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EQUIVARIANT SEMIPROJECTIVITY

N. CHRISTOPHER PHILLIPS

ABSTRACT. We define equivariant semiprojectivity for C*-algebras equipped
with actions of compact groups. We prove that the following examples are
equivariantly semiprojective:
e Arbitrary finite dimensional C*-algebras with arbitrary actions of com-
pact groups.
e The Cuntz algebras Oy and extended Cuntz algebras E, for finite d, with
quasifree actions of compact groups.
e The Cuntz algebra O, with any quasifree action of a finite group.
For actions of finite groups, we prove that equivariant semiprojectivity is equiv-
alent to a form of equivariant stability of generators and relations. We also
prove that if G is finite, then C*(G) is graded semiprojective.

Semiprojectivity has become recognized as the “right” way to formulate many
approximation results in C*-algebras. The standard reference is Loring’s
book [20]. The formal definition and its basic properties are in Chapter 14 of [20],
but much of the book is really about variations on semiprojectivity. Also see the
more recent survey article [5]. There has been considerable work since then.

In this paper, we introduce an equivariant version of semiprojectivity for C*-
algebras with actions of compact groups. (The definition makes sense for actions
of arbitrary groups, but seems likely to be interesting only when the group is
compact.) The motivation for the definition and our choice of results lies in ap-
plications which will be presented elsewhere. We prove that arbitrary actions of
compact groups on finite dimensional C*-algebras are equivariantly semiprojec-
tive, that quasifree actions of compact groups on the Cuntz algebras Oy and the
extended Cuntz algebras Fy, for finite d, are equivariantly semiprojective, and
that quasifree actions of finite groups on O, are equivariantly semiprojective.
We also give, for finite group actions, an equivalent condition for equivariant
semiprojectivity in terms of equivariant stability of generators and relations.

In a separate paper [26], we prove the following results relating equivariant
semiprojectivity and ordinary semiprojectivity. If G is finite and (G, A, a) is
equivariantly semiprojective, then C*(G, A, «) is semiprojective. If G is compact
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and second countable, A is separable, and (G, A, ) is equivariantly semiprojec-
tive, then A is semiprojective. Examples show that finiteness of G is necessary
in the first statement, and that neither result has a converse.

We do not address equivariant semiprojectivity of actions on Cuntz-Krieger
algebras, on C([0,1]) ® M,,, C(S') ® M, or dimension drop intervals (except
for a result for C(S') which comes out of our work on quasifree actions; see
Remark 3.14), or on C*(F},). We presume that suitable actions on these algebras
are equivariantly semiprojective, but we leave investigation of them for future
work.

We also presume that there are interesting and useful equivariant analogs
of weak stability of relations (Definition 4.1.1 of [20]), weak semiprojectivity
(Definition 4.1.3 of [20]), projectivity (Definition 10.1.1 of [20]), and liftability of
relations (Definition 8.1.1 of [20]). Again, we do not treat them. (Equivariant
projectivity will be discussed in [26].)

Finally, we point out work in the commutative case. It is well known that C'(X)
is semiprojective in the category of commutative C*-algebras if and only if X is
an absolute neighborhood retract. Equivariant absolute neighborhood retracts
have a significant literature; as just three examples, we refer to the papers [15],
[3], and [2]. (I am grateful to Adam P. W. Sgrensen for calling my attention to
the existence of this work.)

This paper is organized as follows. Section 1 contains the definition of equi-
variant semiprojectivity, some related definitions, and the proofs of some basic
results.

Section 2 contains the proof that any action of a compact group on a finite
dimensional C*-algebra is equivariantly semiprojective. As far as we can tell,
traditional functional calculus methods (a staple of [20]) are of little use here. We
use instead an iterative method for showing that approximate homomorphisms
from compact groups are close to true homomorphisms. For a compact group G,
we also prove that equivariant semiprojectivity is preserved when tensoring with
any finite dimensional C*-algebra with any action of G.

In Section 3, we prove that quasifree actions of compact groups on the Cuntz
algebra O, and the extended Cuntz algebras F,, for d finite, are equivariantly
semiprojective. We use an iterative method similar to that used for actions
of finite dimensional C*-algebras, but this time applied to cocycles. Section 4
extends the result to quasifree actions on O, but only for finite groups. The
method is that of Blackadar [5], but a considerable amount of work needs to be
done to set this up. We do not know whether the result extends to quasifree
actions of general compact groups on Oy.

In Section 5, we show that the universal C*-algebra given by a bounded finite
equivariant set of generators and relations is equivariantly semiprojective if and
only if the relations are equivariantly stable. This is the result which enables
most of the current applications of equivariant semiprojectivity. It is important
for these applications that an approximate representation is only required to be
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approximately equivariant. We give one application here: we show that in the
Rokhlin and tracial Rokhlin properties for an action of a finite group, one can
require that the Rokhlin projections be exactly permuted by the group.

Section 6 contains a proof that for a finite group G, the algebra C*(G), with its
natural G-grading, is graded semiprojective. This result uses the same machin-
ery as the proof that actions on finite dimensional C*-algebras are equivariantly
semiprojective. We do not go further in this direction, but this result suggests
that there is a much more general theory, perhaps of equivariant semiprojectivity
for actions of finite dimensional quantum groups.

I am grateful to Bruce Blackadar, Ilijas Farah, Adam P. W. Sgrensen, and
Hannes Thiel for valuable discussions. I also thank the Research Institute for
Mathematical Sciences of Kyoto University for its support through a visiting
professorship.

1. DEFINITIONS AND BASIC RESULTS
The following definition is the analog of Definition 14.1.3 of [20].

Definition 1.1. Let G be a topological group, and let (G, A,«) be a unital
G-algebra. We say that (G, A, «) is equivariantly semiprojective if whenever
(G,C,~) is a unital G-algebra, Jy C J; C --- are G-invariant ideals in C,

J:Ufzojm
k:C—CJJ, kn:C—C/J,, and m,:C/J,—C/J

are the quotient maps, and ¢: A — C/J is a unital equivariant homomorphism,
then there exist n and a unital equivariant homomorphism ¢: A — C/J, such
that 7, oy = .

When no confusion can arise, we say that A is equivariantly semiprojective, or
that « is equivariantly semiprojective.

Here is the diagram:
C
|
I K:,,\\
v
Cld, |«
¢//1 :ﬂ'n /
e y /
A—= c/J.

The solid arrows are given, and n and 1 are supposed to exist which make the
diagram commute.

We suppose that Definition 1.1 is probably only interesting when G is compact.
Blackadar has shown that, in the nonunital category, the trivial action of Z on C
is not equivariantly semiprojective [6]. This is equivalent to saying the the trivial
action of Z on C @ C is not equivariantly semiprojective in the sense defined
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here. In the unital category, the trivial action of any group on C is equivariantly
semiprojective for trivial reasons, but there are no other known examples of
equivariantly semiprojective actions of noncompact groups.

We will also need the following form of equivariant semiprojectivity for homo-
morphisms. Our definition is not an analog of the definition of semiprojectivity
for homomorphisms given before Lemma 14.1.5 of [20]. Rather, it is related to the
second step in the idea of two step lifting as in Definition 8.1.6 of [20], with the
caveat that lifting as there corresponds to projectivity rather than semiprojectiv-
ity of a C*-algebra. It is the equivariant version of a special case of conditional
semiprojectivity as in Definition 5.11 of [8].

Definition 1.2. Let G be a topological group, let (G, A,«) and (G, B, 3) be
unital G-algebras, and let w: A — B be a unital equivariant homomorphism. We
say that w is equivariantly conditionally semiprojective if whenever (G, C,~) is a

unital G-algebra, Jy C J; C --- are G-invariant ideals in C, J = J,~, Jn,
k:C—C/J, kn:C—C/J,, and m,:C/J,—C/J

are the quotient maps, and A\: A — C and ¢: B — C/J are unital equivariant
homomorphisms such that koA = pow, then there exist n and a unital equivariant
homomorphism ¢: B — C/J, such that

ot =¢ and kK,o0\=1ow.

Here is the diagram:

C
:n\
A C/J

/

The part of the diagram with the solid arrows is assumed to commute, and n and
1 are supposed to exist which make the whole diagram commute.

Remark 1.3.

(1) Definition 1.1 is stated for the category of unital G-algebras. Without the
group, a unital C*-algebra is semiprojective in the unital category if and
only if it is semiprojective in the nonunital category. (See Lemma 14.1.6
of [20].) The same is surely true here, and should be essentially immediate
from what we do, but we don’t need it and do not give a proof.

(2) In the situations of Definition 1.1 and Definition 1.2, we say that ¢ equiv-
ariantly lifts ¢.
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(3) In proofs, we will adopt the standard notation m,,,: C/J, — C/J,,
for m,n € Z-o with n > m, for the maps between the different quo-
tients implicit in Definition 1.1 and Definition 1.2. Thus m, o m, , = T,
and 7, , © Ty, = m,; for suitable choices of indices. We further let
7™ G — Aut(C/J,) and v : G — Aut(C/J) be the induced actions

on the quotients.

Lemma 1.4. Let G be a topological group, let (G, B, 3) be a unital G-algebra,
let A C B be a unital G-invariant subalgebra, and let w: A — B be the in-
clusion. If A is equivariantly semiprojective and w is equivariantly conditionally
semiprojective, then B is equivariantly semiprojective.

Proof. Let the notation be as in Definition 1.1 and Remark 1.3(3). Suppose
¢: B — C/J is an equivariant unital homomorphism. Then equivariant semipro-
jectivity of A implies that there are ng and an equivariant unital homomorphism
A A — CJJ,, such that m,, o A = ¢|4. Now apply equivariant conditional
semiprojectivity of w, with C/.J,,, in place of C' and the ideals J,,/Jy, for n > ny,
in place of the ideals J,,. We obtain n > ny and an equivariant unital homomor-
phism ¢: B — C/J, such that 7, o ¢ = ¢ (and also 7, ,, © A = ¥|4). O

Notation 1.5. Let (G, A, a) be a G-algebra. We denote by A% the fixed point
algebra
A% ={a € A: ay(a) =a for all g € G}.
In case of ambiguity of the action, we write A®.
Further, if (G, B, ) is another G-algebra and ¢: A — B is an equivariant
homomorphism, then ¢ induces a homomorphism from A¢ to B¢, which we
denote by ¢%.

We need the following two easy lemmas.

Lemma 1.6. Let G be a compact group, and let (G, C,~) be a G-algebra. Let
J C C be a G-invariant ideal. Then the obvious map p: C¢/J% — C/J is
injective and has range exactly (C'/J)¢.

Proof. Injectivity is immediate from the relation JNC% = J%. It is obvious that
p(C%/J%) c (C/J)C. For the reverse inclusion, let x € (C/J)¢. Let 7: C — C/J
be the quotient map. Choose ¢ € C' such that m(c) = x. Let u be Haar measure
on G, normalized so that u(G) = 1. Set

o= [ 20 dnto).
Then a € C% and 7(a) = z. Therefore a + J¢ € C9/J¢ and p(a + J%) =z. O

Lemma 1.7. Let G be a compact group, and let (G, A, &) be a G-algebra. Let
Ag C Ay C --- be an increasing sequence of G-invariant subalgebras of A such
that J>7, A, = A. Then A% = J7, AC.
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Proof. 1t is clear that |7, AS C A“. For the reverse inclusion, let @ € A% and
let € > 0. Choose n and x € A, such that ||z — a|| < . Let u be Haar measure
on G, normalized such that u(G) = 1. Then b = [, ~4(2)du(g) is in AS and
satisfies ||b — a|| < e. O

Now we are ready to prove equivariant semiprojectivity of some G-algebras.

Lemma 1.8. Let GG be a compact group, let N C G be a closed normal subgroup,
and let p: G — G/N be the quotient map. Let A be a unital C*-algebra, and
let a: G/N — Aut(A) be an equivariantly semiprojective action of G/N on A.
Then (G, A, ao p) is equivariantly semiprojective.

Proof. We claim that there is an action 7: G/N — Aut(C") such that for g € G
and ¢ € OV we have J,5(c) = 74(c). One only needs to check that 7 is well
defined, which is easy.

Let the notation be as in Definition 1.1 and Remark 1.3(3). Then ¢(A) C

(C/J)N, which by Lemma 1.6 is the same as CV/JV. Let pg: A — CN/JN
be the corestriction. Lemma 1.7 implies JV = U~ JN, so semiprojectivity

of (G/N, A, a) provides n and a unital G/N-equivariant homomorphism ) :
A — CN/JN which lifts ¢o. We take ¥ to be the following composition, in which
the middle map comes from Lemma 1.6 and the last map is the inclusion:

AL NN ()TN — )T,
Then v is G-equivariant and lifts ¢. O

Corollary 1.9. Let G be a compact group, let A be a unital C*-algebra, and
let t: G — Aut(A) be the trivial action of G on A. If A is semiprojective, then
(G, A, 1) is equivariantly semiprojective.

Proof. In Lemma 1.8, take N = G. O
Corollary 1.10. Let G be a compact group, and let (G, A, «) be a unital G-

algebra. Then A is equivariantly semiprojective if and only if the inclusion of C-1
in A is equivariantly conditionally semiprojective in the sense of Definition 1.2.

Proof. The subalgebra C - 1 is equivariantly semiprojective by Corollary 1.9, so
we may apply Lemma 1.4. 0

Proposition 1.11. Let G be a compact group, and let ((G, Apg, a(k)));::l be a
finite collection of equivariantly semiprojective unital G-algebras. Suppose that

1€{0,1,...,m —1}. Set A = (@2:1 Ak> ® C and set B = )", Ay, with the

obvious direct sum actions a: G — Aut(A) (with G acting trivially on C) and
fB: G — Aut(B). Define w: A — B by

w(ag,ag,...,a;,A) = (al, YN TP N R W VA )\~1Am)

for
a1 € Ay, a €A, ..., aq€d, and IeC.
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Then w is equivariantly conditionally semiprojective.

Proof. Let the notation be as in Definition 1.2 and Remark 1.3(3). For k =
1,2,...,0 let e, € A be the identity of the summand A, C A, and for k =
1,2,...,m let f, € B be the identity of the summand A, C B. Set ¢ = 1 —
22:1 p(er). Let P C B be the subalgebra generated by fii1, fiya, ..., fm. Then
P is semiprojective and G acts trivially on it. Therefore Corollary 1.9 provides ng
and a unital equivariant homomorphism ¢y: P — qCq/qJ,,q such that m,, 0y =
olp. For k=1+1,14+2, ..., m, set pr = ¥y(ex). Use equivariant semiprojectivity
of Ay, with pr(C/Jp,)px in place of C' and with py(J,,/Jn,)px in place of J, (for
n > ng) to find ny > ny and a unital equivariant lifting

Vit Ak = Togne (P2)(C/ Ty ) Ty o (D)
of ¢|a,. Define n = max(ny,na, ..., ny), and define p: A — C/J, by

Y(ar, a, .. ap) = (Koo p)(ar,az, .. ) + Y o, (Ur(ar)).

k=l+1

Then 9 is an equivariant lifting of (. U

Corollary 1.12. Let G be a compact group, and let ((G, Apg, oz(k))):;l be a finite
collection of equivariantly semiprojective unital G-algebras. Then A = )" | Ay,
with the direct sum action a: G — Aut(A), is equivariantly semiprojective.

Proof. Proposition 1.11 (with [ = 0) implies that the unital inclusion of C in A
is equivariantly conditionally semiprojective, so Corollary 1.10 implies that A is
equivariantly semiprojective. U

We can use traditional methods to give an example of a nontrivial action which
is equivariantly semiprojective. This result will be superseded in Theorem 2.6
below, using more complicated methods, so the proof here will be sketchy.

Proposition 1.13. Let G be a finite cyclic group. Let G act on C(G) by
the translation action, 7,(a)(h) = a(g~'h) for g,h € G and a € C(G). Then
(G,C(G),T) is equivariantly semiprojective.

Proof. Let the notation be as in Definition 1.1 and Remark 1.3(3).

Take G = Z/dZ = {1, e2mi/d gdmifd - eQ(dfl)’”'/d} C S'. Let u be the inclu-
sion of G in S*, which we regard as a unitary in C(G). Then u generates C(G)
and 7 (u) = At for A € G. Therefore it suffices to find n and a unitary z € C/J,,
such that m,(z) = (u), sp(z) C G, and 7" (z) = A~'z for all A € G.

Since C(G) is semiprojective (in the nonequivariant sense), there are ng and a
unitary vy € C/J,, such that m,(vg) = ¢(u) and vd = 1. Moreover, for all A € G,
we have

lm |7, (7&”0)(710)) — Ayl = 0.

n—oo
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Choose € > 0 such that ¢ < %{1 — e”i/d{, and such that whenever B is a unital
C*-algebra and b € B satisfies [|b— 1] <&, then ||b(b*b) /% — 1| < 3|1 — e™/4|.
Choose n so large that v = 7, (vo) satisfies H’yi") (v) = A lw|| <eforall A € G.

Define a € C'/J,, by
a= é Z )\%(\n) (v).
AeG
Then one checks that 7" (a) = A~'a for all A € G and that |ja —v|| < ¢ < 1,
so a is invertible. Set w = a(a*a)""/2, and check that 7\ (w) = A~'w for all
A € G. A calculation, using the choice of &, shows that ||w — v|| < 1[1 — e™/4|.

So e™/1G Nsp(w) = @. Let f: S\ e™/?G — S' be the function determined by
g(et) = eik/d when t € (M, le) Then f(A() = Af(¢) for all A € G and

d
¢ € S*\ e™?@, and f is continuous on sp(w). Define z = f(w). The verification
that z satisfies the required conditions is a calculation. [l

2. EQUIVARIANT SEMIPROJECTIVITY OF FINITE DIMENSIONAL C*-ALGEBRAS

The main result of this section is that actions of compact groups on finite
dimensional C*-algebras are equivariantly semiprojective.

The main technical tool is a method for replacing approximate homomorphisms
to unitary groups by nearby exact homomorphisms, in such a way as to preserve
properties such as being equivariant. (In Section 6, we will also need to preserve
the property of being graded.) The method used here has been discovered twice
before, in Theorem 3.8 of [13] (most of the work is in Section 4 of [12], but the
result in [12] uses the wrong metric on the groups) and in Theorem 1 of [18]. It
is not clear from either of these proofs that the additional properties we need are
preserved. We will instead follow the proofs of Theorem 5.13 and Proposition 5.14
of [1]. (We are grateful to Ilijas Farah for pointing out these references.)

Notation 2.1. For a unital C*-algebra A, we let U(A) denote the unitary group
of A.

The following lemmas give an estimate whose proof is omitted in [1]. We will
need this estimate again, in the proof of Lemma 3.9 below. (We don’t get quite
the same estimate as implied in [1].)

Lemma 2.2. Let I' be a compact group with normalized Haar measure u. Let A
be a unital C*-algebra. Suppose r € [O, %}, and let u: I' — U(A) be a continuous
function such that ||u(g) — 1| < r for all g € G. Then

5r2

[ o) aut) - oo  [1otuton auto))| < 55755

and

[ uto du(g)H <1
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Proof. The second statement is obvious.
For the first, we require the following estimates (compare with Lemma 5.15
of [1]): for uw € U(A) with ||u — 1|| < 1, we have

(2.1) Hlog( (u—1) H =3
and for a € A with ||a|| < 1, we have

(2.2) H exp(a) — (1+a || < 5H 1l

Jtoa(w) — (-1 < 3 T < ISP e
n=2 n=2

and

el 1y e
Jesp(a) ~ (1 +a) < 31 < 25 o
Apply (2.1) to the condition ||u(g) — 1|| < r and integrate, getting

(2.3) / log(u(9)) du(g) — [ ulg) dpu(g) — 1

Since r < %, we also get

[roetuta dut)| < 5=+ [[1uto) - Ll duto) < 2

We therefore get, integrating and using (2.2),

exp ( /F log(u(g))d,u(g)) — /F log(u(g)) du(g) — 1H < 2(%);)

Combining this estimate with (2.3) gives

oxp ( [1ontut@) dnte)) = [ o) auto)| < 5=+ 52
< 2(%%)
as desired. -

Lemma 2.3. Let I' be a compact group with normalized Haar measure u. Let A
be a unital C*-algebra. Suppose r € [0 } and let p: I' — U(A) be a continuous
function such that for all g, h € T we have

1p(gh) — p(g)p(h)|| < 7.
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For g € T define

o(g) = exp ( /F log (p(k)*p(kg)p(g)*) du(k)) p(9)-

Then o is a continuous function from I' to U(A) which satisfies
lo(gh) = a(g)o(h)|| < 17r* and  |lo(g) — p(9)]| < 2r

for all g,h €T

Proof. For g € ', define

o0(g) = / p(k)* p(kg) dyu().

The first part of the proof of Proposition 5.14 of [1] shows that for g,h € T', we
have

loo(gh) — oo(g)an(h)ll < 2r* and  [loo(g) — plg)]| < 7.

The rest of the proof in [1] uses a Lie algebra valued logarithm, called “In” there.
We replace statements in [1] involving the Lie algebra of the codomain with the
use of the logarithm coming from holomorphic functional calculus. Rewriting

oula) = ( [ o0 plkg)ota)” (i) ) o)

and applying Lemma 2.2, we get

5r2

T <yl
21—2r) = ="

lo(g) — ao(9)l| <

for all g € I'. This implies ||a(g) — p(g)|| < 2r for all g € T", which is the second
of the required estimates. Clearly ||o(g)|| < 1 for all g € I'. Lemma 2.2 implies
loo(g)]] <1 for all g € I'. Therefore

lo(gh) — o(g)a(h)||
< llo(gh) — a(gh)|l + [lo(g) — o (9)ll
+ [lo(h) = a(h)|| + [loo(gh) — a0(g)ao(h)]]
< 5r% 4+ 502 4+ 512 + 21 = 1772

This is the first of the required estimates. U

Lemma 2.4. Let I' be a compact group with normalized Haar measure p. Let
A and B be unital C*-algebras, and let k: A — B be a unital homomorphism.
Suppose 0 < r < ﬁ, and let po: I' — U(A) be a continuous map such that for
all g,h € I', we have

lpo(gh) = po(g)po(h)|| <7 and (ko po)(gh) = (k © po)(g)(x © po)(h).
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Inductively define functions p,,: I' — A by (following Lemma 2.3)

Pm+1(g) = exp ( /F log <pm<k)*pm(kg)pm(g)*> du(k‘)) pm(9)

for g € I'. Then for every m € Z~ the function p,, is a well defined continuous
function from I' to U(A) such that x o p,, = k o pg. Moreover, the functions p,,
converge uniformly to a continuous homomorphism p: I' — U(A) such that

2r
~ < d _ .
Sglellpllp(g) pol9)ll < 1— 7, and wop=ropy

Proof. We claim that for all m € Z>, the function p,, is well defined, continuous,
take values in U(A), and satisfies k o p,, = K o pg, and that for g, h € T’ we have

(2.4) |om(gh) = pm(g)pm(R)|| < r(17r)™
and
(2:5) 1pm(9) = pm-1(g)|| < 2r(17r)™ ",

The proof of the claim is by induction on m. The case m = 1 is Lemma 2.3
and r < £. Assume the result is known for m. Since the estimates (2.4) and (2.5)
hold for m, and by Lemma 2.3 and because r(17r)™ < r < %, the function pp,11
is well defined, continuous, take values in U(A), and for g,h € I we have

lom+1(g) — pm(g)l| < 2r(17r)™
and, also using 17r < 1 at the last step,
2
1pm+1(9h) = Pms1(9)pmir ()| < 17(r(17r)™)
= r(17r)™ (17r)™ < r(177)™

It remains to prove that Ko p,, .1 = kopy. Let g € I'. Using ko p,, = ko pg at the
second step and the fact that s o py is a homomorphism at the last step, we get

o (e ([ 1o (pm<k>*pm<kg>pm<g>*) anin)) )

= xp ([ 102 (50 pu) ) (5 ) )0 ) 0)) ()
(¢

= exp ( log ( (k0 po)(k)*(k o po)(kg) (Ko po)(g)* ) d,u(k)) = 1.

Therefore k(pm+1(9)) = k(pm(g)) = K(po(g)). This completes the induction, and
proves the claim.

The estimate (2.5) implies that there is a continuous function p: I' — U(A)
such that p,, — p uniformly, and in fact for g € I' we have

2r
< 2r(1 .
(o) = polo)] Z Tt =

!
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The estimate (2.4) and convergence imply that p is a homomorphism. Continuity
of xk implies that ko p = K o py. U

The following proposition is a variant of the fact that two close homomorphisms
from a finite dimensional C*-algebra are unitarily equivalent.

Proposition 2.5. Let I be a compact group, let A and B be unital C*-algebras,
and let k: A — B be a unital homomorphism. Let p,o: ' — U(A) be two
continuous homomorphisms such that

Ip(g) —o(g)l <1 and rop(g) =roo(g)

for all g € I'. Then there exists a unitary u € A such that up(g)u* = o(g) for all
g € I', and such that x(u) = 1.

Proof. Let p be normalized Haar measure on I'. Define

o= [ o0y pl) duth).

For g € T" we get, changing variables at the second step,

26 aple) = [ o) plhg) dutt) = [ (™) (k) duh) = olg)a
Since ||o(h)*p(h) — 1|| < 1 for all h € I', we have |ja — 1|| < 1. Therefore u =
a(a*a)~/? is a well defined unitary in A. Taking adjoints in (2.6), we get a*o(g) =
p(g)a* for all g € T, so a*a commutes with p(g). Thus (a*a)™*/? commutes with
p(g). Applying (2.6) again, we get up(g) = o(g)u for all g € T.

The hypotheses imply that x(a) = 1, so also x(u) = 1. O

Theorem 2.6. Let av: G — Aut(A) be an action of a compact group G on a
finite dimensional C*-algebra A. Then (G, A, «) is equivariantly semiprojective.

Proof. Set ¢y = ﬁ, and choose € > 0 such that ¢ < ¢y and such that whenever
A is a unital C*-algebra, u € U(A), and a € A satisfies ||a — u|| < €, then we
have ch(a*a)*l/2 —u|| < &o.

Let the notation be as in Definition 1.1 and Remark 1.3(3). Let p: A — C/J
be a unital equivariant homomorphism. Since finite dimensional C*-algebras
are semiprojective, there exist ng and a unital homomorphism (not necessarily
equivariant) 1y: A — C/J,, which lifts ¢.

For n > ny, define f,,: G x U(A) — [0,00) by

fulg,®) = Hﬂmno (¢0(ag(x)) - Véno)(¢0($)>) H

for g € G and x € U(A). The functions f, are continuous and satisfy

fno > fno+1 > fno+2 >
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Using J = |J.7, J, at the first step and equivariance of ¢ at the second step, for
g € G and x € U(A) we have

lim fo(g,2) = [[o(ag(x)) = 74(p(2))]| = 0.

Since G x U(A) is compact, Dini’s Theorem (Proposition 11 in Chapter 9 of [30])
implies that f, — 0 uniformly. Therefore there exists n > ng such that for all
g € G and x € U(A), we have

Hﬂmno (¢0(O‘g(m)) - éno)(¢0($))) H < E.
Set 1)1 = Tpn, © ¥. Then this estimate becomes
(27) 1 (@) — 3 (W ()] <.

for every g € G and z € U(A).
Let v be normalized Haar measure on GG. For z € A define

T(z) = / (3" 0 00y ") (x) dv(h).
G
Then for g € G we have

AT@) = [ (5 0o o)) dv(h)
= /G (fy}(ln) oy o Oz;_llh> (I‘) dl/(h) = T(O‘g(m))

So T is equivariant. Also, since 7, o 91 = ¢ is equivariant, we have 7,(T(z)) =
o(z) for all x € A. It follows from (2.7) that ||T'(x) —¢1(x)|| < e for all z € U(A).
Since £ < 1, we may define py: U(A) — U(C/J,) by
. ~1/2
polr) = T() (T () T(w) ™"
for x € U(A). Then

2 (polw)) = polag(@))  and m(po(r)) = ()
for all g € G and z € U(A). By the choice of ¢, we have ||po(x) — T'(z)|| < o,
whence
lpo(x) = hr(2) [} < llpo(w) = T(@)[| + T (x) — ()] < &0+ < 2e0.
Let z,y € U(A). Since

Yi(z), hi(y) € U(C/J,) and  ¥i(zy) = ¥1(z)¥hr(y),
it follows that

lpo(zy) = po(2)po(y)l < 6eo.
Let p be normalized Haar measure on the compact group U(A). Inductively
define functions p,,: I' = U(C/J,,,) by (following Lemma 2.4)

Pm+1(T) = pp(z) exp ( /U log (pm(fv)*pm(fcy)pm(y)*) du@))

(4)
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for x € U(A). Since 6gy = i < 1—17, Lemma 2.4 implies that each function p,,
is a well defined continuous function from U(A) to U(C/J,) and that p(z) =
limy, 00 P () defines a continuous homomorphism from U(A) to U(C/J,,) sat-
isfying

o) = @)l < T2 = = and m(p(e)) = o)

— 1765, 17
for all z € U(A). Since homomorphisms respect functional calculus, an induction
argument shows that

757 (Pn()) = pn(ag ()

for all m € Zso, g € G, and x € U(A). Therefore also

(2.8) Y (p(x)) = plag())

for all g € G and z € U(A).
For z € U(A) we have

lp(z) = a(@)ll < llp(x) = po(@)ll + llpo(x) — 1 (2)]| < 7 + 620 < 1.

Since m,(p(z)) = ¢(z) = m(¢Y1(z)) for & € U(A), and since U(A) is compact,
Proposition 2.5 provides a unitary w € C'/J, such that m,(w) = 1 and such that
wihy (x)w* = p(x) for all x € U(A). Define a homomorphism ¢: A — C/J,, by
¥(a) = wiy (x)w* for a € A. Then 1 lifts ¢ because 7,(w) = 1. Furthermore, v
is equivariant by (2.8) and because U(A) spans A. O

As an immediate application, one can require that the projections in the defi-
nitions of the Rokhlin and tracial Rokhlin properties for finite groups be exactly
orthogonal and exactly permuted by the group action, rather than merely being
approximately permuted by the group action. We postpone the proof until after
discussion equivariant stability of relations. See Proposition 5.26 and Proposi-
tion 5.27.

We can now show that tensoring with finite dimensional G-algebras preserves
equivariant semiprojectivity. The proof is essentially due to Adam P. W. Sgrensen, ]
and Hannes Thiel and we are grateful to them for their permission to include it
here. We begin with a lemma.

Lemma 2.7. Let A; and A, be unital C*-algebras, and let p: A; — Ay be a
surjective homomorphism. Let F' be a finite dimensional C*-algebra, and let
A1 ' — Ay be a unital homomorphism. Set Ay = ¢ o A;. For s = 1,2 define

B, = {a € A,: a commutes with \(z) for all z € F'}.
Then ¢|p, is a surjective homomorphism from B; to Bs.

Proof. There are n, r(1), r(2), ..., r(n) € Zso such that F' = @, F, and F; =

M, for 1 =1,2,...,n. Let (eg,)f);(l)

4, be a system of matrix units for F;.
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For s = 1,2 define E,: Ay — A, by
n T(l)
(2.9) WE o(el))
=1 k=1
for a € A;. We claim that Es(a) commutes with A(z) for a € A, 2 € F, and
s = 1,2. It suffices to take x = ef.’j). In the product E,(a)As(z), the terms coming
from (2.9) with [ # m vanish, leaving

r(m)

Es(a)\s(z) = Z)\ (ekl JaXs (eln,z EJ ) =X ( )a)\ (61] ).

k=1

Similarly, we also get \s(x)FEs(a) = As ( )a)\ ( ) proving the claim.

The relation
n T(l

Z Z As( ekk =X(1)=1
I=1 k=1
implies that for s = 1,2 and a € By, we have Fg(a) = a. It is clear that Fyop =
po kb,
Now let b € Bs. Choose a € A; such that ¢(a) = b. Then Fi(a) € B, and
©(FE1(a)) = E5(b) = b. This completes the proof. O

Theorem 2.8. Let G be a compact group, let A be a unital C*-algebra, and
let F' be a finite dimensional C*-algebra. Let a: G — Aut(A) be an equiv-
ariantly semiprojective action, and let f: G — Aut(F) be any action. Then
f®a:G— Aut(F ® A) is equivariantly semiprojective.

Proof. Define w: FF — F ® A by w(x) = x ® 1. By Theorem 2.6 and Lemma 1.4,
it suffices to prove that w is equivariantly conditionally semiprojective. Let the
notation be as in Definition 1.2, except with F' in place of A and F'® A in place
of B. We have the diagram

in which the solid arrows correspond to given equivariant unital homomorphisms.
We must find n and an equivariant unital homomorphism ) which make the whole
diagram commute.

Define

D = {c € C: ¢ commutes with \(z) for all z € F},
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which is a G-invariant subalgebra of C. Define I,, = J, N D for n € Z>, and

set I = JND. Then I,Iy, I,... are G-invariant ideals in D, and I = |J,, I,
Moreover, Lemma 2.7 implies that

D/I, = {c € C/J,: ¢ commutes with (s, o X)(z) for all z € F'}
for n € Z>, and that
(2.10) D/I ={ce€ C/J: c commutes with (ko \)(z) for all z € F}.

Define an equivariant homomorphism ¢o: A — C/J by ¢o(a) = ¢(1 ® a)
for a € A. By (2.10), the range of ¢q is contained in D/I. Since A is equiv-
ariantly semiprojective, there are n and a unital equivariant homomorphism
to: A— D/I, C C/J, such that m, o ¢y = pp.

By construction, the ranges of 1y and k, o A commute, so there is a unital
homomorphism y: A — C'/J,, necessarily equivariant, such that

Uz ®@a) = (kn o A)(x)to(a)
for all z € F and a € A. Using 7, o k, 0 A = p ow, we get 7, 0 = . U

3. QUASIFREE ACTIONS ON CUNTZ ALGEBRAS

The purpose of this section is to prove that quasifree actions of compact groups
on the Cuntz algebras O, and the extended Cuntz algebras Ey, for d finite, are
equivariantly semiprojective. We begin by defining and introducing notation for
quasifree actions.

Notation 3.1. Let d € Z~,. (We allow d = 1, in which case Oy = C(S').) We
write s1,So,...,8q for the standard generators of the Cuntz algebra Q4. That
is, we take Oy to be generated by elements sy, so, ..., sq satisfying the relations
sisj=1for j=1,2,...,d and Z?lejs;‘- =1.

Notation 3.2. Let d € Z-o. We recall the extended Cuntz algebra E,. It is
the universal unital C*-algebra generated by d isometries with orthogonal range
projections which are not required to add up to 1. (For d = 1, we get the Toeplitz
algebra, the C*-algebra of the unilateral shift, which here is called r;.) We call

these isometries 71,72, ..., 74, so that the relations are rjr; = 1for y =1,2,...,d
and r;rirgry =0 for j,k=1,2,...,d with j # k. When d must be specified, we
write rgd), rgd), e ,rc(ld). We further let n: E; — O, be the quotient map, defined,

following Notation 3.1, by n(r;) = s; for j =1,2,...,d.

Notation 3.3. For A = (A1, X, ..., \g) € C¢ we further define s, € O, and
ry € By by

d d
S\ = E Ajsj and 1y = E AjTj.
J=1 Jj=1
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Notation 3.4. Let d € Z,. We let (e;x)},—; be the standard system of matrix
units in M,,. We denote by pu: My; — Oy the injective unital homomorphism
determined by pu(ejr) = s;sp for j,k = 1,2,...,d. We further denote by fy:
My @& C — E; the injective unital homomorphism determined by uo((ej,k, 0)) =

rjry for j,k=1,2,...,d and po(0,1) =1 — Z;l:l ;T

j .
Recall (Notation 2.1) that U(A) is the unitary group of A.

Notation 3.5. Let A be a unital C*-algebra, and let v € U(A). We denote
by Ad(u) the automorphism Ad(u)(a) = wau* for a € A. Further let G be a
topological group, and let p: G — U(A) be a continuous homomorphism. We
denote by Ad(p) the action a: G — Aut(A) given by Ad(p), = Ad(p(g)) for
g€ G.Forp: G — U(M,), we also write Ad(p@ 1) for the action g — Ad(p(g), 1)
on M, ® C. We always take My ® C to have this action.

We now give the basic properties of quasifree actions on Ej.

Lemma 3.6. Let G be a topological group, let d € Z~, and let p: G — U(M,)
be a unitary representation of G on C¢. Then there exists a unique action
a’: G — Aut(E,) such that, with ug as in Notation 3.4, for j = 1,2,...,d
and g € G we have
af(ry) = po(p(g), Dr;.
Moreover, this action has the following properties:
(1) For all g € G, if we write

J /)1,159; 101,2592 T pl,dEg%
plg) = Z pixk(9)ejr = p2,13 ! p2723 ! pzd; ’ )
o pa1(9) pa2(g9) -+ paalg)

then
d
ol (ry) = Z Pik(9)7;
j=1

for k=1,2,....d.
(2) Following Notation 3.3, for every A\ € C* and g € G, we have a/(r)) =

"p(g)A-
(3) The homomorphism g is equivariant. (Recall the action on My @ C from
Notation 3.5.)

(4) The projection 1 — Z;lzl rir; € Eq is G-invariant.
Proof. For g € G, we claim that the elements 0(p(g), 1)r; satisty the relations
defining F;. Because po(p(g), 1) is unitary, we have

(1o(p(9); Vr;)" (1o(p(g), ry) = rr
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for 5,k =1,2,...,d. Using the definition of g at the second step, we also get

(3.1) [1o(p(9), Vs [1o(plg), Vrs]"

= olple). 1) (32

J]=

d

J
d

it ) to(plg), 1) = Y.
j=1
It is now easy to prove the claim.

It follows that there is a unique homomorphism af: E; — FE; such that
ab(rj) = po(p(g), )r; for j =1,2,...,d. Part (4) follows from (3.1). Part (1) is
just a calculation, and implies part (2) when A € C? is a standard basis vector.
The general case of part (2) follows by linearity.

Part (2) implies that af,(sx) = af o aj(sy) for g,h € G and A € C, and also
of = idg,, so g = af is a homomorphism to Aut(F,). Continuity of g — ay(a)
for a € E; follows from the fact that it holds whenever a = r; for some j.

[t remains to prove (3). For j,k=1,2,...,d, we have

o (olejn, 0)) = af(ry)ag(ri) = no(plg), Drjripo(plg), 1)°
= o((p(g), 1)(eje; 0)(plg), 1))
= pto(Ad(p & 1),(e;, 0)),
as desired. We must also to check the analogous equation with (0,1) in place of
(€jk,0), but this is immediate from part (4). O

Here are the corresponding properties for quasifree actions on O,. These are
mostly well known, and are stated for reference and to establish notation. They
also follow from Lemma 3.6.

Lemma 3.7. Let G be a topological group, let d € Z~, and let p: G — U(M,) be
a unitary representation of G on C?%. Then there exists a unique action 3°: G —
Aut(Qy) such that, with p as in Notation 3.4, for j = 1,2,...,d and g € G we
have

By (s;) = np(g), 1)s;.
Moreover, this action has the following properties:
(1) For all g € G, if we write

plg) = Z Pik(9)€; ks

jk=1
then

d
Bo(sk) = > pinl9)s;
j=1

for k=1,2,...,d.
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(2) Following Notation 3.3, for every A € C? and g € G, we have Bo(sx) =
Sp(g)A-

(3) When M, is equipped with the action Ad(p), the homomorphism g is
equivariant.

(4) The quotient map n from (G, Eq4, ) to (G, Oy, °) is equivariant.

Proof. Lemma 3.6(4) implies that the ideal in E, generated by Z ., Ty is invari-
ant. Therefore the quotient is a G-algebra. It is well known that we may identify
n: E; — Oy with this quotient map. So we have an action 5°: G — Aut(O,).
It is clear from the construction and the fact that n(uo(ejr, 0)) = p(ejr) for
J,k=1,2,...,d that this action satisfies 37(s;) = u(p(g), 1)s; for j =1,2,...,d
and g € G. Uniqueness of 3° is clear. Similarly, parts (1), (2), and (3) follow
from the corresponding formulas in Lemma 3.6. U

The algebraic computations we need for equivariant semiprojectivity of
quasifree actions are contained in the following lemma.

Lemma 3.8. Let G be a topological group. Let d € Z~q, let p: G — U(My) be
a unitary representation of G on C?, and let o: G — Aut(E,) be the quasifree
action of Lemma 3.6. Let ug: My & C — E; be as in Notation 3.4, and recall
(Notation 3.5) the action Ad(p®1) on My®C. Let (G, C,~y) be a unital G-algebra,
and let ¢: E; — C be a unital homomorphism such that ¢ o pg is equivariant.
For g € GG, define

w(g) = (ab(r)) vy(e(r)).

g — w(g) is a continuous function from G to U(C).

For j=1,2,...,d and g € G, we have p(af(r;))w(g) = v4(p(7;)).
))-
) =75 (r))|

(1)

(2)

(3) For every g, h € G, we have w(gh) = w(g)y,(w(h

(4) For every g € G, we have |lw(g) — 1| = ||¢(at(r1)

(5) If v € U(C) satisfies vy,(v)* = w(g) for all ¢ E G, then there is a unique
unital homomorphism ¢: E; — C such that 2/1(7’]) = @(r;)v for j =
1,2,...,d. Moreover, 1 is equivariant and 1 o g = ¢ o ug.

(6) If k: C’ — D is an equivariant homomorphism from C' to some other
G-algebra D, and k o ¢ is equivariant, then k(w(g)) =1 for all g € G.

Proof. We use the usual notation for matrix units, as in Notation 3.4. We also
recall (Lemma 3.6(3)) that pg is equivariant.

We prove (1) by showing that ¢(af(r1)) and y4(p(r1)) are isometries with the
same range projection. It is clear that both are isometries. The range projections
are

p(af(r))p(ah ()" = (alf(rir})) = (v o o) (Ad(p & 1)4(e1,1, 0))
and
Yo (r1)1g(0(r1))* = v (2(r177)) = 79 (2 © o) (ex,1, 0)).
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These are equal because ¢ o g is equivariant. So (1) follows.
For (2), we have, using equivariance of both o and ¢ o gy at the third step,

plag(ry))wg = (ag(r;))e(ag(ri)) ve(e(r))
= (¢poagom)(ejr, 0)(vy 0 @)(r)
= (Y090 to)(ej1, 0)(vg09)(r1)
= (79 0 @)(ryrire) = (vg 0 ©)(ry),

as desired.

For (3), we simplify the notation by defining
(3-2) u(g) = (¢ o 1o)(p(g),1)
for g € G. Then u(g) is unitary. By the definition of a”, we have
(3.3) p(ag(r;)) = ulg)e(r;)
for g € G and j = 1,2,...,d. By equivariance of ¢ o g, we have
(34) (99 © ¢ 0 o) () = (Ad(u(g)) © ¢ © o) (x)

for g € G and © € M; & C. Using (3.3) at the first step, (3.2) and (3.4) at the
second step, ¢(ri177) = po(err, 0) and (3.4) at the third step, and ryrir; = ry,
(3.3), and u(g)u(h) = u(gh) at the last step, for g,h € G we get

w(g)vg(w(h)) = [o(r1) ulg) vy ((r1))] v ((r1) u(h) (e (r1)))
p(r ) u(g) Ye(p(rir})) [ulg)u(h) ulg)" | van(e(r1))
= @(r)"p(riry)u(h) u(g) vgn(p(r1)) = w(gh).

This proves (3).
For (4), use the fact that ¢(af(r1)) is an isometry at the first step and part (2)
at the second step to write

lw(g) — 1| = ||elah(r1))w(g) — e (r) || = |7 ((r1)) — e(ab(r))]]-

We prove (5). Existence and uniqueness of ¢ are true for any unitary v, because
the elements ¢(r;)v are isometries with orthogonal ranges. For j, k =1,2,...,d,
we have

(1 0 po) (e, 0) = P (ry)v(ry) = (¢(rj)v) (v*(ry)) = (¢ o po) (e, 0).

Since also (¢ o po)(1) = (p o ) (1), it follows that ¥ o g = ¢ o pp.
It remains to prove that ¢ is equivariant. In the following calculation, we let

u(g) be as in (3.2). We use (2) and (3.3) at step 3, and (3.2) and 1) o g = ¢ o g
at step 5, to get, forg e G and j =1,2,....,d,
Yo (W (r5)) = g (0(r;)) 7 (V) = Y9 (e0(r;))w(g) v
= u(g)e(rj)v =u(g)¥(r;) = ¥(uo(p(g), r;) = Pag(r;)).
Equivariance of v follows.
Part (6) is immediate. O
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Lemma 3.8 will be used to produce cocycles which are close to 1. To deal with
them, we need results similar to Lemma 2.3 and Lemma 2.4.

Lemma 3.9. Let G be a compact group with normalized Haar measure p. Let
(G, A, @) be a unital G-algebra, and let w: G — U(A) be a continuous function
such that for all g,h € G we have w(gh) = w(g)ay(w(h)). Suppose r € [0, £],
and let v € U(A) satisfy

[vag(v)* —w(g)|| <r

for all g € G. Define

2 =vexp ( /G log (v*a,;l(w(h)*v)) du(h)) .

Then z € U(A) and satisfies
lzay(2)" = w(g)| < 107°
for all g € G and
|z — || < 2r.
Proof. For every h € GG, we have
35 o (whyo) - 1 = [[w) - van(e)]’

Since r < 1, the logarithm in the formula for v exists, so v is well defined.
Moreover,

<.

log (v*a}jl (w(h)*v)) € iAsa
for h € G, so v € U(A) implies z € U(A).

Define
20 = / oy, (w(h) ) du(h).
G
Using ||vag(v)* — w(h)|| < r at the third step, we get
|20 — v]| < / |, (w(h)*v) = v|| du(h —/GHw(h)—ah(v)v*Hdu(h) <r

Then, making the change of variables h to hg at the first step and using w(hg) =
w(h)an(w(g)) at the second step, for g € G we have

agz0) = [ o (b o) auh) = [ wlo)a (w(hyo) duh) = wio)
Rewriting
20 =" /G vy, (w(h)*v) dp(h)

and using (3.5), we can apply Lemma 2.2 to get

- — < 5%
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It follows from the equation ay(z0) = w(g)*zo that ||a,(z) —w(g)*z|| < 10r2. The
first estimate in the conclusion follows.

Since r < 1 and we already know ||zg —v|| < r, we also get ||z — v|| < 2r. This
is the second estimate in the conclusion. U

Lemma 3.10. Let G be a compact group with normalized Haar measure pu.
Let (G, A,a) and (G, B, 3) be unital G-algebras, and let k: A — B be a unital
equivariant homomorphism. Let w: G — U(A) be a continuous function such
that for all g,k € G we have w(gh) = w(g)ag(w(h)). Suppose 0 < r < £, and
let vy € U(A) satisfy

[voag(vo)" —w(g)| < and  k(ve)Be(K(v0))" = K(w(g))
for all ¢ € G. Inductively define v, € U(A) by (following Lemma 3.9)

Ums1 = U CXP ( /G log (@na,;l(w(h)*vm)) du(h)) .

Then for every m € Z~q the element v, is a well defined unitary in A such that
k(vm) = K(v). Moreover, v = lim,,_,, vy, exists and satisfies va,(v)* = w(g) for
all g € GG, and also
2r

1—10r
Proof. The proof is essentially the same as the proof of Lemma 2.4. One proves
by induction that for all m € Zsq, the element vy, is well defined, in U(A), and
satisfies

|lv — o] < and  k(v) = k(vp).

K(vm) = k(v) and  [|[vg — Ut || < 27“(107’)’”’1,
and that for g € G we have
[vmag (V)" — w(g)|| < r(10r)™.
We omit further details. OJ

Theorem 3.11. Let G be a compact group, let d € Z~, and let p: G — U(My)
be a unitary representation of G on C% Then the quasifree action
a?: G — Aut(E,) of Lemma 3.6 is equivariantly semiprojective.

Proof. Let pg: My & C — E; be as in Notation 3.4. Recall (Notation 3.5) the
action Ad(p@1) on My@®C. Then pyg is equivariant by Lemma 3.6(3). The action
Ad(p @ 1) is equivariantly semiprojective by Theorem 2.6. By Lemma 1.4, it
therefore it suffices to prove that pg is equivariantly conditionally semiprojective
in the sense of Definition 1.2.

We adopt the notation of Definition 1.2 and Remark 1.3. Thus, assume that
A My;®C — C and ¢p: B — C/J are unital equivariant homomorphisms such
that Kk o A = p o w. Since E,; is semiprojective without the group, there exists
ng € Zso and a unital homomorphism vy: E; — C/J,, such that m,, o vy = .
In particular,

Tng © Vo © [lg = Tpy O Kpy O A
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For k > ng define f: U(My & C) — [0, 00) by

fk(m) = ||7rk,n0(<l/ﬂo:u0)( ) "’inoo)‘ )H
for z € U(My @ C). The functions f,, are continuous, and satisfy

fno Z fn0+1 2 fno+2 2 o

and fr — 0 pointwise. Since U(My @& C) is compact, Dini’s Theorem (Propo-
sition 11 in Chapter 9 of [30]) implies that f; — 0 uniformly. Therefore there
exists n; > mg such that for all x € U(A), we have

Hwnhno ((VO 0 o) (x) = (Kny © A)( ” < 1
Proposition 2.5 provides a unitary u € U(C/.J,,,) such that Wnl(u) —1 and

u(ﬂ—”lﬁno el © /‘LO) (z)u” = (Wm,no O Kng © /\) (z)

for all z € U(My @ C). Define vy: E; — C/J,, by v1 = Ad(u) o T, 1, © 1. Then
Tp, O V1 = @ and Ky, 0\ = 14 0 L.
For k > nq, the functions

9= [ (357 0 21) (r1) = (v 0 @) (1)) |

are continuous and pointwise nonincreasing as k — oco. Since 7,, and m,, ov; = ¢
are equivariant, these functions converge pointwise to zero. Another application
of Dini’s Theorem provides n > n; such that, with v = m,,, o1 and using
equivariance of 7, ,,, we have

_ P -

sup 07 0 1)) — (w0 )] < g5

Now let w(g) be as in Lemma 3.8, with C'/J,, in place of C' and v in place of .
Then sup,eq ||w(g) — 1|| < 5 by Lemma 3.8(4) and m,(w(g)) = 1 for all g € G
by Lemma 3.8(6). Using these facts, Lemma 3.8(1), and the cocycle condition of
Lemma 3.8(3), we can apply Lemma 3.10 with vy = 1 to find v € U(C/J,,) such
that m,(v) = 1 and va,(v)* = w(g) for all g € G. Let ¢: E; — C/J, be as in
Lemma 3.8(5) with this choice of v. Then v is equivariant and ¥ o g = v o gy by
Lemma 3.8(5). Since vy 0 g = Kn, 0 A, we get 1o jig = K, 0 A. Since m,(v) = 1, we
get m,(Y(r;)) = m(v(r;)) = @(r;) for j =1,2,...,d. Therefore m, o1 = ¢. This
completes the proof that pg is equlvarlantly condltionally semiprojective. U

Corollary 3.12. Let G be a compact group, let d € Z-g, and let p: G —
U(M,) be a unitary representation of G on C¢. Then the quasifree action [(37:
G — Aut(O,) of Lemma 3.7 is equivariantly semiprojective.

Proof. By Theorem 3.11 and Lemma 1.4, it suffices to prove that the quotient
map 7n: E; — Oy is equivariantly conditionally semiprojective in the sense of
Definition 1.2.
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Let the notation be as in Definition 1.2, except that the map called w there
isn. Set f= A (1 - Z;'l:1 rjr;f) , which is a projection in C. Then

K(f)=¢ (1 — Zjlsjs;) = 0.

Therefore there is n € Z~q such that ||k,(f)|| < 1. Since k,(f) is a projection,
this means that ,(f) = 0, that is, (k,0o\) (1 - Z?Zl mrj) = 0. Therefore there

is : Oy — C/J, such that K, o A = 1) on. Since 7 is surjective, equivariance of ¢
follows from equivariance of n and k,, o A. Similarly, from 7,09 on =Ko\ = pon
we get m, 0 = . U

Remark 3.13. An important example of a quasifree action is the one coming
from the regular representation of a finite group. In this case, one can prove
equivariant semiprojectivity without using any of the machinery developed in
this section.

Let d = card(G). We discuss only E,, but the result for O, can be treated
the same way, or reduced to the result for E; as in Corollary 3.12. Label the
generators of Ey as r, for ¢ € G, and consider the action a: G — Aut(Ey)
determined by ay(ry) = 7y, for g, h € G. Following the beginning of the proof of
Theorem 3.11, we reduce to the situation in which we have a nonequivariant lifting
v: Eqg — C/J, of ¢ and an isometry v; € C'/.J,, such that v1v] = (K, 0pg)(e11, 0)
and ||m,(v1) — ¢(r1)]] is small. Functional calculus arguments can be used to
replace v; by a nearby partial isometry w; such that wyw = (k, o po)(er 1, 0)
and m,(w;) = ¢(r1). Then there is a unique homomorphism ¢: E; — C/J,, such
that ¢ (ry) = f,n) (r1), and this homomorphism is easily seen to be an equivariant
lifting of ¢ which satisfies x,, o A = 1 o pg.

Remark 3.14. We describe what happens when d = 1. In this case, O becomes
C(S') and E; becomes the C*-algebra C*(s) of the unilateral shift s. Quasifree
actions are those that factor through the action of S' on C'(S!) coming from the
translation action of S* on S!, and those that factor through the action of S* on
C*(s) coming from the automorphisms determined by f:(s) = (s for ¢ € S*.

Thus, for example, we conclude that the translation action of S* on C(S') is
equivariantly semiprojective. This, however, is easy to prove directly. A unital
equivariant homomorphism from C'(S') with translation to C'/J with the action
~() is just a unitary u € C/.J such that 7" (u) = Cu for all ¢ € S*. This unitary
can be partially lifted to a unitary v in some C/J,, such that Hvén) (v) — Q)H is
small for all ¢ € S*. To get an exactly equivariant lift w, set

0= /S ) dg

(using normalized Haar measure on S'), and take w = a(a*a) /2.
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4. QUASIFREE ACTIONS ON O

The purpose of this section is to prove that quasifree actions of finite groups
on the Cuntz algebras O, are equivariantly semiprojective. We begin with a
discussion of quasifree actions on Q.. We will need to include a point of view
different from that of Lemma 3.6 and Lemma 3.7, primarily to take advantage of
the KK-theory computations in [27].

Notation 4.1. For d € Z-(, we make C? into a Hilbert space in the standard
way. For d = oo, we take C? = [?(Z~(). We let §; € C* (for j = 1,2,...,d or
for d € Z~() denote the jth standard basis vector, and we let Uy be the group of
unitary operators on C¢, with the strong operator top(ol)ogy. For convenience, we
J

also define E = O, and denote its generators by .~ as well as by s;.

Of course, when d is finite, the topology on U, is the same as the norm topology.
We warn that the notation C* conflicts with notation often used for the product
or the algebraic direct sum (we are using the Hilbert direct sum), and that Uy
conflicts with notation sometimes used for the (much smaller) algebraic direct
limit of the groups Uj.

We summarize various results from [27], and relate them to the viewpoint of
Lemma 3.6 and Lemma 3.7. For a C*-algebra A, a Hilbert A-A bimodule F' is as
described at the beginning of Section 1 of [27]: Fis a right Hilbert A-module, with
A-valued scalar product which is conjugate linear in the first variable, together
with an injective homomorphism ¢: A — L(F).

Theorem 4.2 (Pimsner). Let d € Z-( U {oo}, and follow Notation 4.1. Make
C? into a Hilbert C-C bimodule F};, as described above in the obvious way, with
©(A) = A1y, for A € C. Let 7; be the associated Toeplitz algebra 7p, as
described in Definition 1.1 of [27], and call its generators T as there. Then:

(1) There is a unique continuous action ¥ : U; — Aut(7;) which satisfies
WO (Te) = Tye for all € € C

(2) There is a unique isomorphism o4: E; — 73 such that o4 (r](-d)) = T;, for
all j. (Recall that for d = oo this means 0 : Oy — 7o)

< o0, then o4 is equivariant for the action of Uy on E; gotten by

3) If d h i ivariant for the acti f U E4 gotten b
taking p = idy, in Lemma 3.6 and the action of part (1).

(4) If d = oo, when u € U, is written as a matrix u = (u;,)55—;, we have

d
(7" 07 0 02) (1) = 3y
j=1

for all k € Z~(, with convergence in the norm topology on the right.

(5) Let dy € Z~g and dy € Z~oU{oo} satisfy d; < dy, and set G = Uy, XUg, g, -
Let G act on Ey, by projection to the first factor followed by the action on
E,, corresponding to v(?, and let G act on Ey, by the inclusion of G in Uy,
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as block diagonal matrices followed by the action on Ej, corresponding
to 7. Then the standard inclusion of E,, in Ej,, is equivariant.

Proof. The group action of (1) is obtained as in Remark 1.2(2) of [27]. In [27],
for a general Hilbert bimodule F, only the action on the quotient O of 7 is
described, but the same reasoning also gives an action on 7. Continuity of the
action is easily checked on the generators T; for £ € C¢, and continuity on the
algebra follows by a standard argument.

For part (2), relations giving 7; as a universal C*-algebra are described at the
beginning of Section 3 of [27]. By comparing these relations with those for Fj,
one sees that the maps o, exist and are are isomorphisms.

Part (3) is a computation. For part (4), orthogonality of the ranges of the s;
shows that if A € C* satisfies A; = 0 for all but finitely many j € Z-, then

1227 Asi|| = 1
Since for all k € Z~,,
Z |ujx|* < o0,
j=1

this implies convergence on the right in the formula in (4). The validity of the
formula is now a computation like that for part (3).

Part (5) now follows by comparing the formulas for the actions from parts (3)
and (4) with the definitions of 04, and oy, . O

Remark 4.3. Following Theorem 4.2(2), we will identify 7, with F,, = O,
and for finite d we will identify 7; with E;. We then write the action (@ of
Theorem 4.2(1) as an action on Ey.

Definition 4.4. Let G be a topological group. A quasifree action of G on O, is
an action of the form v(> o p with v(>) as in Remark 4.3 and for some continuous
homomorphism p: G — U, (that is, for some unitary representation p of G on

1*(Z+o)).

Remark 4.5. Theorem 4.2(3) implies that for d € Z-, an action of a topological
group G on Ey; is quasifree in the sense of Lemma 3.6 if and only if it factors
through ¥ : U; — Aut(E,) in a similar way.

Proposition 4.6. Let G be a topological group, and let p,ps: G — U, be
unitarily equivalent representations. Then the corresponding quasifree actions of
G on O, are conjugate.

Proof. This is immediate from parts (1) and (2) of Theorem 4.2. O

Theorem 4.7 (Pimsner). Let d € Z-o U {oc}, let G be a second countable
locally compact group, and let p: G — Uy be a unitary representation. With the
action of G on E,; as in Remark 4.3, the inclusion of C in E; via A — A-11is a
K K%-equivalence.
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Proof. See Theorem 4.4 and Remark 4.10(2) in [27]. O

Definition 4.8. Let G be a topological group, and let p: G — U, be a unitary
representation of G on [*(Zsg). We say that p is filtered if there are
d(1) < d(2) < --- in Zsg such that for each k, the projection p; on the span
of the first d(k) standard basis vectors in [>(Zg) is G-invariant. We call the
d(k)-dimensional representations pj given by g +— p(g)|p.2(z-o) the filtering rep-
resentations. (They are, of course, not uniquely determined by p.)

We say that a quasifree action of G on O, filtered if the corresponding repre-
sentation p as in Definition 4.4 is filtered.

Remark 4.9. Let G be a topological group, and let a: G — Aut(O,) be a
quasifree action of G on O, coming from a filtered representation p: G — U,.
Let the notation for a sequence of filtering representations be as in Definition 4.8.
Let a™: G — Aut(Eqq,) be the quasifree action of Lemma 3.6 coming from
the representation g +— p(g)|p.2(z-0)- Then Oy is the equivariant direct limit
lim Eq(,. This follows from Theorem 4.2 (using all its parts).

The following special version of a filtered representation is introduced for tech-
nical convenience.

Definition 4.10. Let G be a topological group, and let p: G — U, be a fil-
tered unitary representation of G on [*(Z~q). We say that a collection (px)nez.,
of filtering representations is almost even if there exist Ny, N € Z~y and repre-
sentations oy: G — Uy, and o: G — Uy such that, following the notation of
Definition 4.8,

(1) d(n) = No + nN for all n € Z~,.
(2) p1 =00 D 0.
(3) pny1 = pn @ o for all n € Z.

It is important that we have equality in parts (2) and (3) of Definition 4.10,
not merely unitary equivalence.

Lemma 4.11. Let G be a compact group, and let a: G — Aut(O,) be a
quasifree action of G on O4. Then:

(1) The action « is conjugate to a filtered quasifree action.
(2) If G is in fact finite, then « is conjugate to the quasifree action coming
from a representation with an almost even filtration.

Part (2) can fail if the group is not finite. The regular representation of a
second countable infinite compact group does not have an almost even filtration.

Proof of Lemma 4.11. For both parts, we use Proposition 4.6.

Part (1) is immediate from the fact that every unitary representation of a
compact group is a direct sum of finite dimensional representations.

For part (2), we need to show that every representation 7: G — Uy, is unitarily
equivalent to a representation p with an almost even filtration. Let 7,7, ..., 7 be
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a set of representatives of the unitary equivalence classes of irreducible representa-
tions of G. We may assume that 71, 7, ..., 7, occur in 7 with finite multiplicities
my, Ma, ..., My, € ZL>o, and that 7,41, 77542, . . ., 7; occur with infinite multiplicity.
Then [y < [. Take

l

0
:@mk-m, o= @Tk, and p=o0cybodbod---
= k=lp+1

This completes the proof. 0

Proposition 4.12. Let G be a topological group, and let p: G — L(I1*(Zg)) be
an injective filtered unitary representation of G. Then the corresponding quasifree
action av: G — Aut(Oy) is pointwise outer, that is, a, is outer for all g € G'\ {1}.

Proof. Adopt the notation of Definition 4.8. Also let d1,d5,... be the stan-
dard basis vectors of 1?(Zsg). Let g € G\ {1}; we will show that «, is outer.
Choose k so large that p(g)|p2(z.,) is nontrivial. Replacing d(1), d(2),... by
d(k), d(k+1),..., we may assume that k = 1. Since p(g)|,,12(z.,) is unitary and
nontrivial, and since p;l%(Zs) is finite dimensional, there exists a unitary u €
L(1*(Zsy)), of the form u = ug + (1 — p1) with ug a unitary in L(p11*(Zso)), such
that d; is an eigenvector of up(g)u* with eigenvalue ¢ # 1. Let 0: G — L(I*(Zy))
be the representation o(g) = up(g)u*, and let 3: G — Aut(O) be the corre-
sponding quasifree action. It follows from Proposition 4.6 that [ is conjugate
to a. Therefore it suffices to show that [, is outer. Note that G,(s1) = (s1.

We follow the proof of Theorem 4 of [9]. Suppose 3, is inner, and let v € Oy, be
a unitary such that 3, = Ad(v). Define f: Z~og — Zwo X Zso by f(j,1) = 2771 (21—
1) for j,1 € Z~. Define isometries t; € L(I*(Zso)) by t;6, = 0y for j,1 € Zy.
Since f is injective, there is a unital representation 7: Oy, — L(I*(Zs)) such
that 7(s;) = t; for all j € Z~,. Since m(v)d; € [*(Zso) and has norm 1, we can
write m(v)d1 = Y pe A with D2 [A\x|* = 1. Computations similar to those in
the proof of Theorem 4 of [9] show that

Z MO = T (By(s1)) ZC/\k52k 1-

Compare coefficients. For £k =1, we get A\; = 0 since ¢ # 1. For k£ > 1, we get
e = (" gy = C_Q)\2(2k71)71 =
Since [¢| = 1 and >, |M|* < oo, this implies A\, = 0. But then 7(v)d; = 0, a

contradiction. O

Lemma 4.13. Let G be a topological group, let p: G — L(I?(Z¢)) be an in-
jective filtered unitary representation of G, and let a: G — Aut(Os) be the
corresponding quasifree action. Then (O )¢ is purely infinite and simple, and

Ki((0x)%) =0.
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Proof. Since « is pointwise outer (Proposition 4.12), it follows from Theorem 3.1
of [19] that C*(G,O,«) is simple, and from Corollary 4.6 of [16] that
C*(G, Oy, ) is purely infinite. The Proposition in [29] and its proof imply
that (O ) is isomorphic to a corner in C*(G, O, ), necessarily full. Therefore
(O4)¢ is purely infinite and simple.

Theorem 4.7 implies that K&(O4) = 0. From [17] or Theorem 2.8.3(7) of [22],
we get K1 (C*(G, O, a)) = 0. Since (O)% is a full corner in C*(G, O, ), it
follows from Proposition 1.2 of [21] that K ((Os)¢) = 0. O

Lemma 4.14. Let G be a finite group. Let p: G — Uy be an injective repre-
sentation with an almost even filtration, for which we use the notation of Defi-

nition 4.10, and let o™ : G — Aut(Eqyp) be as in Remark 4.9. For m € Zs,,

set
No+mN

Em = Z iS5
j=No+(m—1)N+1
Then there exists M € Z-q such that for all n > M, there are two isometries in
en(Ed(n))Gen with orthogonal ranges.

Proof. Let a: G — Aut(O) be the corresponding quasifree action of G on O.
Following Remark 4.9, we regard Ey(,,) as a subalgebra of O,. Lemma 4.13 implies
that ey(Os)%ey is purely infinite and simple. It follows from Lemma 1.7 that

61((900)G61 = U el(Ed(n)>G61.
n=0

Therefore there is M € Z- such that there are isometries ¢, t, € el(Ed(M))Gel
with orthogonal ranges.

Now let n > M. Recall from Definition 4.10 that p,, is the direct sum of oy and
n copies of 0. Let u € Un,4+my be the permutation unitary which exchanges the
first and last copies of 0. Then u commutes with p,(g) for all g € G. Applying
Lemma 3.6 to the group Z x G, we see that u induces a quasifree automorphism
¥ of Ey,) which commutes with the action ™. Moreover, ¢)(e1) = e,. Since
Eyoy C Eamy, the elements 1(t;) and 1(t2) are defined and are G-invariant

isometries in e,(Eqn))“e, with orthogonal ranges. O

The following result is the equivariant analog of (a special case of) Lemma 3.3
of [5]. Our statement is more abstract; the concrete version, analogous to that
given in [5], is rather long.

Lemma 4.15. Let G be a finite group, let p: G — U, be an injective rep-
resentation with an almost even filtration, and let a: G — Aut(O.) be the
corresponding quasifree action of G on O4. Let the notation be as in Defini-
tion 4.10 and Remark 4.9. In particular, O, = hLQn Eqny; call the maps of the
system

lnm: Ed(m) — Ed(n) and loo,m - Ed(m) — Ooo.
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Let (G, A,«) be a unital G-algebra, and let 7: A — O be a surjective equi-
variant homomorphism. Then there exists M € Z-( such that for all n > M,
the following holds. Let ¢: Eg4,) — A be a unital equivariant homomorphism
such that m o ¢ = i ,,. Then there exists a unital equivariant homomorphism
Y Eqne1) — A such that

m™o @Z) = loo,n+1 and ¢ Olp+i,n—-1 =¥ O lpn-1-

Here is the diagram:

Ein+)
erV N N Loo, n+1
N
WP NN _
Ed(n—l) A Ooo

©

ln,n—1 loo, n

Ean)

The solid arrows are given, and v is supposed to exist which makes the diagram
commute.

Proof of Lemma 4.15. We use the names rj(.d) in Notation 3.2 for the generators

of E4, and we denote the standard generators of Oy by si,ss,.... Also recall
that d(m) = No +mN for m € Zq.
Choose M as in Lemma 4.14.
Define ¢y = ;VZOI sjs7, which is the projection in O associated with the
representation oy: G — Uy,. For m € Z+, set
No+mN No+mN
em = Z sjs; and  gp = Z sjsj-.
J=No+(m—-1)N+1 Jj=1
Thus, e, is the projection in O, associated with the mth copy of ¢ in the direct
sum decomposition
p=00DoDoD: -,
and ¢, = ZZ;O ex is similarly associated with p,,.
For k,l € Z~, define
N
Cry = Z Sd(k—1)+5 (Sdt-1)+5)"
j=1
One easily checks that
Cr1ClLk = €k and Ck,l = Czk
for k,l € Z~y. We claim that ¢, is G-invariant. To prove the claim, for m €

Zi~o let (eg‘flz))j,(:; be the standard system of matrix units in M), and let

fm : Mm) @ C — Eg(p) be the homomorphism called 11 in Notation 3.4. Recall



CRM Preprint Series number 1068

EQUIVARIANT SEMIPROJECTIVITY 31

that Eg(,) has the action al™ = afm and equip Mgy @ C with the action
Ad(pm, @ 1) (Notation 3.5). Then p,, is equivariant by Lemma 3.6(3). Now let
g € G. Set

N
m =max(k,l) and w = Z Cd(k—1)4j,d(1—1)+j € Mamm) ® C.

j=1
Then w is G-invariant since it is a partial isometry which intertwines the kth
and [th copies of ¢ in the direct sum decomposition of p,,. Therefore c¢;; =
(toom © m)(w) is also G-invariant. The claim is proved.

Let n € Z+ satisfy n > M. By the choice of M using Lemma 4.14, there exist
isometries tq,ty € en(Ed(n))Gen with orthogonal ranges. Define partial isometries
in (O)Y by

U1 = loon(t1)” and  ve = Cpi1 nloon(te)”.
(For G-invariance of vy, use the claim above.) We now follow the proof of
Lemma 3.3 of [5]. One checks that

VU] = €,, ViU = 4t], vy =epr1, and  vive = tots.

Thus,

Gn-1, VIV1, V3va and  Gn_1, V107, Valy
are two sets of mutually orthogonal projections in (O )¢, and the projections

1 —¢qn_1 —vjv; —vyve and 1 — g, — V0] — Vov;
are both nonzero and have the same class in Ko((Owx)®). Therefore, by
Lemma 4.13, we can find v3 € (O4)% such that
v3v3 =1 —@u_1 —vjvy —vjve  and  w3v; =1 — g1 — VU] — VU5,
Set
w=v+vy+v3 and v=q—+ v+ vy+ v3.

Then w is a unitary in (1 — ¢,—1)(Ou0)®(1 — ¢u_1). Define

d(n—1)

p= 30 (el )

j=1

which is a G-invariant projection in A such that m(p) = ¢,_1. Proposition 1.2
of [21] and Lemma 4.13 imply that

K1(<1 - Qn—l)(OOO>G<1 - Qn—l)) =0.

Theorem 1.9 of [7] now implies that U ((1 — gy—1)(Oc)®(1 — ¢n—1)) is connected.
The map A% — (O4)¢ is surjective by Lemma 1.6. So there exists a unitary
y € (1 — p)A%(1 — p) such that 7(y) = w. Set u = p + y, which is a unitary in
A% such that 7(u) = v.
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We have ugo(rj(»d("))) <p( ) for j = 1,2,...,d(n — 1). It is then easy to
check that there is a unital homomorphlsm w. Ed (n+1) — A satisfying

gp(r(.d("))) Jj<d(n-1)

J
W) d(n—1) + 1< j < d(n)

O () = Sup(t)p(r
wp(ta)p (W) d(n) +1 < j <d(n+1).

Clearly ¥ 0 L4101 = @ O lns1,n-1-
For j =1,2,...,d(n), it is easily checked that

(71' o ¢)( d(n+1) )) = loo i1 (T§d(n+1))).
For j =d(n)+1,d(n)+2, ..., d(n+ 1), we have

W(ugo(tQ)go(r](i(]@)))) = Voo (t2)sj-N

*
= cn+l,nboo,n(t2t2)5ij = Cp+1,nSj—N = §j.

It follows that m o ¢ = too py1-

To finish the proof, we must check that i is equivariant. It is enough to
check equivariance on the generators. Since u is G-invariant and ¢ is equivariant,
it is enough to check equivariance of the homomorphism tg: Ejni1y — )
determined by

(
T
(
J

Tj(-d(n)) Jj<d(n-—1)

o (T§d(n+1))) _ t1r§d(n)) din—1)+1<j<d(n)

tar ) d(n) + 1< <d(n+1).

Define b, f € E(d(n+1)) by

N d(n—1)
_ (d(n+1)) ¢ (d(n+1)) \* _ (d(n+1)) ¢ (d(n+1))\*
b= Zrd(n)-i-j (rd(n—l)—&-j) and f = Z Tj (Tj )"
j=1 j=1
Then too nt1(b) = Cng1.n and it i1 s injective and equivariant, so b is G-
invariant. Similarly, teo, nt1(f) = ¢n-1, so f is G-invariant. Also, br ”H)
rj( D) for j=d(n) + 1, d(n) +2, ..., d(n+1). Thus
(Ln+17n O'[bo) (T§d(n+1 ) (f+t1 +t2l)) (d(TL-‘rl))
for j = 1,2,...,d(n+1). Since f + t; + tob is G-invariant, and since t,41,,
is injective and equivariant, it follows that vy is equivariant, as desired. This
completes the proof. 0

Theorem 4.16. Let G be a finite group. Let a: G — Aut(O) be a quasifree
action. Then « is equivariantly semiprojective.
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Proof. We follow the proof of Theorem 3.2 of [5]. Let p: G — Uy be the repre-
sentation which gives rise to a. Using Lemma 1.8, we may reduce to the case in
which p is injective. By Lemma 4.11(2), we may assume that p has an almost
even filtration as in Definition 4.10. Let the notation be as in Lemma 4.15, and
choose M as there.

We follow the notation in Remark 1.3(3): C' is a unital G-algebra with an

increasing sequence of invariant ideals J,, and J = |J,_, J,. The map m,:
C/J, — C/J is the quotient map.

Let ¢: O — C/J be a unital equivariant homomorphism. First suppose
that ¢ is an isomorphism. From Theorem 3.11 we get n € Z-y and a unital
equivariant homomorphism ¢y : Egay — C /Jn such that m, 0 ¥y = @ 0 Lo -
Applying Lemma 4.15 to 7 = ¢t o m,: C'/J, — O, for m > M we inductively
construct unital equivariant homomorphisms v, : Eqq,y — C/J, such that

o ¢m+l = @ O loo,m+1 and wm—&—l Olm+1,m—-1 = wm Olmm—1-

Then r; = limy, oo ¥ (r?(m)) exists for all ¢ € G and j € Z~(, because when
d(m) > j it is equal to Py,40 (rj(m+2)). So there is a unital equivariant homomor-

phism ¢: Oy, — C/J,, such that ¢(s;) = r; for all j € Z-(. Clearly mo ¢ = .
For the general case, set Q = ¢p(Os) C C/J, let D C C be the inverse image
of Q, set I, = DN J, for n € Zsg, and set I = DN J. Then I = (J 7, I,.
(In [20], see Proposition 13.1.4, Lemma 13.1.5, and the discussion afterwards.)
So @ = D/I. Since O, is simple, the corestriction ¢q: O — D/I of ¢ is an
isomorphism. The result follows by applying the special case above with D in
place of C, with [I,, in place of J,, and with ¢, in place of ¢. 0

Problem 4.17. Let G be an infinite compact group. Is a quasifree action of G
on Oy necessarily equivariantly semiprojective?

As a test case, consider the quasifree action coming from the left regular rep-
resentation of S*.

5. EQUIVARIANTLY STABLE RELATIONS

We relate equivariant semiprojectivity to equivariant stability of relations be-
cause, in the applications we have in mind [25], equivariant stability of relations
is what we actually use.

Weak stability of relations (Definition 4.1.1 of [20]) also has an equivariant
version. Since equivariant stability holds for the examples we care about, we
only consider equivariant stability.

We follow Section 13.2 of [20] for our definition of generators and relations.

For reference, we give the version of the definition without the group action,
except that we give a version for unital C*-algebras. This is a variant of Defini-
tion 13.2.1 of [20].
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Definition 5.1. Let S be a set. We denote by Fs the universal unital C*-algebra
generated by the elements of S subject to the relations ||s|| < 2 for all s € S. A set
of relations on S is a subset R C Fg. We refer to (S, R) as a set of generators and
relations. We say that (S, R) is finite if S and R are finite. We define Ir C Fg
to be the ideal in Fs generated by R.

Since we are asking for unital algebras and homomorphisms, we make the
following definition.

Definition 5.2. A set (S, R) of generators and relations as in Definition 5.1 is
admissible if Ir # Fs. When (S, R) is admissible, we let 7z: Fg — Fs/I be the
quotient map. The C*-algebra on the generators and relations (S, R), which we
write C*(S, R), is by definition Fg/Ig. We say that (S, R) is bounded if for every
s € S, we have ||Tgr(s)]| < 1.

The choices [[s|| < 2 and [|7r(s)|| < 1 are convenient normalizations. By
scaling, every set of generators and relations can be fit in this framework.

The following is essentially Definition 13.2.2 of [20], but for the unital situation.
By convention, we declare (except in a few places where we explicitly allow it)
that the zero C*-algebra is not unital.

Definition 5.3. Let the notation be as in Definition 5.1, let A be a unital C*-
algebra, and let p: S — A be a function such that ||p(s)|] < 2 for all s € S.
In this situation, we write ¢”: Fs — A for the corresponding homomorphism.
We say that p is a representation of (S, R) in A if ¢?(x) = 0 for all x € R. For
d € [0,1), we say that p is a d-representation of (S, R) in A if ||¢”(z)|| < § for
all z € R. (Sometimes, we will also allow the map to the zero C*-algebra as a
representation.) If (S, R) is admissible, then the universal representation pg is
obtained by taking A = C*(S, R) and pr = 7r|s.

Remark 5.4. It is clear that the universal representation, as defined above, really
has the appropriate universal property.

Lemma 5.5. Let (S, R) be a set of generators and relations as in Definition 5.1.
Then (5, R) is admissible if and only if there exists a representation in a (nonzero)
unital C*-algebra.

Proof. This is immediate. O

Remark 5.6. We make some general remarks.

(1) The relation corresponding to an element x € Fyg is really just the state-
ment x = 0. Here x could be any *-polynomial in the noncommuting
variables S, but in fact we are allowing arbitrary elements of the C*-
algebra Fs. The framework we describe in fact allows much more general
relations. For example, suppose Ry C Fg, M: Ry — [0, 00) is a function,
and we want the relations to say ||z|| < M(x) for all x € Ry. We simply
take the intersection I C F of the kernels of all unital homomorphisms
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@: Fg — A, for arbitrary unital C*-algebras A, such that ||¢(x)| < M (x)
for all z € Ry. Then we take as relations all elements of I, that is, we take
R=1.
Positivity conditions on elements of Fg can be handled the same way.
(2) If S is countable, we may always take R to be finite. Choose a countable
subset {x1,x2, ...} of the unit ball of Ir whose span is dense in /. Then
we can take the relations to consist of the single element

o0
—n,.*x
a:E 27", Ty
n=1

(This change does, however, change the meaning of a J-representation.)

(3) It follows from (1) and (2) that if (S, R) is finite and bounded, and ¢ €
[0,1), then the universal C*-algebra generated by a J-representation of
(R, S) is again the universal C*-algebra on a finite and bounded set of
generators and relations.

(4) We have made a choice in the definition of a J-representation: we still
require |p(s)]] < 1 for all s € S. By suitable scaling and application of
(1) above, it is also possible to get a version in which we merely require
lp(s)]] <140 for all s € S.

We now give equivariant versions of these definitions. We restrict to discrete
groups, and to finite groups in practice. If G is not discrete, but the universal
C*-algebra is supposed to carry a continuous action of GG, then the relations must
demand that the action of G on each generator defines a continuous function from
G to the universal C*-algebra. There are many kinds of conditions on elements
of a C*-algebra which can be made into relations which determine a universal
C*-algebra, but continuity of functions from the set of generators isn’t one of
them. The universal algebra will in general only be an inverse limit of C*-algebras.
See Definition 1.3.4 and Proposition 1.3.6 of [23]. There do exist examples of
universal G-algebras on generators and relations when G is not discrete. See
Example 5.18 and Example 5.19 below. However, we leave the development of
the appropriate theory for elsewhere.

Notation 5.7. Let S be a set, let G be a discrete group, and let o be an action
of G on S, written (g, s) — o,4(s). We denote by 17 the action of G on Fg induced
by o.

Definition 5.8. Let G be a discrete group. A G-equivariant set of generators and
relations is a triple (5,0, R) in which (S, R) is a set of generators and relations
as in Definition 5.1, ¢ is an action of G on S (just as a set), and R is invariant
under the action u of Notation 5.7. We say that (S, o, R) is admissible if (S, R)
is admissible in the sense of Definition 5.2. We say that (S, 0, R) is bounded if
(S, R) is, and is finite if G and (S, R) are finite.
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It may seem better to omit ¢ and the requirement of G-invariance, and to
allow the group action in the relations. We address this formulation starting
with Definition 5.13 below. However, doing so does not give anything new, and
the version we have given above is technically more convenient.

Definition 5.9. Let G be a discrete group. Let (S, 0, R) be a G-equivariant set
of generators and relations in the sense of Definition 5.8. Let av: G — Aut(A)
be an action of G on a unital C*-algebra A. An equivariant representation of
(S,0, R) in A is a representation of (S, R) in the sense of Definition 5.3 such that
for every g € G and s € S, we have p(g,(s)) = a4(p(s)). For 41,2 € [0,1), a
01 -equivariant do-representation of (S, 0, R) in A is a do-representation p of (S, R)
such that [|p(o,(s)) — ag(p(s))|| < 6; for all g € G and s € S. When 6; = 0, we
speak of an equivariant dy-representation of (S, o, R) in A.

If (S, R) is admissible, then the universal equivariant representation pg is ob-
tained by taking A = C*(S, R), with the action i7: G — Aut(C*(S, R)) coming
from the fact that I is an invariant ideal for pu”: G — Aut(Fs), and taking
pr = Tr|s. We write C*(S, o, R) for the algebra equipped with this action.

We show that we have the right definition of admissibility.

Lemma 5.10. Let G be a discrete group, and let (S, 0, R) be a G-equivariant
set of generators and relations. Then (S, 0, R) is admissible if and only if there
exists an equivariant representation in a (nonzero) unital G-algebra.

Proof. 1f there is an equivariant representation, then Lemma 5.5 implies that
(S, R) is admissible, so that (S, 0, R) is admissible.

For the reverse, since Ir # Fg, the universal equivariant representation of
Definition 5.9 is an equivariant representation in a unital G-algebra. 0

The universal equivariant representation, as in Definition 5.9, really is univer-
sal.

Lemma 5.11. Let G be a discrete group, and let (S, o, R) be a G-equivariant set
of generators and relations. Let a: G — Aut(A) be an action of G on a unital
C*-algebra A, and let p: S — A be an equivariant representation of (5,0, R)
in A. Then there exists a unique equivariant homomorphism ¢: C*(S, 0, R) — A
such that ¢ o pp = p.

Proof. As an algebra, we have C*(S, 0, R) = C*(S, R). So Remark 5.4 provides a
unique homomorphism ¢: C*(S, 0, R) — A such that p o pgr = p. Let @7: G —
Aut(C*(S,0, R)) be as in Definition 5.9. Since p is equivariant, for all g € G and
s € S we have

p(1ig (r(5))) = @(Tr(1g(5))) = plog(s)) = ag(p(s)) = ag((7r(5))).
Since 7r(S) generates C*(S, o, R), equivariance of ¢ follows. O

We have equivariant analogs of the first two parts of Remark 5.6.
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Remark 5.12. (1) Let G be a discrete group, let S be a set, and let o be
an action of G on S. For any proper G-invariant ideal I C Fg, we can get
Fs/I as a universal G-algebra C*(S, 0, R) simply by taking R = I.

As an example, let R C Fs be G-invariant, and let M: R — [0, 00)
be a function such that M(o,(s)) = M(s) for all g € G and s € S. We
take I C Fs to be the intersection of the kernels of all unital equivariant
homomorphisms ¢: Fs — A, for arbitrary unital G-algebras (G, A, ),
such that [|¢(x)|| < M(z) for all z € R.

(2) If S is countable and G is finite, we always take R to be finite. Choose
a countable subset {x1,xs,...} of the unit ball of Ir whose span is dense
in Ir. Then we can take the relations to consist of the single G-invariant

element
BRI

n=1 geG

(3) If (5,0, R) is finite and bounded, and § € [0, 1), then the universal C*-
algebra generated by an equivariant §-representation of (S, o, R) is again
the universal C*-algebra on a finite and bounded set of generators and re-
lations. However, for d; > 0, there is no obvious action of G on the univer-
sal C*-algebra generated by a dg-equivariant §-representation of (S, o, R).

If we want to allow the action of GG to appear in the relations, we can use the
following alternate definition. We omit the word “equivariant” in the name.

Definition 5.13. Let G be a discrete group. A set of generators and relations
for a G-algebra is a pair (S, R) in which S is a set and R is a subset of Fgys.
Define an action o of G on G x S by o,4(h,s) = (gh,s) for g,h € G and s € S,
and let p7: G — Aut(Fgxs) be as in Notation 5.7. The associated G-equivariant
set of generators and relations to (S, R) is then

(G x S, o, Uger;(R)> .

We let I r C Faxs be the ideal generated by U, pg (). We say that (S, R) is
admissible if Igr # Faxs, and in this case we define the wniversal G-
algebra generated by (S, R) to be C*(S,R) = Faxs/Ia.r, with the action 7:
G — Aut(C*(S,R)) induced by the action p”: G — Aut(Fexs). Let
Ta.r: Faxs — C*(S, R) be quotient map. We say that (S, R) is bounded if for
every s € S, we have ||7¢ r(1,s)|| < 1. We say that (S, R) is finite if G, S, and R
are all finite.

Definition 5.14. Let G be a discrete group, and let (S, R) be a set of generators
and relations for a G-algebra in the sense of Definition 5.13. Let av: G — Aut(A)
be an action of G on a unital C*-algebra A. A representation of (S,R) in A
is a function p: S — A such that the function 7: G x S — A, defined by
7(g,s) = a4(p(s)) for ¢ € G and s € S, is an equivariant representation, in
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the sense of Definition 5.9, of the associated G-equivariant set of generators and
relations. For § € [0,1), we say that p is a d-representation of (S, R) in A if,
using the notation of Definition 5.3, we have ||¢™(z)|| < ¢ for all z € R.

Remark 5.15. Let G be a discrete group, let (S, R) be a set of generators and
relations for a G-algebra in the sense of Definition 5.13, and let the notation be
as there. Set Q) = U e pg(R). Then:

(1) (S, R) is admissible if and only if (G x S, ¢, @)) is admissible in the sense
of Definition 5.8.

(2) (S, R) is bounded if and only if (G x S, 0, Q) is bounded in the sense
of Definition 5.8. (Use the fact that for ¢ € G and s € S, we have
ren(9,5) = Fy(ran(1, ).

(3) (S, R) is finite if and only if (G x S, 0, @) is finite in the sense of Defini-
tion 5.8.

(4) There is a unique equivariant isomorphism ¢»: C*(S, R) — C*(GXS, o, Q)
such that ¢(7¢ r(g,s)) = Tr(g,s) for all g € G and s € S.

We then get the following universal property for C*(S, R). The proof is clear,
and is omitted.

Lemma 5.16. Let G be a discrete group, and let (S, R) be a set of generators
and relations for a G-algebra in the sense of Definition 5.13. Let a: G — Aut(A)
be an action of G on a unital C*-algebra A, and let p: S — A be a represen-
tation of (S, R) in A. Then there exists a unique equivariant homomorphism
p: C*(S, R) — A such that ¢ o pr = p.

Remark 5.17. Analogously to Remark 5.6(1) and Remark 5.12(1), we can now
speak of the universal G-algebra generated by a set .S with relations given by norm
bounds and positivity conditions on *-polynomials in the noncommuting variables
[1,cc 74(S), that is, polynomials in the noncommuting variables consisting of the
generators, their formal adjoints, and the formal images of all these under an
action of G.

We now present examples to show that there are some cases in which there is
a reasonable universal C*-algebra, with continuous action of G, even with G not
discrete.

Example 5.18. Let G be any topological group, and let (G, A, «) be any G-
algebra. Take the generating set S to be the closed unit ball of A, take R to be
the collection of all algebraic relations that hold among elements of S and their
adjoints, and take 0 = a|g. Then the universal C*-algebra generated by (S, o, R)
is just A, with the representation being the identity map and the action of G
being «. The algebra A is universal when G is given the discrete topology, but
the action is in fact continuous when G is given its original topology.

One can make a slightly more interesting example as follows.
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Example 5.19. Take A = M, and take a to be any action of G on M, Let
(€jk)} k=1 be the standard system of matrix units in M,. Take the generators to
consist of elements v, ;; for g € G and j, k € {1,2,...,n}. Set 04(vp k) = Vgh jk-
The universal representation is intended to be p(vy ;) = a4(e;x). To make this
happen, take the relations to say that for each g € G, the collection (Ug,j,k)?,kzl
is a system of matrix units, and also to include, for all g,h € G and j, k €
{1,2,...,n}, the relation corresponding to the (unique) expression of a,(ay (e x))
as a linear combination of the matrix units ay(egm)-

The following is the equivariant analog of Definition 14.1.1 of [20]. Follow-
ing [20], we restrict to finite sets of generators and relations. Accordingly, we
take the group to be finite.

Definition 5.20. Let G be a finite group, and let (S, o, R) be a finite admissible
G-equivariant set of generators and relations. Then we say that (S, o, R) is stable
if for every ¢ > 0 there is 6 > 0 such that the following holds. Suppose that
(G, A, «a) and (G, B, 3) are unital G-algebras (except that we allow B = 0), that
w: A — B is an equivariant homomorphism, that py: S — A is a J-equivariant
d-representation of (S,o, R) (in the sense of Definition 5.9), and that w o pg
is an equivariant representation of (5,0, R). Then there exists an equivariant
representation p: S — A of (5,0, R) such that w o p = w o py and such that for
all s € .S we have ||p(s) — po(s)]| < e.

We allow B = 0 to incorporate the possibility that we are merely given a 9-
equivariant d-representation of (S, o, R) but no homomorphism w such that wo pg
is an equivariant representation.

Lemma 5.21. Let G be a finite group, and let (5,0, R) be a bounded finite
admissible G-equivariant set of generators and relations. Then for every n > 0
there is § > 0 such that whenever (G, A, ) and (G, B, 3) are unital G-algebras
(with possibly B = 0),w: A — B is equivariant, and py: S — A is a J-equivariant
d-representation of (S, 0, R) such that w o py is an equivariant representation of
(S,0, R), then there exists an (exactly) equivariant n-representation p: S — A
such that wo p=wo py and ||p(s) — po(s)|| < n for all s € S.

Proof. Since S and R are finite, there is 9 > 0 such that whenever C is a
C*-algebra and t1,1y: Fg — C are two unital homomorphisms such that
[11(s) — tha(s)|| < g for all s € S, then [[¢1(r) — ¥a(r)|| < in for all r € R.
Set 0 = min (do, 377).

Now let pg be as in the hypotheses. For s € S, define

p(s) = Wl(G) Z(ag © pp © ag‘l)(s).

geG

Then p is exactly equivariant. Also, for all s € S, we have
o)) < max ({lon(8)]: ¢ € 5}) <2
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and, since py is d-equivariant, ||p(s) — po(s)|| < d < &y. Therefore, in the notation
of Definition 5.3, for all r € R we have ||¢”(r) — ¢”(r)|| < in, whence

()l < 30+ [Je™(r)|| < 5n+6 <n.
Thus p is an n-representation. From
woagopooag_l :ﬁgou)opooag_1 = w o py,
we get w o p = w o pg, completing the proof. O

Theorem 5.22. Let G be a finite group, and let (S, 0, R) be a bounded finite
admissible G-equivariant set of generators and relations. Then (S, o, R) is stable
if and only if C*(S, 0, R) is equivariantly semiprojective.

Proof. Proposition 13.2.5 of [20] holds equally well, and with the same proof,
for unital algebras, for a bounded finite admissible G-equivariant set (S, o, R)
of generators and relations (with, in particular, G finite), for an equivariant
direct system of unital G-algebras with unital maps, and for a J-equivariant
d-representation of (5,0, R). Therefore stability of (S,0, R) implies equivariant
semiprojectivity of C*(S, o, R).

The prooof of the reverse implication roughly follows the proof for the nonequiv-
ariant case, as, for example, in the proof of Theorem 14.1.4 of [20]. For n € Z+,
let J, C Fg be the intersection of the kernels of the homomorphisms ¢” as p runs
through all equivariant 2~ "-representations of (S, o, R). Then J, is a G-invariant
ideal in Fg,

JiCJyC---, and UJn:IR
n=1
The quotient Fg/J, is the universal G-algebra generated by an equivariant 27"-
representation of (S, 0, R). We will apply the definition of equivariant semipro-
jectivity to C*(S, 0, R), with C' = Fg, with J,, as given, with J = I, and with
¢ = ide+(s0,r). We use the same names k: Fg — Fg/Ip, kn: Fs — Fg/Jy,
Tn: Fs/J, — Fs/Ig, etc. for the maps as in Definition 1.1 and Remark 1.3(3).
By equivariant semiprojectivity, we can choose ng € Z~o and a unital equivariant
homomorphism 1y: C*(S, 0, R) — Fg/Jp, such that m,, o ¥y = idc+(s0.r)-
For s € S we have

(Tng © %0 0 K)(8) = (g © 10 © Ty © fing ) (8) = (Tng © King ) (S)-
Since S is finite, there is n > ng such that for all s € S we have
H(Wn,no o1y o k)(s) — ’{n(S)H = H(ﬂ-n,no o1y o k)(s) — (ﬂ-n,no © “no)(s)” < %5-

We may also require that 27" < %5. Define © = m,,, © o, getting m, o ¢ =
idC*(S,U,R) and

(5.1) 1 0 £)(s) = ka(s)]l < 3¢

for all s € S.
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Choose 6 > 0 as in Lemma 5.21 for n = 27". Let (G, A, a) and (G, B, 3) be
unital G-algebras (with possibly B = 0), let w: A — B be equivariant, and let
po: S — A be a J-equivariant d-representation of (S, o, R) such that w o py is an
equivariant representation of (S, o, R). By the choice of ¢, there is an equivariant
27"-representation p;: S — A such that wo p; = wo py and

(5.2) [o1(s) = po(s)[| < 27"

for all s € S.

The following diagram (in which the triangle and the square will be shown to
commute, and we already know that m, o k, = k) shows some of the maps we
have or which will be constructed:

K

¥

. —

SHFSLFS/JnTn)FS/IR

Tl b

A B.

By the definition of .J,, there is a unital equivariant homomorphism ¢:
Fs/J, — A such that p(k,(s)) = p1(s) for all s € S. Define p(s) = (po v or)(s)
for s € S. Then p is an equivariant representation of (S, o, R). Moreover, there is
an equivariant homomorphism X\: Fs/Ir — B such that A(k(s)) = w(pi(s)) for
all s € S. By construction, for s € S we have

(wopokn)(s) = (wopi)(s) = (Aom oky)(s).

Since k, is surjective and S generates Fs, we get wop = Aom,. For s € S we
now have

(wop)(s)=(woporpor)(s)=(Aom,0thok)(s)
= (Ao k)(s) = (wop)(s) = (wopo)(s)

That is, wo p = w o py.
It remains only to show that ||p(s) — po(s)|| < € for s € S. Using (5.2) and
27" < %6 at the second step, we have

1p() = po(s)]l < llp(s) = pr(s)]l + 1lpa(s) = po(s)]| < [lp(s) = pr(s)]l + 3¢,
and, by (5.1),
lp(s) = pr(s)ll = [l(p o ¥ o k)(s) = (p o k) ()| < (¥ 0k)(s) = Knls)]| < ze.
The required estimate follows, and the theorem is proved. [l

We now consider the version of stability in which the group action is allowed
in the relations.



CRM Preprint Series number 1068

42 N. CHRISTOPHER PHILLIPS

Definition 5.23. Let G be a finite group, and let (S, R) be a finite admissible
set of generators and relations for a G-algebra, in the sense of Definition 5.13. We
say that (S, R) is stable if for every € > 0 there is 0 > 0 such that the following
holds. Suppose that (G, A, o) and (G, B, 3) are unital G-algebras (except that we
allow B = 0), that w: A — B is an equivariant homomorphism, that py: S — A
is a o-representation of (5, R) (in the sense of Definition 5.14), and that w o py is
a representation of (S, R). Then there exists a representation p: S — A of (S, R)
such that w o p = w o pg and such that for all s € S we have ||p(s) — po(s)]| < €.

Lemma 5.24. Let G be a finite group, and let (S, R) be a finite bounded admis-
sible set of generators and relations for a G-algebra in the sense of Definition 5.13.
Let the action o of G on G x S be as there, and set Q =, 15 (1), so that the
associated G-equivariant set of generators and relations is (G x S, o, )). Then:

(1) For every n > 0 there is § > 0 such that whenever (G, A,«a) is a uni-
tal G-algebra and A\: G x S — A is a d-equivariant d-representation of
(G x S, 0, Q), then the function s — A(1,s) is an n-representation of
(S, R).

(2) For every n > 0 there is 6 > 0 such that whenever (G, A, «) is a unital
G-algebra and p: S — A is a d-representation of (S, R), then the function
(g,5) — ay(p(s)) is an equivariant 7-representation of (G x S, o, Q).

Proof. We prove part (1). Suppose the conclusion fails. Apply Definition 5.14
and use finiteness of R to find x € R, n > 0, and for each n € Z-, a unital
G-algebra (G, An,a(”)) and a %—equivariant %—representation MG XS — A,
such that, if we define p,(s) = A\, (1,s) for s € S and m,(g,s) = Ozf}n)(pn(s))
for g € G and s € S, then, following the notation of Definition 5.3, we have
le™ ()] > 7.

Let [[2, A, be the C*-algebraic product (the set of sequences (a,,)nez., in the
algebraic product such that sup,,cz_, |lan| is finite), and define

N
n=1 n=1

The obvious coordinatewise definitions, followed by the quotient map, give an
action a: G — Aut(A) and functions

AMGxS—A p:S—A and w:GxS — A

One checks that A is an equivariant representation of (G xS, o, Q). Clearly p(s) =
A(1,s) for s € S and 7(g,s) = ay(p(s)) for g € G and s € S. Therefore 7 = .
Since x € @, we have ¢™(z) = 0. This contradicts the fact that ||¢™ (z)|| > n for
all n € Z~o. Part (1) is proved.
Now suppose part (2) is false. Since @ is finite, there exist x € @, n > 0,
and for each n € Z-( a unital G-algebra (G,An,&(”)) and a %—representation
(n)

pn: S — A, such that, if we define m,(g,s) = ag ' (pn(s)) for g € G and s € S,
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then ||¢™ (x)|| > n. The functions , are equivariant. Define A, o, p, and 7 as
in the proof of part (1). Then p is a representation of (S, R), 7 is an equivariant
representation of (G x S, g, @), and (g, s) = a,(p(s)) for all g € G and s € S.
Therefore ¢ (x) = 0, contradicting ||¢™ (z)|| > n for all n € Z~,. O

Theorem 5.25. Let G be a finite group, and let (S, R) be a bounded finite
admissible set of generators and relations for a G-algebra. Then C*(S,R) is
equivariantly semiprojective if and only if (S, R) is stable in the sense of Defini-
tion 5.23.

Proof. Define o, u, and () as in Lemma 5.24. It follows from Remark 5.15
that (G x S, 0, @) is bounded, finite, and admissible. By Theorem 5.22 and
Remark 5.15(4), it therefore suffices to prove that (S, R) is stable if and only if
(G x S, 0, Q) is stable in the sense of Definition 5.20.

Assume that (S, R) is stable. Let ¢ > 0. Choose 7 > 0 as in Definition 5.23
(where the number is called §), for 3¢ in place of €. Choose § > 0 following
Lemma 5.24(1) (where the number is called §). We may also require that dy < ie.
Apply Lemma 5.21, with dy in place of 1, to get a number o > 0.

Let (G, A, «) and (G, B, 3) be unital G-algebras (except that we allow B = 0),
and let w: A — B be an equivariant homomorphism. Let A\g: G x S — A be
a d-equivariant d-representation of (G x S, g, Q)) such that w o A¢ is an equi-
variant representation of (S, o, R). By the choice of 4, there is an equivariant do-
representation A;: G xS — A such that wo\; = woXg and |[A;(g,s)—No(g, s)|| <
dp for all g € G and s € S.

Define p;: S — A by pi(s) = Ai(1,s) for s € S. Since A is equivariant, p;
is a dp-representation of (S, R). Clearly w o p; is a representation of (S, R). By
the choice of ¢y, there exists a representation p: S — A of (S, R) such that
w o p = wo p; and such that for all s € S we have [|p(s) — p1(s)|| < 3¢. Define
A GxS — Aby A(g,s) = ay4(p(s)) for g € G and s € S. Then, using equivariance
of w at the first step, we have wo\ = wol; = wolg. Moreover, for g € G and s € S,
by equivariance of A and A, we have (g, s) = a,(p(s)) and A\i(g, s) = ay(p1(s)).
Therefore

Mg, 8) = Ao(g, $)I| < lleg(p(s)) = aglpr(s)I + [ Mg, 5) = Aolg, s)
< %8 + (S() <e.

This completes the proof that (G x S, o, Q) is stable.

For the reverse, assume that (G x S, o, Q) is stable. We prove that (S, R)
is stable. Let ¢ > 0. Choose n > 0 as in Definition 5.20 (where the number
is called §). Choose 0 > 0 as in Lemma 5.24(2). Let (G, A, «) and (G, B, 3)
be unital G-algebras (except that we allow B = 0), and let w: A — B be an
equivariant homomorphism. Let py: S — A be a -representation of (S, R) such
that w o py is a representation of (S, R). Define my: G x S — A by m(g,s) =
ay(p(s)) for ¢ € G and s € S. Then 7 is an equivariant d-representation of
(G xS, g, Q). Therefore there exists an equivariant representation 7: G xS — A
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of (S,0, R) such that w o m = w o 1y and such that for all ¢ € G and s € S we
have ||7(g,s) — mo(g, s)|| < e. Define p: S — A by p(s) = 7n(1,s) for s € S. Then
lp(s) — po(s)]| < e for all s € S. Also clearly w o p = w o py. This completes the
proof of the theorem. O

As an immediate application, we can derive stronger versions of the Rokhlin
property for actions of finite groups (Definition 3.1 of [14]; formulated without
the central sequence algebra in Definition 1.1 of [24]) and the tracial Rokhlin
property (Definition 1.2 of [24]).

Proposition 5.26. Let A be a separable unital C*-algebra, and let «:
G — Aut(A) be an action of a finite group G on A. Then a has the Rokhlin
property if and only if for every finite set F' C A and every ¢ > 0, there are
mutually orthogonal projections e, € A for g € G such that:

(1) ay(en) =eg for all g, h € G.

(2) |lega — aey|| < € for all g € G and all a € F.

(3) Dyec s =1

The definition of the Rokhlin property differs in that in condition (1), one
merely requires ||ay(ep) — egn]| < € forall g,h € G.

The proof is very similar to, but simpler than, the proof of Proposition 5.27,
and is omitted.

Proposition 5.27. Let A be an infinite dimensional simple separable unital C*-
algebra, and let a: G — Aut(A) be an action of a finite group G on A. Then
a has the tracial Rokhlin property if and only if for every finite set F© C A,
every € > 0, and every positive element = € A with ||z|| = 1, there are mutually
orthogonal projections e, € A for g € G such that:

(1) ay(en) =eg for all g, h € G.

(2) |lega — aey|| < € for all g € G and all a € F.

(3) Withe =>" geG €g» the projection 1—e is Murray-von Neumann equivalent

to a projection in the hereditary subalgebra of A generated by x.
(4) With e as in (3), we have ||exe|]| > 1 —e.

The definition of the tracial Rokhlin property differs in that in condition (1)
one merely requires ||ag(ep) — egn| < € for all g,h € G.

We give the details of the proof to demonstrate how our machinery works, and
in particular to show why we do not want to require our d-representations to be
exactly equivariant.

Proof of Proposition 5.27. Let F' C A be finite and let ¢ > 0. By scaling, without
loss of generality |la|| <1 for all @ € F. Set n = card(G) and

) 1 €
o = min [ — )
0 n 2n+1
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Let S consist of distinct elements p, for g € G. Define an action o of G on §
by o4(pn) = pgn for g, h € G. Define

R = {pgph—ég,hpg: g,hEG}U{pZ—pg: g€ G}.

Then (S, 0, R) is an equivariant set of generators and relations, and C*(S, o, R)
is equivariantly isomorphic to C(G)&C, with the action on C(G) coming from the
translation action of G on itself and the trivial action on C, in such a way that p,
is sent to (x{4},0). This action is equivariantly semiprojective by Theorem 2.6. So
(S, 0, R) is stable by Theorem 5.22. Choose dy > 0 as in the definition of stability
for €q in place of €. Set § = min(dy, £9). Apply the tracial Rokhlin property with
0 in place of €, obtaining mutually orthogonal projections eg € A for g € G such
that:

) ||ag(e O) — e;(,?” < ¢ forall g,h € G.
6) ||eg0)a - aeg H <oforallge G and all a € F.
(7) With e©® = deG eéo), the projection 1 — e(® is Murray-von Neumann
equivalent to a projection in the hereditary subalgebra of A generated
by x.
(8) With e©® as in (7), we have He(o)xe(O)H > 1 — eo.

Define py: S — A by po(py) = eg ) for g € G. Then pq is a d-equivariant o-
representation of (S, 0, R). Therefore there is an equivariant representation p of
(S, 0, R) such that Hp(pg) — eéO)H < egpforall g € G. Set e, = p(p,) for g € G. By
the definition of an equivariant representation, the e, are mutually orthogonal
projections satisfying condition (1). Condition (2) follows from the estimates

(1
lal| <1, Heg - eéo)H <egp < and Heéo)a - ae_f]o)H <0<eg <3¢

for g€ G and a € F.
It remains to prove conditions (3) and (4). Set e = >

1o

3¢

gec €g- First, we have
e — | < nep.

Since ney < 1, the projection e is Murray-von Neumann equivalent to (), and

therefore also to a projection in the hereditary subalgebra of A generated by .
This is (3). Moreover,

lexe|| > ||e xe(O)H —2||e- el H >1—¢cyp—2ngy >1—c.

This is (4). O

6. GRADED SEMIPROJECTIVITY OF THE C*-ALGEBRA OF A FINITE GROUP

In this section, we show that if G is a finite group then C*(G), with its nat-
ural G-grading, is semiprojective in the graded sense. This is an application
of Lemma 2.4, the same result that played a key role in the proof that finite
dimensional C*-algebras are equivariantly semiprojective.
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Presumably much more general results are possible. Indeed, the appropriate
setting may be actions of finite dimensional Hopf algebras or compact quantum
groups on finite dimensional C*-algebras.

The following definition is a special case of Definitions 3.1 and 3.4 of [10], of a
C*-algebra (topologically) graded by a discrete group G. In [10], the group is not
necessarily finite, and one only requires that € e A, be dense in A. Continuity
of the projection to A; (as in Definition 3.4 of [10]) is automatic when the group
is finite and P, 4y = A.

Definition 6.1. Let G be a finite group, and let A be a C*-algebra. A G-grading
on A is a direct sum decomposition as Banach spaces

A=A,
geG

such that if g,h € G, a € Ay, and b € Ay, then ab € Ay, and a* € A,-1. (We do
not say anything about the direct sum norm except that it is equivalent to the
usual norm on A.)

A subspace B C A is graded if E =} _,(ENA).

We denote by P, or PgA, the projection map from A to A, associated with this
direct sum decomposition.

To put this definition in context, we make three remarks. First, when G is fi-
nite, a G-grading of A is the same as an identification of A with the
C*-algebra of a Fell bundle over GG. The basic correspondence is given in VIII.16.11
and VIIL.16.12 of [11], but in general it is not bijective. It is bijective for Fell
bundles over discrete groups which are amenable in the sense of Definition 4.1
of [10], and in particular for all Fell bundles and topological gradings when G is
amenable. (This follows from Theorem 4.7 of [10].) Since our groups are finite,
the correspondence is bijective in our case.

Second, for discrete groups G, a normal coaction on a C*-algebra A (as defined
before Definition 1.1 of [28]) is the same as an identification of A with the C*-
algebra of a Fell bundle over G. See Proposition 3.3 and Theorem 3.8 of [28].

R Finally, if G is abelian, then a G-grading on A s the same as an action «:
G — Aut(A). Given a G-grading on A and 7 € G, we define o, € Aut(A) by
ar(a) =71(g)a for a € A,. Given a, for g € G we set

Ay={aeA:a,(a) =7(g)aforall T € é},
that is, A, is the spectral subspace for g when g is regarded as an element of the

second dual of G.

Remark 6.2. Let G be a finite group, and let A = @gEG A, be a G-grading
of A. Then the summand A; is a C*-algebra. (This is clear.) Let P,: A — A, be

as in Definition 6.1. Then P; is a conditional expectation onto A;, and || P[] <1
for all g € G. (See Theorem 3.3 and Corollary 3.5 of [10].)
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Definition 6.3. Let G be a finite group, let A and B be a C*-algebras with
G-gradings A =P, 4y and B =P, By, and let p: A — B be a homomor-
phism. We say that ¢ is graded if for every g € G we have p(A4,) C B,.

Remark 6.4. Let G be a finite group, let A be a C*-algebra with G-grading
A=@,qAy and let I C A be a graded ideal. Then A/l becomes a graded

C*-algebra with the grading
(A/T)g = Ag/(AgN 1) = (Ag + I)/I,
and the quotient map A — A/I is a graded homomorphism.
Remark 6.5. Let GG be a finite group. Then the direct limit of a direct system of

G-graded C*-algebras with graded maps is a G-graded C*-algebra in an obvious
way.

Remark 6.6. Let GG be a finite group, let A be a C*-algebra, and let «:

G — Aut(A) be an action of G on A. Then the crossed product C*(G, A, «)

is graded in the following way. Let u, € C*(G, A, a) (or in M(C*(G,A,«a)) if A

is not unital) be the standard unitary corresponding to g € G. Then
C*(G,A, o), ={au,: a € A}.

(This is the dual coaction.)

Remark 6.7. In Remark 6.6, take A = C and take a to be the trivial action. This

gives a canonical G-grading on C*(G). If u, € C*(G) is the unitary corresponding
to g € G, then C*(G), = Cu,.
The following definition is the analog of Definition 14.1.3 of [20].

Definition 6.8. Let G be a finite group, and let A be a C*-algebra with G-
grading A = P gec Ag- We say that the grading is graded semiprojective if when-
ever (' is a a (*-algebra with G-grading C' = @QGG Cy, Jo C Jy C -+ are
graded ideals in C, J = J,_, Jn, and ¢: A — C/J is a graded homomorphism,
then there exists n and a graded homomorphism ¢: A — C/J, such that the
composition

AL o)t — /I
is equal to ¢.
When no confusion can arise, we say that A is graded semiprojective.

Here is the diagram:

N\
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Theorem 6.9. Let G be a finite group. Then C*(G), with the G-grading in
Remark 6.7, is graded semiprojective.

Proof. Set ¢y = (fm, and choose € > 0 such that ¢ < ¢y and such that whenever
A is a unital C*-algebra, u € U(A), and a € A satisfies ||a — u|| < &, then we
have ||a(a*a)™"/? — u|| < &,.

Let the notation be as in Definition 6.8 and Remark 1.3(3). Further, for g €
G let P" C’/J — (C/Jy)y and Py: C/J — (C/J), be the projection maps
associated to the gradings, as in Definition 6.1. Also let u, € C*(G) be the
unitary associated with the group element g € GG, as in Remark 6.7.

Let ¢: A — C/J be a unital graded homomorphism. Since finite dimensional
C*-algebras are semiprojective, there exist ny and a unital homomorphism (not
necessarily graded) ¢y: A — C/J,, which lifts ¢. Since 7, and ¢ are graded, for
g € G we have

Ty (¢0(u9) - P;no)(lpo(ug))) = p(ug) — Py(p(ug)) = 0.

Therefore there exists n > ng such that for all ¢ € G we have

(6.1) || 7m0 (00 (g) — ") (0 (ug) NI <e.

Set Y = Tyn, © Yo and for g € G set ¢, = P (wl(ug)), which is in (C/J),.
Then (6.1) becomes

[ (ug) = ll <&
for all g € G.

Since ¢ < 1, we can define po: G — U(C/J,) by po(g) = cylciey) /2. Since
¢y € (C/J)g, we have cjc, € (C/J)1, whence (cjc,) ™2 € (C/J)1, so that py(g) €
(C/J)g. Moreover, the choice of € ensures that ||c, — po(g)|| < €o. Therefore

190(9) = 1 (ug) |l < llpo(g) = coll +lleg = Pr(ug)|| < 0 + & < 2¢0.

Let g, h € G. Since
Ui (ug), Yi(un) € U(C/J,) and  y(ug) = by (ug)thy (),
it follows that
1p0(gh) — po(g)po(h)|| < 6eo.

Since m,(cy) = p(u,y) is unitary, we also get

Tu(po(9)) = mnlcy) = p(uy).
Inductively define functions p,,,: G — U(C/J,) by (following Lemma 2.4)

pmi1(g) = ex <Card Zlog<pm pm(hg)pm(g)*>>pm(g)
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for ¢ € G. Since b6y = 3—14 < ﬁ, Lemma 2.4 implies that the functions p,, are

well defined maps p,,,: G — U(C/J,) such that p(g) = lim,, . pm(g) defines a
homomorphism p: G — U(C/.J,) satisfying

Io(9) ~ polo)| < 72

Tﬁ&to and  m,(p(g)) = w(uy)

for all g € G.

We claim that p,(g) € (C/J,), for all g € G and m € Zso. The proof is by
induction on m. We know this is true for m = 0. Assume it is true for m. For all
g,h € G we have

P (R)" P (hg) pim(9)" € (C/Jn)i(C/ In)ng(C/Tn)g € (Cf )1,

Therefore also

o0 iy 108 () pu(ha)pnle)”) ) € (€101,

and the induction step follows. This proves the claim. Taking limits, we get
p(g) € (C/Jn)g for all g € G.

By the universal property of C*(G), there is a unital homomorphism :
C*(G) — C/J such that ¥(u,) = p(g) for all ¢ € G. By construction, 9 is
graded. Moreover, 7, o ¢(u,) = ¢(u,) for all g € G, so the universal property of
C*(G) implies that , o 1) = . Thus ¢ lifts . O
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