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ABSTRACT. In this article we review first some of the possibilities in which the
notions of Fglner sequences and quasidiagonality have been applied to spectral
approximation problems. We construct then a canonical Fglner sequence for
the crossed product of a concrete C*-algebra and a discrete amenable group.
We apply our results to the rotation algebra (which contains interesting opera-
tors like almost Mathieu operators or periodic magnetic Schrodinger operators
on graphs) and the C*-algebra generated by bounded Jacobi operators.
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Given a sequence of linear operators {7}, },,en in a complex separable Hilbert
space ‘H that approximates an operator 7' in a suitable sense, a natural question
is how do the spectral objects of T' (the spectrum, spectral measures, numerical
ranges, pseudospectra etc.) relate with those of T}, as n grows. (Excellent books
that include a large number of examples and references are, e.g., [17, 4].) In such
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generality this problem is almost impossible to address. In fact, one can easily
produce examples with bad spectral approximation behavior, where the spectrum
suddenly expands or contracts in the limit (see, e.g., pp. 289-291 in [37]). Also
spectral pollution effects or spurious eigenvalues can may appear as a consequence
of the approximation process ([21]). One of the standard methods to treat these
problems is to compress T' to a finite dimensional subspace H,, (the so-called
finite-section) and, then, analyze the behavior of the eigenvalues of the matrix
P, T | 'H, in the limit of large n. This method requires also additional conditions
in order to guarantee a good approximation behavior of spectral objects.

The following classical approximation result for Toeplitz operators due to Szego
gives an example where the finite section method can be used to approximate
spectral measures: denote by T the unit circle with normalized Haar measure
df and consider the real-valued functions g in L>°(T) which can be thought as
(self-adjoint) multiplication operators on the complex Hilbert space H := L*(T),
ie., Myp =g, p € H. Denote by P, the finite-rank orthogonal projection onto

the linear span of {z' | 2 € T,l = 0,...,n} and let M{™ be the corresponding
finite section matrix. Write the corresponding eigenvalues (repeated according to
multiplicity) as {Aon, ..., Aun}. Then, for any continuous f: R — R one has
(1.1) lim

e : F(FO0) o+ FO)) = / f(g(0)) do

(see [40, Section 8], [23, Chapter 5] and [44] for a careful analysis of this re-
sult). This theorem may be also reformulated in terms of weak*-convergence
of the corresponding spectral measures and it allows to approximate numeri-
cally the spectrum of M, in terms of the eigenvalues its finite sections (cf. [3]).
Szegd’s classical result suggests the following question: what is the reason that
guarantees the convergence of spectral measures and that can be possibly use-
ful beyond the context of Toeplitz operators? In the last two decades there has
been a considerable application of methods from operator algebras (mainly C*-
algebras and von Neumann algebras') to this question. This line of research
was pioneered by Arveson in the series of papers [1, 2, 3] which were directly
inspired by Szegd’s theorem (see, e.g., [10, 29] for related developments in nu-
merical analysis). Among other interesting results, Arveson gave conditions that
guarantee that the essential spectrum of a large class of selfadjoint operators T’
may be recovered from the sequence of eigenvalues of certain finite dimensional
compressions 7, (see also Subsection 4.2). These results were then refined by
Bédos who systematically applied the concept of Fglner sequences to spectral
approximation problems (see [7, 6, 5] as well as [16]). Hansen extends some of

'For the purposes of this article we will define a C*-algebra to be a *-subalgebra of £(H)
(the set of bounded linear operators in H) which is closed in the topology defined by the
operator norm | - ||. If 7 C L(H) we will denote by C*(7) the C*-algebra generated by 7.
A von Neumann is an important subclass of C*-algebras which is closed in the weak operator
topology.
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the mentioned results to the case of unbounded operators (cf. [26, § 7]; see also
[27] for recent developments in the non-selfadjoint case). Brown shows in [12]
that abstract results in C*-algebra theory can be applied to compute spectra of
important operators in mathematical physics like almost Mathieu operators or
periodic magnetic Schrodinger operators on graphs.

We recall next two related notions that are important when addressing spectral
approximation problems: let 7 C L(H) be a separable set of bounded linear
operators on the complex separable Hilbert space H. An increasing sequence of
non-zero finite rank orthogonal projections {P;}en is called a Folner sequence
for 7, if

TP — PT
lim TP — PT|2 _ 0, TeT,
i 1752
where || - || denotes the Hilbert-Schmidt norm. The existence of a Fglner se-

quences for a set of operators 7 is a weaker notion than quasidiagonality which
was introduced by Halmos in the late sixties (cf. [25]). Recall that a set of oper-
ators 7 C L(H) is said to be quasidiagonal if there exists an increasing sequence
of finite-rank projections { P;}; as before such that

im|TP - PT||=0, TeT.

It is easy to show that if { P, };c; quasidiagonalizes the set of operators 7, then it
is also a Fglner sequences for 7 (for details see the next section). Moreover, the
Folner condition above can be understood as a quasidiagonality condition, but
relative to the growth of the dimension of the corresponding subspaces. Quasidi-
agonality is an important property in the analysis of the structure of C*-algebras
(see, e.g., Chapter 7 in [15] or [13, 8, 11, 43]) and is also a very useful notion in
spectral approximation problems. E.g. quasidiagonality is assumed to prove the
converge of spectra (in the selfadjoint case) and pseudospectra (cf. [14] and |26,
§ 2]). Felner sequences were introduced in the context of operator algebras by
Alain Connes in his seminal paper [18, Section V] (see also [19, 35, 36]). This
notion is an algebraic analogue of Fglner’s characterization of amenable discrete
groups (see Section 2 for precise definitions) and was used by Connes as an es-
sential tool in the classification of injective type II; factors.

The third expression in the title of this article refers to crossed products. This
is a basic operator algebraic construction which is interesting in its own right
(see Section 3 for details). The crossed product may be seen as a new C*-algebra
constructed from a given C*-algebra which carries an action of a group I'. Many
important operators in mathematical physics with very interesting spectral prop-
erties can be identified as elements of certain crossed products (see, e.g., [9, 30]
and Subsection 4.1 below). The question when a crossed product of a quasidiag-
onal C*-algebra by an amenable group is again quasidiagonal has been addressed
several times in the past (see, e.g., Section 11 in [13] for some partial answers).
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In Lemma 3.6 of [34] it is shown that if A is a unital separable quasidiagonal C*-
algebra with almost periodic group action a: Z — AutA, then the C*-crossed-
product A x, Z is again quasidiagonal. This result has been extended recently
by Orfanos to C*-crossed products A x, I', where now I is a discrete, countable,
amenable, residually finite group (cf. [31]). In this more general case there is
again a certain condition on the group action of I' on A is needed. This result
has been applied to generalized Bunce-Deddens algebras in [32].

The existence of Fglner sequences may be established in abstract terms, but
this gives in general no clues of what are the concrete matrix approximations.
The aim of the present paper is to give conditions and construct explicitly Fglner
sequences for the crossed product of a C*-algebra A that has a Fglner sequence
and a discrete countable amenable group I" (see Theorem 3.4 for a precise state-
ment). Our results partly extend those of Bédos for group von Neumann algebras
and are related to the articles of Orfanos mentioned above. In Section 4 we will
apply our results in two concrete situations: Theorem 3.4 can be applied to the
rotation algebra (also known as non-commutative torus), since it can be seen as
a crossed product of C(T) by Z. This algebra contains interesting examples from
the spectral point of view, like almost Mathieu operators or discrete Schrodinger
operators with magnetic potentials. Finally, we will also construct explicit Fglner
sequences for Jacobi operators.

2. FOLNER SEQUENCES AND QUASIDIAGONALITY

The notion of Fglner sequences for operators has its origins in group theory.
Recall that a discrete countable group I' is amenable if it has an invariant mean,
i.e. there is a continuous linear functional ¢ on ¢>°(I') with norm one and such
that

Uluyf) =o(f), ~el, fetl=T),

where u is the left-regular representation on ¢?(T"). A Fglner sequence for T is a
sequence of non-empty finite subsets I'; C I" that satisfy

’(’Yri)AFi’ o

(2.1) lim =0 forall yel,

i T
where A denotes the symmetric difference and |T'y| is the cardinality of T';. Then,
I" has a Fglner sequence if and only if T" is amenable (cf. Chapter 4 in [33]). Some
authors require, in addition to Eq. (2.1), that the sequence is increasing and
complete, i.e. I CI'; if ¢ < j and I' = U;I';. We will not need these additional
assumptions here.

The counterpart of the previous definition in the context of operators is given
as follows:

Definition 2.1. Let 7 C L(H) be a set of bounded linear operators on the
complex separable Hilbert space H. An increasing sequence of mon-zero finite
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rank orthogonal projections { P, }nen C L(H) is called a Folner sequence for T if

TP, — P, T

(2.2) lim | |b:0, TeT,
n [[Pall2

where || - ||2 denotes the Hilbert-Schmidt norm.

We will state next some immediate consequences of the definition that will be
used later on. To simplify expressions in the rest of the article we introduce the
commutator of two operators: [A, B] :== AB — BA.

Proposition 2.2. Let T C L(H) be a set of operators and { P, }nen an increasing
sequence of non-zero finite rank orthogonal projections.
(1) {Pn}nen is a Folner sequence for T iff it is a Folner sequence for C*(T)
(the C*-algebra generated by T ).
(ii) Let T be a self-adjoint set (i.e., T* = T ). Then {P,}nen is a Folner
sequence for T if one of the four following equivalent conditions holds for

alT eT:
TP, — P, T
(2.3) lim H I _ 0, pe{l,2}
n 1Pl
or
I —-P,)TP,
(2.4) lim It JTFuly _ 0, pe{l,2},
n 1Pl
where || - || and || - ||2 are the trace-class and Hilbert-Schmidt norms,
respectively.

Proof. (i) We just have to show that if { P, },en is a Folner sequence for 7, then it
is a Folner sequence for C*(7). For R,T € T the following elementary relations

IIRT, Palllz < |RIT, Polllz + [[[R, Pa] Tll2 < ([RI T, Palll2 + 1R, Balll2 [T
1T, Ballla = T, Pal™ll2 = ([T, Pa]ll2

show that {P,},en is a Fglner sequence for the *-algebra T generated by 7.
Then it is a standard $-argument to show that { P, },ey is still a Fglner sequence

for the norm closure of 7.
(ii) By the previous item we have that {P,},en is a Folner sequence for 7 iff
it is a Folner sequence for C*(7) and we can apply Lemma 1 in [5]. O

The existence of a Fglner sequences has important structural consequences.
For the next result we need to recall the following notion: a hypertrace for a C*-
algebra A acting on a Hilbert space H is a state W on B(H) that is centralized
by A, i.e.

U(XA)=V(AX), XeB(H), AcA.
Hypertraces are the algebraic analogue of the invariant mean mentioned at the
begining of this section (cf. [18, 19, 5]).
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Proposition 2.3. Let A C L(H) be a C*-algebra. Then A has a Folner sequence
iff A has a hypertrace.

Examples 2.4. (i) The unilateral shift is a canonical example that shows the

The

difference between the notions of Folner sequences and quasidiagonality.
On the one hand, it is a well-known fact that the unilateral unilateral shift
S is not a quasidiagonal operator. (This was shown by Halmos in [24]; in
fact, in this reference it is shown that S is not even quasitriangular.) If A
is a C*-algebras containing a proper (i.e. non-unitary) isometry, then it
not quasidiagonal (see, e.g. [13, 15]). Finally, it can be shown that certain
weighted shifts are quasidiagonal (cf. [38]).

On the other hand, it is easy to find a canonical Falner sequence for S.
In fact, define S on'H := (*>(Ny) by Se; := e; 1, where {e; | i=0,1,2,...}
is the canonical basis of H and consider for any n the orthogonal projec-
tions P, onto span{e; | i =0,1,2,...,n}. Then

[CRCTHES 3] [0

2 2
= [lena " =1

and

s,
[P0 l2 Vn+1 noeo

A similar argument shows directly that { P, }, is a Folner sequence for any
power S*, k € N. By Proposition 2.2 (i) it follows that {P,}, is also a
Folner sequence for the Toeplitz algebra C*(S).

Let T € L(H) be a self-adjoint operator. If a sequence of non-zero finite
rank orthogonal operators { P, }, satisfies

sup [[(1 = P,)TP,|2 < oo,
neN

then Eq. (2.4) implies that { P}, is clearly a Folner sequence for T'. Con-
crete examples satisfying the preceding condition are self-adjoint operators
with a band-limited matrix representation (see, e.g., [2, 3]). Band limited
operators together with quasidiagonal operators are the essential ingredi-
ents in the solution of Herrero’s approximation problem, i.e. the charac-
terization of the closure of block diagonal operators with bounded blocks
(see Chapter 16 in [15] for a comprehensive presentation,).

3. FOLNER SEQUENCES FOR CROSSED PRODUCTS

crossed product may be seen as a new C*-algebra constructed from a

given C*-algebra which carries an action of a group I'. This procedure goes
back to the pioneering work of Murray and von Neumann on rings of operators.
Algebraically, this construction has some similarities with the semi-direct product
of groups. Standard references which present the crossed product construction
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with small variations are [20, Chapter VIII], [41, Chapter 4], [42, Section V.7] or
[28, Section 8.6 and Chapter 13]. Since all groups I' considered will be amenable
(and countable) we will not distiguish between crossed products and reduced
crossed products.

Throughout this section A denotes a concrete C*-algebra acting on a complex
separable Hilbert space H. We shall assume that « is an automorphic represen-
tation of a countable discrete amenable group I on A, i.e.

a: ' — Aut A.

The crossed product is a new C*-algebra constructed with the previous ingre-
dients and acting on the separable Hilbert space
(3.1) K=0CT)H= & H,,
~yel
where H., = H for all v € I'. To make this notion precise we introduce represen-
tations of A and I' on K: for £ = (&), € K we define

(3.2) (w(M)E), = as (M) &, M€ A,
(33) U(0) )y 1= &1,

The crossed product of A by I' is the C*-algebra on K generated by these
operators, i.e.,

N:ANQF::C*({w(M)|MEA}U{U(7)|76F}> c LK),

where C*(+) denotes the C*-algebra generated by its argument. A characteristic
relation for the crossed product is

(3:4) 7 (0 (M)) = U(m)m(M)U (1),
that is, 7 is a covariant representation of the C*-dynamical system (A, L', a).

Remark 3.1. Later we will need the following useful operator matrix charac-
terization of the elements in the crossed product: consider the identification

= ¢ H, with Hy = H, v € I'. Then, every T' € L(K) can be written as
vel

a matriz (Tyy)y yer with entries Ty, € L(H). Any element N in the crossed
product N C L(K) has the form
(3.5) Nyy = o (A ), A/ v e,
for some mapping A: T' — A C L(H). Roughly, this means that the “diagonals”
of the operator matrices of elements in the crossed product N are orbits of the
group action on elements in A.

For example, the matriz form of the product of generators N := w(M) - U(7o),
M e A, v €T is given by
(3.6)

Ny =a (M) 6y 40y = o' (A(¥'77")) , where A() := { Mt 5 =10

v g4 e v ’ ' 0 otherwise.
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This implies that any function A: I' — A with finite support determines by
means of Eq. (3.5) an element in the crossed product.

3.1. Construction of a canonical Fglner sequence. The aim of the present

section is to give a canonical example of a Fglner sequence for the crossed product

C*-algebra N' = A x,T constructed above. Since N' C L(K) with K = (*(T")@H,

our sequence is canonical in the sense that it uses explicitly a Fglner sequences for

[' and a sequence of projections on H (cf. Theorem 3.4). We will also assume

that the C*-algebra A C L(H) is separable and has a Fglner sequence {Q; }en.
We begin recalling some parts of Proposition 4 in [5]:

Proposition 3.2. Assume that the group I is countable and amenable and de-
note by { P, }ien the sequence of orthogonal finite-rank projections from (*(T') onto
(%(T;) associated to a Folner sequence {T';}ien for the group T (cf. Section 2).
Then {P;}; is a Folner sequence for the group C*-algebra

Ar = C{U(y) |y € T} C L(E*(D))
where U is the left reqular representation of T' on ¢*(T).

Remark 3.3.

(i) In Proposition 4 of [5] the author proves a stronger result. He shows that the
canonical Folner net {P,;}icr for the algebra and associated to the Folner net
of the (not necessarily countable) amenable group is still a Folner net for the
corresponding group von Neumann algebra, i.e., for the weak operator closure of
Ar in L(*(T)). In general, it is not true that a Folner sequence for a concrete
C*-algebra s also a Folner sequence for its weak closure.

(ii) Recall that the preceding proposition means that the sequence {P;}; satisfies
the four equivalent conditions in Proposition 2.2 (ii) for any element in the group
von Neumann algebra.

Theorem 3.4. Let A C L(H) be a separable C*-algebra which has a Folner
sequence {Q;}ien. Consider the countable and amenable group T' and denote by
{P;}ien the sequence of orthogonal finite-rank projections from (*(T) onto (*(T;)
associated to a Folner sequence {I';};cn for the group I'. Assume that there is an
action of I' on A that satisfies:

-1
(3.7) lim (max | [Q“av ()] ||2> =0, forall MeA.

¢\ el 1Q:ll2
Then the sequence {R;}ien with
R =P, ®Q;

is a Folner sequence for the crossed product N = A x, T, i.e. the four equivalent
conditions in Proposition 2.2 (ii) are satisfied.
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Proof. Step 1: we consider the identification £ = & H,, H, = H. In this case
vel

any element N in the crossed product N C L(K) can be seen as a matrix of the
form

(3.8) Nyy =o' (AYy™) . o, verl,

where v — A(7v) is a mapping from I' — A (cf. Remark 3.1). Moreover, defining
the unitary map

W:H® *T) — %H” ;o P®& = (§9)yer

it is straightforward to compute the matrix form of the projections R; = P,®Q); €
L(K):

°) * Ql Oy ) 7/77 € Fz
(Ri)pny = (WR,W™).0y = { o

0, otherwise .
The commutator of R; with any N € A is
( [Ql? N’y"y] ’ 7/7,7 € FZ
o~ Qi Ny vy¢l;, v el
7], -
'y - ’y”yQi7 VEan’Y/?éFz
\07 Pygérlaﬁ)/gérl

Step 2: we will check first the Fglner condition on the product of generating el-
ements m(M) U(y0), 70 € I', M € A (cf. Egs. (3.2) and (3.3)). The corresponding
matrix elements are given according to Eq. (3.6) by

Nyy = O‘;'l(M) O’ oy -

Evaluating the commutator with R; on the basis elements {eify}iy , with £,(7) =
Oy, We get

(3.9)

(([Qi, as,(M)] erfyy s v € (g To) N

Qi O@ol’Y(M) €l f'ym ) S (’70_1Fz‘) \ I
\07 7¢FZ,’Y¢’}/61FZ

Ri (DU ()] et =




10 F. LLEDO

From this we obtain the following estimates in the Hilbert-Schmidt norm:

|[7. =anu6o]||

2
2

N Z H [E’ (W<M)U(’Yo))} el fy

< 30 @i s D]+ 2105 T AT (M Q413

Y€ (v tTi)ND;
_ 2 —
< [Tl maxc [[[Qs, a3 (D] [, + 213 T AT 1M Qi3 -

Using now the hypothesis (3.7) as well as the amenability of I" via Eq. (2.1) we
get finally

|7, Ty ], < e 19 ONTy oo 16 TDAT
Iz S NN |

and
2

|[R:. o) |
|7

Thus, we have shown the Fglner condition for the sequence {R;}; on the product
of generating elements of the crossed product. By Proposition 2.2 (i) we have
that {R;}; is also a Fglner sequence for their C*-closure

N=Ax,T:= o*({U(%),w(M) el Me A}) .
and the proof is concluded. [l

lim 2=0, McA,yperl.

(2

2
2

The preceding result extends Proposition 3.2 (proved by Bédos), since in the
special case where H is one-dimensional and A = C1, the crossed product reduces
to the group C*-algebra Ar.

Remark 3.5. The compatibility condition (3.7) in the choices of the two Folner
sequences requires some comments:

(i) Note that the compatibility condition already implies that the sequence
{Qi}i must be a Folner sequence for the C*-algebra A. In fact, this is one
of the assumptions in Theorem 3.4 that A has a Folner sequence.

(i) Eq. (3.7) is trivially satisfied in some cases: If T is finite, then the compat-
wbility condition is a consequence of the Falner condtion in Definition 2.1.

Another example is given by the crossed product (>°(I') x, ', where I is
a discrete amenable group, (*°(I') is the von Neumann algebra acting on
the Hilbert space ¢*(T') by multiplication and the action o of T' on (=(T') is



ON SPECTRAL APPROXIMATION, FOLNER SEQUENCES AND CROSSED PRODUCTS 11

given by left translation of the argument. If {T';}; is a Folner sequences for
I’ and we denote by { P;}; the sequence of finite rank orthogonal projections
from (*(T') onto (*(T;), then it is easy to check

[Pi,gl=0, ge=().
Therefore, we have

sup || [P, 05 (9)] 2 =0, ge =)
~vel

and we may apply Theorem 3.4 to this situation. This particular example
15 essentially the context in which Bédos studies crossed products in Sec-
tion 3 of [5]. In fact, in this very special context one can trace back the
existence of a Folner sequences for the crossed product to the amenability
of the discrete group (see Proposition 14 in [5]).

4. APPLICATIONS

We will apply next the results of the previous sections in two different situa-
tions. The following examples should only illustrate the potential applicability
of Folner sequences.

4.1. The example of the rotation algebra. The rotation algebra Ay, 6 € R,
is the (universal) C*-algebra generated by two unitaries U and V' that satisfy the
equation

UV =7V,

When 6 is an integer, the algebra Ay is isomorphic to the Abelian C*-algebra
C(T?) of continuous functions on the 2-torus. For this reason, when, e.g., 0 is
irrational, Ay is called a non-commutative torus. Moreover, Ay has in this case
a unique faithful tracial state 7 which can be interpreted as a non-commutative
analogue of the Haar measure on T?. (See [9] for a thorough presentation.)

The rotation algebra is one of the fundamental examples in the theory C*-
algebras and has been extensively used in mathematical physics. Interesting
examples from the spectral point of view, like the almost Mathieu operators or
discrete Schrodinger operators with magnetic potentials (Harper operators), can
be identified as elements of the rotation algebra (cf. [39, 9]). In fact, consider for
example the following representation of the generators U,V on H := (*(Z):

(U =61 and (V&) := e ¢,

where £ = (&)r € H. One defines the almost Mathieu operator with real param-
eters 0, \, 3 as

A . .
(41) H97)\75 =U + U + § (GQMBV + 6_27”31/*) € ./49 .

These classes of operators have a natural generalization to arbitrary graphs.
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An important fact for our purposes is that the rotation algebra can also be
expressed as a crossed product

Ay =2 C(T) 1o Z

where C(T) are the continuous function on the unit circle and the action «:
Z — C(T) is given by rotation of the argument:

(4.2) a(f)(z) = f (™ 2) | feC(T), z€T.

We will apply our main result to the C*-crossed product Ay. Let {ex(2) := 2" |
k € Z} be an orhtonormal basis of Hilbert space H := L*(T) with the normal-
ized Haar measure. We choose (as in [5, p. 216]) a Folner sequence {Q }nen,,
where (),, denotes the orthogonal projection onto the subspace generated by
{e; | i = 0,...n}. Moreover, we choose for the group I' = 7Z the Fglner se-
quence I';, ;== {—n,—(n—1),...,(n—1),n} and denote by P, the corresponding
finite-rank orthogonal projections on ¢?(Z). First we verify that the compatibility
condition (3.7) for our choice of Fglner sequences:

Lemma 4.1. Consider the previous Folner sequence {Qy}, for the Abelian C*-
algebra A := C(T) and the group action a: Z — C(T) definded in Eq. (4.2).
Then for g € C(T) we have

1[@ns i @], = 1 @u gl N2, kEZ,

<max 10w o (o) H2> =0, forall geC(T).

kel 1Qnll2

and

lim
n—oo

Proof. The first equation is a consequence of the some elementary statements in
harmonic analysis:

HQu i @] 5= > 1(Qnar(g) — a-i(g) Qu)all”

l=—0

=Y Il -Qax@al’ + Y lQualg)al’

_ Z i ’627”' k6(m—1) Gim — l)}Q
0

me(Z\{0,...,n}) I=

4 zn: Z ‘627rik0(m—l) G(m — l)|2

m=0 1e(Z\{0,...,n})

= [ [@n. 9] 5 -
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The second equation follows directly from the first equation and the fact that
{Qn}n is a Folner sequence for the algebra C(T). O

Proposition 4.2. Let Ay = C(T) x, Z, with 6 irrational, be the C*-algebra
associated to the rotation algebra and acting on K = (*(Z) @ H.

(i) Consider the sequences {Qn nen, and {P,}nen, defined before. Then
{Rn = Pn & Qn}nGNo

18 a Folner sequence for Ag.

(il) Let T' € Ay be a selfadjoint element in the rotation algebra and denote by
wr the spectral measure associated with the unique trace of Ag. Consider
the compressions T,, := R, TR, and denote by u’. the probability measures
on R supported on the spectrum of (T,). Then p% — pr in the weak™-
topology, i.e.

i - (FOua) 4+ 4 FOun)) = [ FVAO) . f € Gol®).

n—00 dn

where d,, is the dimension of the R, and {\1,,..., a,n} are the eigen-
values (repeated according to multiplicity) of T,,.

Proof. Part (i) follows from Theorem 3.4 and Lemma 4.1. To prove Part (ii) recall
Ay has a unique trace ([9]). The rest of the statement is a direct application of
Theorem 6 (iii) in [5] to the example of the rotation algebra. O

Since almost Mathieu operator Hy ) g defined in Eq. (4.1) are self-adjoint el-
ements in Ay, we can apply part (ii) of the precedent proposition. In this case
the discrete measures pf; are supported on the eigenvalues of the corresponding
finite section matrices.

4.2. Jacobi operators. Jacobi operators have have been used in many branches
of mathematics. E.g., they can be interpreted as a discrete version of Schrodinger
operators and appear in the approximation of differential operators by difference
operators (see, e.g., [1]). Moreover, the relation between selfadjoint tridiagonal
infinite Jacobi matrices and orthogonal polynomials is by now a standard fact.
In Chapter 2 of [22] it is shown that there is a one-to-one corresondence between
bounded selfadjoint Jacobi operators J and probability measures p with with
compact support. The purpose of this subsection is to illustrate how naturally
the notion of Fglner sequence fits into the analysis of this class of operators.
Consider on H := (?(Ny) with canonical basis {e; | i = 0,1,2,...} the infinite

Jacobi matrix

Qo bo 0 0

b6 aq bl 0
(4.3) J = 0 b, ar by
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If the diagonals a = (ag, ay,...), 8 = (bo,b1,...), 0 = (b}, b},...) are bounded
(i.e., a, 38,3 € £*°(Np)), then J is a bounded operator. Moreover, if D, = diag(«)
denotes the diagonal operator, then J can be decomposed as

(4.4) J=Dy+DsS*+SDg
where Se; := e;11 is the shift already considered in Example 2.4 (i).
Proposition 4.3. Denote by J the set of all bounded Jacobi matrices as in

Eq. (4.83). Then {P,},, where P, are the orthogonal projections onto span{e; |
i=0,1,2,...,n} is a Folner sequence for C*(J).

Proof. By Proposition 2.2 (i) it is enough to check Eq. 2.2 for the generating set
J. For any J € J we have using the decomposition (4.4)

I, Balllz < [[Da, Balllz +[11DsS™, Poll2 + [[15Dgr, Palll2
—_——

0
< (1Dl NIS™s Palllz + (115, Balll2l| D |-

Folner’s condition in Eq. (2.2) follows from the computation in Example 2.4 (i).
U

Let J € J be selfadjoint and denote by p the spectral measure associated to
the cyclic vector eg. The support of the (discrete) spectral measures u’ of the
finite sections J, = P, JP, (with P, as in the preceding propostion) correspond
precisely with the zeros of the polynomials p, which are orthogonal with respect
to p. For any Borel set A C R define N,,(A) to be the number of eigenvalues of
J, counting multiplicities contained in A. Note that in this case we have

iy = 8

Following Arveson [2, 3] we say that A € R is essential if for every open set A C R
containing A, we have

lim N,(A) =o00.

The set of essential points is denoted by Aess(J/). Recall finally that in this context
the essential spectrum of the selfadjoint Jacobi operator J is defined by

Oess(J) = 0(J) \ oaisc(J)

where A\ € ogisc(J) if it is an isolated eigenvalue in the spectrum o(J) whose
eigenspace is finite dimensional. Then since for tridiagonal Jacobi matrices we
have that

suprank (P,J — JP,) <2

we can apply a theorem by Arveson to conclude that

Uess(J) = Aess(J) :
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This result shows the way in which one can recover the essential spectrum of .J
out of its finite sections.

Acknowledgements: I would like to thank invitations of Vadim Kostrykin to
the Universitit Mainz (Germany) and of Pere Ara to the Universitat Autonoma
de Barcelona. 1t is a pleasure to thank useful conversations with Pere Ara, Nate
Brown, Marius Dadarlat, Alfredo Deano, Rachid el Harti, Vadim Kostrykin,
Paulo Pinto and Dmitry Yakubovich on this subject.

[1]
2]

3]

REFERENCES

W. Arveson, Improper filtrations for C*-algebras: spectra of unilateral tridiagonal opera-
tors, Acta Sci. Math. (Szeged) 57 (1993), 11-24.

W. Arveson, C*-algebras and numerical linear algebra, J. Funct. Anal. 122 (1994),
333-360.

W. Arveson, The role of C*-algebras in infinite dimensional numerical linear algebra,
In C*-Algebras: 1943-1993. A Fifty Year Celebration, R.S. Doran (ed.), Contemporary
Mathematics Vol. 167, American Mathematical Society, Providence, Rhode Island, 1994;
pp. 115-129.

M. Ahues, A. Largillier and B.V. Limaye, Spectral Computations for Bounded Operators,
Chapman & Hall/CRC, Boca Raton, 2001.

E. Bédos, On Fglner nets, Szegd’s theorem and other eigenvalue distribution theorems,
Expo. Math. 15 (1997), 193-228. Erratum: Expo. Math. 15 (1997), 384.

E. Bédos, Notes on hypertraces and C*-algebras, J. Operator Theory 34 (1995,) 285-306.
E. Bédos, On filtrations for C*-algebras, Pacific J. Math. 20 (1994), 63-74.

B. Blackadar, The algebraization of dynamics: Amenability, nuclearity, quasidiagonality,
and approximate finite dimensionality, In Operator Algebras, Quantization, and Noncom-
mutative Geometry, R.S. Doran and R.V. Kadison (eds.), Contemporary Mathematics
Vol. 365, American Mathematical Society, Providence, Rhode Island, 2004; pp. 51-83.
F.P. Boca, Rotation C*-algebras and Almost Mathieu Operators, The Theta Foundation,
Bucarest, 2001.

A. Bottcher, C*-algebras in numerical analysis, Irish Math. Soc. Bull. 45 (2000), 57-133.
N.P. Brown, Invariant means and finite representation theory of C*-algebras, Mem. Am.
Math. Soc. 184(865) (2006), 1-105.

N.P. Brown, AF embeddings and the numerical computation of spectra in the irrational
rotation algebra, Numer. Funct. Anal. Optim. 27 (2006), 517-528.

N.P. Brown, On quasidiagonal C*-algebras, In Advanced Studies in Pure Mathematics 38:
Operator Algebras and Applications, H. Kosaki (ed.), Mathematical Society of Japan, 2004,
pp. 19-64

N.P. Brown, Quasidiagonality and the finite section method, Math. Comput. 76 (2006),
339-360.

N.P. Brown and N. Ozawa, C*-Algebras and Finite-Dimensional Approzimations, Ameri-
can Mathematical Society, Providence, Rhode Island, 2008.

R. Hagen, S. Roch and B. Silbermann, C*-Algebras and Numerical Analysis, Marcel
Dekker, Inc., New York, 2001.

F. Chatelin, Spectral Approximation of Linear Operators, Academic Press, New York, 1983.
A. Connes, Classification of injective factors. Cases IIy, I, Iy, X # 1, Ann. Math. 104
(1976), 73-115.

A. Connes, On the classification of von Neumann algebras and their automorphisms, In
Symposia Mathematica, Vol. XX (Convegno sulle Algebre C* e loro Applicazioni in Fisica



16

[44]

F. LLEDO

Teorica, Convegno sulla Teoria degli Operatori Indice e Teoria K, INDAM, Rome, 1975),
Academic Press, London, 1976.

K.R. Davidson, C*-Algebras by Example, American Mathematical Society , Providence,
Rhode Island, 1996.

E.B. Davies and M. Plum, Spectral pollution, IMA J. Numer. Anal. 24 (2004), 417-438.
P. Deift, Orthogonal Polynomials and Random Matrices: A Riemann-Hilbert Approach,
American Mathematical Society, Providence, Rhode Island, 1998.

U. Grenander and G. Szegd, Toeplitz Forms and their Applications, Chelsea Publ. Co.,
New York, 1984.

P.R. Halmos, Quasitriangular operators, Acta Sci. Math. (Szeged) 29 (1968), 283-293.
P.R. Halmos, Ten problems in Hilbert space, Bull. Amer. Math. Society 76 (1970,) 887-933.
A.C. Hansen, On the approximation of spectra of linear operators on Hilbert spaces,
J. Funct. Anal. 254 (2008), 2092-2126.

A.C. Hansen, On the Solvability Complezity Indez, the n-pseudospectrum and approxima-
tions of spectra of operators, J. Amer. Math. Soc. 24 (2011), 81-124.

R. V. Kadison and J. R. Ringrose, Fundamentals of the Theory of Operator Algbras. Volume
1I: Advanced Theory, Academic, Orlando, 1986.

A .B. Kuijlaars, Which eigenvalues are found by the Lanczos method?, STAM J. Matrix
Anal. Appl. 22 (2000), 306-321.

D.H. Lenz,Random operators and crossed products, Math. Phys. Anal. Geom. 2 (1999),
197-220.

S. Orfanos, Quasidiagonality of crossed products, to appear in J. Operator Theory

S. Orfanos, Generalized Bunce-Deddens Algebras, Proc. Amer. Math. Soc. 138 (2010),
299-308.

A L. Paterson, Amenability, American Mathematical Society, Providence, Rhode Island,
1988.

M. Pimsner and D. Voiculescu, Fzact sequences for K-groups and EXT-groups of certain
cross product C*-algebras, J. Operator Theory 4 (1980), 93-118.

S. Popa, A short proof of “injectivity implies hyperfiniteness” for finite von Neumann
algebras, J. Operator Theory 16 (1986), 261-272.

S. Popa, On amenability in type II; factors, in Operator Algebras and Applications Vol. II,
London Math. Soc. Lect. Notes Ser. 136, Cambridge University Press, Cambridge, 1988;
pp. 173-183.

M. Reed and B. Simon, Methods of modern mathematical physics I: Functional analysis,
Academic Press, New York, 1980.

R. Smucker, Quasidiagonal weighted shifts, Pacific J. Math. 98 (1982), 173-182

T. Sunada, A discrete analogue of periodic magnetic Schrodinger operators, In Geometry
of the Spectrum, P. Perry, R. Brooks and C. Gordon (eds.), Contemporary Mathematics
Vol. 173, American Mathematical Society, Providence, Rhode Island, 1994; pp. 283—-299.
G. Szegd, Beitrage zur Theorie der Toeplitzschen Formen. (Erste Mitteilung), Math.
Zeitschrift 6 (1920), 167-202.

V.S. Sunder, An Invitation to von Neumann Algebras, Springer, New York, 1987.

M. Takesaki, Theory of Operator Algebras. I, Springer Verlag, Berlin, 2002.

D. Voiculescu, Around quasidiagonal operators, Integr. Equat. Oper. Theory 17 (1993),
137-149.

H. Widom, Toeplitz operators, In Studies of Real and Complex Analysis, 1.1. Hirschman Jr.
(ed.), Prentice Hall Inc., Englewood Cliffs, New York, 1965; pp. 179-2009.



ON SPECTRAL APPROXIMATION, FOLNER SEQUENCES AND CROSSED PRODUCTS 17

F. LLEDO
DEPARTMENT OF MATHEMATICS
UNIVERSITY CARLOS III, MADRID
AVDA. DE LA UNIVERSIDAD 30
E-28911 LEGANES (MADRID), SPAIN
AND
ICMAT
c. NicoLAs CABRERA, 13-15
CaMPUS CANTOBLANCO, UAM
28049 MADRID

FE-mail address: £1ledo@math.uc3m.es



