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SOBOLEV ORTHOGONAL POLYNOMIALS ON A SIMPLEX
RABIA AKTAS AND YUAN XU

ABSTRACT. The Jacobi polynomials on the simplex are orthogonal polynomi-
als with respect to the weight function W, (z) = z]" --- z)*(1 — |z|)?*+* when
all 7, > —1 and they are eigenfunctions of a second order partial differential
operator L.. The singular cases that some, or all, vq,...,v441 are —1 are
studied in this paper. Firstly a complete basis of polynomials that are eigen-
functions of L., in each singular case is found. Secondly, these polynomials are
shown to be orthogonal with respect to an inner product which is explicitly
determined. This inner product involves derivatives of the functions, hence the
name Sobolev orthogonal polynomials.

1. INTRODUCTION

The purpose of this paper is to study the limiting case of classical orthogonal
polynomials on the simplex when the weight function becomes singular. Let 7%
be the d-dimensional simplex defined by

T ={r R :2,>0,...,24 > 0,1 — |z| >0},
where |z| := 2, + - - - + 24. The classical weight function on T is defined by
(1.1) Wy (z) = 2] - 2) (1 — |z])+, ze T

where 7, are real numbers, usually assumed to satisfy +; > —1 to ensure the

integrability of W, on T9. Let ¢y, = 1 / Jpa Wo(x)dz denote the normalization
constant.

Let 1Y = R[z] be the ring of polynomials in d-variables and let I1¢ denote the
subspace of polynomials of total degree at most n. When all 7; > —1, the bilinear
form

(F.0)y =y | F@)gla)Wa(a)de

defines an inner product on the space II¢ of polynomials of d-variables. The
orthogonal polynomials with respect to this inner product have been studied

2010 Mathematics Subject Classification. 33C50, 33E30,42C05.

Key words and phrases. Sobolev orthogonal polynomials, simplex, eigenfunctions, partial
differential operators.
The work of the second author was supported in part by NSF Grant DMS-1106113.
1



CRM Preprint Series number 1064

2 RABIA AKTAS AND YUAN XU

extensively (cf. [7]). In particular, let V¢(W.,,) denote the space of orthogonal
polynomials of degree n with respect to (-,-).. Then, for all P € Vi(W,),

92P 0*P
(12)  LyPi=) il - ) Gz 2 > wa D20z,
Py 1<i<j<d
d

oP
+;(%+1 (il +d+ 1)) 5 - = —n(n+hl +d) P,
where |y| := 71 4+ -+ + Yay1. In other words, orthogonal polynomials of degree n
are eigenfunctions of the differential operator L.,.

If some or all v; equal to —1, the weight function becomes singular and or-
thogonal polynomials with respect to W, are no longer well defined. In fact, the
Jacobi polynomials on the simplex defined via the Rodrigue formula can be ex-
tended to the case of 7; < —1. In the case of all 7; = —1, they have been used to
study certain approximation processes in [14, 16], but this family of polynomials
does not provide a complete basis. On the other hand, the equation (1.2) still
makes sense if some, or all, 7; = —1. Thus, it is natural to ask two questions:
firstly if (1.2) still has a complete basis of polynomial solutions, and secondly,
when the answer to the first question is affirmative, if these polynomial solutions
are orthogonal with respect to an inner product.

The main results of this paper answer both questions affirmatively. More pre-
cisely, for each singular case of some or all 7; = —1, we have identified a complete
basis of polynomials that are eigenfunctions of L., which are given explicitly,
and we have found an inner product explicitly, with respect to which these poly-
nomials are orthogonal. The inner product turns out to involve derivatives of
the functions, so that the orthogonality is not established in the usual L*(W,)
sense, but in a Sobolev space. Such orthogonal polynomials are named Sobolev
orthogonal polynomials.

The problems are motivated by a recent study [13, 18] of analogue problems
on the unit ball, for which the classical weight function takes the form W, (z) =
(1 — [J[]*)*. The orthogonal polynomials with respect to W, on the ball are
eigenfunctions of a second order differential operator L,. In [18], a family of
orthogonal polynomials with respect to an inner product that involves the first
partial derivatives on the unit ball was studied, which turned out to be the
eigenfunctions of L_; as shown in [13].

The Sobolev orthogonal polynomials have been studied extensively when d = 1
(cf. [9]). The simplex T becomes, when d = 1, the interval [0, 1] and W, is the
Jacobi weight function 2%(1 — x)?, where we have written a = v, and 8 = ;. In
this case, Sobolev orthogonal polynomials have been studied by several authors
([1, 2,4, 11]). More precisely, the Sobolev orthogonality of the Jacobi polynomials
{PffN’ﬂ )}nZO was studied in [3], and the case {PA*N**N)}@O was studied in [4], in
both cases N is a positive integer. The particular case of the Jacobi polynomials



CRM Preprint Series number 1064

SOBOLEV ORTHOGONAL POLYNOMIALS ON A SIMPLEX 3

{P{™""V},50 had been previously given in [11]. In the case of d = 2, the simplex
becomes a triangle and the weight function is usually denoted by W,3,. An
observation in [6] shows that the monic basis for W, s, is still a basis when
v = —1and a, 3 > —1, and they are orthogonal with respect to an inner product
that involves the first order derivatives. In contrast to one variable, there are
only a handful papers on Sobolev orthogonal polynomials of several variables
6, 10, 12, 13, 17, 18], see also [8]. It should be mentioned that the studies in
[17, 18] are motivated by problems in numerical solution of Poisson equations [5]
and in optics. Given this background, it is somewhat surprising that there have
been so few studies of the Sobolev orthogonal polynomials of several variables.
It is our hope that the results in this paper will help to kindle more interests on
this topic.

The paper is organized as follows. In the next section we recall results on Jacobi
polynomials and classical orthogonal polynomials on the simplex, where we will
also present several new properties on the simplex, including how orthogonal
bases on the faces of T¢ arise from some of the orthogonal polynomials on 7%,
which are of independent interest. The main results are stated in the third
section, where we will state the results for d = 2 first to illustrate the results and
illuminate how the results are obtained, as the results in 7% require unavoidably
heavy notations. Finally, the proofs of the main results, including several lemmas,
are given in the fourth section.

2. ORTHOGONAL POLYNOMIALS ON THE SIMPLEX

This section contains background results on orthogonal polynomials that are
necessary for latter sections. After a brief subsection on the classical Jacobi
polynomials, orthogonal polynomials on the triangle are described in the second
subsection and those on the simplex are developed in full generality in the third
subsection, and orthogonal polynomials on the faces of the simplex are discussed
in the fourth subsection.

2.1. Jacobi polynomials. The Jacobi weight function v, g is defined by
Vap(@) = (L=2)*(1+2)’,  a,f>-L
The Jacobi polynomials are given explicitly by the Rodrigue formula

54"

(2.1) PR (g) = —(_1)n(1 —z) (14 x) e

! — [(1— 2™ (1 4 2)"7]

and they satisfy the orthogonality condition

1
(2.2) caﬂ/ Péo"ﬁ)(x)P&a’ﬂ)(a:)vawg(x)dx = hﬁla”g)&%m,
-1
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where
Fa+p4+2) (@ . @+ 1B+ Dula+B+n+1)

Ca,f "= 048D (a + I(B+1)" " 7 nla+B8+2)(a+B+2n+1)

and 0y, ,, is the Kronecker delta. The Jacobi polynomial P also satisfies the
second order differential equation

(2:3) =2y +[f—a—(a+F+2)2]y = —n(a+F+n+1)y,

in other words, it is the eigenfunction of the differential operator in the left hand
side with the eigenvalue —n(a + 5+ n+ 1).

If one of a@ and 3 is a negative integer, then the weight function v, g is no
longer integrable on [—1,1]. Assume a = —[, I € N, then we have [15, (4.22.2)]

(2.4) (e = ("7 (552) P

which is well defined for n > [. In the case of & = —1, defining Pé_l’ﬁ) (x) =1,
then {PT(L_LB )}nZO is well defined and they still satisfy the differential equation
(2.3) for all n = 0,1,.... They are, however, no longer orthogonal polynomials
in the sense of (2.2) but, as it turns out, orthogonal polynomials with respect to
the following Sobolev type inner product [3, 11],

1
(Fg) =MW + [ @+ ) @)y @hdn, A= 0, 5> -1
-1

If both @ = § = —1, then the Jacobi polynomials in (2.1) are well defined for
n > 2. Furthermore, any linear polynomial will be a solution of the equation (2.3)
when n = 0 and 1. In fact, the polynomials Po(fl’fl)(x) =1, Pl(fl’fl)(x) =x+u
and

1
P (@) = 2@ = D@+ DR (@), n=2,
satisfy the equation (2.3) for all n = 0,1,2,.... Furthermore, these polynomials
are orthogonal with respect to the Sobolev type inner product

(F.9) == M Wg(D) + daf (<D(—1) + [ Fla)g(@)do

where Ay and Ay are nonnegative numbers, not both zero, and the constant in

Pl(*lfl)(q;) is given by p = ﬁ

Since the simplex T? becomes [0,1] when d = 1, it is more convenient to
consider the Jacobi polynomials on the interval [0, 1], which we denote by JieP ),
and normalized as

mn

d
) = () (o]
xn
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Up to a constant multiple, J*”(z) = ¢P{*? (22 — 1). These polynomials are
orthogonal on [0, 1] with respect to the weight function
Wap(x) = (1 —2)", o, f>-1
and they satisfy a second order differential equation
r(l—a2)y" +[f+1—(a+8+2)z]y =—nn+a+p+1)y
2.2. Orthogonal polynomials on the triangle. On the triangle 7% := {(z,y) €

R?: 2,9 >0, 1—2—y > 0}, the Jacobi polynomials are orthogonal with respect
to the weight function

Wa,ﬂ,"/<$7y) = xayﬁ(l — &= y)’Y’ 0475,7 > —1.

More precisely, we define the inner product

(fs9)apy = Capn /T S y)g(@,y)Wapq (@, y)dady,

where ¢, 3, is the normalization constant of W, g given by

Fla+068+v+3)
Ca B = 1// Weag~(x,y)dedy = .
2Ty Wesa 0oty = e G TG+ 1)
Let V2(W, 5,) denote the space of orthogonal polynomials of degree n with re-
spect to this inner product. Then P € V(W) if (P, q), 5., = Oforallg € II7

and dim V3(W, 5,) = (n + 1). Among many bases for V2(W, 3,), one is given
by the Rodrigue formula: For 0 < k < n,

(a@,8,7) o -1 " el n— n
(2.5) P57 (x,y) = [Wapns(z,y)] gy E [Py (L — =y )]
It should be noted that the elements of this basis are not mutually orthog-
onal to each other. The triangle T2 is symmetric under the permutation of
(x,y,1 —x —y). Parametrizing the triangle differently leads to two more orthog-
onal bases of V2(W, 5). Indeed, if we define
(26)  Qi(w,y) =Pl (y,2) and Rp(z,y) =P 1 -2 —y,y),

N

then both {R} : 0 < k < n} and {QF : 0 < k < n} are bases of VZ(W, 3,). Upon

changing variables from (2.5), these polynomials are given explicitly by

Qi) = Wapo(2,9)] " =

1 a+n—
gy T e =)

7+n}
and
877,
n . k -1 B4+n—k +k _a+tn
Ry (r0) = (-0 W )] g 7740 = =) a0,
For the study of the Sobolev orthogonal polynomials, it is necessary to un-
derstand the restriction of the basis element on the boundary of the triangle.
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For later use, we state the following proposition, which is the special case of
Lemma 2.10.

Proposition 2.1. Forn=0,1,...,

1. The restriction of PO @B € VW, 5.,) on the line z =0 is J\' (y)
2. The restriction of Poi’ 7 e V2(Wap~) on the liney =0 is Jy (re (:c)
3. The restriction of Fy (1) ¢ V2(Wop~) on the linex +y =1 is J5eP) (y).

There is another basis {Vk(z’ﬁ M0 <k <n}of VA(W,z,) so that P,g?;ﬁ 7 and

Vk( @07 are biorthogonal. This basis will be the special case of d = 2 of the basis
(2.11) in the following section.

2.3. Orthogonal polynomials on the simplex. To simplify the notation, we
set, for z € T, |z| := 21+ - -+ x4 and 24, := 1 —|z|. Furthermore, for v; > —1,
1<i<d+1, we set

Y= (’717 cee 77d7’yd+1> - (’y;’yd—&—l) with Y= (’}/1, - ,’}/d).
Then the weight function W, in (1.1) can be written as
(2.7) Wo(x) = 27(1 — [f)7+.

If all v; > —1, then W, is integrable and we can consider orthogonal polynomials
in the space L*(W,,T?) with respect to the inner product

2.8) (Foahy = [ S e
where ¢, is the normalization constant of W, given by

v +d+1
Cy 1= 1/ Wq(x)dr = <d+1‘ )
T4 [T T+ 1)

Let V4(W.,) denote the space of orthogonal polynomials of degree n with respect
to this inner product. As in the case of two variables, there are several dis-
tinguished bases of V4(W.,). First we state the basis defined via the Rodrigue
formula.

Lemma 2.2. Forn € N¢, v € R and 2 € RY, define

Hnl
(2.9) PY(x) =27 7(1 — |z|) 4 — oy [l-"/-i'n( _ |x|)7d+1+|nq ’
where g\xnn—l = oo n?lnja_nd' If v > =1, 1 <1 < d+ 1, then P] are orthogonal
;rl 'rd

polynomials with respect to W, and { P} : |n| = n} is a basis of VI(W,).
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This is a classical result, see, for example, [7, p. 49]. As a basis of VI(W,),
these polynomials are eigenfunctions of the differential operator L., in (1.2); that
is,

(2.10) L,FY = —n(n+ |+ dP].  |n|=n.

In particular, the differential equation has a complete set of solutions consisting

of (”+7‘f—1) linearly independent polynomials of degree n.

Remark 2.1. Analytic continuation shows that (2.10) still holds if some or all ;
are < —1, in which case, however, {P7 : |n| = n} no longer contains a complete
set of solutions.

If some components of v are negative integers, the polynomial P still satisfies
some orthogonality with respect to a different weight function. More precisely,
we have the following lemma.

Lemma 2.3. Let k be an integer, 1 < k < d, and v € R with vy > —1 for
alli. Let v = (v, —m), where m € N*. Then PY is orthogonal to polynomials of
degree at most |n| — |m| — 1 with respect to W, o, ; that is,

/T PO @)Q() W0, (1)dr =0, VQ € MMy iy .

Proof. Let us denote temporarily z = (x,Xs) with x; € R* 1 and x, € R*!
and, similarly, n = (n;,ny). Furthermore, let m = (m’,mg) with m’ € NF-1,
Then, by the Rodrigue formula (2.9),

J::/ Pl(j’_m)(x)Q(x)W%Ok(x)dx
Td

n|

o m’ mga ni+vy_ns—m’ [n|—mg
= [ =t S g = el } Qo

We perform integration by parts on the last integral. Since 7; > —1, the integra-

tion by parts over the first d — k + 1 variables carries through without problem.

For integration by parts in x4 g2, the first component of x5, the part that is

being integrated out, is zero since, if j < my, then ag:}: - X5 (1 — |2)™Q(x)]
—k+

vanishes for x4 g2 = 0 and |z| = 1, whereas if j > my, then for £ = ng o — 7,

axﬂ—e {x32—m’( 1— ]:z\)'“‘_mo} vanishes on the boundary. Consequently, we con-
d—k+2

clude that

, oml
T= (0P [ ) (1 Jal) Q)] de =0
Td X

since the term insider the bracket is a polynomial of degree |[m|+deg@ < n. O

It should be noted that, instead of 4 = (v, —m), we can assume that ~; is a
negative integer for ¢ in a subset of {1,2,...,d 4+ 1} in the above lemma. The



CRM Preprint Series number 1064

8 RABIA AKTAS AND YUAN XU

result will be similar and the precise formulation should be clear from the above
proof.

The simplex 79 is symmetric under the permutation of (z1, ..., 4, 441). This
symmetry carries over to the Rodrigue basis. Let

Zd = {1,2,,d}
For a subset S of Z,; we denote by |S| the cardinality of S and by S¢ the com-
plement of S, that is, S¢:=Z,;\ S.
Let Gy be the permutation group of k elements; its action on a function ¢ :

R* — R is denoted by g(zo), o € Gy. Just as in the case of d = 2, see (2.6), we
can permute variables and parameters of P} to obtain different bases of V4(W,).

Definition 2.4. Let S = {i1,...,iq} be a subset of Zgi1 and S¢ = {igy1}. Let

Yg = (VS’%@H): where Yg = (Viys - - -+ Vig), and g = (Tiy, ..., Tiy)-

1. Ifd+1¢ S, then S¢ ={d+1}, xsg = (z1,...,24)0 and vs = (V1,...,74)0 for
some 0 € Gq, and vg = (Vs,Va+1). We denote

B o Qinl N N
Ps(ws) = w57 (1= fasl) 700 5 {af 7 (1 = sl e}

0’
2. Ifd+1€ S, then S ={d+ 1,is,...,iq}c for some o € Gy and S° = {ig1},
where i; € Zq. Let xs = (Tap1, Tig, - - Tiy)o and ¥s = (Vat1s Vigs - - -+ Vig)O-

We define then
s a‘n| . +n|
Ys _ .5, Tiata ys+n, Yidt1
Pn (xS) =Tg xid+1 oxh {xS xid+1 ’
S,o
where aXs,U = (—8id+1, (91-2’7;(”1, C ,8%”“)0 with 81 = 8@ and 81"]' = 81 - 8j.

In the case of d + 1 € S, the notation Py®(zg) agrees with that of (2.9), and
it is a simple permutation of P (z). For d = 2, see (2.6).

Lemma 2.5. Let S and PJ*(xg) be defined in the Definition 2.4. Then {PJ*(zs) :

In| = n} is a basis of VI(W,). In particular, P*(zs) are eigenfunctions of the
differential operator L~ given by (1.2).

Proof. In the first case, d + 1 ¢ S, changing variable x +— zo in the integral of
(Pa, 9)., shows immediately that Py®(zs) € Vi(W,).

The second case, d + 1 € S, requires a bit more work. Up to a permutation
in G4, we can assume that S = (d +1,1,...,d — 1). Then 5S¢ = {d}, z¢ =
(Tas1, 21,y Ta—1) and vs = (Ya+1, 71, - - - Ya—1)- Making a change of variable

U =Tgpr =1 —|z|, wus=2a1,...,05 =241

so that 1 — |u| = z4 and, using superscript for the variable with respect to which
the derivative is taking,

o = — o = o o) o = o, — ol
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we obtain from the Rodrigue formula (2.9) that

Hlnl

Y _ n1,.—YS .~ Vd ys+n_vatnl| _ pry

PR () = (—1)" a5 g e |2 = PRo(a).
d Y1, d—1,d

Furthermore, under this change of variables, W, (z) = W, (u). Consequently,

/Td PYs(zg)g(x)W,(x)dr = / PYs(u)g(ug, ..., uq, 1 — |u| )Wy, (uw)du = 0

Td

by the orthogonality of P}, so that Py*(xg) € V4(W,). O

Another basis of V4(W,,) is {V,2(z) : |n| = n,n € N&}, where V,Y are monomial
orthogonal polynomials defined by

nmd n; Z+1nz +dn+m m
eu) W= 3 ] (m) &H;mf(:y'lﬂi))nﬂnlx |

m<n

These polynomials satisfy V;Y(z) = 2™ + Qn(z), Qn € I¢_, and VY € V4(W,),
so that VY is the orthogonal projection of z® in V¢(W,,). Furthermore, we have
the biorthogonal relation

d
- 1 + 1 ng + 1 n
[ v as = Lo Dbt D5,
74 (Iv[+ d+ 1)apm
We note that V) is well defined even if 74,1 = —1, since 441 appears only in

|v| in the right hand side of (2.11). For latter use, we state one more property
of V7. Let ey,...,eq be the standard basis of R?, that is, the ith coordinate of
ejis 1if i = j, 0if i # j.

Lemma 2.6. For1 <i<d,

9 V’y(x) _ niv(’y+ei,’Yd+1+1)(I).

2.12 .
(212) el

Proof. We can assume ¢ = 1 and write V) as

n d
R — 1 n+|m T (71 + 1)”1( 7’ + d>n+‘m‘ mi,m’
=2, 3 ol (m) Ot DoV D™ X

m1=0m’'<n’
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where x = (29,...,24), 0’ = (ng,...,ng) and m’ = (my, ..., my). Taking deriva-

tive with respect to x; and shifting the summation index over m;, we obtain

0 L i i+ 1)y,
g = 30 52 () o

mi1=1m’<n’ i i 7’ - d)n+|n|
ny—1
— IZ Z n+|m\ 1 n, (nl - 1) W_—l)mmlml
my (71 + 1)m1+1

m1=0m’'<n’
d
() e GIET SN
L2 \mi) (i Do (1] + D

1=

’7| + d)n+ m _ /
| |mlx1m1 1Xm

Since (a), = a(a + 1),,_1, it holds that

A Dn (141D +Dny (Y] + Dnpmpsr (Y +d+2)ngm
(71 4+ Dyt (m+1)+1)p,

([ + D (Y +d+ 2)niny—2”

from which (2.12) follows. O
The relation (2.12) allows us to take higher order derivatives of V7. One

interesting consequence of the lemma is that V) are orthogonal polynomials for

a family of other inner products that involve differentiation. To state the result,
we need further notation. For a subset S = {i1,...,4;} of Z,, we define

oIS oS!
oxS  Oxy, .. 0z,
Lemma 2.7. Let v; > —1 for 1 <i<d+ 1. For m <d, define
Ofdyg :
219 Ugh= b+ 3 S0 [ 212 ot LLi1 = ) W)t

=1 SCZq4
IS|=j

where A\g are nonnegative numbers. Then the polynomials VY in (2.11) are or-
thogonal with respect to the inner product [-,-].

Proof. By (2.12), taking repeated derivatives of V., we have

oISl f
8.1'5 V:([L’) =M+ nijvl’lfei

(vteig o tei Yar1+3)

—mei ()

1 J

with S = {i1,...,4;}, which implies, by the orthogonality of Vnwe”Jr “hei s ty)

that V) is orthogonal with respect to ’
f g A
, = zi(1 — |x|)! W, (x)dx
foals = [ ok Tt = el W o)
=3
and, consequently, orthogonal with respect to [-,-]4. Since all Ag >0, [, -], is an
inner product. [l
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Remark 2.2. Using the relation (2.12) repeatedly, we can also include partial
Hlml
8:571”1 8:(:2%

in the definition of [f, g],. For our purpose, the definition in (2.13) is sufficient.

derivatives of higher orders, such as form = (my,...,my) with & < d,

A couple of remarks are in order. We note that [-, -] is not an inner product by
itself since, for example, [f, fls = 0 for f(x) = 1. Even though {VY : |n| = n} is
a basis of V4(W,), not every basis of V(W) is orthogonal with respect to |-, |-
For example, when Ag are not all zero, P} is not an orthogonal polynomial with
respect to [+, ]4.

2.4. Orthogonal polynomials on the faces of the simplex. In addition to
the standard basis ey, ..., eq of RY, we further set ey = (0,...,0). The points
ey, €1, ..., eq are the vertices of the simplex 7¢. The boundary of the simplex 7
can be decomposed into lower dimensional faces.

Definition 2.8. Let S be a subset of Zqyq with 1 < |S| < d. Then
TS —freT? 2;,=0,ic S}
is a (d — |S|)-dimensional face of T¢.

For 1 < |S] < d, the number of (d —|S])-dimensional faces is (d‘g‘l) In particu-
lar, for |S| = d, the O-dimensional faces are precisely the vertices ey, €1, ..., eq of

T4, whereas for |S| = 1, the (d—1)-dimensional faces are T{dﬁl, j=1,...,d,d+1.
Each face Tg_‘s‘ is a (d — |S|)-dimensional simplex and, moreover, Tg_lsl is iso-
morphic to the simplex 79715 in variables {z; : i € S°}. Furthermore, the

—15]

restriction of W, on Tg is a weight function of the same type in variables

{z; 1€ 5.

Definition 2.9. Let S = {i1,...,iq} be a subset of Zyi1 and S¢ = {igy1}. Let

Vs = (V8: Vig1 ) where vs = (Yiy, -, Viy), and v = (x4,,...,7;,). Let PJ*(xg)
be defined as Definition 2.4.

1. Letd+1¢ S. For S; CZq with |S;| =7,1<j<d—1, define
Hisj(W,y) :=span{P)(z) : |]n| =n, and n, =0, ¥l € S;}.

2. Letd+1€S. Then S = {d+ 1,01,..., 041} with {¢1,..., L4 1} C Zq and
Zga \S = {lg}. For S; ={d+1,01,...,0;1} with1 < j < d—1, where
Sy = {d+ 1}, define

Hg’sj(Wv) = span{P,Eﬁ/S’wd)(ij,xg\sj) Sn|=n withn, =0, 1 << j}.
We further define Hy g (W,) =0 and HY 5, (W,) = 0.

Lemma 2.10. The space Hg,sj(Ww> satisfies the following properties:
(1) H,‘isj (W) is a subspace of VI(W.,);
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(i1) The restriction of Hff’sj(W,y) on the face ngﬁj is the subspace V;j—j(Wﬂ,\Tg_fj),
J

where W.Y]Tg_]- denotes the restriction of W, on the face ng—j7 that is,
j

H s, (W)l g = Vi (Wal )
in the variables {x; : i € SS}.
Proof. The item (i) follows immediately from Lemma 2.5. For the proof of item
(ii), we need to consider two cases, d+1¢ Sand d+1€ 5.

Case 1. d+1 ¢ S. Then S = Z,. Let Sj = {il,. .. ,’ij} C Zyq, Sjc = {ij+1, . ,id},
Yse = (Vijyrs- - -»Vig) and nge = (Mij4rs - > Miy). I mg =0 for £ € S, then PY in
(2.9) can be written as

[ngel
Ts5 8 Yge+nge i
Pg(l’) = Qj‘SJC. S]C(l _ |x’)_'}’d+1 n;q |:IS;]C S;(l o |x|)'yd+1+ns5|:| ’
mS;J

which, when restricted to the face Tg;j , becomes

[ngel
—Ys¢ _ a J Ysc+nge Hngel
Pg(w)ng._j - mS; ’ (1 o |:L“S]c ) s ¢ |:$SJ‘?] ! (1 - |l‘5]9|)7d+1 nSJc:| ,
J I'SC.
J

precisely the Rodrigue formula in the variable Tse for the weight function W, ’Td— j
3j
and, as such, is an element of V47 (W»—y‘Td—j). Furthermore, the collection of such
S .

J
polynomials forms a basis of the latter space. This completes the proof of (ii) in
this case.

Case 2. d+1 € S. Up to a permutation in Gy, we can assume S = (d + 1,

17 ce 7d - 1) Then 5¢ = {d}’ Vs = (/YSa’Yd) with Vs = (’Yd+1)717' - 7/yd—1) and
S;={d+1,1,...,5 —1}. Making a change of variable

Uy = Tgp =1 — 2|, us=a1,...,u¢ = Tg-1,

we have 1 — |u| = 24, Wo(z) = W, (u) and Pi%(zs) = P7%(u), as in the proof
of Lemma 2.5, so that

Hg,sj(W"/(x)) = His; (st (u))
where S} :={1,2,...,j} and
H 6. (Wy (u)) = span{PJs(u) : |n| =n, ny =0, V{ € S7}.
)
From the case that d + 1 ¢ S, it follows that

d d—j
Hn,S]’f(W‘Ys)‘Tg;j =V’ <W75|Tg;i>,

J J



CRM Preprint Series number 1064

SOBOLEV ORTHOGONAL POLYNOMIALS ON A SIMPLEX 13
which is equivalent to
d _ yyd—j
Hn,Sj (W’Y) ‘Tg‘_j - Vn ! (W’Yngfj)'
J J
This completes the proof. O

Lemma 2.11. Let Hff,sj(W.y) be defined as in Definition 2.9. Then H:f’sj(W.y)
is a subspace of VE(Wy+), where v* = (77, ..., 75.1) is defined as follows: ~v; € R
are arbitrary for ¢ € S; and vy, = 7; otherwise. In particular, every element
of HY s (W,) satisfies the equation LP = —n(n + |v*| + d)P, where v are
arbitrary for £ € S;.

Proof. In the Rodrigue formula PY of (2.9), if n, = 0, then the derivative with
respect to z, does not appear, so that, after canceling out z,”* and z,*, v, does
not appear in P, which means that we can assign «, any value. In other words,

Py (xz) = PY (x) if n, =0, ¢ € S;. Consequently, Hg,sj(Wq) e Vi(wz). 0
3. MAIN RESULTS

Our main results on the simplex are fairly involved in notations. We shall state
our results first in the case of triangle, that is, d = 2, and use it to explain how
we arrive at the results.

3.1. Sobolev orthogonal polynomials on the triangle. As stated in the
introduction, we are facing two problems. The first one is to find a complete
solutions of polynomials for the differential equation (1.2) in which d = 2 and

= (o, 8,7).
To facilitate the discussion, we define the following subspaces of V2(W, 3. ),
i (w,,5) = span{ Py (2,9)}, - Hao(ws,a) = span{ Py (y, )},

000 (1 — T = yay)}a

which can be formulated as special cases of the spaces in Definition 2.9. According
to Proposition 2.1, H,1(wy5)|e=0 = Vi(w,g), Hu2(wya)ly=o = Vi(w,,) and
Hy3(Wa)|ety=1 = Vi(wa ). In the following we adopt the convention that

VEWaps) =0 and H,; =0, ifn<O0.

Theorem 3.1. For n € Ny and at least one of o, 3, being —1, the differential
equation

H,3(wap) := span{ Py,

Lapyu=—n(n+a++v+2)u
has a solution space U2(Wa.5.~) of polynomials of degree n, which has dimension
n+ 1 and can be decomposed as a direct sum as follows:

UiWap 1) =1 —2—y)Ve ,(Waga) + Hns(wag), n>0,
u721<Wa,71,71) =yl -z — y)Vﬁ_g(Wa,m) + yHp_13(Wa,1)
+(1—z—y)Hy12(wi4)
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forn>1 and U3(W,, 1) := span{1}, and
UT Wy 1) =ay(l —x = y)Vi 3(Wiaa) + 2yHy o 3(w11)
+2(1 -2 —y)Hy22(wi1) +y(1 — 2 — y)Hy21(wi1)

forn >2 UZW_y 1 1) :=span{l} and UP(W_; 1 1) := span{z + c1,y + c2},
where ¢y and ¢y are arbitrary constants.

From the decomposition, we can deduce further relations among the subspaces.

Corollary 3.2. The subspaces in the Theorem 3.1 satisfy the relations
U(Wo121) =yl (Wai 1)+ (1 —2—y)Hp12(w1,), n>1
UW_i 1) =aldp s (Whi—i1) +y(l— 2 — y)Hy o (wiy), n>2.

Remark 3.1. In the statement of the theorem, we could also assume either o = —1
or f = —1 instead of v = —1. The result then can be obtained via permutation
of (o, 3,7) and the corresponding permutation of (z,y,1 —z —y). We give one
example explicitly:

Ur(W_i 1) = ayVi_y(Wiay) + aHu10(wy 1) + yHp1,1(ws1).

Our second problem is to identify an inner product under which the eigenspaces
in the Theorem 3.1 are orthogonal.

Definition 3.3. Let A\; and )\;; be nonnegative numbers. Define the bilinear
forms

F-Daisr = [ [00uF(0.9)0ng(a.0) + 90,5 2. 9) 09l )]y ddy

+ M\ /1 flx,1—2)g(z,1 — 2)z*(1 — z)°dx

0
Fthasai= [ 0t 09t dudy
1

+ A\ / Ouf(2,0)0,9(x,0)z*dx + X1 of(1,0)9(1,0)

0
<f’ g>—1,—1,—1 = /T? aﬂ:yf(x7 y)amyg(xa y)(l - T — y)dl)?dy,

1 1
+ A\ / Op f(2,0)0,9(x,0)dx + Ao / 0, £(0,v)0,9(0,y)dy
0 0

+ >\1,0f(17 0)g<17 0) + )‘0,1f(07 1).9(07 1) + )‘0,0f(()? 0)g<07 O)
Theorem 3.4. Let o, > —1. Forn=0,1,2,..., the following holds:

(1) If \i > 0 then (f,9), 5_1 15 an inner product for which U (W 1) is the
space of orthogonal polynomials of degree n;
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(2) If A > 0 and Ao > 0, then (f,g), _,_, is an inner product for which
U2(W,—1.—1) is the space of orthogonal polynomials of degree n;

(3) If A\ > 0, A2 > 0 and at least one of A1 o, Ao,1, Moo 48 positive, then (f,g) | |
is an inner product for which U2(W_1 _1 1) is the space of orthogonal poly-
nomials of degree n, where we redefine UE(W_1,_1_1) as

)\1 0 )\0 1 }
U(W_{_ 1 _ 1) =spani x — : Y — ’ :
T(Wora) p { Ao+ Xo1 + Ao Y Ao+ Ao+ Ao

With respect to (-, -), 5 _;, the decomposition Uy (Wa,s 1) is an orthogonal one,
that is,

U (Wap1) = (1= 2 = y)Vi ,(Wap1) @D Hus(was),

as will be shown in (iii) of Theorem 3.7.
Again, by symmetry, we can state the inner product if other parameters are
—1. We give one example.

(f,9) 11, = /T2(3y = 02) (2, y)(0y — 02)g(z,y)(1 — x — y)"dzdy
o /0 0, f (2, 0)0ug(x, 0)(1 — 2)*da

1
o [ 0,0(0.9)0,900.5)(1 = )7 dy+ 200 (0.0)9(0.0)
where A1, Ay > 0 with at least one of them positive and Aoy > 0.

Remark 3.2. Notice that (f, g)_L_m contains two terms of one-dimenional inte-
gral, whereas (f, g), ; _; contains only one such term. Evidently, by symmetry
we could include another term in (f, g),, ; ;. In fact, it will become clear in the
discussion below that we could include even more terms if we are willing to use
higher order derivatives. Apart from consideration of symmetry, as in the three
vertices in (f,g)_, _; _; in Definition 3.3, we shall keep the number of terms in
the inner product minimal below.

These theorems will be special cases of the results on 7% We will not give
separate proof for d = 2. Instead we give an indication below on how the main
terms of the inner products are identitified. We start from an observation in

ﬁ’Y(

[6] that the monic orthogonal polynomials V x,y) are also orthogonal with

respect to the inner product, when a, 3,v > —1

which is a special case of Lemma 2.7. Since Vaﬁ 7 are well-defined if v = —1,
letting v +— —1 preserves the orthogonality, WhICh is how the orthogonality in
(f:9) 45,1 Was established [6], but the method does not give the decomposition
of the orthogonal space. Indeed, the second and the third terms in the right hand
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side of [f, gla,s4 make sense for v = —1 as well, whereas for the first term we
parametrize the integral over T2 as

1 1-y
f(x,y)dedy = /0 /0 f(x,y)dady,

T2

and apply the limit relation

i 1+u+1/ f(@)atdr = £(0)

to conclude that

i 1. gl = o [ fal = p)gla 1 — ) (1 — 2)de

y——1t
+ )\1<8a:.fa axg>a+1 8,0 + >‘2<8yf> ayg>a B+1,00

which is a constant multiple of (f,g), 5 ; when Ay = A;. Since V (.8, )(x) are

well defined for all 0 < k < n, their orthogonality is preserved under the above
limit.
The above limit process can be continued one more time by taking, for example,
(8 — —1, which gives
gﬁlin_lfr[f’ g]a,,@,v = C<f7 g>a,_17_1,
where c is a constant. However, since %(7?1’_1’_1)(x) are not well defined when
k = 0, the limit process at this stage no longer gives the complete answer for our

problem.
If we take the limit « — —1in (f,g), ; _;, we end up with

a——11

1
i (f,9), 1 = | 0u (.00, 0)dr+
0

1
Y / 9,1(0,1)8,9(0, y)dy + Mo f(1,0)9(1,0)

which however is no longer an inner product since, for example, it is equal to
zero if f(x,y) = g(x y) = zy. In order to obtain the main terms of the inner
product in ( f,9)_1 _; _; we need to go one level up by noticing that, by Lemma

2.7, Vkaﬁ 7 are orthogonal with respect to yet one more inner product: For
75 v > _1
(32) [fv g]a,ﬂ,'y = <f7 g>a”3’»\/ + )\1 <a:vf7 a:rg>a+1”8,7+1
+ A2(0y f, ayg>a,ﬁ+1,~,+1 + A1( Oy f amyg>a+1,ﬁ+1,7+2

where Aj, Ao, \; 1 are nonnegative numbers. Taking the limit three times in the
above inner product leads to the main terms of the inner product (f,g) ; ; ;.
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We emphasis, however, that the above limiting process only suggests possible
form of the Sobolev inner product. It neither gives the final answer nor it proves
the orthogonality.

3.2. Sobolev orthogonal polynomials on the simplex. For a fixed positive
integer k, 1 < k < d, we consider W, with v440-p = ... = Y441 = —1. For
convenience, we introduce the notation

W, —1,.(z) = Wy ()

where 1, := (1,...,1) € Z*¥ and -1, = (—1,...,—1), and we always assume that
the subindex of W, is a vector in R*"! so that, with the length of the vector —1,
being k, the length of yisd —k+ 1, v = (71, ...,7V4-k+1). In particular,

|’Yd+2—k:---:'Yd+1:_17

Wy (@) =ai' oy g (L= J2) 7

In these notations we can allow k = d + 1 if we regard v € R4**! as nonentity
when k = d + 1 and write W_y,  (z) = W_1(x).
Recall the subspace HY s,(W5) in the Definition 2.9. From Remark 2.11, since
the values of 7; for i € S; can be arbitraty in the basis of H? ¢ (W), we can set
»j
{’}/l = 0, 1€ Sj} Let
Sk%]'(g) = {E coe=0, (517 SR 75d+1) = (’77 (Ok—ja 1j)0)}7
so that Sy j(o) contains the indices of zero elements in (04_;, 1;)0, and we treat
Si.j(0) as a vector whose elements are arranged according to their order in
(7, (0—;,1;)0) }. To simplify the notation, we define for j =0,1,...,k — 1,
d — gd
H, (W%(Ok—jvlj)a) = Hn,Sk,j(U) (W%(Ok—jvlj)ff) J
where if 0 = id, then Sy o ={d+2—k,...,d+ 1} and 1y is a nonentity. It then
follows by Lemma 2.10 that
(1) Hff(W%(Ok_ﬁlj)a) is a subspace of Vg(W%(Ok_wlj)g); .
(#1) The restriction of HY(W, o, ,1,0) on the face Tg}:(k_” agrees with the

. (o)
space ff_(k_])(W%(ok_j,lj)g|Tg;<_lz—)j)) with variables in {x; : i € (Sk;(0))}.
FA

In particular, if o = 4d, then Sy ; ={d—k+2,...,d+1—j} and
d d—(k—j
Hn(W%(ok,j,lj))}Tézkf;kfj) =V, ( J)(W(%o,cj,lj)‘Tgk;kﬁ)

with variables x1,. .., Zq—k41, Ta42—j, - - -, Tq. Furthermore, by definition, we also
have HY (W, 0,) =0 if k =d or d + 1.
We adopt the convention that Zf: ;a; =01t k < j regardless the values of a;.

Theorem 3.5. Let k be a fized integer, 1 < k < d+ 1 and v € R&*1. For
n € Ny, the differential equation

Ly-yu=—n(n+y|+d—ku
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has a solution space U(W., _1,) of polynomials of degree n with

d—1
dimUI (W, _y,) = ("+n )

which can be decomposed as a direct sum as follows:

(¢) If k =1, then US(W, _1) = span{1} and forn > 1,
(3.3) Un (W 1) = zapa Vi (Wan) + Hy (W),
(i3) If 2 < k < d, then US(W,, _1,) = span{1} and forn >1,
(3.4) USW, 1,) = Zagyr— (1) - - Zay Vg (W1,

k—1
+ )Y w0 HY ; (Wao,,a,0) + Hi(Wao,),

j=1 o€
where Tq41 = 1 — |z|, and with zo :=1 and (e1,...,€441) = (Oa—k+1, (0k—j, 1;)0),
d+1
z;p(0) = Hx(;i with 0; =1 ife; =1, and 6; =0 ife; = 0.
i=1
(iii) If k = d+1, thenU(W_1) = span{1}, UL(W_;) = span{x; +ci, ..., T4+Cq}
for arbitrary real numbers c1,...,cq, and forn > 2,

d
UIW_g) = a1 zqa Vi (W) + ) D a1 (@) Hiy (Wiogy1,)0) -

j=2 0€G4s1
where, with (e1,...,€4+1) = (Oas1-;, 1;)0,
d+1
Tjay1(0) = Hx(;i with 6; =i ife; =1, and 6; =0 if g, = 0.
i=1

In the case of k = d+ 1, that is, all v; = —1, the differential equation becomes
L 4+P=-n(n—-1)P.

For n = 1, any polynomial of the form P;(x) = z; + ¢; with ¢; being an arbitrary
constant satisfies the equation L_;P = 0. The values of the constant will be
fixed when we discuss the Sobolev orthogonality.

As an example, we give the decomposition for k = 3 and k < d explicitly:

USWy 1,-1,-1) = Zar8aar Vi s(Wyaaa) + zaazal_y (Wy10)
+ 2g1Tari HE s (Woa01) + 2atari HE y (Wa011)
+ $d_1Hg_1 (Wi1,00) + deff_1 (Wa0,10)
+ za1 He 1 (Wi001) + HE (W, 000)-
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Our next theorem shows that the elements in U2(W,, _;,) are orthogonal poly-
nomials with respect to an inner product of the Sobolev type. We need the
following notations: for 1 < k < d — 1, define

Xg = (‘rlv"'axk)7 |Xk|:x1++xk’ Vi = (717.”771{:).

Recall that, for I C Zgy1 with |[I| = i < d, the face T~ of the simplex T¢
is defined by 7897 = { € T% : 2, = 0,4 € I}. If I = {ji,...,5:}, we define
Xr = (T, ..., 25).

Definition 3.6. For v € R%, v4., = —1 and X\ > 0, define

af o
E /d J 9 2Vdx + )\/ F(@)g(z)x) 7 (1 — |[x4-1]) " dxq 1.
T TH !

‘O Ox; {d+1}

For2 <k<d, letm, ={d—k+2,...,d} and m} ={d—k+2,...,d+1}.
For v € Rk and X\, N\, A\; > 0, define
akflfakflg

8xmk Ox™me

afag i—1
+Z dn /T s 2T oot (U= 2D X e adxy

=1 Ika
[1]=i

d—k+1

of dg
+ Z A /Td k+1x8x or, de pdXq_ g1

=1

(1— |I|)‘mk|_lxg+1—kdx

<f7 g>%—1k =

+ A f(Xd ki1,0) 9(Xa—r11, 0)X )4y dXa
e
k

where if k = d, we replace the last term by Af(e1)g(e1), with X\ > 0. Finally,
when all v; = =1, for A\t > 0 and \;p > 0, define

'f d d—1
<f7g>—1 = 7d Oxla 8de<1 - |l’|> dx
d—1
J9'f d'g -
+ZZAI 5x18 7 (1= [z) tdx;
i

+ Xoof(eo)g(eo) + Aiof(er)gler) + ...+ Aaof(ea)g(eq).

In the following we shall write (f, g>%_11c with £k =1,2,...,d+ 1 for all three
cases. Whenever (f, g) .1, is an inner product, we can define a space of orthog-
onal polynomials. Our next result says that the space of orthogonal polynomials
with respect to (f,g), ,, is exactly UI(W, _1,). First, however, we need to
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specify UL (W_1): We redefine
Ajo

UNW_1) =span{zi +c1,..., 24+ cC with ¢; = — .
1(W-1) pan{z, ' @+ <} ! Ao+ Ao+ .o+ Ao

Theorem 3.7. For1 <k <d+1, lety € R™'F with v, > —1,1 < j <d+1—k.
(1) (f, 9>7,71k is an inner product if X\, \j, \; > 0 for 1 < k < d and, in addition,
at least one of Ao is positive for k = d + 1.
(i) UL(W.,, _1,) is the space of orthogonal polynomials with respect to (f, >%71k.
(i13) In the case of k =1, the decomposition of (3.3) is orthogonal, that is,

UL(Wy 1) = zap Vi (Wy 1) @D Hi

Remark 3.3. For k > 2, the direct sums in the decomposition of U4 (W, _4,) is
in general not orthogonal sums. In other word, the elements belong to different
parts of the decomposition (3.4) may not be mutually orthogonal in general. On
the other hand, the Gram-Schmid process is applicable if an orthonormal basis
is desired.

It should be mentioned that, as stated in Remark 3.2, it is possible to add more
terms or higher order derivatives in the definition of (f, g) but we strike to
keep the number minimal.

v, —1g

4. LEMMAS AND PROOF OF THEOREMS

In the first subsection we prove several lemmas that will be needed for the
proof of Theorem 3.5. The proofs of the main results are given in the subsequent
sections.

4.1. Lemmas on Rodrigue basis. Our first two lemmas are analogues of (2.4)
of one variable with one of the element in v being —1.

Lemma 4.1. Let v € R? and v441 = —1. Then, forn; > 1,1 <1i <d,
4 ni(i 4 i)
POy = (1—Jaf) Y = ”[ — R @),
n
i=1

Proof. Applying the product rule

(di) (1= )0(w)] = (1= )~ g(a) ~ m g

dz™

multiple times within the Rodrigue formula, we obtain

oinl d . gnl-1
POTw) = a7 g [ b)) a7 Y g [ ),
rn rn—e;
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in which the first term in the right hand can be written as

_ aln‘ n n n +...+n _ aln‘ n n
o g o] = SR e - )
d
7 omi=1 179 n n
= o g g 0 ).
i=1 '

so that, putting the two identities together, we conclude that

a\n|—1

d
_ x_’y n—e; n
Pr(l’y’ 1)(27) = W E n; (i +ni)a$nfei [x’H_ (1= ‘:UD‘ |:|
i=1

n—e;

dn7+n
= |x|Z” ) PO a),
=1

which completes the proof. 0
Lemma 4.2. Assume v; = —1 for some i, 1 <i <d. Then forn; > 1,
Pr(l“/ﬁdﬂ)(x) = —(In| + ,yd+1>xlpr(17—&6-1261,7d+1)(x)'

Proof. Without loss of generality, we can assume i = d. Setting v := (v4_;, —1)
and = (X4_1,4), and applying the product rule

(dim)n[xg(x)] r () dd:n_llg(xx

multiple time with the Rodrigue formula, we obtain

|
i +n+ _ [n|+
- [:c”* n ed(l ‘x’)n mm}

ox

Plg%’}’qu)(x) _Xd'yii 1(1 _ ’x‘)*wﬂ

In|—1
—ngx (1= Ja]) e prry [-’E%Ln(l — |:E|)|“|+7d+1} i
Splitting the partial derivatives in the first term as % = 88;:18%(1, a quick
computations establishes the stated identity. O

By repeatedly applying the above lemmas, we can deduce a relation when more
than one v; equal to —1. We state the results in the following corollaries.

Corollary 4.3. Let v € R™F . Forng a0 >1,...,ng > 1,

Pr(l’Ya_lk—ly’Yd-i-l)(x) =(—1)" " 2gio g 24g
k—1
. Ap_1,
x [0l + a1 — 5+ DP9 (@),
j=1

In particular, it follows that

Td4o—k - l’dV k+1( 1k71»'7d+1> - VS<W%*11€71,%1+1>'
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Combining Lemmas 4.1 and 4.2 , we can also deduce the following lemma:

Corollary 4.4. Let v € R™F Forng 0 >1,...,nq > 1,

d
(41)  PUW(@) = zgp o za(l = [2) Y M PO 01 (@),

=1
where, for 1 < i <d,
k—2
>\m7% = (_l)k_lni(n’in—;_ %) H(|n| - ])
§=0

For later use, we need to reverse the expression in (4.1), which is the content
of the following lemma.

Lemma 4.5. Let j = (j2,...,Ja). Then there exist constant p; such that

(42) Tasai - wa(l = ) PO (@) = 3 PR o, (0);
Ji<n;
where the sum is over j; for1=2,3,...,d. In particular, for n >k,

Proof. To simplify the notation in the proof, let
Xip =g pyo-2q(1 —|z|), mp:=(ng,...,n;) € NE
From (4.1) it follows that
) 7].
P(’Y k) ) = Xk>\n ’YIP(’Y ’“))(a:)

(n,04—rk, (n—1,0

which proves (4.2) for n = (n,0,...,0). Notice that the subindex n of PY is
always in N¢, so that we have suppressed the subindex of 1 = 1;_; for the
polynomial in the left hand side and the subindex of 0 = 0,_; for the polynomial
in the right hand side. We shall keep this convention below. Again by (4.1), we
have

pO—1k) — X, [)\nlmp(v k) () + A prE) )(x)] :

(nl,ng,Od,(kH),l) (n1—1,n2,0) n2,72% (n1,n2—1,0

which shows by induction on ns that

%1k E (’)’7 1)
Xk (n1, n20 'uﬂ (n1+n2—3+1,5,04— (k+1)71)< )

where the p; can be determined inductively, which proves (4.2) for n =
(n1,nse,...,0). Furthermore, the above proof shows, in fact, that

(v:1x) § : plr
Xk ((n17”270d—(k+1))00 pib (n1+n2 —J+1,5,04_ (r+1))0, 1)(1‘)
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for every o € G4 41, the permutation group of (d — k + 1) elements. In the next
step, we deduce from (4.1) that

g (2) = X Do s P ) (@)

(n1,n2,n3,04_ (k+2),1) (n1—1,n2,n3,0)

(7,1k) 1)
+ AnQ,’YQP(;Lyl,T]zQ—I,ng,, )( ) _'_ A”S:’YSP(;LYLTI;Q,TLQ, 1 O) (1')]
For ng = 1, we can use induction on ny to deduce, from XkP(((Zill,Z)g,od er1))00) (x),
: 1 1
the desired (4.2) for XkP((Tj ;2)10)( ) and, hence, for X P((g%’;)%md s))5:0) ().
Then, by induction on ng, we can deduce the desired (4.2) for n = (ny, ny, ns3, 0).

It is now clear how to proceed, by induction if necessary, to conclude that (4.2)
holds for n = (n4_, 0).

We can go beyond d — k by using (4.1) and the fact that A\, = 0if m =1
and 7 = —1. Indeed, (4.1) implies that

d—k+1
(v—1%) < (%,1k)
P = X} Z A P, (2),

(ng—g+1,1) (ng—k+1,0)—€;
which allows us to use the induction on n4_g11 to prove (4.2) for n = (ng_x41, 0).
Furthermore, the process can obviously be continued, by induction if necessary,
until we reach n = (ny,...,ny). This completes the proof. O

4.2. Proof of Theorem 3.5. By (3.4) in the Theorem 3.5, the space UL (W, _4, )
consists of three main terms. Since, by Lemma 4.5, the elements in the space
Taya—k - Tar1 VL (W, 1,) are orthogonal polynomials of degree n in V(W _4,),
by Remark 2.1, they satisfy the equation

(4.3) L, _j,u=—n(n+|y|+d—k)u,

which takes care of the first term. The second term of the decomposition in (3.4)
is a large sum. Since the permutation is acting on (04_;, 1;) and the differential
operator L., 1, is clearly invariant under such permutation, we only need
to consider, for 1 < j < k — 1, the cases of xj,kaffj(W%Okfj’lj) with =, =
Ld42—j5Td4+1 and xj?k'H'g—j(W’YuOk—j—17ljuo) with Ljk = Td+1—5 - Td- We consider
the case of Tqpoj - Tap1 Hy ;(Wyp,_,1,) first. Recall that

Hy (Wyo, 1) =Hi ;s (Wyo, 1,) with Sp;={d—k+2,...,d—j+1}.

n—

From Lemma 2.11, since the parameters in {7; : i € Si;} do not appear in the
basis of Hg_j(W%Ok ;.1,), the values of these parameters can be arbitrary. As a
result, we can write

(4'4) H’rcll—j(W’Yka—ﬁlj) = Hg—j(W'Yv_lk—jalj)'
On the other hand, from Lemma 4.5, for v € R¥**! we have

Tara—j - xa(l = |2)Va_;(Wy 21, _,1,) C VE(W,_1,).
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Since, by Lemma 2.10, HY ;(W, _1,_,1,) C Vi_;(W,
it follows that

Tara—j- - xa(l = |2))H_,(Wyo,_,1,) C VW, _1,),

1,), together with (4.4)

71k]:

so that the elements of zqo_; - - - 24(1 — |z|) HI_;(W0,_, 1,) satisfy the equation
(4.3). Secondly, we consider the case of xg41_; - - '$ng_j(W7,0k_]-_1,1j,0)~ Similar
to the first case, as a result of Corollary 4.3 and Lemma 2.11, we can write

Tayr—j - ey ;(Wao,_, 1 1,0) C VW, 1,),

so that these polynomials satisfy the equation (4.3) for j = 1,2,...,k—1. Finally,
the elements of the third term HY(W. o,) in the decomp051t10n of UIW,, —1;)
satisfy the equation (4.3) according to Lemma 2.11.

The same proof applies to the case of k = d + 1 for n > 1, whereas the case
U (W_1) has been explained right below the statement of Theorem 3.5.

It is remain to prove that the U?(W, _;,) has full dimension. From Lemma

2.10, the restriction of Hg(W%(Ok_ﬁlj)a) on the face T (o )J) is isomorphic to
VS‘(’“‘”(WM), so that

n+d—(k—7+1
dim HZ(W, (o, 10 )=< <n >)7

which implies, together with dim V(W) = (”+d "), that

dim24y (W, 1,) = dim Vﬁf K(Waay)

+ Z < ) dim Hd (WW,(ok_j,lj)a) + dim Hff(W%Ok)

=§;(§)("+Zi’§”)=(”+i”)’

where the last step uses the well-known combinatorial identity. U

4.3. Proof of (i) in Theorem 3.7. To show that each bilinear form is an inner
product, we only need to show that it preserves positivity. Since all coefficients
are assumed to be non-negative, we clearly have (f, f) > 0 and it remains
to show that (f, f), ;, = 0 implies that f = 0.

Assume that k = 1 and (f, f), _ = 0 for
1 < i < d, which implies that f is a constant Furthermore the last term of
(f, f),_, shows then f = 0. Thus, (f, f), , is an inner product.

Now assume that 2 < k < d and (f, f), ;, = 0. Then each term of in the
right hand side of (f, f) -1, 18 zero. There are four main terms. The first term

¥,—1g




CRM Preprint Series number 1064

SOBOLEV ORTHOGONAL POLYNOMIALS ON A SIMPLEX 25
ok-1f . . .
shows 5% = 0, which implies that f has the form

ox™k
fle)y=Y_ filzs), w,eTE"

JCmy,
| J|=k—2

The second term with |J| = k — 2 shows ag;jf = 0, which implies that f has the
form

flx) = E fi(zy), w5 €Ti2,
Jka
\T|=k—3

we can continue this process with |J| = j for j = k—3,...,1 and deduce from the
second term of (f, f), ; that f has the form f(x) = fi(z1,...,24-311). Now,
the third term of (f, f>%_1k shows that %fj =0forj=1,...,d — k+1, from
which it follows then that f is a constant. Finally, the fourth term of (f, ),

shows that f(z) =0if k <dorif k =d and A > 0. Thus (f,g), , Is an inner
product. The same proof clearly applies to (f,g) ;. O

4.4. Proof of (ii) in Theorem 3.7. We need to show that, for each k, the poly-
nomial spaces of U?(W, _1,) given in Theorem 3.5 are the spaces of orthogonal
polynomials with respect to the inner product (,-) ~—1,- The proot is involved
and will be divided into several cases. Throughout the proof, we let g be a generic
element in 1¢_,.

Case 1. k£ = 1. The inner product (f, g)v _, contains two terms,

<f7 g>7,—1 = [fu g]l + [f) 9]27

where

d
o 0f 99
[fogl = ;:1 /Td iy o dx

£, gl = A / g (1 )
Tiasny
By Theorem 3.5, the space of U%(W, 1) with v; > —1, 1 < i < d, is decomposed
into two terms as shown in (3.4). The proof is divided into two cases accordingly.

Case 1.1. Let f(z) = (1—|z|)PY"V(z), where P (2) € V2 (W,,) and n € N¢
and |n| = n — 1. Then the restriction of f on |z| = 1 is zero so that [f, g]a =0
for all g. Furthermore, an integration by parts gives

d
2 7,1 .829 ) 09
(45)  [f.gh = —iZI/de (1= [z)) POV (x) {xzm + (i + 1)axi}d:p.

(2
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Since the term in the curly bracket is a polynomial of degree at most n — 2, the
orthogonality of P\ (z) € Ve (W,1) implies immediately that [f, g]; = 0, so
that (f,g).,, = 0 in this case.

Case 1.2. Let f € HY(W., ). By Lemma 2.10, the restriction of H4(W, ) on the
plane |z| = 1 is exactly V;f L(W,). It follows immediately that [f, gl = 0 for all
g € TI¢_,. Furthermore, an integration by parts gives

Z/Tdaﬂf { ‘ (y+1)§i}d;@.

Since f € Vi(W, ) by Lemma 2.10, it follows that [f, g]; =0, so that (f, g), _;=0.
By the decomposition of U%(W,, _1), the two cases imply that (f, g>77_1 =0 for
all f € UX(W,, _1) and g € I1¢_,, which completes the proof in this case.

Case 2. 2 < k < d. The inner product (f,g) 1, contains four terms,

(4.6) (fra), =1fr9h+[f.gl2+ ] 9ls + [f, gla

where

k—1 ¢ ak—1
fogh= [ 2S00

Td Ox™k Qx™k

Of &y .
[f, 9l = Z Z Ar /Td rrict Oxl 83:1(1 — |2))" g pdxaprdx,

(1- |$|)‘mk| 1Xd+1 e,

=1 Ika
|I]=i
d—k+1
(9f dg
[f)g]3 = Z )‘ /]:d i1 ax o1 XZ—‘,—I kdxd k+1>
=1 v
[f, gla = f(Xa-r11,0) 9(Xa—k+1,0)X)_p 1 dXqk,
T’ijr
my

where my, = {d—k+2,...,d} and m} = {d—k+2,...,d+1}. By Theo-
rem 3.5, the space UI(W, _1,), v > —1for 1 <i < d+ 11—k, is decomposed
into three pieces as in (3.4), where the second term is a large sum. The proof is
divided into several cases according to this decomposition.

Case 2.1. f is an element of T4 g2 xa1 Ve (W, 1,), the first term of (3.4).

Let f(2) = Ty_pso- - Taxar1 P (2), where 44, = (1 — |z|) and P () €
V&, (W,1,) withn € N¢ and [n| =n — k.

For I C my with || = i, the variables on indices in I¢ = my \ I appear as
product factors in % so that the restriction of % on the face Tldc_]“‘“+l is zero;
consequently, [f, glo = 0. For 1 < i < d—k+1, the variables x4 jyo,...,2q appear
as product factors in g—i, so that g_:é vanishes on the face Tr‘fl_kk“; consequently
[f,g]s = 0. Furthermore, since f vanishes whenever one of x4 gyo,...,Za, Tat1
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is zero, it follows that [f, g]s = 0. Thus, it remains to consider [f, g];. From the
Rodrigue formula (2.9) of Pr(ﬂ’l’“)(x), it follows that

In|
flz) = x;”kﬂg— {aOte=tn (1 — ||y}
l.n

Taking derivative of f with respect to variables whose index is in my, we obtain

akflf B akflf . o1 ) {1‘(7’1’“71)4_11(1 . ’x|)|nl+1}

= =X _ _—
al‘mk 8xd—k‘+2 <Xy d—k+1 axn+(0,1k_1

(ke 0p_1,— (k=2
= (1— |z)) 2P0 (),

from which we obtain immediately that

akflf akflg
[fa g]l - T ﬁxmk 8xmk

k—1
— ("/70 °— 7—(k;—2)) a g
— /Td Xz+17kpn+((];,1;—l) (ZL') Ox™mk de.

(1= Jo)" %31

Since P(V’O’“‘l’_(k_m)(x) is a polynomial of degree (n — 1) and

n+(0,1k_1)
ak—l
n—1>k—-2)+n—k=(k—2)+deg S
for g € ¢ _,, it follows from Lemma 2.3 that [f,g]; = 0. This completes the

proof in this case.

Case 2.2. f is an element of mj,k(J)H;f_j (WV7(0k7j71j)0), where 1 < j < k—1 and

o € Gy, and zj;, contains the variable x441.

First of all, since the inner product (f,g) .1, involves symmetric derivatives
with respect to variables {xy gi2,...,2q}, it is sufficient to consider the case
that 0 = id. Let j be fixed, 1 < j <k — 1. Since z,; contains the variable x4,
we can assume then

Tjk = Tayo—j - TaTarr and  f(2) = 24105 TaTap1Qn—j(T)

where Q,,—; € Hff,j(W%Okfj,lj). From Definition 2.9 with S; being the set Sy ; =
{d—k+2,...,d+1—j}, we have then

HY,(Wao, .1,) = {P\ 7Y (2) ineNL |n| =n—j withn, =0, € Sy}

To keep the notation compact, we introduce the following notations in the
proof. Recall that for x € RY, n € N¢ and 1 < i < d, x; = (21,...,2;) and
n; = (ny,...,n;). For 1 <i <d, we set

Xi=(25,...,24) and ;= (n, ..., ng).
Now, for 1 < j < k — 1, we introduce the notation

Yio; = (1,05-5,1;1) and  my = (Ng_pr1, Op—j, Maraj).
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Using these notations, we can write the element Q),,_; € Hgfj(W%O,H,lj) as

o Lo
Qn—j(r) = 27" (1 — [x]) lw

where |ny ;| =n — j. Consequently, our f is of the form

o
(4.7) flz) = ngk“% {a s (1 — |g:’)\nk,j\+1} .

The expression shows that f(r) = 0 whenever one of xgi0_j,..., %4, Tap1 18
zero. It follows readily that [f, g]s = 0, since the indices of {T412—j, ..., Ta, Tat1}
are in m; for 1 < j <k — 1. The variables in {z442_;, ..., 24} whose indices are
in my, appear as product factors in g j , so that gi vanishes on the face T #+!
except when j = 1; consequently [f, g]s = 0 except when j = 1. If 7 = 1 then
f(2) = 2411Qn_1(z), where Q,,_1(z) € H_; (W, 0,_,1), so that an integration by
parts shows that

d—k+1

0 0?
[f,9ls =~ Z Ai /Td,c+1 X1t () {(% + 1>8xg» + 9626792} dXdq—pt1.
=1 my 7 i

Since f = (1 — |z|)@,_1(x) and from Lemma 2.10, Qn_l‘mﬁckﬂ e VI, ),

it follows that [f, g]s = 0 in the case of j = 1 as the term in the curly bracket is
a polynomial of degree at most n — 2. Thus, [f,g]s =0for 1 <j <k —1.

Next we consider [f, g];. For convenience, we introduce the following notation:
For a fixed j with 1 < j <k — 1, define

my;:={d—k+2...,d=j+1} and mj;:={d—j+2,...,d}

{aeated (1 — |x|)|“k,j|+1} 7

so that my = my,; Umy ;. In particular, if j = 1, then my ; = my, and my ; = 0.
If n <k, then jmg| =%k—1>n—1and 29 — 0, so that [f, gl =0. If n>k,

o™k
then [my[ <n — 1. Assume first 2 < j < k — 1. Then [mf ;[ > 1. We perform
integration by parts |m27j| times, once for each of the variables zg12_j, ..., 24,
which appear as product factors in f, to obtain
akflf akflg _—
[f.gh = (1 — |zt yda

Td 3xmk aﬂjmk

me ol f Ol {941 -1

Using the product rule, for a generic function h,

(4.8) % {h(2)(1 —2)"} = (1 —2)"  {(1 — )/ () — nh(x)},

it is easy to see that we can write

a\mi]| 8kflg i e |
{ (1 — [ 1} = (1= )™ a1 ()

8xmi,j Ox™k
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where A, _|m,|-1 is a polynomial of degree (n — |my| — 1). Consequently, we have

olme.jl
[f7 ] ( )Imk]| /Td Xg—o—l—kkaJf {(1 - ‘x’)‘mkﬂ_lhnﬂmk\*l(x)} dx.

Now, taking derivative of f in (4.7) with respect to variables whose indices are in
my, ;, we obtain, as these derivatives only apply to the factor (1 — |z|) in f, that

Q| f Ok—jr1; 1
(49) —axmk’j = Ch,jTdqa—j """ (1 —_ |£L'|) (Imy ;|- I)P(’W k—gs1i—1,—(|my, ;|- ))(Z‘),
k’j
where ¢ ; is a constant, X ; = (Tg—g+2,- .., Td—j4+1) and n = ng ;. Substituting

it into the expression for [f, g]1, we obtain

[f, gl =(=1)™iley /dxgﬂ—kxd”—j'”xd
T
X Plg”/vok—jvlj—l’_(|mk’j|_1))(Qf)hnflmklfl(x)daj‘

Since |mZ,j| = j—1and |n| = n — j, we can write [n| = n — |mz’j| ~ 1. As
jmy| = [my ;| + Imi7j|, we see that

deg PI(I%Ok—jvlj—L—(lmk,j\—1)) > (|mk,j‘ — 1) + deg P g1

so that, by Lemma 2.3, [f,g]; = 0 for all g € I¢ | when 2 < j < k — 1. In the
case j = 1, [mf ;| = 0 and there is no need for integration by parts in [f, g}, In
this case, (4.9) becomes

Hlmx|
&rml;f o1 (1 — [a])~(mel=1) PO ~(mil=D) ()
and |n| =n — 1, so that [f, g]; becomes
akflf akflg .
[f:9h = (1= [a)™ I, e

Td axmk 8$mk

g
— v (7,0—1,— (lmg|—1))
= Ck1 /Td Xgp1-,Dn ' (z )axmk dx.

Since [n| > (jmy| — 1) + deg 2 =2 for g € ITZ_,, it follows from Lemma 2.3 that
[f,g]1 = 0. This completes the proof that [f, gJ; = 0.

Next we deal with [f,g]s = 0. In the proof, let I = I, U I, Iy C m;,; and
I, C my ;. Firstly, assume that [ is a proper subset of mj ; for 2 < j <k —1.
Then at least one of the variables in {Z419j,...,7q} Whose indices are in myj,
g;];, so that the function g I vanishes on the face
and, consequently, [f, gz = 0. Secondly, assume that I, = mg ;. Then

[Io] = [mf ;[ = j—1for 1 <j <k —1and the sum over 7 in [f, g], starts at

appears as a product factor in
d—k4i+1
T[c +i+
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1 =7 —1if j > 1, so that we can write
k—2

(410) [f? 9]2 - Z Z )‘I[f7 g]?,i,]a

t=max{l,j—1} [1Cmy_;

Ig:m;j
\T|=i
where
d'f d'g -1
Flairi= [ Gh S0 ) e
IC

For j > 1, |5 =7—12>0. If 7 > 1, we apply integration by parts |I5| times

over the variables zqio_;,...,zq, which appear as product factors in f by (4.7),
to obtain
0'f 9y =157
LS. glor = /T;‘C’“““ Ol w(l — |2[) Xd+1—kdxd—k+ldxl

ollilf ozl (plllg

— I Il-1

= (—1)| 2| /TﬁCkHJr1 XZ+1—k Sl 9T { ol (1- ]q:\)| | }dXkorldXI
for i = |I| > j — 1. If I; # () then, using the product rule (4.8), we can write

ozl (ollg B -
Oxl { oxl (1- |x|)\f| 1} =(1- |37|)|Il| 1hn—|1|717

where h,_ -1 is a polynomial of degree (n — |I| — 1), we further deduce that

a\fﬂf

I Ii|—

[f. gl2ip = (1)1 /Td_,m_+1 Xg—i-l—k—ax[l {(0 =& By} dxageadxy,
IC

which also holds if j = 1, for which there is no need to take derivatives as

|I5] = 0. Furthermore, similar to (4.9), if we take derivatives of (4.7) with respect
to variables whose indices are in I, then the derivatives apply only on the factor
(1 — |x|), so that

oIl f o o i
(4.11) S = dpjTasaj - wa(1 — |z])~0A 1) prOk—i;ti-1,=(I] ))(@’
where n = n, ; and dj; is a constant, which allows us to write
I
Uy dloir = (—D)1ld, /T - X1 i Tirn - T

% Pr(l’y,ok,j,lj—lyf(‘lﬂfl)) (Jf)hn—|1|—1 (.T)dXd_k-HdXI-

By Lemma 2.10, the restriction of PY"%7=1~ =) (1) o the face TRt g
the polynomial Pr(lv’oi’j+1’1j’1’7(|ll‘71))(Xd_k+1, x7) in the (d — k + 4 + 1)-variables
of X4 1 and x; on TE*H+ " Since |I] = j — 1 and |n| = n — j, we have
In| > (|/;] — 1) + degh and, consequently, by Lemma 2.3, that [f,¢|2.; = 0.
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As a result, we have shown that the first term of [f, g]s in (4.10) is zero for
1<j<k—2and I #0.

If, however, I} = (), then I = I, = mj ;, so that i = [[| = j — 1 and, in
particular, as i > 1, j > 2. We apply integration by parts (|I| — 1) times over
the variables zq43_j, ..., %4 to obtain

0
[fag]Z,j—l,I: (—1)”'_1/ XZH,;C—a / hn7\1|7ldxd—k+1dxla
Tayo2—j

d—(k—j)
Tre J

where h,_|;—1 is the polynomial of degree (n — |I| — 1) given by

oHl-1 olllg
Poj1—1 = 1— |zt
n—|I|—1 axd+3—j . 'al’d { oxl ( |.T’)
Now, if j > 3, taking derivative of (4.7) with respect to z41o_; gives
0 .y
(4.12) —f = Tgi3 - .xdplg'YaOk—]+171]—270) (.CI?),
a$d+27j

where n = ny, j + e442—; and |n| = n — |/, from which follows immediately that

L, gl2-11 = (_1)|11/

2 S
(o) 1=k Td+3—5 """ ld
pd—(k=3)

IC

X Pr(lmok_jﬂ’lj_%o)(:L‘)hn,u‘,l(:K)dXd,k+1dX].
Since |n| — n—|I| and, by Lemma 2.10, P{%++1-20) ()] pa-ce—s) is an element
Ic

of V \II (Wmo,ljﬁ’o) in the variables (x4_+1,X7), it follows from the orthogo-

nality of Vn:‘(ﬁ_j)(W%O,lj_%o) that [f,gl2j—1,r = 0 for j > 3. If, however, j = 2,
then I, = {d} and [f, g]2,;—1.1 for j = 2 becomes

of dg
[f, 9]2,1,1 = /Td oio ZH kax e ddXd er1dTq.

{d—k+2,..., —1}

By (4.12) with j = 2, 2L = p{"% 170)( ), which, by Lemma 2.10, is an element

in VI"2(W, 40) when restricted to the face T {dd k,;fQ’ A1} Consequently, since

In| = n — 1 in this case, it follows from the orthogonality of V4 {*2(WW, ;) that
[f, gl2.1.r = 0. Thus, we have establish that [f, g]2; ; = 0 whenever j—1 < ¢ < k-2
and j > 2.

Putting these together, we have proved that (f, 9>7,71,€ =0 for all g € I1¢_,
Consequently, the proof of Case 2.2 is completed.
Case 2.3. f is an element of mj,k(a)HT‘f_j (Wy,(ok,j,lj)a), where 1 < j < k—1 and
o € G, and zj; does not contain the variable x4 ;.

As in the Case 2.2, it is sufficient to consider o = id. Since x;; does not contain
ZT4i1, We can assume that

Tjk = Td42—5 " Td and f(iU) = Td42—j " '-fdanjJrl(l')
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for 2 < j < k, where Q,_j41 € Hi_,,;(Wyo,_,1,_,0). From Definition 2.9,
T, =11 —|o|,2a_ry2, ..., T4_j11} and then
d (0 —j+1,15— 77) < .
HTL(W’Y:Ok—jvlj—lyo) = {Pn S (xsk_j+1a Xd—j+27xd—k) .

n=(0,n;), nf=n,n;,; € Ng_k+j_1} )

From Definition 2.4, we can explicitly write the Rodrigue basis of this space. To
keep the notation compact, we use following notations in this case of the proof,

H
Xpj = (Xa—jr2, Xa-k) and vy ;= (Li-1,7Ya ).
In case 2 of Definition 2.4, taking
Liy = Xd—k+425 - -+ Liy, = Xd, x’ik+1 =T1,... 7xid+1 = Td—k+1
B , _ d—k+j—1
n=—= (nk_jH, l’lk’j) with Ng jr1 = (nl, ... ,nk_j+1), ng; € NO ,

then we can write

(Ok—j+1: Yk j Vd—k+1)
Pn (xsk—jJrl > Xk,j)

n]
_ (_1)n1X77k,jx*’Yd7k+1 9 nk—j+1X7k,j+nk,jx’Ydkarl‘Hnl
= S Sk i1 Xk, d—k+1 5

k.j

where Ouyj = (Oa—kt1, Od—k+2,d—k+1s - - - s Odd—k+1> OLd—k+1: - - - s Od—k,d—k+1) and re-
call that 0, ; = 0; — 0;. Since the first (k — j + 1) components of n are zero, in
the definition of Hg(W%Ok_j,ljfho), we can write Q,—j41 € Hg_jﬂ(W%ok_ﬁljfl,o)
as

Y oIk ;| _ . .
OQniir(2) = x Vhoj V=41 Vi,j TG Ya—k+1+ 0k ]
n—j+1 — kg d—k+1 )

ayllzfi,j k,j d—k+1
where OJyy; = (ad—j+2,d—k+1a oo Odd—k41, Otd—ks1, - - - aad—k,d—k—i—l)' Hence, we
conclude that
_ anfjJrl L ] _
Ya— Vg5 |0 | +va—
(413) f(SC) — Xd—;ci-l—}frlw {Xk:;ﬂ de_lck3+1 d k+1} ’
k.j

where |ng ;| =n—j+ 1.

This expression of f shows that f(x) = 0 whenever one of 2419, ..., 24 is zero.
It follows readily that [f, g]s = 0, since the indices of {z442_j, ..., 24} are among

the variables whose indices are in m; for 2 < j < k, so that the restriction of f
on the face Ti;k is zero. Furthermore, [f, g]3 = 0 for the same reason. Since the

k
: : . : |
variables in {z4_g4y2,...,%a—j41}, 2 < j <k —1, do not appear in f, aaz—,'flkf =0,

so that [f, g]; = 0 except for j = k. We now consider the case of j = k. In this
case, by (4.13) with j = k,

8n—k+1 ~pdn | I+
T Yd—k+1 ke TEE Nk k| TYd—k4+1
(4.14) f(z) = Xd—k+1 —aynk,k {Xk,k Li—k+1 } )
k.k
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where |ng x| =n — k + 1. Applying integration by parts |mg| — 1 times over the
variables x4 py3, ..., T4, which are product factors in f, we obtain

9 olmil-1 [ gd—k
[f,9h = (—1)'m’“'_l/Td S— { 91— |x|)|mk|—1}dx

Ox™xk

k
O0Tq—p+2 0Xq_k43

|my|—-1 [my -1 . . . . .
where 20— — 9% . Taking derivative of f in (4.14) with respect to
OXd—kts  OTa—pi3-0cy
ZTq—_k+2, We obtain
of
0,0,15_2,
~ = CTg—k+3 " -de,S k=27) (‘rsk—j+17xk)j)7
OTd—k+2

. . . glmgl-1 | gi—kg my|—1 1 ;
where ¢ is a constant and n = (0,1 ). Since xars {(%cmk (1 — || )l is a

polynomial of degree n— |my|—1 and [n| = n—k+1 = n—|my|, we deduce that
[f. gl = 0 form the fact that PO € VI (W01, ,0)- Thus, [f, gl =0
for 2 <j<k.

It remains to consider [f, g]. Firstly, assume that I, is a proper subset of mg ;

for 2 < j < k. Since at least one of the variables in {z419_j, ..., x4} whose indices
are in my, ; appears as a product factor in (‘g%, the function % vanishes on the face

TaF1 50 that [f, g]s = 0. Secondly, assume that I, = mg ;= {d—j+2,...,d}.
Then || = [mj ;[ = j —1for 2 < j <k —1. We do not need to consider the
case j = k when I, = mj ;, since if j = k then my; = () and m; = m§ ; = I,
so that I = my, which contradicts to the fact that I is a proper subset of m; in
[, g]2. Thus, we only need to consider 2 < j < k — 1, for which the summation
over 7 in [f, g]s starts at i = j — 1, so that we can write

(4.15) Fle= S S Mlfghor

i=j—11,Cmy;

1221’1’12’]-
|I|=i
where [f, gl 1 are given as in (4.10). Since the variables x4_y2, . . ., Z4—j4+1 Whose
- ) . . 11
indices are in my; for 2 < j < k — 1 do not appear in f, % = 0 and,

consequently, [f,glasr = 0if ¢ > j. For i = j —1, || = |I| = 7 — 1 and
L=I={d—j+2,...,d}; in particular, I§ =I°={d—k+2,...,d —j + 1}.
Applying integration by parts |I5| — 1 times over the variables z443—j, ..., 24,
which appeared as product factors in f, we find

[F.gl2jar = (—1) / of

Y
X N —
d+1-k
Tre 3$d+2—j

hp—j () dxXg—p+1d%y,

where h,,_; is a polynomial of degree n — j given by

92 (gi-lg -
hn—;(x) { o, (L~ lal)’ 2}‘

OXd13-;
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Now, taking derivative of f in (4.13) with respect to z44o_;, we obtain

af Ok 191
k—j5+25 —277)
a :dwd7]+3'l‘dpn J J (
Ld42—j

$Sk—j+l7xk7j)7

where d is a constant and n=(0,ny ;). The polynomial

P(Ok—j+271j—277)( —(k—j)

]Jrl (W’Yy071j7270)
Consequently, since [n| =n —j +1

T8, 415 Xk,j) 18, by Lemma 2.10, an element of V

when restricted to the face T{dd (,]:Jri) d—j1}

and h is a polynomial of degree n — j, [f, gl2,j—1,1 = 0 follows from the orthogo-
nality of Vd ﬁlj)(Wy,o,lj_%o) Hence, [f,glo = 0 for all g € TI¢_
Putting these together, we have proved that (f,g) =0 for all g € I1¢_,

Consequently, the proof of Case 2.3 is completed.

v,—1g

Case 2.4. f € HY(W,o,). From Definition 2.9, we can assume

f(x) = PO (2g_pio,s - -, Tas1, Xa—k), 0| =mn,

where 2441 =1 — |z| and n = (0,n4_1), ng_x = (n1,...,n4_). Since the first k
components of n are zero, the Rodrigue formula (2.9) shows that the variables
whose indices are in my do not really appear in f. Hence, %k— 0 and S;J; =0
for I C my, from which it follows that [f,g]; = 0 and [f, gl = 0, respectively.
For the integral in [f, g]s, we apply integration by parts to obtain

d—k+1

dg 0%g
Z Aj /d . X}kaf {(%‘ + 1)8_% + xjw} dXg_ g1

Since, by Lemma 2.10, f‘T,‘fgf“ € V&M, 4), and the term in the curly bracket

is a polynomial of degree at most n — 2, we conclude that [f, g]s = 0. Finally,
by Lemma 2.10, f| 7k € VI=*(W,), which implies immediately that [f, g]s = 0.

Thus, it follows from (4 6) that (f,g), _, =0 forall g € TIZ_,

Putting the four cases together, the decomposition (3.4) shows that (f,g), ;, =

0 for every f € UL(W, _4,) and all g € IIZ_,. This completes the proof of (ii) of
the theorem for Case 2.

Case 3. k = d+ 1. The main terms of the inner product (f, g)_, are essentially
the case of k = d+ 1 of [f,g]; and [f, g]o in Case 2, hence, as shown in that
case, that these two terms are zero for every f € UHW_;) and for all g €
[1¢_,. Furthermore, if f € z; -+ 241 V%, | (Wy) then f vanishes on eg, ey, . . ., €q,
whereas if f € :cj,dH(U)Hgfj(W(odHfj, )o), then f(eg) = f(e1) = ... = f(eq) = 0.
Thus, every f € U%(W_) vanishes at all vertices, so that the last term in (f, g)_,
is zero. Consequently, (f,g)_, =0 for Vf € UH(W_;) and Vg € T1¢_,

The proof of (ii) in Theorem 3.7 is completed. O
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4.5. Proof of (iii) in Theorem 3.7. We need to show that (f,g), , = 0 for
fe(—|z|))Vi_ (W, 1) and g € HI(W, ). The proof uses a property of H4(W, q),
which is of interesting in itself.

By definition, H4(W, ) = Hi{dﬂ}(W%o), that is, S; = {d+1} in the item 2 of
Definition 2.9, and (vs,7e,) = (0,7, 7,), where v = yo\a+13 = (Ve -+ Vew 1),
and g = (s,,Ts\8,) = (¥g41,2"), @ = (@4, ..., 24, ,). Hence, by Definition 2.4,
the elements of HZ(W, ) are given by, since n; = 0,

In] -
Pr(lvsﬂed)(xs) _ (x/>_7'$é—dwd% {(37/)7 +n xzjd-i—lnl} :
S
where n = (0,n’) and Oxs = (0, 0y, - - -0, ,0,)- Consequently, the elements of
HY(W, o) are homogeneous polynomials of degree |n|, which satisfy, by Euler’s
formula, the equation x1019 + ... + x40;9 = ng. Taking derivative again shows
easily that, if ¢ is a homogeneous polynomial of degree n, then

d
Zm?@fg +2 Z x;2;0;0;9 = n(n — 1)g,
i=1 1<i<j<d
which applies, in particular, to g € H(W, ). On the other hand, by the item (i)
of Lemma 2.10 and Lemma 2.11, g € H}(W, ) satisfies the equation L, 19 =
—n(n+ |y| +d — 1)g, which is, by (1.2)

d
i=1 1<i<j<d
d
+Y (1= (W +d)z)dig=—n(n+]y|+d—1)g.
i=1
Adding the two identities together and making use of the Euler’s formula again,
we conclude that g € HZ(W,, ) satisfies the following equation

d d
(4.16) > w09+ (vi+1)dig = 0.
i=1 =1

Now, let f(z) = (1 — |z|)P{"" (z), where PV (z) € Vi (W,1), and g €
HI(W, ). Following the proof of Case 1 of the subsection 4.4, we then arrive at
(4.5). The summation over the derivatives of g, however, is exactly the differential
operator in the left hand side of (4.16), so that (f,g), ; = 0. O
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