MINIMAL N-POINT DIAMETERS AND f-BEST-PACKING
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ABSTRACT. In terms of the minimal N-point diameter for R¢, we determine,
for a class of continuous real-valued functions f on [0,+o0], the N-point
f-best-packing constant min{f(||lz — y||) : z,y € R?}, where the minimum
is taken over point sets of cardinality N. We also obtain asymptotic results (as
N — o0) for this minimal diameter as well as for the f-best-packing constants.

Let f be a non-negative function on [0,00) and wy = {x1,29,...,2x} a col-
lection of N distinct points in Euclidean space R?. Set

5(f) = min f(lr )

T#Y
where || - || denotes the Euclidean norm. In this article we investigate the N-point
f-best-packing constant
(1) 0a(N; f) == sup 67%(f) = sup  min f(|lz —yl]),
wyCRY wnyCRY x,gin
#wn=N Hwun=N Y

where #A denotes the cardinality of a set A. A collection of N points wi C R?
is said to be an N-point f-best-packing configuration if (52)1*\’(f) = 04(N; f).

The classical best-packing problem is the problem of finding a configuration of
N points on a given compact set A with the largest minimal pairwise distance.
Formulated for the Euclidean space R? this becomes the asymptotic problem of
finding the largest density of an infinite collection of non-overlapping equal balls
in R? (see e.g. [3], [7]). We denote this mazimal sphere packing density in R?

by Ag; e.g. A =1, Ay =7/3/12 (cf. [9]) and As = 7/+/18 (cf. [10]).

As a natural extension, the asymptotics of certain weighted best-packing prob-
lems on compact sets are investigated in [5]. Here we consider such problems for
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a certain class A of functions f defined on all of R? for fixed N (see Theorem 1)
as well as provide asymptotic results (as N — oo) in Corollaries 2 and 3. For
example, for Gaussian weighted best-packing on R?, i.e, f(t) = texp(—t?), our
results yield in particular for N = 7 that &(7; f) = 27%/3((1/3)log2)"/? and,
furthermore,

A, (%—1)/2 N 1/2 1 N 1/2

An important role in our investigation is played by the quantity

(3) Dy(N):= min {max#j”f”"_xj”},

Z1,...,x Ny ER? mink# ||1Ek — .Tg”

which is called the minimal N-point diameter for R%. That the minimum of the
ratio in (3) is attained may be seen using a scaling argument. Clearly, D;(N) =

N —1 for each N > 2. For d = 2, the exact values of Dy(N) are known (cf. [1],[2])
for N up to 8, and asymptotically there holds

(4) Dy(N) = (N/A)Y2 4+ 0(1) as N — cc.

Furthermore, it is shown by A. Schiirmann in [12] that for N sufficiently large,
optimal configurations for Dy(N) are (somewhat surprisingly) always non-lattice
packings, as conjectured by P. Erdos.

In comparison with (4) whose proof relies on results of [9] that are special for
the plane, we show in Theorem 2 that for all d > 2 we have Dy(N) ~ (N/Ad)l/d
as N — oo.

Our first theorem applies to the class A of functions f € C(]0,00)) such that
f(0) =0, f(t) >0 for t > 0, lim;_, f(t) = 0, and such that there exist positive
numbers ¢, M (¢ < M) with the properties that f is strictly increasing on [0, €]
and is strictly decreasing on [M,00). We may assume, without loss of generality,
that, for f € A, the parameters € and M in the above definition further satisfy
(5) fle) = f(M) = min f(t).

Lemma 1. Suppose f € A with parameters e and M that satisfy (5). Ifa > M/e,
then there is a unique positive solution t = 7(«) to the equation

(6) f(t) = flat).
Furthermore, T(a) € (M/a,¢€).
Proof. Consider ¢(t) := f(at)— f(t) for t > 0. Since M/a < €, f(at) is decreasing

for t € [M/a,00). Furthermore, since f is increasing on [0,¢], it easily follows
that ¢ is (strictly) decreasing on [M/a,e] and that

g(M/a) = f(M)— f(M/a)= f(e) = f(M/a) > 0.
We also have

g(e) = flazg) = f(e) < (M) = f(e) = 0
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since f is decreasing on [M, 00) and ae > M. Hence, g has exactly one zero in
(M/a, ), or equivalently, (6) has exactly one solution t = 7(«a) € (M/a,¢€).

If t > M, then f(at) < f(t) since f is increasing on [M,00). If e <t < M,
then f(t) > f(M) > f(at) since at > ae > M. Therefore, there are no values
of t > ¢ that satisfy (6). A similar analysis shows that (6) has no solutions in
(0, M/a] and so t = 7(«) is the unique solution of (6) for ¢ > 0. O

Our first main result is the following:

Theorem 1. Let f € A with parameters € and M that satisfy (5). Let Ny be
such that Dg(N) > M/e for N > Ny and txy = 7(D4(N)) denote the unique value
of t > 0 such that

(7) f(t) = f(Da(N)t).
Then
(8) 6a(N; f) = f(tn), N > No.

Moreover, a collection of N(> Ny) distinct points wy = {xx}h_, C R? is an
N-point f-best-packing configuration if and only if
9) min ||z —y|| =ty and diam(wy) = txnDa(N).

T,YEWN

T#Y

Proof. Let N > Ny and let wy = {x3}_, be a collection of N points in R? such
that rninl-;,gj H.TZ — l'J” = tN and diam(wN) = tNDd(N> Then

(10) tn < |lo; — aj]| < tnvDa(N), (v # 7).

By Lemma 1, we have tx < € and tyDy(N) > M. From (5), the definition of ¢y
and the monotonicity properties of f we have
tn) = min t
)= e 238 n T )
which, together with (10) implies that f(||z; — x;||) > f(tn) for all 4,5 (i # 7).
Since ||z; — z;|| = ty for some pair ¢, (i # j), we have

9 (1) = min f (s = a5]) = f(tx)

and so dq(N; f) > f(tn).

Let Oy = {yx | k =1,..., N} denote an arbitrary N-point configuration in R?
and let ¢ := min;; ||y; — y;||. Since f is increasing on [0,¢] and ¢y < €, we have
SN (f) < fltn) if T < ty, i.e. the configuration @y is not optimal. On the other
hand, if ¢ > ¢y, then diam (0y) > Dg(N)t > D4(N)ty and so there must be
some i, j such that ||y; — y;|| > Da(N)t. Hence, 657 (f) < f(Da(N)tn) = f(tn)
with equality if and only if both ¢ = ty and diam wy = Dg(N)ty. Therefore,
da(N; f) = f(tn) and a configuration is optimal if and only if the conditions
(9) hold. 0
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For the sake of illustration, consider the function f,, € A defined by f, ,(t) = t?
if 0 <t<1and f,,(t) =t"9if t > 1 where p,q > 0 satisfy 1/p+1/q = 1. The
unique solution of (6) is 7(a) = a~%®*9 for a > 1. Then f,,(7(a)) = 1/a and,
by Theorem 1,

(11) 64(N; fpq) =1/Da(N) =  max {mmk# 2 — @l } .

max; || — ;]|

On letting p — 1 and ¢ — oo, f,, tends to fi . where fi () =t for 0 <t <1
and fi.(t) = 0 for £ > 1 for which the equality in (11) is apparent from the
definitions of these quantities.

For the case d = 1, we have D;(N) = N — 1 and any configuration of N points
that attains Dy (N) in (3) for N > 2 must be of the form {ck+b|k =0,..., N—1}
for any fixed constants b and ¢ # 0. We thus obtain the following.

Corollary 1. Let f € A and d = 1. Let Ty = 7(N — 1) be the unique solution
of equation (6) with « = N —1 > M/e. Then 6;(N; f) = f(tn) and any f-
best-packing configuration is of the form {tyk +b|k =0,...,N — 1} for some
constant b.

For example if f(t) = texp(—t?), B > 0, we can take ¢ = M = 37'/% and we
deduce that for d =1 and N > 2,

[ log(N —1) 1/8
= {m}
and
51(N; f) = Nog(N —1) v (N — 1)~ /v=17=1)
e (N—-1)F-1

with an optimal configuration wy = {txk}r . (For N =2, we find 6,(2; f) =
B~1/8 exp(—1/3) with an optimal configuration being {0, 3'/#}.)

We remark that for the Gaussian weighted problem mentioned earlier, the
computation of d5(7; f) follows easily from Theorem 1 and the fact that Dy(7) = 2.

Theorem 2. Ford=1,2,3,..., we have

. D4(N)
A =g

where Ay denotes, as before, the mazimal sphere packing density in R.

Proof. For a compact set A C R? let M(A, p) denote the maximum number of
points that can be placed in A under the constraint that the distance between any
two points is greater than or equal to p. Then it is known (cf. [6, Appendix A])
that for any compact convex set A C R? of unit volume that

(12) Ay = lim M(A, 2p)Bap"
p—
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where [3; denotes the volume of the unit ball in R

Now let N > 2 and B(a,r) denote the closed ball centered at a with radius r.
To obtain an upper limit, we make the following observations.
() Since Dy is a nondecreasing function, the inequality Dy(N) < Dy(N') implies
N <N
(ii) For T' > 0, we have T' > Dy4(M(B(0,7/2),1)) since there is a configuration
of M(B(0,T/2),1) points that lie in a set of diameter T
(iii) For T' > 1, the strict inequality M (B(0, (T +1)/2),1)) > M(B(0,7/2),1))
holds since B(—(1/2)e;,T/2) U{(T'+1)/2)e;} C B(0,(T'+1)/2).
(iv) For N > 2 it follows from (ii) and (iii) that

Dy(N) = Da(M(B(0, Da(N)/2),1)) > Da(M(B(0, (Da(N) —1)/2),1)).

Hence by (i) we have
Then, using (10) and defining py := 1/(Dg(N) — 1), we have

msup =77t < lmsup Da(N)[M(B(0,1),2/(Da(N) = 1))~

= [ lim (14 pw) pnM(B(0, 1), 2pw)] 4 = A,

since Dy(N) — oo and hence py — 0 as N — oo.
To obtain the lower estimate, let wy denote a configuration of N > 2 points
in R? such that min [z —y[| =1 and diam(wy) = Dg(N). Also, let Ky denote
,ziu;N
the convex hull of wy.
For v > 1, let 7, := {7[0, 1] + vz | z € Z},

and Ly, := #{V € T, |V N Ky # 0}. Note that Ky, C Ky(yVd) where, for
p >0, A(p) denotes the set of points in R? whose distance from A is less than or
equal to p. Then diam(Ky(yV/d)) = Dy(N) + 2vv/d and we have, for y > 1,

d
Ly, < 'Y_d VOI(KN(’Y\/E)) < 7_d (Dd(N);L 2y d) 3,

where we used the isodiametric inequality ([13], see also [4]) that Vol(A) <
B4(diam(A)/2)¢ for any bounded measurable set A C R%. Then we obtain

N < M<KN> 1) < M(KN,’W 1) < LN,7M<7[07 1]d7 1)

< (29) (DulN) + 24V) " BaM (0,11, 1/).
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Let (yn)%_, be such that yx > 1, and vy — oo and ywN Y4 — 0 as N — co.
Then
.. Dd(N) .. —1/d ’YN\/E
lim inf =727 > lim inf (M ([0, 1%, 1/7w)B4(1/(2v))") " = 75
= A4 O

It seems plausible (cf. [2]) that the following stronger result holds.

Conjecture. For all d > 3,
Dy(N) = NYIA;Y* 4 0(1), N — oo.

We remark that at the conclusion of their article [1], Bateman and Erdds
briefly mention that for N — oo “there are asymptotic relations of the form
%Dd(N ) ~ cgN/? for some unknown constant cg and refer to a paper of Rankin
[11]. However, to the authors’ knowledge, there appears no explicit proof of this
fact for arbitrary d in [11] or elsewhere.

Theorem 1 together with Equation (4) and Theorem 2 allow us to establish
some asymptotic estimates for the N-point f-best-packing constant d4(N; f) of
a fixed function f € A. For example, from (4) and (11) we have

71_1/2 B B
02(N; fra) = 1/Da(N) = 7N V2L 0N, N — o,

and, for d > 2,
54(N; fpq) = 1/Dg(N) = AYIN=VI L o(N~V4) N — .

We will now investigate how well d4(NV; f) can be approximated by
f(T(Nl/dAgl/d)), as N — oo, where 7(«) is the unique solution of (6). For
this purpose the following simple lemma is useful.

Lemma 2. Let f, M, and € be as in Lemma 1 and let A and A + X\ both be
greater than M/e. If X < 0, we further assume that A < (A + \)%. Then the
following inequalities hold:

(13)  SATA/A ) < S+ ) < Jr(4), #A0
(1) AT N < J(r(A+N) < S(Ar(A), A0,

AT(A) , AT(A)
15) ) < s < £ (F55) <o G <

(16) f(AT(A)) < f(r(A+ X)) < F((A+N)7(A)), if A< 0, e < (A+ N7 (A).
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Proof. The inequalities follow easily from the facts that 7(t) is decreasing and
t7(t) is increasing for ¢t > M/e. O

This lemma allows us to obtain asymptotic estimates on d4(N; f), d > 2, for

some subclasses of functions f € A. Set A := Nl/dAgl/d, A= Dy(N)—A. Then
by applying Theorem 2 and Lemma 2 we immediately obtain the following.

Corollary 2. Let f € A, d > 2. If at least one of the following two conditions
holds,

(i) tlir@% = 1, for any g such that t + g(t) > 0 fort > 0 and
g=o(t),t— 0", or
(ii) tlirglom%tg)(m =1, for any g = o(t), t — oo,
then
. 0a(NV; f) _
(17) A}Enoo f(T(Nl/dAgl/d)) =1

For the Gaussian weighted best-packing problem in R? mentioned earlier, where
f(t) = texp(—t?), the above corollary readily yields the asymptotic result (2).
Similarly, if d = 2, then (4) implies the following:

Corollary 3. Let f € A. If, for some € (0,1), both of the following conditions
hold,

(18) tlirgl+ W =1, for each g(t) = O(t'*Y/%) t — 07T,
and
(19) tlim f(t;(g(t)) =1, for each g(t) = Ot 1=9)) ¢t — oo,
then

. 2(N; f)
2 I @) !

Proof. If 7(Dy(N)) > N8/2 for some sequence of integers N, then (20) holds
by (4), (13), (15), (18), while if 7(Dy(N)) < N75/2 for infinitely many N,
then (20) holds by (4), (14), (16), (19). O

The following example illustrates the sharpness of Corollary 3. Let f(z) =
exp{—1/2?} for z € (0,1), and f(z) = exp{—2?} for x > 1. We have

121/4
02(N; f) = exp{—Da(N)} = O(eXP{—le/Q})a N — oo,

f(t+g(t)) =O(f(t)), foreach g(t) = O(t*), t — 0,
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and
ft+g(t)) =O0(f(t)), foreach g(t)=O0(1/t), t — occ.

This example shows that Corollary 3 is optimal in the sense that it is not pos-
sible to simultaneously increase the constant 1+ 1/ and reduce the constant

—B/(1=7).
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