that

-~ b

an©) = [1- D', 1), b=3.
Note that the function gy is analogues to the Riesz-type means Ry ;;(f) and satisfies all required
properties (2.9)—(2.12) with [ in place of 2. In particular, 1 — [1 — (L‘s)l]b+ = min(1,ts)!. Proceeding
similarly to the proof of (B) in the case d > 2, we arrive at the statement (B) in the case d = 1.

Let us now show (A). Let % <p<g<ooand fz 0. Equivalence (2.18) gives

wi(f,0p =< | = Sa(D)ll, + " DS, = IR,

where i = f — Sx(f) + t*DiSx(f). Moreover, h(€) = [1 — xa(I&]) + () xx(I€])] F(€). Because of
(2.20) and (4.15) with s > 0, we have h(¢) = min(1,ts)'Fo(s) € GM. Using then (4.9) with 3 = 0,
we obtain

walf 0 Z 11l 2 [l =7 he)| = min, del)lef =7~ fe)| O

p
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5. Growth of Fourier coefficients via moduli of smoothness. The case of functions on T¢
Let f € LP(T9), 1 < p < oo, and

R ] R R 1/q
fom [ s@e s nezt il = (IR

nezl

In the paper [Di, Th. 4.1] the following was proved

Hmm(1,t|n|)“}fn|

S(f,t l<p<2
lp,(Zd)N l(fa )pa p=z4
where € (f,t), is given by (1.7) and (1.8) with || - ||, = || - [| o (14)-

The goal of the section is to obtain the generalization of this result which is a periodic analogue
of inequalities (2.1)—(2.2).

THEOREM 5.1. Let f € LP(T%),d>1,1< g < 00 andvzd(% + % — 1).

(A) Let 1 <p <2. Then for p < q < p’ we have {(1 + |n|)_7j¢n} €19(z2%), and

Hmin(17t|n|)m(1 +[n) | Fol iy S (1) (5.1)
(B) Let 2 <p < oo, {(1+ |n\)”’fn} €19(2%), and max{q,q'} < p. Then
[minu i) 1+ 1) Bl ) 2 2000 (5.2)

The proof of this theorem is similar to the proof of estimates (2.1)-(2.2) from Theorem 2.1. The
key points are Pitt’s inequalities of form

| +1mD=

41D 2 e, P22, 5.4
TR L il I ) PN (5.4)

under the corresponding conditions on ¢, as well as the realization results for the K-functionals in the
periodic case (see [Di] and [DHI]).

< , 1l<p<2 5.3
ja(zay ~ Hf”LP(Td) YIS ( )

and

PROOF OF (5.3). Let us show that the proof of (5.3) follows from Pitt’s inequality for functions
on RZ. Note that v > 0. Let f, be the function on R% such that f. = f on (—m,7|? and f, = 0
outside (—m, w]%. Then

| fullzr@ey = Ifllzocr), ﬁ@zﬁg@#wagewv fun) = fu, nez

Further, we use the results from [Ni, Ch. 3]. For an entire function g of exponential type ce,
o > 0, we have

llgllia(zay < (1 +J)d||g||L<I(Rd)7 qg>1. (5.5)

Note that the function ]?* is an entire function of exponential type 7e, where € = (1,...,1) € R9.
We cannot use (5.5) since the weight function |£|~7, v > 0, is not an entire function. However, it
is possible to construct a positive radial entire function of exponential (spherical) type such that for
|€] > 1 this function is equivalent to |£|77.

We consider

v =3 (5 )i (5), weC wri=r20,

where j, is the normalized Bessel function. The function ), is an even positive entire function of
type 1. Positivity of 1., follows from the fact that all its zeros lie on lines t +¢, t € R. The asymptotic
expansion of Bessel functions [AS, formula 9.2.1] yields, for |z| — oo,

Ju(z) = %ﬁ/z (cos(z — ) +O(z] 1)), Rez >0, |Imz|<1.
P

This and ¢,,(0) > 0 give ¥ (u) < (1 +|u|)™7, u € R.
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Let us now consider the radial function 1 (|¢[), £ € R?, which is an entire function of (spherical)
type 1, and therefore, of type €. Also,

by (1) = 1+ 1E)™, €eR™ (5.6)
Define g(&) = ﬁ(ﬁ)wv(m), which is an entire function of type (7 + 1)e. Using (5.6), we get

oz = (3 ﬁmwmo\q)l/q -(z

nezd c7d

lolzacen = ( [ | @60 d£>1/q <(/,

Then by (5.5) and Pitt’s inequality for function on R?, we have
Ja(L+1n])”

R o\ /4
R )

R q 1/q
R ae) .

F-©le |

= d
Wqu(Zd) = ||g||lfI(Zd) <(mr+2) ||g||Lq(Rd) < ‘

La(R4)
S fllzeay = (£l (ra)-
Thus we have proved the Pitt inequality (5.3) for function on T¢. O
PROOF OF (5.4). The following inequality is a consequence of [Nu, Th. 7] and Hardy’s inequality
for rearrangements:

d R 1/q
191, < (30 T+ 0% 7). waxtaa) <5 (57)
kezd j=1
The latter immediately gives (5.4). We would like to thank Erlan Nursultanov for drawing our
attention to his result (5.7), which simplifies the proof. O

6. An equivalence result for periodic functions

A complex null-sequence a = {ay, }nen is said to be general monotone, written a € GM, if (see
[DT]) there exists ¢ > 1 such that (Aay = ar — ag+1)

o) o) |G/k|
Z |Aak;| S Z T, n € N.
k=n k=[n/c]
THEOREM 6.1. Let f € LP(T), 1 < p < o0, and
f(x) ~ Z(an cosnx + by, sinnx),
n=1

where nonnegative {a, }nen, {bn}nen are general monotone sequences. Then

e’} 1/p
wi (f, t)p = (Z min(1, vt)PrP=2 (aP + bﬁ)) . (6.1)

v=1
We will use the following lemma (see [AW]).

LEMMA 6.1. Let 1 < p < oo and let Y ., a, cosvx be the Fourier series of f € L*(T).
(A) If the sequences {a,} and {B,} are such that

> lAak| £ B, veEN, (6.2)
k=v
then -
[FSD a2 (6.3)
v=1

(B) If a = {an} is a nonnegative sequence, then
(oo} n

(Y

P
k) w2 <72 (6.4)
n=1 k=[n/2]
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PrROOF OF THEOREM 6.1. First, we remark that since 1 < p < oo it is sufficient to prove that
1
wlp<f7 7) = Il +127
n/p

where

n oo
Ilzn_lpg aﬁu(l+1)p_2, I, = g a{jup_g,

v=1 v=n-+1
oo
() ~ Z apn cosnx, {an}neny € GM.

We will also use the realization result for the modulus of smoothness (see [DHI]), that is,

W (#, )AHf L@+ n | 7O @)

P

: (6.5)

where 7,,(f) is the n-th almost best approximant, ie., |[f(z) — Tn(2)ll, < En(f)p. In particular we
can take T}, as S, = S, (f), i.e., the n-th partial sum of > .-, aj cos kz.
Let us prove estimate of I; and I5 from above. Since {a,} € GM, we have

oo 00 ay
a, <Y |Aal S DT T (6.6)
l=v I=[v/c]

then Holder’s inequality yields

n 00 s P
a3 (30 By
v=1 N/
<n—lPZ Z ] pl,(z+1>p—2+np—1 iﬁ ’
J J
v=1 Nj=[v/d] j=n
_ a _ N
<n ZPZ(Z ]> V(l-i‘l)p 2+ Z a§]p 2 = 13+I2-
v=1 “j=v j=n+1

To estimate I, and I3, we are going to use the following inequalities

Zassz Z a,, and Zasgz Z G- (6.7)

=n " m=[s/2] =1 % mIfs/2

Then by Hardy’s inequality [HLP], we have

L <n zn: (Z Z ) (1+1)p—2

v=1 Nj=v’ m=[j/2]
2n J p
Sn_lpZ( Z am> jlp_Q.
J=1 *m=[j/2]

Then Lemma 6.1 (B) and (6.5) yield
2n

E V a, COSVT

v=1

13<7’L Ip

=SB S (1), 50 (),

Further, using (6.6), (6.7), and Hardy’ inequality, we have

fzgfjj”(fj‘f)psfj (Z Zam>

j=n+1 s=[j/c] j=n+1 /€] m=[s/2]

p

S S

> (Y w) 2 (Y ) +MZSM( > ).

s=[n/d] m=[s/2] s=2n m=[s/2] s=1 m=l[s/2]
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The last sum was estimated above. Again, by Lemma 6.1 (B) and (6.5),

00 s P 0o P 1
—2

E s ( E am> < E @, CoS VT 5wf<f,n>.

v=n p p

s=2n m=|[s/2]

So, we showed that
1
L+ 1 f,wf(fy *) .
n/p

To prove the reverse, we use Lemma 6.1 (A), the definition of the GM class, Holder’s and Hardy’s
inequalities:

I7= sl £ 02 o (S isad) + S (18 )
j=1 s=n j=n s=l
< pp—1 c- as g c- ip—2 S @s p< .- Pip=2 < T I
st T) e X ) s X i shitk,
j=n

s=[n/c] s=[j/c] j=[n/d]

where 8; = 3202 (j.n) [Aas|. Similarly,

n
E I/l(l,, COS V™

v=1

n ISP Snt

CSay e (Z Ata)

p v=1
Further,

n n n n n S
S IAEa) Y s+ Y A0 €3 s ey + Y JAa (Z mi1 4 yl>,
S=v S=v S=v S=v S=v m=v

and after routine calculations, we arrive at
n n o0 a
Astay)| < s lag +n! -
> A(sas)| S D snt Y -
s=v s=[v/c] m=n

Using this and Hardy’s inequality, we get nilpHS@(Ll)(f)HZ < I + 1. Finally, by (6.5),
1
D - <
Wl (f,n)pwll—i—lg. 0

7. Discussion and applications

7.1. Riemann-Lebesgue-type results. From Theorem A and [Di, Th. 2.2], one has the fol-
lowing estimate of the Fourier transform

R 1/p’ R 1/p
1 / e Fer de) o+ / Ford) <, 1<p<2 (T1)
[€]<1/t 1/t<|€]

On the other hand, Theorem 2.1 gives (p < ¢ <p', 1 <p<2)

1/q 1/q
¢! ( / |£9“”dq<11/“/q>|f<f)|w5> + ( / |5|dq<“/“/q>|f<5>|w5> S (S, t),.
[l<1/t 1/t<[¢]

(7.2)
If ¢ = p’ (7.2) reduces to (7.1). The following example shows that (7.2), in general, provides better
estimates than (7.1).

~

ExaMPLE. Let f(&) = Fo(|¢)),

s—/v 2d
T P24s)  d+l
Note that Fj is decreasing to zero and therefore Fy € GM. Also, it is easy to see that \§|d(1_2/p)f(§) S

LP(R%). Hence, as in Example 3 (for ¢ = p) we get f € GMn LP(RY).
We have

Fy(s) < p < o0.
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1/q 1/q
¢! ( / 5|9lq+dq<1—”p—l/q>|f<£>|qd£> + < / f|dq<1—”p—1/q>|f(£>|qd£>
[gl<1/t [£]>1/t

= [In(2 4 1/8)] 2/PFV,
Then (7.1) gives
Im@+1/0]"" S0, p<2,
and (7.2) implies (with ¢ = p)

@+ 1/0]" " Suft), p<2

The latter estimate is stronger. Moreover, it is sharp since by Corollary 4.1 we in fact have

[In(2+1/£)] /7

XQl(fat)pa - <p <o O

7.2. Pointwise Riemann—Lebesgue-type results. For f € L}(R%) N LP(RY), 1 < p < 2, the
Riemann-Lebesgue inequality

FO1 S s, 1/1€Dy (7.3)

does not hold in general.
Let us consider the case of d =1 and [ > 2. Define

= Z anwn($)7 d)n(x) = gngp(enx)efinz7

neEZ

. 2
ola) = 2 () gt = (1 le,
an=(1+n)7% =1+ )", l<a<3/2
Changing variables, we have
lo(ene)llg = e lielly = e/
Hence
1fllg < ancullo(en)llg = D aner/T <D (L4 <oo,  ¢>1. (7.4)
neL neL neZ
This implies f € L'(R) N LP(R). The Fourier transform of f is written as

=D antn(®), () =3 (g;n) |

ne”Z

Let us estimate w;(f,1/t), from above. We will use the realization result (see (2.18)) given by
—1y ol
il F.1/0p = I = S, + 757 ()
Since supp 1, C [0 — en,n + &p], then

In|<[t] n[>t]

||p, t>0, 1<p<oo. (7.5)

The function ¢ and its derivatives are given by

) =

1
o | -leiere e as, tez,.
Then | ()| <1, z € R. For [z| > 1 we get
I

|(,0(l)(x)| _ ‘(2’/T)1 Z <;> [SinQ(x/Q)](lij) [(m/2)72](j)

Jj=0

Thus, ’go(l) | (1 + x2) " and then
1

Z() =] 9 [ (en)] i(j)(m)umm(gnx)

Jj= j=0

[P (2)] = en
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!
Z ‘n|l J J _ En(|n| +5n)l
1+ (Enx 2j_ “n 1+ (epx)?
Then we arrive at
1P llg S (Inl +en)'e/T S (1+|n]) ey
Using these relations and proceeding similarly to (7.4), we get
1F = SO, < D anel/? = 3 (14 nf) 32> St/
n]>[t] | >[t]
SO, ST DD an ey ST (L [nf) e
In|<[£] | <[t]

For | > 2, a < 3/2 we get | —3/2 —a > —1. Then ¢~!||S{"(f)|| < ¢~/2~°. Finally, (7.5) implies

wif, 1/, St
For any large enough t € N

Ft) = a(0) = ay < t73/2,
Since € = a — 1 > 0, we finally get R
f(t) 2 ttwi(f,1/t)p. 0
However, let us remark that for functions from the class GM? class, it is possible to obtain the
pointwise bound of the Fourier transform.

COROLLARY 7.1. Let f € GM*NLP(RY), d > 1, f(€) = Fo([¢]) 2 0, and 2% < p < 0o. Then

Fo(t) St u(f,1/1),. (7.6)
PROOF. Since f € @d, using (4.3) and Holder’s inequality, we get

Fo(s)s/oo Fo(u) du:/oo F(uyuc=4/r=1/py =+ @+1-n)/p gy,

u
o 1/p
< gd/p=d (/ EP (u)udr== 1du> . (7.7)
s/c

Then using Corollary 4.1, we have

1/t [
QY (f,t)p < toip sel’”d”*d*ng’(s) ds + / sdp*d*ng(s) ds (7.8)
0 1/t

and by (7.7), we finally get

IS 1/p
Fy(t) < ¢d/v=d ( / FP (u)udr=d-1 du> SEYPQ(F, 1)), O
t/c

7.3. Moduli of smoothness and best approximations: sharp relations. The following

direct and inverse theorems of trigonometric approximation are well known (see e.g. [DL, p. 210],
[DDT, Intr.]):

n 1/7 n 1/q
1 Tl— T 1 1 —
— <Z<u + 17 1Ey(f)p> <alf) S (Z(v + 1) 1Ez(f)p> . (79)
v=0 v=0
where f € LP(T), 1 < p < o0, I,n € N, ¢ = min(2,p), 7 = max(2,p), E,(f), denotes the n-th best
trigonometric approximation of f in L?, and w;(f, d), is the LP-modulus of smoothness, see (1.2) with
X =T.
We remark that (7.9) is the sharp version of classical Jackson and weak-type inequalities ([DL,
p. 205, 208]) and it can be written equivalently as follows ([DDT)):

1/7

1 1 1/q
o[ttt et s ([t gapa) L @0
t t
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Constructing individual functions shows ([DDT]) that the parameters ¢ = min(2, p) and 7 = max(2, p)
are optimal in (7.9) and (7.10). For functions on [—1, 1] inequalities of type (7.9) and (7.10) were
obtained in [To, DDT].

For functions on LP(R?), similar results were also proved for Q(f,t), and E,(f),, i.e., the best
LP-approximation by functions of exponential type n (see [DDT]). For example, an analogue of (7.9)
is given by

n 1/7 n 1/q

1 TV T 1 1 v

o <Z2“ Ezu(f)p> s(fg) Sgm (Z?e’q Eé]u(f)p> =1 e,
v=0 v=0

Below we show that for functions from the class GM¢? we can completely solve the problem of de-
scription of relationships between ;(f,t), and E,(f), as well as Q;(f,t), and Qir1(f,t),.

THEOREM 7.1. If f € GM? NLP(RY), d > 1, fz 0, and dQTfll < p < oo, then

1 1/p
du 1
Q(f,t), < (t"lp/ uw QP (f, u)pu) + " A(f)p, 0<t<s, (7.11)
t

where A(f), = H|§|m+d(1’2/p)x1(\§|)f(§)||p S Q(f,1)p. In particular, we have

0l ' 0l du i 0l ! 0l du e 0l
(e [worar, ) st s (00 [ e, g, s,

L
and

n

n 1/p 1/p
1 , 1 1 , 1
W (Z 2011) Eg”(f)p) S Ql (f727)p 5 W (Z 29lp Egu(f)p> + WH]“”I) (712)

v=0 v=0
REMARK 1. In (7.11) one cannot drop t? A(f),. Indeed, consider
FP(s) = s~ P=d=Dy,  (s).
Then
o [ o +dp—d—1 o [ 0lp, —0lp—1
Qf(f,t)pxtp/o svptar Fé’(s)dsxtp/o s"P ds < 7P =P
Using this,

1 d 1
B u B L du _ _
talp/ U Gpoﬁ-l(f,u)pf xtmp/ WPy 0 p—1 77 40lp,, —0(+1)p—1
. U ' U

Hence, writing
1 1/p
du
Y S (1) S ( [t u>p> <0l
p U

we arrive at a contradiction as n — oo.

PrOOF OF THEOREM 7.1. Using Corollary 4.1, we get

1/t o
O A O AR s) ds = D0+ )
0 1/t
and
1 du l/t u
tGlp/ u79po§7+1(f, u)pi - t@lp/ ufepfl |:/ 89(l+1)P+dp7d71Fél(S) d8:| du
t u 1 0
1/t S
+ 9P / w1 [ / sdpleg(s)ds} du =: I (t) + Iy(t).
1 u
Then

1/t 1 u
IL(t) = telp/ T [(/ +/ ) sOUHDprdp—d=1pb () ds] du
1 0 1
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1 1/t 1/t
= t@lp/ S@(l—&-l)p—i—dp—d—ng(S) ds + t9lp / 86(l+1)p+dp—d—1F(§7(S) / u—@p—l du ds
0 1 s

S (1)

and

1/t 1/t
_tﬁlp/ 0lp 1 (/ / ) dp—d— le( )d8‘| du
1 1/t

1/t 0o
p/ sPd=1EP (s )/ uelp_lduds—F/ P O
1

1 1/t

)(

2/\

Ji(t) + Ja(t
Using again Corollary 4.1,

1 1/p 0o 1/p
A(f)p = (/0 gfpFdp=d=1pb () ds) < (/0 s®=4"1min(1, 5)?P FY(s) ds)

= [[min(L. 16D "0 Fe)| = (s 1)
Moreover, AP(f), < Ji(t). Thus,
L(t) + I (t) + 1" AP(f)p S Ji(t) + J2(1).

To prove the inverse inequality, we first remark that s=P < fsl/ bumtrldu, 1 < s < 1 /(2t) and
therefore using (4.10),

1 1/2t 1/t
J1(2t) < tel”/ s Fdp=d=1 b (g) s + telp/ sOUFDp+dp—d=1pb ) </ w1 du) ds
1 s

0
SPAP(f)y + L().
Also,

Finally, to verify (7.12), we apply [DDT, (5.7) and (5.8)]. O
Using (6.1), we state the analogous result for periodic functions; compare with (7.9) and (7.10).

THEOREM 7.2. Let f € LP(T), 1 < p < 00, and

f(z) ~ Z(an cosnx + by, sinnx),

n=1

where non-negative {ay, }nen, {bn}nen are general monotone sequences. Then

! du\ """ 1
wl<f7 t)p = (tlp/ u_lpwlz)+1(f, U)pu) 5 0<t< 5
t

In particular,
n 1/p
wi(f,1/n), = (n_lp Z(V—i—l)lp_lEl’,’(f)p) ,
v=0
where E,(f), is the best LP-approzimation of f by trigonometric polynomials of degree v.

Note that similar equivalence results for continuous functions were obtained in [Tik, Ths. 5.1,
5.2].
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7.4. A characterization of the Besov spaces. For 1 < p < oo and 7,7 > 0, define the Besov
space B} _(R?) as the collection of functions f € LP(R?) such that

1 1/7
Q(f,t)p\7dt
llfllB,z,m:||f||Lp<Rd)+( / (%) t) < o0,
0

where 0 < r < 6l. Similarly we define the Lipschitz space Lip;(Rd) = B;p(j(Rd)7 ie

(f, t)p

1 lleipy ey = I1flloqgay +sup —=5, 0 <r <6l

It turns out that it is possible to characterize functions from the Besov space By , (R?) in terms
of growth properties of their Fourier transforms.

THEOREM 7.3. Letd > 1,1 <1 < o0, andd—_H<p§T. Iffe@\\ﬂﬂLP(Rd) andsz, then

a necessary and sufficient condition for f € p)T(Rd) 18

/ sTTHTAT/pml T () ds < 00 if 1< 7T < o0 (7.13)
0

and
sup s"TIUPEy(s) < 0o if T = 0. (7.14)

PROOF. The case of 1 < T < oo. Let first (7.13) hold. By (7.8), we get

1 1 T/p
|f|B;T =< K|+ Ky + K3 := / t(@l—r)‘r—l </ s€lp+dp—d—1F(;)D(s) dS) dt
' 0 0

00 t T/p 1 00 T/
+/ tr=onT-1 </ P tdp=d=1pp(s) ds) dt+/ Tt </ sWILED (s) d8> dt.
1 1 0 1/t

Then by Hoélder’s inequality with parameters o = 7/p and o/, we get
K S /1 STTerde‘r/pleér(S) ds.
0
By Hardy’s inequalities (see e.g. [BSh, p. 124]), we have
Ko+ K3 S /oo SrT+dT*dT/p71Fg(S) ds.
1

Hence, if (7.13) holds, f € By (R).
Let f € B)(RY). By (7.7),

o T/p
Fo(s)T < gdr/p—dr </ FP (u)udr=d-1 du) .
s/c
Therefore, making use of this, we have
o] oo 00 T/p
/ Sr'rer‘rfdr/pleg(S) ds /S/ Srrfl </ Fg(u)udpfdfl du> ds
0 1 s

1 o T/p
+/ g1 (/ FP (a1 du> ds S |flmy .+ ||1g140-2/) Gl / rr—1gg
0 s

Finally, since H|g\d(1—2/p) f(g)H < I£l, (see (4.10)), (7.13) holds.
P
The case of T = oo. Let first (7.14) hold. Then by (7.8), (7.14) yields

oo

1/t
Q1) S 1 / Ol g / s s,
0 1/t

., f € Lip}(R9).
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On the other hand, if f € Lip,(R%), we use (7.7) and (7.8)

o
FRs) S s [ Epupu®tVdu £ s Q01,1 /s), S 50,

s/c
which is (7.14). O
7.5. Embedding theorems. The following Sobolev-type embedding result for the Besov space
with the limiting smoothness parameter is well known: B , — L%, r = d(% — %) (see, e.g., [Pe,

(8.2)]). Theorem 7.3 gives the sharpness of this result in the following sense.

COROLLARY 7.2. Letd>1 and 24 <p<qg<oo. If f € GM?n LP(RY) and fz 0, then

d+1
T d 1 1 d
fe B, [RY, r:d<f—7> — feLYRY). (7.15)
' p g
PROOF. To show (7.15), we combine Theorem 7.3 and H|§|d(1_2/p)f(§)Hp = | fllps % <p< oo
(see (4.10)). O

Note that the embedding B}, , < L is equivalent to the sharp (Ul’'yanov) inequalities for moduli
of smoothness in different metrics, as recently shown in [Tr2, Th. 2.4].
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