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FOLNER SEQUENCES AND FINITE OPERATORS
FERNANDO LLEDO AND DMITRY V. YAKUBOVICH

ABSTRACT. This article analyzes Fglner sequences of projections for bounded linear
operators and their relationship to the class of finite operators introduced by Williams
in the 70ies. We prove that each essentially hyponormal operator has a proper Fglner
sequence (i.e. a Fglner sequence of projections strongly converging to 1). In partic-
ular, any quasinormal, any subnormal, any hyponormal and any essentially normal
operator has a proper Fglner sequence. Moreover, we show that an operator is finite if
and only if it has a proper Fglner sequence or if it has a non-trivial finite dimensional
reducing subspace. We also analyze the structure of operators which have no Fglner
sequence and give examples of them. For this analysis we introduce the notion of
strongly non-Fglner operators, which are far from finite block reducible operators, in
some uniform sense, and show that this class coincides with the class of non-finite

operators.
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1. INTRODUCTION

The notion of a Fglner sequence was introduced in the context of groups to give a
new characterization of amenability. A discrete countable group I'is amenable if it has
an invariant mean, i.e., there is a state ¢) on the von Neumann algebra ¢>°(T") such that

bluyg) =v(g), yel, ge=(I),
where u is the left-regular representation of ' on ¢*(T"). A Fglner sequence for a
countable discrete group I is an increasing sequence of non-empty finite subsets [',, C
I' with I' = U,,I[',, and that satisfy

|(VTn) AT,

(1.1) lim =0 forall yel,

" T
where A denotes the symmetric difference and |T",,| is the cardinality of T',,. Then, T’
has a Fglner sequence if and only if I' is amenable (cf. Chapter 4 in [33]; see also [39]
for a review stressing the fundamental fact that amenable groups are those which can
be approximated by finite groups).

Fglner sequences were introduced in the context of operator algebras by Connes
in Section V of his seminal paper [14] (see also [15, Section 2]). This notion is an
algebraic analogue of Fglner’s characterization of amenable discrete groups and was
used by Connes as an essential tool in the classification of injective type II; factors. If
‘H is a Hilbert space, we will denote by £(H) the algebra of bounded linear operators
on H. In this article all Hilbert spaces will be complex and separable.

Definition 1.1. Let H be a Hilbert space, and let T C L(H). A sequence of non-zero
finite rank orthogonal projections { P, }nen on H is called a Fplner sequence for T if
(1.2) fi 1750 = BTl =0, TeT,

n [[Pall2
where || - ||2 denotes the Hilbert-Schmidt norm. If the Fplner sequence { P, },en satis-
fies, in addition, that it is increasing and converges strongly to 1, then we say it is a
proper Fglner sequence.

Normal operators, compact operators and Toeplitz operators with > symbol are
examples of operators with a proper Fglner sequence (cf. [22, Chapter 7]).

To simplify expressions we will often use the following notation: for 7" € £(H) and
P anon-zero finite rank orthogonal projection, put

TP — PT
(13) o(r,p) = T2 Il
1P]l2

There is a canonical relation between the group theoretic and operator algebraic no-
tions of Fglner sequences in terms of the group algebra. Let I' be a discrete, countable
and amenable group and {I',,},en C I a Fglner sequence. Denote by P, the orthog-
onal finite-rank projections from ¢?(T") onto ¢*(T',,). Then { P, },,cx is a proper Fglner
sequence for the group C*-algebra of I'. (In Proposition 4 in [5], a stronger result
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is shown: the sequence { P, },cn mentioned before is a proper Fglner sequence even
for the group von Neumann algebra, i.e., for the weak operator closure of the algebra
generated by the left-regular representation of I" on ¢2(T"). In general, if a C*-algebra
A C L(#H) has a Fglner sequence, then its weak closure needs not have one.)

In addition to these theoretical developments, Fglner sequences have been used in
spectral approximation problems: given an operator 7' on a complex Hilbert space
H and a sequence of matrices (or linear operators) {7}, },en that approximate 7" in
some sense, a natural question is whether the spectral objects of 7}, tend to those of
T as n grows. There are many references that treat this question from different points
of view. Some standard textbooks that contain many examples and an extensive list of
references are [2, 12, 22]. Bédos used Fglner sequences for operators in the context
of eigenvalue distribution problems (cf. [5]) and refined earlier results by Arveson
stated in [3, 4]. See also the introduction in [28] and references cited therein. Itis worth
mentioning that in the last two decades, the relation between spectral approximation
problems and Fglner sequences for non-selfadjoint and non-normal operators has been
also explored, see for instance [41, 38, 7, 35]. Notice that in the context of spectral
approximation, proper Fglner sequences are important.

The second important concept for this article is the class of finite operators. They
were introduced and analyzed in a classical article by Williams (cf., [42]). Finite
operators 7' € L(H) on an infinite dimensional Hilbert space #H have the property
that O 1s in the closure of the numerical range of the commutator 77X — XT' for all
X € L(H) (see also Section 2 for a formal definition and additional results). As
Williams explains in his article the name ’finite’ is admittedly ad hoc. It comes from
the fact that the class of finite operators contains the closure of all finite block reducible
operators (i.e., operators having a non-trivial finite dimensional reducing subspace).

The aim of the present paper is to analyze the role of Fglner sequences in the context
of a single operator and in relation to the class of finite operators. If {P,},cn is a
Fglner sequence for 7' € L(#H), then we have with respect to the decomposition H =
PH® (PH)*

(n) (n) _m(n)
15 T, 15 0

where Tl(") is a finite dimensional operator on P, ’H. Therefore
ITP = PuTlls _ 175" 2 + 175" 2
1Pl 1Pl ’

so that the condition in (1.2) describes the growth of the off-diagonal blocks of 7' (in
the Hilbert-Schmidt norm) relative to the dimension of the corresponding subspaces as
n — oo.

In Section 2 we will present some consequences of the existence of Fglner sequences
for operators and give useful characterizations of it. We also mention standard results
for the class of finite operators.
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In Section 3 we explore the structure of operators without a Fglner sequence. We
define a strongly non-Fglner operator as an operator 7" such that there is some positive
number ¢ with ¢(7T', P) > ¢ for all non-zero finite rank projections P on H. In a
sense, this condition means that 7" has to be far from the set of finite block reducible
operators. In Theorem 3.2, we show that any operator with no Fglner sequence is the
direct sum of an operator on a finite-dimensional space (which can be possibly zero)
and a strongly non-Fglner operator.

In Section 4, we show the natural relation between the notion of proper Fglner
sequences and the class of finite operators. To describe our results with more detail, let
us divide the set of all operators in £(H) into four mutually disjoint classes, according
to the following table:

Operators with a proper | Operators with no proper
Fglner sequence Fglner sequence
Finite block reducible Wor Wo—
Non finite block reducible Wit S
TABLE 1

As we will prove in Theorem 4.1,

an operator is finite if and only if it has a proper Fplner sequence or it is finite
block reducible.

Therefore the class of finite operators is the disjoint union of the operators in the classes
Wo+, Wh— and Wy . Moreover, an operator is strongly non-Fglner if and only if it is
not finite, i.e., it belongs to S. This implies that the class of strongly non-Fglner
operators is open and dense in £(7{). We refer to Section 4 and to the end of Section 6
for more details.

In Section 5 we analyze several classes of non-normal operators and show that each
operator from any of these classes has a proper Fglner sequence. In Theorem 5.1, we
show that any essentially hyponormal operator (i.e., any 7' such that 7*7T — TT™ de-
fines a nonnegative element of the Calkin algebra) has a proper Fglner sequence. This
implies that important classes of operators, like, e.g., essentially normal or hyponormal
operators, have also proper Fglner sequences.

In Section 6, we give examples of operators which have no Fglner sequence. In
the example stated in Proposition 6.1 we use the fact that the Cuntz algebra is singly
generated as a C*-algebra. In a subsequent paper [29] we will discuss asymptotic
properties of finite square matrices, related to the property of the existence of a proper
Fglner sequence for an infinite dimensional linear operator.

2. BASIC PROPERTIES OF FGLNER SEQUENCES AND FINITE OPERATORS

In this section we recall the basic definition and results concerning Fglner sequences
for operators. We will also discuss some standard properties of finite operators. In what
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follows, if 7" is a linear operator on a Hilbert space 1, we denote by ||7’||, its norm in
the Schatten-von Neumann class. We denote by Pg,(#) the set of all non-zero finite
rank orthogonal projections on H.

The existence of a proper Fglner sequence for an operator 7' is a weaker property
than quasidiagonality. Recall that an operator 7" € £L(H) is said to be quasidiagonal
if there exists a sequence of finite rank orthogonal projections { P, },cn converging
strongly to 1 and such that

@2.1) lim || TP, — P,T|| =0 .

This notion was introduced by Halmos in [25] (see also [40] for a review that also
relates the concept of quasidiagonality to other fields like, e.g., C*-algebras). The ex-
istence of a proper Fglner sequence can be understood as a kind of quasidiagonality
condition relative to the growth of the dimension of the underlying spaces. It can be
shown that if the sequence of non-zero finite rank orthogonal projections { P, },, qua-
sidiagonalizes an operator 7', then it is also a proper Fglner sequence for 7'. Examples
of quasidiagonal operators are compact operators, block-diagonal operators or normal
operators. Abelian C*-algebras or the set of compact operators }C(#) are examples of
quasidiagonal C*-algebras (cf. [9]).

The next result collects some easy consequences of the definition of a (proper)
Fglner sequence for operators.

Proposition 2.1. Let T C L(H) be a set of operators and { P, },cn a sequence of
finite rank orthogonal projections strongly converging to 1. Then we have

(1) {P.}nen is a Fplner sequence for T if and only if it is a Fplner sequence for
C* ( T, Il), where C*(-) is the C*-algebra generated by its argument. More-
over, { P, }nen is a proper Fplner sequence for T if and only if it is a proper
Folner sequence for

C*(T,K(H), 1) .

(ii) Let dimH = oo and {P, },en be a proper Folner sequence for T. Given a
sequence {L;}1en of natural numbers with Ly — oo, there exists a sequence
{Qihen C K(H) of finite rank orthogonal projections which is a proper Fplner
sequence for T and dim Q;H > L;, | € N.

(iii) {P,}nen is a Folner sequence for T if and only if the following condition
holds:
. HTPn — PnTul

2.2) lim
n 1P lx

=0.

Proof. (i) It is obvious that { P, }.cn is a Fglner sequence for 7 if and only if it is a
Fglner sequence for C*(7,1). Moreover, if { P, },cn is proper, then it also satisfies
|KP, — K| — 0 for any K € IC(H). This implies that | K P, — P, K| — 0, i.e.,
{P, }nen quasidiagonalizes any compact operator and, therefore, { P, },cy is also a
proper Fglner sequence for 7'+ K forany T € T, K € K(H).
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For (ii), just notice that we can choose an increasing subsequence (); = P, such
that dim Q;H > L; and lim;_,, @); = 1. Then Eq. (1.2) will be satisfied replacing P,

by Q.
(iii) By item (i) we have that { P, },cy is a Fglner sequence for 7 if and only if it is
a Fglner sequence for C*(7, 1) and we can apply Lemma 1 in [5]. U

If P and () are orthogonal projections, we will denote by P V () the orthogonal
projections onto the closure of PH + QQH. Finally, we will use the common notation
for the commutator of two operators: [A, B] := AB — BA.

Next we give two useful formulations of the existence of a proper Fglner sequence.

Proposition 2.2. Let T' € L(H) with dim H = oo. Then the following assertions are
equivalent.

(1) T has a proper Fplner sequence.
(ii) For each ¢ > 0 and each n € N there exists a projection P € Py, (H) such
that vank P > nand (T, P) < € (see (1.3)).
(iii) For each Q) € Pp,(H) and each € > 0 there exists a projection R € Pp,(H)
such that R > @Q and o(T, R) < e.

Proof. (1) = (i1). This is by the definition of a proper Fglner sequence.
(i) = (iii). Suppose (ii) holds. Let ) € Py, (H) and € > 0 be given. By (ii),
there exists a projection PP € Py, (H) such that (T, P) < £/2 and

9
Il 1@l < Z 1Pl

Put R := PV @ and note that || P||s < ||R]|2, R > @ and R > P. We assert that R
has the desired properties. First notice that rank R — rank P < rank (), which implies
that || R — Pl|2 < ||@Q||2- So we get

11T Blllz < [T Plll2 + 1T, B = Pl < ([T, Plll2 + 2T - [ R = P]ll2
9 9
< (T, PPz + 2| TN Qllz < 5 [I1R]l2 + 5 [1P]]2 < ell Bll2,

which yields (7', R) < e.

(ili) = (i). Suppose (iii) holds. Choose any sequence {L, } of non-zero finite
dimensional orthogonal projections such that L; < Ly < --- < L, < ... and s —
lim L,, = 1. Then a proper Fglner sequence { P, } for 7" can be constructed inductively
as follows. Take P, = L; € Pu(H). If Py, ..., P, have been defined, use (iii) to
choose P,,1 € P, (H) that satisfies P,y > P, V L, and (T, P,1) < n+r1 Then
P,y > P,, P,yy > Ly, for any n and o(7, P,) — 0 as n — oo, which implies that
{P,} is a proper Fglner sequence. O

Remark 2.3. (1) The preceding proposition also shows that given an operator T’
and a sequence of finite rank projections {Q,, },, such that dim ), is unbounded
and (T, Q),) — 0 one can construct a proper Fplner sequence for T in the
sense of Definition 1.1.
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(ii) The equivalent formulations stated above are usual when dealing with asymp-
totic properties. Adapting from the context of quasidiagonality (cf. [9, Sec-
tion 7.2]) one can also prove that T' has a proper Fglner sequence if and only
if for each ¢ > 0 and each finite set F C H there exists a P € Py, (H) such
that (T, P) < € and |Px — z|| < e forall x € F.

The preceding result immediately implies that the existence of a proper Fglner se-
quence for a direct sum can be localized in one of the direct summands.

Proposition 2.4. Let H and H' be separable Hilbert spaces with dim H = oo. If T

has a proper Fplner sequence, then T & X € L(H S H') has a proper Fplner sequence
forany X € L(H').

Proof. Assume that T" has a proper Fglner sequence and X is any operator in on H'.
Then for each £ > 0 and each n € N there exists a P € Py, (H) such that rank P > n
and (T, P) <e. Then (T & X,P @ 0) = ¢(T, P) < &, which shows that P & 0
satisfies the properties required in Proposition 2.2 (iii) (with respect to 7' ¢ X, instead
of T'). U

The following proposition concerning tensor products of operators follows from
Proposition 2.13 in [6]. For convenience of the reader we give an elementary proof of
it.

Proposition 2.5. If H, K are Hilbert spaces and A € L(H) and B € L(K) are
linear operators that have proper Fglner sequences, then the tensor product A @ B €
L(H ® K) also has a proper Fplner sequence. More precisely, if {P,}, is a proper
Fplner sequence for A and {Q,,},, is a proper Fplner sequence for B, then { P, @ Q. }»,
is a proper Fglner sequence for A @ B.

Proof. Suppose that { P, },, and {Q,, },, are as above. Then { P, ® Q),, },, is an increasing
sequence strongly converging to the identity. Moreover we have

=[A, P]© (B@n) + (P,A) © [B, Qn].
This equality and the property ||C' ® D||y = ||C||2||D||2 imply that

A® B, P, n
(48,7, Q) = IAD B E Gl

| Pall2 [|@nll2
I[A, Po]|l2 1B, Qnlll2
< WA Bflle gy B Gulllz 0 oo
[ Pall2 1Qnll2

The existence of a Fglner sequence for a unital C*-algebra has important structural
consequences. For the next result we need to recall the following notion: a state 7 on
the unital C*-algebra A C L(H) (i.e., a positive and normalized linear functional on
A) is called an amenable trace if there exists a state ) on £(?) such thaty) | A =17
and

V(XA =y(AX), XeL(H), AcA.
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Note that the previous equation already implies that 7 is a trace on .A. The state v
is also referred in the literature as a hypertrace for A. Hypertraces are the algebraic
analogue of the invariant mean mentioned at the beginning of the Introduction. Later
we will need the following standard result. (See [14, 15] for the original statement and
more results in the context of operator algebras; see also [6, 1] for additional results in
the context of C*-algebras related to the existence of a hypertrace.)

Proposition 2.6. Let A C L(H) be a separable unital C*-algebra. Then A has a
Fplner sequence if and only if A has an amenable trace.

In general, it is not true that if 4 has an amenable trace, then it must also have a
proper Fglner sequence.
Finally we recall the following definition from the Introduction.

Definition 2.7. T' € L(H) is called a finite operator if
0e W ([T,X]) forall X e L(H),
where W (T') denotes the numerical range of the operator T, i.e.,
W(T) ={{Tw,z) |z e, |zf =1},
and where the bar means the closure of the corresponding subset in C.
In this context the following class of operators plays a distinguished role:

Definition 2.8. Let T' € L(H). We say that T is finite block reducible if T has a non-
trivial finite-dimensional reducing subspace, i.e., there is an orthogonal decomposition
H = Ho @ Hi, which reduces T, where H, is finite dimensional and non-zero.

We collect in the following theorem some standard results due to Williams about the
class of finite operators (cf. [42]).

Theorem (Williams). An operator T € L(H) is finite if and only if C*(T,1) has
an amenable trace. The class of finite operators is closed in the operator norm and
contains all finite block reducible operators.

It follows that the closure of the set of all finite block reducible operators is contained
in the class of finite operators.
Combining Williams” Theorem with Proposition 2.6, we get the following fact.

Corollary 2.9. For any operator T' € L(H), the following properties are equivalent:
(1) T is finite;
(1) T has a Fglner sequence;
(iii) C*(T, 1) has an amenable trace.

Remark 2.10. Note that in the reverse implication of Proposition 2.6 the sequence of
projections does not have to be a proper Fglner sequence in the sense of Definition 1.1.
In fact, one can easily construct the following counterexample: consider a finite block
reducible operatorT' = Ty ®T on the Hilbert space H = Ho® H1, with dimHy < oo
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and where Ty has no Fplner sequence (examples of these type of operators are given
in Section 6). Then, by Williams theorem it follows that C*(T , 1) has a hypertrace
and by Proposition 2.6 it has a Fplner sequence also. The simplest choice of Fplner
sequence is the constant sequence P, = 14, & 0 which trivially satisfies (1.2) for T
But T’ cannot have a proper Fplner sequence because I has no Fglner sequence (see
Proposition 3.6 below).

3. STRONGLY NON-F@LNER OPERATORS
In the present section we begin the analysis of operators with no Fglner sequence.

Definition 3.1. Let H be an infinite dimensional Hilbert space and T an operator on
H. We will say that 'T' is strongly non-Fglner if there exists an € > 0 such that all
projections P € Py, (H) satisfy

o(T,P)=¢
Theorem 3.2. Let T € L(H) with dimH = oo. Then T has no proper Fplner
sequence if and only if T' has an orthogonal sum representation T' = Ao T on

H="HoD 7-[ where dim Hy < oo (so that A is a finite dimensional operator) and T
is strongly non-Fgplner.

To prove the preceding theorem we will need the following lemmas that involve
projections.
Lemma 3.3. Let { P, },cn and P be orthogonal projections in H. If P has finite rank
and the sequence { P, },cn tends to zero in the strong operator topology, i.e. P, RRINY)
asn — oo, then |PP,|| — 0.

Proof. It suffices to prove the assertion for the case when P has rank one: let P = frr
for a unit vector f in H. Then ||PP,| < || f||P.f]] = |Pnf]| — 0 asn — oc. O

Lemma 34. Let s € N, P,...,P; € Pﬁn(H), j=1,...,s If”P]PkH < 9=
1/(3s®) for all indices j # k, then the ranges of projections P; are linearly indepen-
dent spaces and

Pt tP>= (Pl\/ \/Ps>.

Proof. Let f € <P1 \VERERV; PS)H. Then f = Zj fj» where f; € P;H. If either j # k
or j # £, then |(P; fi, fo)| < 6l fllll fell. Hence

ZPff Zzpfk7fé ZMHHZZRePfk,fZ

Jj=1 J j j#kor
J#L

> STUAIE = ss( S IAN) = (- 50) S IAIE = 5 ST Al
k k k k
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In particular, if f = 0, then f; = 0 for all j. Hence the ranges of P; are linearly
independent.
Similar arguments show that = | f;[|* > (1+—1526) | f||?>. Combining the last two

inequalities and since § = ;.5 we obtain the estimate Y .(P;f, f) > ;| f[|* which

proves the last statement. 0
Lemma 3.5. If P,(Q) € Ps,(H) and L € L(H), then

o(L, P) — (L, Q)| < 4]|L] - — =€l

max (|| P2, [|Qll2)
Proof. Without loss of generality, let us assume that || P||> < ||@||2. Then we have
QU 1Pl (2, P) = o(2,@)| = 1@l ILZ Pl = 1] (£, @1l

< [1Qll2 = 1Pz - 1L, Plll2 + | Pllz 12, @ — P
<A|LIHQ = Pl2llPll2,

which implies the desired estimate. U

Proposition 3.6. Let T' = A ® TonH = Ho P H, where dim Ho < oo (hence A is
a finite dimensional operator). Then T' has a proper Fplner sequence if and only if T
has a proper Fglner sequence.

Proof. The implication “<” follows from Proposition 2.4. To prove the implication
“=" suppose that 7" has a proper Fglner sequence and put d := dim Hy < oo. For any
e and any N > d there exists a P € Pg,(#H) such that rank P > N and (T, P) < e.

Now, for each such P there exists also a P € Pg,(H) such that 0 & P < P and

rank P+d > rank P. (Take as P, e.g., the orthogonal projection onto PH N (0P ﬁ))
Using Lemma 3.5 we get

gp(f,ﬁ) = @(T,O@ﬁ) S @(Tap)+’¢(T=P)_@(T’O@ﬁ)|
4T 1P — (0@ P)|s

< (T, P)+
1P1]2
4|7 d>
< (T, P)+ —— < 2,
[P
1

where for the last inequality we have chosen P so that || P||y > w. By Proposi-
tion 2.2 (ii) it follows that 7" has also a proper Fglner sequence. 0

Proposition 3.7. Let T' € L(H) and suppose that (T, P) # 0 for all P € Py,(H). If
there is a Fplner sequence of projections { P, },, C Ps.(H) of a constant rank, then T
has a proper Fglner sequence.

Proof. Let {P,}, be a sequence of projections such that the rank m := rank P, is
constant and non-zero. We can represent them as P, = f,, f, where f,,: C™ — H are
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isometries. Moreover, by weak compactness of the unit ball in # there is a contraction
g: C™ — H, |lg]| < 1, such that (passing possibly to a subsequence)

WOT

(3.1) fn—g9.

First we prove that g = 0. For this, suppose that g # 0 and we will show that this leads
to a contradiction. If g # 0 there exists some k, with 1 < k < m, and an isometry
go: C* — H such that Ran ¢ = Ran go. Notice that

(I = P)TPy = (Tfo = ful 3T fa)) I
Put o, = f37T'f,,: C™ — C™ and
(3.2) hy =T fn — foo,: C™ — H,
so that
(I — P,)TP, = h,f:.
Since projections P, have constant rank and (7', P,) — 0 it follows that
(I —P,)TP,|| >0 as n—oco.

Thus ||h,|| — 0. Passing possibly to a subsequence, we can assume that there is a limit
lim, 0 o, = a € L(C™). By (3.2), fnav, = T f, — hy, s0 by (3.1), we get

WOT
fna, — Tg as n — oo.

By applying (3.1) once again, it follows that go = T'g. In particular, Ran(7g) C
Ran g. Notice that P, := gog; # 0 is the orthogonal projection onto Ran go. Since
Ran g = Ran gy, we arrive at the equality ( — P,,)T'P,, = 0. In the same way, we
can prove that (I — P,)T*P,, = 0 (for the same isometry go). Hence ¢ (T, Py,) = 0,

which contradicts the assumption. Therefore we must have g = 0, that is, f, YO 0as
n — oo. Hence ‘(Pna,b>| < ||fxa|||lfrb|]| — O for any a,b € H, that is, P, Vot o,

SOT
hence P, — 0.

To show that 7" has a proper Fglner sequence let ¢ > 0 and N € N. Consider also

e _1_
4N > 3N3

we can choose projections P,,, P,,, ..., P,, from the sequence { P, },, that satisfy
o(T,P,;) <6 and [Py, P, | <o

for all indices j # k, 1 < j,k < N. To simplify notation we will write P; in-
stead of P, . Put P := (P, V ---V Py). Since (I — P)({ — P;) = (I — P)
we have that ||[(/ — P)T'F;|| < ||(I — P)TP;|| < dforall j = 1,...,N. Hence
|(I = P)T (X, P;)|| < N6. Finally, Lemma 3.4 implies that . P; > $P. We
denote the inverse of » _; P; on PH by Q. Then [|Q[| < 2and P = (23 P;)Q. This
gives that ||(/ — P)TP|| < 2N¢. In the same way we show that || PT'(I — P)|| < 2N4,
and, therefore, (T, P) < 4N§ < € and by Lemma 3.4, rank P > N. From Proposi-
tion 2.2 we conclude that 7" has a proper Fglner sequence. U

a positive 0 < min ( > From the assumption ¢(7', P,) — 0 and Lemma 3.3
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With the preceding material we can now prove the main result of this section:

Proof of Theorem 3.2. If T' € L(*H) has an orthogonal sum representation 7' = A & T

on H = Hy & H, where dimHy < oo and 7' is strongly non-Fglner, then Proposi-
tion 3.6 implies that 7" has no proper Fglner sequence.

To prove the other implication of the theorem suppose that 7" has no proper Fglner
sequence. By Proposition 2.2, there exist some ¢’ > 0 and M € N such that

VP € Pin(H) , rank P > M = (T,P) > ¢

In particular, it follows that if 7" decomposes as 7' = A & T, where A € L(Ho), with
Ho finite dimensional, then dim 7—[0 < M. Consider a decomposition 7' = A @ T
where A: Hy — Ho, T:H — H,and ¢ := dim Ho is the largest possible. (The case
where ¢ = 0 is not excluded.) We prove next that Tisa strongly non-Fglner operator:
by Proposition 3.6 and since ¢ < M, we have that T has no proper Fglner sequence.
Therefore there exist £ > 0 and s € N such that

(3.3) VP € Pu(H) , rank P> s = (T, P) > ¢ .

On the other hand, since / is the largest possible, it follows that

(3.4) P € Pu(H) with P£0 = o(T,P) #0.

We claim that (3.4) implies that

(3.5) ey >0 VP e Pﬁn(ﬁ) 0<rankP < s —> gp(i ﬁ) > gy,

Then, putting ¢ = min{ey, £, }, we will conclude that T'is strongly non-Fglner (cf. Def-
inition 3.1). So it remains to deduce assertion (3.5).

Assume that (3.5) does not hold. Tl}gn there is some m, with 1 < m < s, and a
sequence of projections { P, },, C Prn(#) of rank m that is a Fglner sequence, i.e., we
have
(3.6) Tim (T, P,) = 0.

From (3.4) and Proposition 3.7 applied to the operator T we conclude that 7" has a
proper Fglner sequence. But this contradicts (3.3) and, therefore, (3.5) must hold. [

4. RELATION BETWEEN PROPER FGLNER SEQUENCES AND FINITE OPERATORS

We show in this section a useful characterization of finite operators that involves
proper Fglner sequences. Recall the definitions and results stated at the end of Sec-
tion 2.

Theorem 4.1. Let T' € L(H). Then, T is a finite operator if and only if T is finite
block reducible or T’ has a proper Fplner sequence.
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Proof. (1) If T is finite block reducible, the 7" is a finite operator (cf. [42]). Moreover,
if T has a proper Fglner sequence, then the C*-algebra C*(7T', 1) has the same proper
Fglner sequence and, by Proposition 2.6, it also has an amenable trace. Then, by
Williams’ theorem (see also Theorem 4 in [42]) we conclude that T is finite.

(i1) To prove the other implication, assume 7' is a finite operator. We consider sev-
eral cases. If there exists a (non-zero) P € Py, (H) such that o(7, P) = 0, then since

o(T, P) = % we must have [T, P] = 0. This shows that 7" is finite block re-
ducible. Consider next the situation where ¢(7, P) # 0 for all P € Pg,(H). Since T'
is finite we can use again Theorem 4 in [42] to conclude that C*(7', 1) has an amenable
trace. Applying Proposition 2.6 (see also Theorem 1.1 in [6]) we conclude that there

exists a Fglner sequence of non-zero finite rank projections { P, },, i.e., we have
lim o(T,P,) =0.
n—oo

(Note that P, is not necessarily a proper Fglner sequence in the sense of Definition 1.1;
cf. Remark 2.10.) Two cases may appear: if dim P,H < m for some m € N, then
choose a subsequence with constant rank and by Proposition 3.7 we conclude that 7°
has a proper Fglner sequence. If dim P, is not bounded, then from Remark 2.3 (i)
we also have that 7" has a proper Fglner sequence. U

From Theorem 4.1 and taking into account the classification of operators described
in Table 1 of the Introduction we have the following result.

Corollary 4.2. Let T € L(H). Then

(1) T is a finite operator if and only if T' is in one of the following mutually disjoint
classes: Wy, Wo_, Wh..
(ii) T' is not a finite operator (i.e., it is of class S) if and only if T is strongly
non-Folner.
(iii) The class of strongly non-Fglner operators is open and dense in L(H).

Proof. The characterization of finite operators and its complement stated in (i) and
(i1) follows from Theorem 4.1 and Williams’ theorem at the end of Section 2. To
prove part (iii) we use that the class of finite operators is closed and nowhere dense
(cf. [26]). Therefore the set of strongly non-Fglner operators is an open and dense
subset of L(H). O

Remark 4.3. In fact, the assertion that the class of strongly non-Fplner operators is
open in the norm topology follows easily from our definition of this class. Indeed, let
T be strongly non-Fglner operator, so that there is an ¢ > 0 such that (T, P) > ¢
forall P € P,(H). It is easy to see that | (T, P) — o(T', P)| < 2||T —T"|| for any
operator T'. Hence any operator T" with | T — T'|| < €/2 is strongly non-Fglner. So
an application of Corollary 4.2 gives an alternative proof of the result by Williams [42]
that the set of finite operators is closed.
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5. CLASSES OF NON-NORMAL OPERATORS WITH A PROPER F@LNER SEQUENCE

In the present section we single out several classes of operators such that any op-
erator in these classes has a proper Fglner sequence. The unilateral shift is a basic
example that shows the difference between the notions of proper Fglner sequences and
quasidiagonality. It is a well-known fact that the unilateral shift S is not a quasidi-
agonal operator. (This was shown by Halmos in [24]; in fact, in this reference it is
shown that S is not even quasitriangular.) In the setting of abstract C*-algebras it can
also be shown that a C*-algebra containing a proper (i.e. non-unitary) isometry is not
quasidiagonal (see, e.g., [8, 9]).

On the other hand, S has a canonical proper Fglner sequence. Indeed, let S be
defined on H := (*(Ny) by Se; := e; 11, where {e; | i = 0,1,2,...} is the canon-
ical basis of (?(Ny). Then it is very easy to see that orthogonal projections P, onto
span{e; | i =0,1,2,...,n} form a proper Fglner sequence for S. We will see later in
this section that, in fact, any isometry has a proper Fglner sequence.

We recall some standard definitions. An operator 7' € L(H) is called hyponormal
if its self-commutator [A*, A] is nonnegative. T is called essentially hyponormal if the
image in the Calkin algebra £()//C(#) of [T*,T] is a nonnegative element, that is,
if [T*, T is a sum of a nonnegative and a compact selfadjoint operator. Next, 7" is said
to be essentially normal if [T*,T| is compact (that is, [T™*, T is zero as an element of
the Calkin algebra). Finally, 7" is called quasinormal if T" and T™T commute. Any
isometry is quasinormal, any quasinormal operator is subnormal and any subnormal
operator is hyponormal, see [16, Chapter II].

Theorem 5.1. Any essentially hyponormal operator T' € L(H) has a proper Fglner
sequence.

Proof. Let T be essentially hyponormal. By [42, Theorem 5] and the discussion that
follows this theorem, 7" is a finite operator. Consider all finite-dimensional reducing
subspaces H, of T' (including the zero one).

There are two possibilities.

1) Suppose that among these subspaces there is one of largest dimension, say, H,,
and T = Ty @ T with respect to the corresponding decomposition H = Hy & Hg .
Then 77 is essentially hyponormal and not finite block reducible. By Theorem 4.1, T
has a proper Fglner sequence. Therefore 1" also has a proper Fglner sequence.

2) Now suppose that, to the opposite, the dimensions of these subspaces can be
arbitrarily large. Then we deduce from Proposition 2.2 that in this case, too, 7" has a
proper Fglner sequence. U

Corollary 5.2. Every essentially normal operator (that is, an operator I such that
[T*,T] € K(H)) has a proper Fglner sequence. Every hyponormal operator (in par-
ticular, any subnormal, any quasinormal and any isometry) also has a proper Fglner
sequence.

Remark 5.3. For some of the above operator classes, one can give alternative direct
proofs.
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(i) Any isometry V- € L(H) has a proper Fplner sequence. Indeed, without loss
of generality we may assume that V' is not unitary. By Wold’s decomposition
theorem (cf. [18, Section V.2]) we have that V' = S @& A |, where = means

unitary equivalence, S is the unilateral shift and A = ( é S) @ U for some
i=0

cardinal number n and unitary U. Since we showed above that S has a canon-
ical proper Fglner sequence we can apply Proposition 2.4 and the proof is
concluded.

(i) Any quasinormal operator has a proper Fglner sequence. To see that, no-
tice first that by Brown’s theorem (see [16, Theorem 11.3.2]), any quasinormal
operator is unitarily equivalent to N ® (A ® S), where N is normal, A is non-
negative and S is the unilateral shift. Next, as we mentioned already, S has
an explicit proper Fglner sequence and since A is self-adjoint it has a proper
Fplner sequence too. By Proposition 2.5, A® S has a proper Fplner sequence.
Finally, Proposition 2.4 implies that N & (A®S) has a proper Fglner sequence.

(iii) One can also give an alternative proof of the fact that any essentially nor-
mal operator has a proper Fglner sequence by applying the Brown—Douglas—
Fillmore theory (see [10, 19]) and a model for essentially normal operators,
similar to that given on p. 122 of the cited work.

The next result refers to the existence of a proper Fglner sequence for the class of
Toeplitz operators on the d-dimensional torus. Denote the unit torus by T = {z € C |
|z| = 1}. We also recall that, given a function F' € L°°(T%), the Toeplitz operator T
on the classical Hardy space H?(T¢) is defined by Trg = P, (F - g), g € H*(T%),
where P, stands for the orthogonal projection from L?(T?) onto H?(T?). Note that
even for d = 1, there are Toeplitz operators which are not essentially normal (for
instance, Ty for any non-rational inner function #). Using the same idea, it is easy
to give an example of a Toeplitz operator Ty on H? such that neither Tx nor T} is
essentially hyponormal.

It is an easy consequence of Proposition 2.5 and Weierstral3’ theorem that any
Toeplitz operator with continuous symbol on T¢ has a proper Fglner sequence. The
following more general result is also true. Its proof is similar to the one given in Ex-
ample 7.17 of [22], where only the case d = 1 was considered. For convenience of the
reader give a brief sketch of the proof.

Proposition 5.4. Any Toeplitz operator Ty on H*(T?) with any symbol F in L>(T?)
has a proper Fglner sequence.

Proof. 1t is enough to consider the proof for d = 2 and other cases follow similarly.
For any F' € L>°(T?) we consider its decomposition

(5.1) F = Z Ak1ky Chiko and HFH2 = Z ]aklk2|2 < 0.
k1,k2€Z k1,ko€Z

where {eg, 1, } is the canonical basis of L?(T?): ep,, (21, 22) = 271252, Denote by Py
the orthogonal projection onto span {ex,x, | k1,k2 = 0,... , N — 1} and note that
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| Py||2 = N2. If we choose by to be the smallest integer greater or equal than /N,
we have

1
Nz (1 — Px) Tr Pyl
< m Z ‘alﬂfll ,kZ*lQ‘ + ﬁ Z |ak1*l1 ,k2*12| = Al + AQ'
I,l2=0,....N—1 I,l2=0,...,N—1
k1>N,k2>0 k12>0,k2>N

Next, putting s; = k; — [, we get

1 2 2
AISN( Z |a8182’ ot Z |a8182| )

s1>1,82€7Z s1>N ,s2€7Z

1
S ICEIOND SRR S Wy

s1>bn , $2€7Z s12>21,82€7%

b
< Y e+ IFIP o 0

N—o0
s1>bN ,82€Z
(see (5.1)). Similarly, Ay — 0 as N — oo. We get that - ||(1 — Py) T Px|j3 — 0.
In the same way one proves that 5 || Py T (1 — Py)||3 — 0 as N — oc. O

In particular, it follows that any Toeplitz operator on H?(T?) is finite.

For completeness we mention that all band-limited operators and uniform limits of
them have a proper Fglner sequence. Recall that a linear operator A on H is band-
limited with respect to an orthonormal basis {e, }5°, or {e,}°° __ in H if there is
N € N such that the matrix elements of A satisfy (Ae;, e;) = 0 for |j — k| > N (see,
e.g., [3, 5, 34]). This class of operators includes all (bounded) unilateral and bilateral
weighted shifts.

Notice that not every weighted shift is essentially normal and not every weighted
shift is quasi-diagonal. A complete description of quasi-diagonal weighted shifts was
given in [36] (see also [31] for a generalization).

It is easy to see that band-limited operators can be generalized to what we can call
“acute wedge” operators. By definition, A has this property with respect to an or-
thonormal basis {e,, }>; (or {e,}2> ) in H if there exists a function g(n) such that

1m0 ‘911?—1”/)2 = 0 and (Aej, e;) = 0 for all j, k such that |j — k| > g(j).

6. EXAMPLES OF STRONGLY NON-F@LNER OPERATORS

Returning to Table 1 of the Introduction, it easy to give examples of operators of
class Wy.. Next, it is immediate to see that the unilateral shift is an example of an
operator in the class W ;. In this Section, we will recall several examples of operators
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of class & (that is, strongly non-Fglner operators) and will give a new example. We
remark that for any strongly non-Fglner operator 7" and any operator 7 acting on a
non-zero finite dimensional Hilbert space, the orthogonal sum 7 & 7' is an example
of an operator in W _.

Halmos constructed in [23, Theorem 5] two operators A, B € L(H), H infinite
dimensional such that W ([ A, B]) is a vertical line segment in the open right half plane.
It follows that A and B cannot be finite, hence both are examples of operators which
are strongly non-Fglner. In fact, this result was a motivational example for Williams’
article [42].

It is also worth mentioning that Corollary 4 in [11] gives an example of a strongly
non-Fglner operator generating a type [ [, factor.

Now let us give one more example. We will use the amenable trace that appears
in Proposition 2.6 as an obstruction. Recall the definition of the Cuntz algebra O,,
(cf. [17, 18]). It is a C*-algebra generated by n > 2 non-unitary isometries Sy, ..., S,
on an infinite dimensional Hilbert space, with the property that their final projections
add up to the identity, i.e.

(6.1) > SiSp=1.
k=1

This condition implies in particular that the range projections are pairwise orthogonal,
Le.

(6.2) 7Sy = 6yl

The Cuntz algebra O, is the universal C*-algebra generated by isometries satisfying
these relations. It is easy to realize the Cuntz algebra on the Hilbert space /5.

Proposition 6.1. The Cuntz algebra O,, n > 2, is singly generated and its generator
is strongly non-Fglner.

Proof. By Corollary 4 (or Theorem 9) in [32] any Cuntz algebra O,, n > 2, has a
single generator C,,, i.e., O, = C*(C,). We assert that C,, is strongly non-Fglner.
Indeed, assume that, to the contrary, it is not; then by Corollary 4.2 (ii), C), is finite.
By Corollary 2.9, it would follow that O,, = C*(C,,) has an amenable trace 7. But
this gives a contradiction since applying 7 to the equations (6.1) and (6.2) we obtain
n=1. ]

Corollary 6.2. There exist invertible and contractible strongly non-Fglner operators.

Proof. From the previous examples of strongly non-Fglner operators we can easily
construct invertible or contractible strongly non-Fglner operators. Just note that for
any two complex constants A # 0 and p, an operator 7 is strongly non-Fglner if and
only if the operator \T" + p1 is. 0

It is also easy to see that for any operator 7' that has no Fglner sequence, there is
no orthogonal basis {e,}>2; (nor {e,}>>__ ) in H such that 7" is an “acute wedge”

—00
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operator with respect to this basis (see the end of §5 for a definition). In [29], we will
discuss these operators in more detail.

The above results allow one to present the classification of Table 1 in the following,
more detailed way. Let 7" € L(#), and put
T) := sup dim R,
RCH
where the supremum is taken over all finite dimensional reducing subspaces R of T’
(including the zero one).

In the case when ¢(7) is finite, there exists a unique reducing subspace H, of 1" of
dimension ¢(T") (because R; + Ry is a reducing subspace of 7" whenever R; and R»
are). In this case, 1" decomposes as 1" = T, & T} with respect to the orthogonal sum
representation H = Ho & Hy. If 0 < {(T) < oo, put

e(T) := o(T1, P).

inf
PG’Pﬁn (Hé‘ )

Then we have the following cases.

Case 1: 0 < {(T) < co. For these operators, Table 1 now looks as follows:

Operators with a proper

Fglner sequence (¢(7') =0)

Operators with no proper

Fglner sequence (¢(7") > 0)

Finite block reducible
(0 < ((T) < o0) Wos Wo-
Non finite block reducible
(1) = 0) Wi °
TABLE 2
Case 2: ((T) = oco. In this case, (7') is not defined. These are exactly block

diagonal operators, which are operators that can be decomposed into an infinite or-
thogonal sum of finite dimensional operators (see, e.g., [9, Chapter 16] or [40]). All
these operators belong to W, .

7. APPENDIX: SINGLE GENERATORS FOR C*-ALGEBRAS

In the questions we are discussing, singly generated C*-algebras of operators have
some relevance. See, e.g., the proof of Proposition 6.1, where it was crucial that
the Cuntz algebra is singly generated. Moreover, from Theorem 5.1 and Proposi-
tion 2.1 (i), any C'*-algebra generated by an essentially normal operator has a proper
Fglner sequence. However, we do not know in general whether any separable C*-
subalgebra A of L(H) such that [T, S] € K(H) for all T, S € A (or, equivalently,
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all operators in A are essentially normal) has a proper Fglner sequence. C*-algebras
singly generated by an essentially normal operator were considered, e.g., in [20, 21].
For a nice introduction to the single generator problem we refer to [37, Section 1] (see
also [30], [13]).

Here we will prove the following variation of a result in [32] which might be useful
when addressing questions about Fglner sequences for operators: roughly, every sepa-
rable C*-algebra A of operators can be embedded into a singly generated C*-algebra
acting on a larger Hilbert space. Notice that the word “separable” here refers to sepa-
rability of the metric, associated to the operator norm. It is clear that a C*-subalgebra
of L£(H) is separable if and only if it is countably generated. In general if A is unital its
image under the embedding need not be a unital C*-subalgebra of the larger algebra.

Proposition 7.1. Let A be a unital C*-subalgebra of L(H). Then the following two
assertions are equivalent.

(1) A is separable.

(ii) There exists a separable Hilbert space R = H & H', and a singly generated
C*-subalgebra B C L(R) such that A® 0 C B, where A®0 = {A®0 €
LR)|Ae A}.

Proof. The implication (ii)) = (i) is obvious. To show the reverse implication
denote by K(h) the C*-algebra of compact operators on a separable Hilbert space .
Put B = A® K(h) € L(H ® b) (since K(h) is nuclear, there is no ambiguity in
the definition of the tensor product of these operator algebras; see, e.g., [27, Vol. 2,
Chapter 11]). Let p € K(h) be a rank one orthogonal projection onto the subspace
(e) generated by a unit vector ¢ € . The map ®(a) := a ® p is an isometric *-
isomorphism from A to A® K(h) and define R := H ®b. It is clear that $(.A) has the
form A® 0 in the decomposition R = (H® (e)) ® (H® (e)*). Finally, by Theorem 8
in [32], B is singly generated. U

Acknowledgements: The first-named author wants to thank Chris Phillips for useful
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