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ON QUOTIENTS OF HOLOMORPHIC FUNCTIONS
IN THE DISC WITH BOUNDARY
REGULARITY CONDITIONS

JoaQuin M. ORTEGA

Abstract

In this paper we give characterizations of those holomorphic functions in
the unit disc in the complex plane that can be written as a quotient of
functions in A{D)}, A®(D) or A;{D) with a nonvanishing denominator in
D. As a consequence we prove that if f € A; (D) does not vanish in D,
then there exists g € A4(D) which has the same zero set as f in D and
such that fg € A%®(D).

1. Introduction and statement of results

Let D denote the unit disc in the complex plane and T its boundary. We
denote by A(D) the Banach algebra of all continuous functions on D, holomor-
phic in D, and by A%°(D} the Frechet algebra of all holomorphic functions in
D such that all its derivatives extend continuously to I . We will also con-
sider the Banach algebra A1(D) consisting of all holomorphic functions in D
satisfying a Lipschitz conditions of order cone.

In this paper we are interested in the characterization of those holomorphic
functions in D that can be written as a quotient of functions in A(D), A®(D)
or Ay(D)), respectively, with a nonvanishing denominator in D.

The corresponding real-varizble problems are very simple. For example,
every continuous {resp.C*) function in an open set ¥V of R*® is a quotient of
two continuous (resp.C™) functions in R™ vanishing exactly on R™\ V (see
[6]}. On the other hand, this kind of problems has also been treated in complex
analysis, the most well known one being the result of F. and R. Nevanlinna
which characterizes the quotients of bounded holomorphic functions in D as
the functions in the class N, i. e.

im
sup_/ log™® | f(re™)|dt < ec.
r Je
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{see also [11] for another problem of this type).

Before stating our main results we will recall some well-known notions and
introduce some notations. Each function f in N has an unique factorization
f = BSF, where B is the Blaschke product with the same zero sequence as

f, F is the outer function with boundary absolute value |F| = |f| and S is 2
singular function
2x 6“ +z
s@ =ewf- [ Gt

for some signed measure u. The descomposition of du in its positive and nega-
tive parts gives § = $,/8,, with S1, §; singular inner functions. The Smtrnov
class N* is the subclass of N defined by the condition S; = 1. We will use the
fact that f € N* if and only if the family log* |f,|, where £, (%) = f(re’?),
has uniformly absolutely continuous integrals.. From this it easily follows that
N* is a linear space (see 3, chapter 2]} as a general reference on N and N*).

If f € N is as above we will write

sing (f) = E U suppg,

where E is the set of accamulation points of the zeros of f and supp g is the
closed support of u. Then B and S extend analytically to
T \ sing {f} and are not zero there {see [4, p.68]).

Now we state our first result:

Theorem 1. An holomorphic function f in D ts the quotient of two func-
tions fi,fr € A(D), f» # 0 in D if and only if the following two conditions
hold:

{fe) fEN.

{b) There is a closed set M of Lebesque measure zero such that:
(5.1} § extends continuously to T\ M.
(6.2) sing{S:} C M, where [ = BFS, /S, is the factorization of f.

In this case, fy can be chosen to vanish ezactly on M and outer if end only
if fe Nt. '

To state our other main theorems we need the notion of Carleson setf. These
are the closed sets M C T such that

f logd(e”®, M) d8 > —oo
T

where d(e*?, M) denotes the distance from &' to M (and so, obviously, sub-
sets and finite unions of Carleson sets are Carleson sets, too}. These sets are
precisely the zero boundary sets of functions in A% (D} and A;{D) (see (8]).
Finally, we say that f € A°{D) is flat at a closed set £ C T if Fri(z) =0 for
allnand 2 € F,
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Theorem 2. For an holomorphic function [ in D to be the quotient of two
functsons f1, fo € A® (D), f; #0 in D st is necessary and sufficient that:
(a) fI*) € N for alln, and if [ = BFS, /8, is its factorization then
{5, 3" € N* for all n.
{8} There 1s a Carleson set M such that:

{b.1} There are a funcition g, satisfying a Lipschstz condition of order I
in T, with logg € L*(T), posstive outside M, and for each n an integer q, such
that

A @ = 0fg(z)™"),2 € T\ M.

(6.2) sing({S;) C M.
In this case, fo can be chosen flat exactly on M and outer if and only if
FENT,

Theorem 3. Arn holomorphic function f tn D is the gquotient of two func-
tions f1,f: € A{D), fa # 0 in D if and only if the conditions {a} and (b} of
Theorem 2 hold for n = 0 and n = 1. In this case, f; can always be chosen in
A% (D) and flat exactly on M and outer if and only f € N*.

In condition {b) of Theorem 2 and 3, f{*} is to be understood as the almost
everywhere defined boundary value of the function f{"} € N. It is not difficult
to see directly that conditions {a) and {b) imply in fact that f(*) has a con-
tinuous extension to I'\ M (for all » in Theorem 2 and n = 0 in Theorem 3}.
We point out however that, contrary te what one might expect in analogy with
Thecrem 1, condition {b.1} cannot be replaced by the weaker assumption that
F{*) extends continuously to 7'\ M for all n (see Remark 2 in section 3},

Acknowledgement. 1 wish to thank J. Bruna for several remarks and helpful
conversations about this work.

2. Proof of Theorem 1

Lemma 1. Assume [ € N and that there 1s a closed set M such that f
extends continuously to T\ M. Let K = {z € T\ M : f(z} = 0}. Then
sing{f} C MUK and the outer part F of f also extends continuously to T\ M.

Proof: This is well known when M = ¢ {see [4,p.69]) and the same proof
applies in this general case. B

Lemma 2. Lei ¢ be a non-negative continuous function in {a,b} such that

log v is integrable. Then there exists a C™ function ¢ in
{a,b) such that > 1, ¢ > ¢ and

L] L]
/ log(t)dt < 4 f log™ ©ft}dt.
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Proof: We consider a partition of {g,4) in intervals

b—a b—a b—a
2!1

b—a
[a+2n+1,a+ INLES o ,b—2n+1], n> 1.

Let [¢,d} be one of these intervals. Let s be a step function in [e, d} such that

4 d
Iog"'qois,f 352[ log* .
[+ c

Doing the same in every interval we obtain 2 subdivision of {a,5) in intervals
[AnsAns1} and a function g , equal to some constant ¢, on [A,, Ap4y ) such that

b &
Iog+sosg,f 952/ log* .
a a3

We can also assume that ¢, > Oand.en # ¢ayr. Let [An, Ansi)and {dng1, Ang2)
be two contiguous intervals and let u, and pn4; their respective middle points.
It is easy now to construct a function k on [y, fin+1] which verifies:

1) R{z) > ¢, for z € [pn, Ans1] and A{z) > cnp: for £ € [Ang 1, a1

2) h{pi) =2¢; ,i=mn,n+1. :

3) h is O and all its derivatives vanish at y, and p.41.

4) f:ﬂn+1 h < 2]::“ g.

Doing the same with all intervals we obtain a C* function in {e,b), which

we continue denoting by k, such that A > g and

b b
/h§2f g.

Then 1 = e* satisfies all required conditions, |

Proof of Theorem 1: The necessity of the conditions is clear in all the cases,
using Lemma 1 for part {b.2). Assume now first that f € N*' and extends
continuously to T\ M. Let f = BSF. Applying Lemma 2 to ¢ = |f] in
each complementary interval of T\ M we obtain 2 C* function ; in T\ M,
w1 2 1, p1 > ¢ with logy; € LY{T). Now we consider the outer functions
Fy, Fy with boundary values |F1| = p/p1, |Fz| = 1/p1, respectively, so that
|Fi{z}|, |F2{z)| < 1 and F} = FF,. The function F, extends continuously to
T \ M because logy; is € off M by Lemma 1 and heace F; = FF; also
extends continuously to T\ M. Let now G be an outer function in A{D)
vanishing exactly on M. Then Fy G, F>G are outer functions in A(D), F,G =0
exactly on M and F; G = 0on M U K where K is as in Lemma 1. Now

f_BSF;G
- RG
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Since by Lemma 1, sing{BS)} C M U K and F\G vanishes there, it follows
that fi = BSFiG € A(D). This proves the theorem when F € N*. If f is
just in N and f = BFS, /S, with sing($,) C M repeating the proof we end
up with

_ BSR”G

T SRG
and also 8, F> G € A{D) because sing(S$;) C M and F; G vanishes on M. |

3. Proof of Theorem 2

In order to prove Theorems 2 and 3 we will follow the method used by B.A.
Taylor and D.L. Williams in [11] to obtain such a representation for certain
Blaschke products. As in [11], we say that a function defined in
(a, b} satisfies a weak Lipschitz condstion if

lo(t + At) — p(t)] < 2{A8|e(t)?

for |At] < 1/2|(2)|~'. We will use the following three lemmas (see {11] for
Lemmas 3 and 4 and [10] for Lemma 5):

Lemma 3. Let p be a real-valued in {a, b] which satisfies a weak Lipschitz
eondition, w > 2, and

[e()] = (min{|t — al, |t - 8]})~".

Then there exists a real-valued C™ function h in {6, b) such that b > 2,
w—2<h<p+?2and lhf"‘)| < e @™ for some constant ¢, and all n.

Lemma 4. Let g be a non-negative integrable function on [—n,n|. There
exists a non-negative C® function w{z), defined for £ > 0, which verifies:
faj 27 w(z) — +o0  as z — +oo. :
() J7, w(g(®))dt < +oo.
{c} For each n there exists a constant ¢, such that

|w(")(z)| < o {1+ z%).

Lemma 5. Let f € A° (D), let f=BSF andlet K = {zcT: f™M(z)=0
for alin}. Then sing(f) C K, [so that sing{f} is a Carleson set), F € A= (D)
and F ts flat on K. More generally, if f € A% {D) and Sy is a singular inner
function dividing f (i. e. S/S, is bounded), then f[Sy € A® (D). Conversely,
i S is a singular fnner function and F € A% (D) is flat on sing (5) then
FS ¢ A= (D).

Proof of Theorem 2: Let f = fi/fy, with fi,f; € A® (DY, f # 0in D,
and let M be the set of zeros of f;, a Carleson set in 7. It is obvious that
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f{n} € N for ali » and that f(*) f7+1 € A= (D)}, and hence (b.1} holds with
gn = n+1and ¢ = |f2]- It remains to prove that sing{5;) C M and that
{8, f}{") € N*. Let dwy,dv; be the measures corresponding to the singular
parts of fi, f» respectively and dp,du; the ones corresponding to §; and Ss.
Then py = (v1 —v2)y S vr, 1 — B2 = ¥ — Uy, that s, v = iy + v, i=1,2
for some positive measure . Therefore, sing{S;} C suppu: C M, by Lemma
5. Also, the singular inner function Sy corresponding to dw divides both f1, f2
and so by Lemma 5, f1 /S and f2/So are again in A® (D}. This means that
replacing fi by fi1/S0 and f; by fi/So we can assume that S, is the singular
inner part of f;. Then Sy f = fi/F;, where F; is the outer part of fz, which is
in A% {D) by Lemma 5, and now it is clear that {S; )"t e N* for all n.

Assume pow that f € N* satisfies (a), i. e. f{*) € N+, for every n, and
(b). Without loss of generality we can assume that the Lipschitz constant for
g is 1, that |g| < 1/2 and, multiplying ¢ by 2 function in A® (D} vanishing on
M, that g is zero on M. Then the hypothesis of Lemma 3 hold for p = 1/g
in each complementary interval of M in T (if |At| < 1/2p(t)"* = |g{t)|/2 then
g(t + At) > g{t}/2 and hence

_lote+ A o) _|ad
et +20 =#O1= Yoot 201 = TIeF

= 2atlp(0)]).

If h is the function given by Lemma 3, then Ay = h + 2 is a real valued C*
function in T \ M such that &, > 4, 1/g £ hy < 3/g and for every n there
exists ¢, such that

(M| < cag™.

In particular k; has an integrable logarithm. Let now w be a function as in
Lemma 4, with g = log k;. We consider the outer function F =exp G with

1 2 eit-+z
G{z) = ~ o N zw{log hy(t))dt.

Notice that F € ¢ {D\ M) and it is not zero on D\ M.

We will prove now that all the derivates of F and fF are bounded and tend
to zero at any point of M, which will finish the proof of the theorem in case
feN*.

First we estimate |F| on T\ M. Since w{z}/z — +o0 as z — +oo we can
write

(1) |F(2)] = hy(2)#2) < (3/g(2))7#1%)
with u{z} — +o0o as 2 € T approaches 2z, € M. We estimate now Gint

following a method similar to the one in Carleson [2] in the form expressed by
the following Lemma (see Lemma 2.3 in [1]}:
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Lemma 8. Let ¥ be a function of class C™*1 in some arc J = [a,b] of T,
let ¢ be the middle point of J and let A{z) be defined by

b esl ;
A(Z) = [n W‘I’(ﬂ g)dt s ZE D.

FI¥ =¥, ¥, () = e"":—tipk_l(e“), k=1,.,n+1 and
M, = maz {|¥,(e*},0 <t < b}, then for z =re*, 0 < r <1

M,

|A(z)] £ const{TEI, o= gtafnk

My + | J[ Mas1).

Let 2 T\ M. In

|G (r2)} = ";ﬂ f (e‘_t_j;)_mw(log ha {8))dt|

we break the integral into two paris corresponding to the interval of center z
and radious 1{g(z)|, which is less than ;d{z, M), and its complementary. In
the second integral, {e” —rz| > c|g{z)| and so this integral is bounded by const
lg{z}|="~!. In the first integra! we use the bounds for h; and its derivatives,
and those of w, obtaining with the notations of Lemma 6,

M, < cmax{lg(e"}|""",a <t < b}

for some integer p,.

Using the fact that g(z + Az) > 2g{2) for Az < J¢{z) we see that
M, < const g(z)~ P~ and so we conclude that

(2) IG") (2)] < const g{z) ™"~

for some integers p,,. From {1) and (2} it follows that
(n) 8 v-uta) -
[FiM ()] < const(g(—)) Halglz)" 4 L,z2e T\ M,
z

for some integers g,. Now, by the hypothesis (b.1}) on f, (fF)") will also
satisfy this bound. This implies that (f F){"} and F{"} are bounded and tend
to zero at any point of M along T\ M, because u{z) — +o0.

The proof will be finished if we show that {fF){") and F{"} belong to N*
for any n. Since f{"} € N* for all n by hypothesis, it is enough to prove that
any derivate of & belongs to N+ But this follows from (2}, because log* tGS""
is uniformly integrable being dominated by log™ 1/g.
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This ends the proof of the sufficiency part of Theorem 2 in case f € N+,
Assume now that f satisfies {a) and (b) and sing{S;} € M. This later fact
clearly implies that for some constanst p,

ISé")(zN < constd{z, N} P» < const g{z}™ ¥~

{recall that we can assume ¢{z) < d{z,N)}. Hence fS; is a Nt function to
which we can apply what we have already proved: §; f = 8, fF/F with F flat
on M. By the last part of Lemma 5, $3 F € A® (D) and the proof is finished. W

Remark 1. A particular case of a function which verifies the condition of
Theorem 3 was considered by B.A. Taylor and D.L. Williams ({1]}. It is a
Blaschke product such that if F is its set of zeros then

flog d{e’’ ,E)df > —oo.

In this case , the function d{e**, E} plays the role of the function ¢ in condition
(b.l)and M = EnT.

Remark 2. As already said, condition {b.1} in Theorem 2 cannot be replaced
by the weaker assumption that f{*} extends continuously to T \ M for all n.
Consider for instance a Blaschke product whose zero set

E={r, ¢'in tasi

satisfles:
(a) o (1—r)* < +oo for every o > 0.
{b) E has {1} as unique acumulation point.
{c} The set {1} U {e'’},5; is not a Carleson set.
Every Blaschke product that satisfies (a) has derivatives B{"} € H” for some
p = p{n} (see [5]), and then B{*} € N+, Trivially B extends analitically to
T — {1}, yet B cannot be expresed as a quotient f,/f, with f, f; € A~ (B),

because E, that verifies (b) and (¢}, is not the zero set of any function in A% {D)
{see [7]). |

4. Proof of Theoren;x 3

For the proof of Theorem 3 we have to use instead of Lemma 5 the following
Lemma {see [9]):

Lemma 7. Let f = BSF € A\(D} and K = {z € T : f{g) = 0}. Then
sing(f} C K, so that sing{f} 15 a Carleson set, and F € A;(D). More gener-
ally, if So ts a singular inner function dividing f{i. e. 5/S; is bounded},then
f180 is in A (D).

Proof of Theorem 3: Let f = fiffe, fi, o € A(D), f» #0in Dand et M
be the set of zeros of f, wich is a Carleson set in T'. It is clear that, f, f'€e N
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and, as before, condition (b.1} is satisfied with ¢ = |f2], o = 1,¢; = 2. With
the same notations as in the proof of Theorem 2, in this case we have now, by
Lemma 7, that f;/S; and f, /5, are again in A, (D). Hence we can also write
f = ¢1/g: with g1,9; in A;{D)} and now $; is also the singular inner part of
go. Then ng =441 /Fz with Fz = 111 (D) Now it is clear that {Szf)f = Nt

Assume now that f, f' € N* and that (b.1} holds. We repeat the construc-
tion of Theorem 2, thus obtaining an F € A®{D) flat on M. We must check
now that fF € A{D}, that is, {fF)' € H°. This Is, as before, consequence
of the fact that {fF) = f'F + fF' belongs to Nt and that it is bounded on
T/M. If f € N satisfles (a) and {b) then the above case applies to S, f, so that
S f = fi/ fr with f, € A% (D) and flat on M. Now S, f, € A® (D) by Lemma
5 and we are done. W

Corollary. If f € A1{D) and f # 0 in D, there ezists ¢ € A, (D) which has
the same zero set as f in D and such that fg € A~ (D).

Proof: Apply the theorem to 1/f. B
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