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Abstract

SOME REMARKS ON LIE FLOWS

M . LLABRÉS AND A . REVENTÓS

The first part of this paper is concerned with geometrical and cohomo-
logical properties of Lie flows on compact manifolds . Relations between
these properties and the Euler class of the flow are given .

The second part deals with 3-codimensional Lie flows. Using the classi-
fication of 3-dimensional Lie algebbrs we give cohomological obstructions
for a compact. manifold admits a Lie flow transversely modeled on a given
Lie algebra .

0. Introduction

Let F be a foliation on a manifold M given by an integrable subbundle
L C TM. The complex of basic forms is the subcomplex S2*(M/F) C S2*(M)
of the De Rham complex given by the forms a satisfiying Lxa = 0 and ixa = 0
for all X E 1'L . The cohomology of this complex, H*(M1-F), is called the basic
cohomology of the foliated manifold (M/F) .
A . El Kacimi and G . Hector proved in [3], and independently V. Sergiescu in

[11], that for Riemannian foliatións on compact manifolds the space of cohomo-
logy H*(MIF) satisfies Poincaré duality if and only if Hn(MIF) :~ 0 (where
n = codim .F) . In this case F will be called unimodular.

In the case of Riemannian flows, it is proved by Molino-Sergiescu (cf. [8])
that .F is unimodular if and only if it is isometric, Le . there exists a Riemannian
metric g on M and á unit vector field X tangent to F which generates a group
of isometries .
The Euler class of an isometric flow F can then be defined by (cf. [9])

e( .7) = [d(ixg)] E H'(MIF) .

One interesting class of Riemannian flows is constituted by Lie flows (1-
dimensional foliations transversely modeled on Lie groups) .

If .'F is an unimodular Lie flow transversely modeled on G (a Lie group of Lie
algebra 9) it is known (cf . [6]) that H* (9) is canonically injected in H*(M) .
Moreover, F is homogeneous (see §l for definition) if and only if e(F) E H'(G) .

In this paper we prosecute the study of geometrical and cohomological pro-
perties of Lie flows initiated in [6].Some of there properties are related with the
annulation of e(F) . We obtain the following results (see §l for definitions) :
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Theorem 1 . Let .F be a homogeneous Lie C9 -flow on a compact manifold M.
Then F is unimodular if and only if the Lie algebra CJ is unimodular.

Theorem 2 . Let .F be an unimodular Lie flow on a compact manifold of
dimension 3. Then the following conditions are equivaleni :

i)e(F) :~ 0.
ü) 3- is a contact foliation.
iii) F does not admit any Riemannian complementary foliation.

The second partof this paper is devoted to 3-codimensional Lie flows . In [41
a study is made of the realization of such. flows on compact manifolds . This
study is based on the classification of the 3-dimensional Lie algebras .

Using this classification we study here some particular cases . For instance

Theorem 3. Leí F be a 3-codimensional Lie flow on a compact manifold
M, transversely modeled on the abelian Lie algebra G . Then we have:

i) dim H1(M; R) = 3 (and ¡he leaves of .'F are the fibres of a non-trivial
S1 -bundle oven the torus T3 ):

or
ii) dim H1(M; R) = 4 (and M is the torus T4).

On the other hand it is proved in [4] that every Lie flow of codimension 3 and
structural Lie algebra G of dimension 2 must be modeled on 91, 95, 97 (k 1 Q)
or 98 (see the definition of gi in §1) . Examples for 91, 95 and 97 are given .
Nevertheless a characterization of those algebras in the families . G7 and 98 for
which this situation is possible has not been given . The following result gives a
cohomological restriction for the existence of such a flow on a compact manifold
M.

Theorem 4. Let .F be a 3-codimensional Lie flow transversely modeled on gg7
or 98 (h :~ 0) and structural Lie algebra of dimension 2. Then dim Hl(M; R) _
i .

Finally we relate the annulation of the Euler class with the existence of a
complex structure on M.

Theorem 5 . Let .F be an unimodular G Lie flow of codimension 3 on a
compact mañifold M. If G :~ 97 (k = -1) and e(.F) = 0 then M is a complex
manifold.

1. Preliminaxies

Let 3= be a smooth foliation of codimension n on a smooth manifold M given
by an integrable subbundle L C TM. We denote by £(M, F) the Lie algebra of
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foliated vector fields, Le . X E ,C(M, F) if and only if [X, Y] E I'L for all Y E FL.
I'L is an ideal of £(M, F) and the elements of X(M, .F) = £(M, F)1FL are
called basic vector fields .

Ii there is a family {X1, X1,...,X.} of foliated vector fields onM such that the
corresponding family {Y, . . . . . .X n } of basic vector fields has rank n everywhere
the foliation is called transversely parallelizable and . , Xn} a transvers
parallelism . If the vector subspace G of X(M/.F) generated by {X1 , . . . , Xn }
is a Lie subalgebra, the foliation is called a Lie foliation .
We shall use the following structure theorem (cf. [7J) .

Theorem . Let .F be a transversely parallelizable foliation on a compact ma-
nifold M, of codimension n. Then

a) There is a Lie algebra 1{ of dimension g < n .
b) There is a locally trivial fibration 7r : M -> W with compact fibre F and

dimW=n-g=m.

c) There is a dense Lie 7-l-foliation on F such ¡ha¡
i ) The fibres of 7rare the adherences of the leaves of F.
i i) The foliation induced by .F on a fibre F of n is isomorphic to the
U-foliation on F.

9-l is called the structural Lie algebra of (Al, .F), 7r the basic fibration and W
the basic manifold .
We shall also use the relation between the basic cohomology and te cohomo-

logy of the Lie algebra 9 . In particular it is proved in [6]

Theorem A. Let .F be an unimodular Lie G-foliation on a compact manifold
M. Then the. Lie algebra Q is unimodular.

Theorem B. Le¡ F be a Lie 9-foliation with codim .F = 1 . Then .F is
unimodular if and only if 9 is unimodular and the structural Lie algebra 7-f is
also unimodular .

We shall be concerned with one dimensional Lie foliations, in particular with
homogeneous Lie flows :

Deñnition .
A Lie 9-flow ,F on a compact manifold M is an homogeneous Lie flow if

there is a Lie group H and a discrete uniform Lie subgroup He of H such that
M = H/H,, and there is a 1-dimensional normal subgroup K of H such that
the leaves of F are the orbits of the left action of K on H.
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Theorem C. (cf. ¡6J) Le¡ 'F be an unimodular Lie flow with Lie algebra 9 .
Then .F is homogeneous if ajad only if the Euler class e(F) E H2(M/F) belongs
to H2 (G).

Finally, we recall the clasification of the 3-dimensional Lie algebras :
i) 91, the abelian Lie algebra .

	

`
ii) 92, the Lie algebra of the Heisenberg group .

iii) 93,S0(3)
iv) 94,S1(2)
v) 95, A ® R where A is the affine 2-dimensional Lie algebra .

For .the remainder ones we give the product
vi) 9s, [el, e2] = 0, [el, ea] =el, [e2., es] = e l + C2-
Vi¡) 97, [el, e2] = 0, [el, e3] = e1, [e2, e3] = ke l -1- e2, 0 qÉ k E R.
Vi¡¡) 9s, [el, e2] = 0, [el, e3] = e2, [e2, e3] = -e1 + he2, h .E R, h2 G 4 .

2 . Unimodular Me flows

In this section, .F will denote a g-Lie flow and X a unit vector field tangent
to .F .

Proposition 2 .1 . Let .F be a codimension n Lie flow . Then .

	

is unimodular
if and only if there exist n foliated vector fields Y,, . . . , Yn which define a Lie
parallelism and such that [I;, X] = 0 for i = 1,�. . , n .

Próof..
If .F is unimodular X generates a group of isometries with respect to a

Riemannian metric g . We choose a transvers parallelism Y,, Yn orthogonal
to X. The Lie bracket [_k, Y,] is then at the same time tangent and orthogonal
to X, Le . [11', Ii] = 0 . Reciprocally, if there exist i,.,.Yn correspondig to
á transverse Lie parallelism with [X, Iz] = 0 di .

	

Let 0, 0 1 , . . . , 0n be the dual
basis of X, h1, . . . , Yn . The above assumption is equivalent to that dO is a basic
2-form :

i x de(1',)= X0(1i)-1?e(X)=e[X',Y¡]=0

If F is not unimodular, the n-form
w=B1 A . . . non

must be exact as a basic form, i .e. there exists a (n -- 1)-basic forma such that
w=da.

The volume element rl of M corresponding to the given basis of 1-fórms
0, e1, . . . , 0n is such that

q=Bnw=0Ada=d(Bna)-dOZa .

Observe that de A ca = 0 because is a. (n + 1)-basic form .
So we obtain that the volume element of M is an exact form . This is not

possible .



Proposition 2 .2 . Let F be an unimodular C9-Lie flow . Then there are equi-
valent :

i) e(F) = 0.
ii)

	

There exist foliated vector fields Y1 , . . . , Yn correspondig to a given Líe
parallelism Y,,..., Yn such that for the dual basis B, 01, . . . , 0n of X,
Y1 , . . ., Yn ¡he 1-form 0 is closed .

Proof.
ii)

	

Assume that X is a Killing vector field for a Riemannian metric g. If e = da,
where a is a basic 1-form we can modificate g and the parallelism in the
following way :

Proof.
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g =g - (x(9 l+Q®x)

	

(x =1x g)
Yi =Yi +Q(I;)X

Then we have d(ix g) = 0 and g(X, fi) = 0 i.e . ix g = 0 where 0, 0 1 , . . . , 0'
is the dual basis of X,1i , . . . , Y,l . This proves i)=~> ii) .

1i)=:> i) We can consider that the tangent field X generates a group of isometries
with respect to a Riemannian metric g (cf. [8]) .
The one characteristic form X = ixg can be written

All the functions g(X, Y¡) are basic.In fact as we can choose the vector fields
Y;, corresponding to the class fi such that [X, Y¡] = 0 for i = 1, . . . , n and
Lxg = 0 we have :

0 = Lxg(X, Y¡) = Xg(X, Y;) - g([X, X], Y¡) - g(X, [X, Y¡]) _
= Xg(X,Y;) .

n

n
X=0+ g(X,Yi)0' .

i-1

Thus the 2-form ,Q =

	

g(X,Yi)0' is a basic form . Differentiating in (1)
i.1

dx = d0 + dQ = d,Q,

so ej) = [dX] = [d,Q] = 0 in H2 (MIF) . M

Theorem 1. Let .T be an homogeneous Líe 9-flow. Then .F is unimodular
if and only if 9 is unimodular .
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One implication is the Theorem A .
Assume that Q is unimodular . Let 1Y,, . . . , Yn} be a transvers Lie parallelism

of .F . Since *F is homogeneous the Lie braclcets are

where all the coefficients c ~,., ai j , bi are constants, for suitable representants of
the transverse parallelism .
By Proposition 2.1 it suf$ces to prove that bi = 0 for i = 1, . . . , n .
The assumption that 9 is unimodula.r implies that for all i

but

In fact, L )¡w is an n-basic forro and

Then

n

[Y¡, Yi ] _

	

c~ YL, + ajj
ti-i

[Y¡, X] = biX

LS,jw = 0

Lyj w(Y , . . . , Yn) = diyjw(Y1 , . . . , Yn ) = 0

because the differential of every (n - 1)-forro on an unimodular Lie algebra G
is zero .

Thus
LyiwA0=0

0=LY.wA0=Ly~(wA0)-wAL Yj O=di1,(r7)-wAb iO

bi rl = dil,r7 .

If bi was not zero then 71 will be exact . This is not possible because r/ is a
volume element on the compact manifold M.

3 . Contact flows and Euler class

Recall that a contact flow F is a flow generated by a vector field X associated
to a contact form 0, i .e .

i X B = 1, ¡XdO = 0 and 0 A (dO)n qÉ 0

	

everywhere,

with n = codim F.
Saralegui proves in ([9]) that a contact flow F is unimodular . The results in

the above paragraph enable us to give a shorter proof of this faca in the case
of Lie flows.
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Proposition 3.1 . If .F is a contact Lie flow, then F is unimodular.

Proo£ Let 0 be the contact form associated to X.
Ussing the same notation as in the proof of Theorém 1 we have

n
dB=~biOA01 +~aij9 ' A9 j .

Assume that .F is not unimodular, then there exists bi qÉ 0 (cf. proposition
2.1) . This is not possible because

n
lade =

	

bj0 i :~ o .

Definition 3.2 . A foliation .F1 of codimension n transverse to .'F i$ called
complementary Riemannian foliation of .F if there exists a Riemannian metric
on M such that is bundle-like with respect the two foliations .F i F1.

Proposition 3.3 . Let F be an unimodular Lie flow on a compact manifold .
Then there are equivalent :

i) e(Y) = 0.
ii) There exists a complementary Riemannian foliation of .F .

Proo£
i)=> ii). If e(.F) = 0 one can find a Lie parallelism X, Y,,...,Yn such that in

the dual basis 0, 01 , . . . , Bn the differential dB is zero .
Since .F is unimodular the bi coefficients are zero and we have

dB=~aijO'A6',

then d9 = 0 implies aij = 0 for all i, j = 1, . . . , n.
This condition means that Y,, . . . , Yn define a foliation transvers to .F.
Now, we have to find a g such that is bundle-11e with respect the two folia-

tions .
Let g be a metric for which X is isometric and Yi are ortogonal to X. It

suffices to prove that

(1) Xg(Yi,Yá)=g([X,Y;1,Yj)+g(Yi,[X,Yj1) vi,j .
(2) Y;g(fX,hX)=g([Y,fX],hX)+g(fX,[Y¡,hX]) Vi .

The condition (1) is true because X is Killing ; (2) is immediat.
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ü) :> i) . If F admits a complementary Riemannian foliation, then there
exists a Lie parallelism {Y1 , . . . , Y n } such that the distribution Y1, . . . , Yn, is
integrable for a suitable representants of {Y¡ } de {Y ¡ } .
To see this, let .F1 be the complementary Riemannian foliation .
With the metric g we project over the Zi-plane the vector fields Yi, correspon-

ding to the given transverse Lie parallelism, and we obtain the decomposition

where A is a function .
The vector fields Yit are foliated and independent :

So

[Y¡, Y;] =

111,¡', X] = [I i - AiX, X] _ [Yi, X] + X(Ai )X E T.F .

Yi = Yit + YiN = it + Aix,

mi(,á - Aix) ==> 0 = >

	

==~> lli = 0

	

dti.

[Y:it , I~jt ] _

dB=0.

Then Yit define a distribution which is clearly integrable by construction .
We shall prove that the transverse parallelism given by there foliated vector

fields is a Lie parallelism :

=> [Y',I-t]+T.F= ~c~ .Yti +T.F.
k-1

is a Lie parallelism .
Since in [1, t, Yjt ] there is no part tangent to .F, we have

k tc .ij Yti .

Let 0, 0 1 , . . . , Bn the dual basis of X, Ylt, . . . , "'n, then

This is equivalent to e(F) = 0 (cf. Proposition 2.1) .
The following result relates the annulation of the Euler class with the exis-

tence of a . contact Lie flow .



Proposition 3.4 . Le¡ .'F be a contact Lie flow . Then ¡he Euler class e(,I")
is no¡ zero .

Proof..
Assume that e(F) = 0, then there exists a transverse Lie parallelism such

that d8 = 0; this implies that the corresponding coefflcients a;j are all 0 .
Let a be the contact form associated to X. In this case da is a 2-basic form.

But

so,
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da(Y;,Y,) = Y,a(Yj) -Yja(Y;) .- a([Yj,Yj]) =
n

=-a(1: c~Yk)=0.
k=1

Then da = 0 is not a contact form, this is a contradiction .

Theorem 2. Le¡ .F an unimodular Lie flow on a compact manifold of di-
mension 3 . Then there are equivaleni :

i) C(F) jA 0.
ü) .F is a contact flow .
iii) .F does not admit any complementary Riemannian foliation.

Proof.
Since i) tq iii) i ii) =>i) are true for arbitrary dimension ofM (cf. Proposition

3 .3 and 3 .4), we have only to prove iii) iii) .
Assume that .F does not admit any complementary R.iemannian foliation

then
1Y1,Y21 = ci2Y1 + ci2Y2 + a12X

with a12 :~ 0.
The differential form 0 is a contact form :

dB=b,0A01 +b20A02 +al20l A02

0AdO=al20A01 A02 :~ 0 .

4. Lie flows of codimension 3

The existence of a Lie flow on a compact manifold M is a very strong con-
dition . The structure of the transverse Lie algebra determines in general many
properties of M. As a first step in the study of this relations we restrict our
attention to Lie flows of codimension 3 . In this manner we can use the classi-
fication of the 3-dimensional Lie algebras to study separately each case .

For instance, if the Lie flow is modeled on the abelian algebra we have :
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Theorem 3 . Let .r be a Lie flow of codimension .4 on a compact manifold
M, transversely modeled on ¡he abelian algebra 9 . Then we have:

i) dim H1(M; R) = 3 (and the leaves of ,F are the fibras of a non-trivial
S'-bundle ovar the torus T3 ).

ii) dim H1(M; R) = 4 (and M is the torus T4 )

ProoP Since F is a Lie foliation we have the holonomy representation
h : II1(M) -> h(II1(M)) = I' C G, (cf.[2]) where G is, in this case, the
connected simply connected group associated to the abelian Lie algebra 9, Le .
G = R3 with the standard addition . I' is the holonomy group ofF.

As h(x y x-1 y -1 ) = 0, h induces h : H1 (M ; Z) --r r.

On the other hand, the generalizad Gysin sequence of a Riemannian flow,
introduced by G . Hector in [5], gives

0 -> H1(MIF) --; H1(M;R)

	

, H3 (M/F) 21> H2(M/F)

Since H 3 (M/F) = 0 or R (cf.[1]), we have dim H1(M; R) = dim H'(M/F)
(if im f = 0) or dim H1(M; R) = dim H1 (MIF) + 1( if im f :~ 0) . But the
basic cohomology H*(M/.F) coincides with the cohomology H*(9) of the Lie
algebra 9 when I' is a normal subgroup of G (cf.[6]) . In our case, as G is abelian
this condition is trivially fulfilled and we have H'(M/F) = H'(G) = R3 . This
implies dim H1(M; R) = 3 or 4. We study separately these two cases .

i) If dim H 1 (M ; R) = 3, H1(M ; Z) = Z3 + T, where T is the torsion part
of H1(M; Z) . Then

F = h(111(M)) = ii(II 1 (D1)/ < x y
x-'

y- 1 >) = h(H1(M; Z)) _
= h(Z 3 + T) = lz(Z3 ), i .e .F is generated by h(1, 0, 0), h(0,1, 0) and h(0, 0,1) .

As R3 /P = MI,-';' is compact, the vectors e l = h(1, 0, 0), e2 = h(0,1, 0)
and e 3 = h(0, 0,1) are linearly independent . So I' is a discret subgroup
of R3 . In particular .F is a compact foliation and the basic manifold is
T3 .

ii) The case dim H 1 (M; R) = 4 occurs only when H3(M/.F) = R, Le . F is
an unimodular Lie flow . For these flows the map g in the Gysin sequence
is the multiplica.tion by the Euler class ej). As f is exhaustiva, e(.F)
must be zero . This implies (cf.[6]) that .F is an homogeneous Lie flow
for the Lie algebra. 9 + R, that is D7 = H/Ho where H is the connected
simply connected group associated to the Lie algebra 9 + R and Ho is
a discret subgroup of H . As C is abelian, M=1` as stated .

In [2] it is given one' example of a Lie flow of codimension 3 transversely
modeled on `J4 and structural Lie algebra of dimension 1 . This example is not
unimodular, i .e . H3(MIF) = 0 . In faet every example of this situation has
this property.
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Proposition 4.1 . Leí F a G,4 -Lie fom of codimension 3 with JC = Sl(2) and
structural Lie algebra 7-L of dimension 1 . Then 7 is not unimodular.

Proof.-
The assumption that F is unimodular implies that the transverse central

sheaf admits a global trivialization . That is we can find a global foliated vector
field Y such that Y is in the center of l(M,)) .

Let Yl , Y2 , Y3 be the foliated vector fields such that their Lie bracket is

[Y1, Y2] = 13, [Y2,13] = 1'1, [ 13, 1i] = Y2 .

There exist basic functions fi , f2, f3 and a function f such that

Y=flYl+f2]'2+f3Y3+ .fx .

From the condition [1,, Y] E T.F we obtain the following systems of equations :

Derivating the system i by the vector field Yz we obtain

~ ylY1(f2) = - f2

	

{Y21z(fl) = f1

	

~Y3Y3(fl) = fl
YIYl(f3) = - f3

	

Y2Y2(f3) = f3

	

13Y3(f2) = f2

SinceM is compact the function fl will take maximum and minimum value
Let p be the point where fl takes the ma.ximum value, and let cp t be the

integral curve of Y3 passing through p .
The condition Y3(fl) = -f2 implies that f2(p) = 0.
As the manifoldM is compact, these vector fields are complet and the restri-

ction of f2 to the integral curve of Y3 passing through p gives the one variable
differential equation :

with initials conditions xo = f2 (p) = 0, tió = Y3(f2) = -fl(p). .
If fl (p) :~ 0 then the solution of the equation is not bourided, but f2 must

be bounded because it is defined :on a compact manifold .
Analogously, if q is a point where the function fl. takes the minimum value

then f, (q) = 0.
Hence, fl is constant equal zero . This means that f2 = Y3(fl) = 0 i f3 =

Y2(fl) = 0.
Then the vector field Y is tangent to F a.nd it can not give a trivialization

of the transverse central sheaf, which is a contradict'lion .
If the flow is modeled on 97 or Qs we haye :

i=1 i=2 i=3
Yl(fl) = 0 12(fl) = f3 13(fl) = -f2
Y1 (f2) = f3 ]'2 (.f2) = 0 Y3(f2) = -f1
Yl(f3) = -f2 I2(f3) = fl Y3(f3) = 0
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Theorem 4. Let F be a Líe flow of codimension 3 on a compact manifold
M, transversely modeled on `J7 or 98 (h :~ 0) and structural Lie algebra of
dimension 2. Then dim H1 (M ; R) = 1 .

ProoL It is easy to see that every 2-dimensional abelian subalgebra of 97 or
Jg8 is an ideal . It follows from this (cf.[6]) that for every Lie flow on a compact
manifold M transversaly modeled on 97 or GJ8 there is a transverse parallelism
Y1 , Y2 , Y3 on M such that

[Y,, Y2] = 0, [Y,, Y3) = Y1, [112 , Y3] = kY2 for 97 and [Y1, Y2] = 0, [V1, V31 =Y2,

[Y2, Y3] = -Y1 + h,-> for 98, with Y1 and Y2 tangent to .F everywhere

On the other hand every basic closed 1-form 0 can be written as

0 = fel + g02 + ho3

where 0° , 01, 01,03 is the dual basis of Jr', Y1 , Y2 , Y3 (X the generator of the
flow) and f, g, h are basic functions .
Next observe that since Y1 (f) = Y2(f) = 0 (and the same for g and h) we

have

and for 998

0 = d0(1, I3) = -Y3(f) - f - g

0=d0(Y2,Y3)=-Y3(g) - .f - g

This system of differential equations can be interpreted now as a system on
the basic manifold S1 .

For 97 we have

.P = -g

9 =f - hg

Thus in both cases we obta.in f = g = 0. (If h = 0 the second system has
non trivial periodic solutions, but this case is not considered here) .
Thus every basic closed 1-form 0 can be expressed as 0 = h - 03 . As 03 is

projectable on the basic manifold S 1 we have h-03 = 03+da where a is a basic
function on M. Thus dim H 1 (Mlf) = dim H1(S 1 ; R) = 1 .
On the other hand, it is proved in [4] that in the hypothesis of this Theorem,

k 1 Q. In particular k 7É -1 and hence 97 and 98 (h qÉ 0) are not unimodular .
This implies that the flow F is not unimodular (cf.[6]), Le H3(M/F) = 0.
Using now the generalized Gysin sequence

0 --) H1 (MIF) -+ H1 (M; R) -' H3(MI *X, )



we obtain dim H'(M; R) = dim H'(M/.F) = 1.
Finally we relate the annulation of the Euler class with the existence of a

natural complex structure on M. Recall that a unimodular Lie flow must be
transversely modeled on a unimodular Lie algebra. As we are in codimension
3 the only possibilities are 91,92,93,94,97(k = -1), G8 (h = 0) .

Theorem 5 . Let r be an unimodular G Lie ,flow of codimension 3 on a
compact manifold M. If 9 :~ 97(k = -1) and e(F) = 0, M is a complex
manifold .

Proof We know (cf. Proposition 2 .2) that there are independent vector fields
X, Y,, Y2, Y3 such that X is tangent to .F,1Y,, Y2, Y3 } is a tranvers parallelism
onM with [X, Yl] = 0 and [Y;, Yj ] = c! -Yk., where cl - are the structure constants
of G.
We define an almost complex structure J on M by JX = Y,, JYl = -X,

JY2 = Y3, JY3 = -Y2
Obviously J2 = - id .
The torsion of J is given by

Analogously
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N(Y, Z) = [JY, JZ] - [Y, Z] - J[JY, Z] - J[Y, JZ]

Computing it on X, Y,, Y2 , Y3 we obtain

N(X,Y) =[JX, JYl ] - [X, Y,] - J[JX,Y,]-

- J[X, JY1]
_ [Y1, -XI - IX, Y1] - J[Y1,Y1]-
- J[X, -h'] = 0.

N(X,Y2) =[Y,, Y3] - [X, Y2] - J[Y1,Y2]
- J[A', Y3]
= [Y1, Y3] - J[Y1,Y2]

N(X,Y3) _ -J([Y1,Y3] - J[Y1,Y2])
N(Y1,Y2) _ - J([Yi,Y3] - J[Y1,Y2].)
N(Y,, Y3) = - [Y1, Y3] + J[Y,,Y2]
N(Y2,Y3) = 0

Hence N = 0 if and only if [Y1 , Y31 = J[Y1 ,Y2 ] . But for 91 and CJ2 we have
[Y1, Y2] = [Y,, Y3] = 0 and for 93 and 94 we have [Y,, Y2] = Y3 , [Y,, Y3] = -Y2 .
For 98(h = 0) one must modify a little the definition of J . In fact, if we
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put JX = 13, JY3 = -X, JI2 = Ii, JI1 = -I3 the integrability condition
becomes [I3, Ii] = -Y2 and [Y3 , 12] = Y1 which is certainly satisfied . So in all
these cases (the only ones considered in the Theorem) J is integrable, Le . M
is a complex manifold .

Remark 1. As H2 (G3) = H2(G4) = 0 the condition e(F) = 0 is always
satisfied in these cases if 'f is homogeneus .
Remark 2 . If G = Gi, M is a . complex torus . In fact in this case for each

vector field Y on 1Vl we have

[Z,.JY] = J[Z, Y] where Z = A', Ii, Y2 , or Y3

Le . Z is an infinitesimal automorphism of the complex structure . Hence

X-iiX=X-iY,

and
Y2-iJI2 =Y2-iY3

are holomorphic vector fields on M. As they are C-independentin each point
they give a complex parallelism on M and M is a complex torus .
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