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WEAKLY ADDITIVE COHOMOLOGY

" E. SPANIER

Abstract

In this paper the concept of weakly additive cohomology theory is intro-
duced as a variant of the known concept of additive cohomology theory.
It is shown that for a closed 4 in X the singular homology of the pasi
(X, X — A) {with some fixed coefficient gropu)} regarded as a furcter of
A is a weakly additive cohomology theory on any collectionwise normal
space X. Furthermore, every compactly supported cohomology theory is
weakly additive.

The main result is a comparison theorem for two cohomolegy theories
on X both of which are additive or both of which are weakly additive
which ercomposses the previously known compauson theorems.

A cohomology theory H, 4 on a topological space (all spaces will be assumed
to be normal Hausdorff spaces) consists of a continuous contravariant functor
H from the category of closed subsets of X (and inclusion maps between them)
to the category of graded abelian groups (and homomorphisms of degree 0
between them) and for every two closed sets A, B in X a natural transformation
§: H{AN B) — H(AU B) of degree 1 such that MV exactness is satisfied. For
relevant definitions and more details see [3,4,5]. _

For any space X there is a cohomology theory 2H, 6 on X in which 2H9(A) =
H_4(X,X ~ A) (relative singular homology with some fixed coefficient group)
and 2§ is the connecting homomorphism

8 H_((X,X —(ANB)) — H_,;(X,X - (AUB))

of the exact relative Mayer-Vietoris homology sequence of (X, X — A) and
(X,X — B). In case X is locally compact, this cohomology theory has compact
supports (Example (3.3) in [5]). However, more generally on any collectionwise
normal space (in particular, any paracompact space) it satisfies the property
of weak additivity which we proceed to define.
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If {4;};es 18 a discrete family (i.e. every point of X has a neighborhood
which meets at most one member of the family) of closed subsets of X and H,$
is a cohomology theory on X, there is a homomorphism o: H {Ujes 4) —
;e sH(A;) defined by o(u) = {u| A }jes foru € H(Ujes4;). The homology
theory is additive [1,3] if o is an isomorphism for all discrete families {A;}in
X. We define a homomorphism z: ®;esH(4;) — H(U;c14;) which will be
needed below to define the concept of weak additivity.

Note that MV exactness implies that if A, B are disjoint closed sets in X then
for any cohomology theory H,5 on X there is an isomorphism H(AuB) =
H{A)® H(B) where a{u) = (u]|A,u|B) for v € H(AU B). Straightforward
induction shows that for a finite collection {4}, of pairwise disjoint closed
sets there is an isomorphism

L H(A) ~ H(UL, 43 .

If {A;};er is a discrete family of closed subsets of X and J' C J there is an
isomorphism

g H(UjeJAJ') = H(UjEJfAJ') & H(Ujg_,nAj)

In particular, if F ¢ J is any finite set there is a monomorphism
ir: ®erH(A;) = H(Uje sA;) equal to the composite

GBJ'EpH{Aj) 2] H( Ujer A}-) C H( Ujer Aj) &7] H( Ujgr A;‘) & H( Ujer AJ') .
In case F, F' are finite subsets of J with F' C F' there is a commutative triangle

Gi;erH(A;) C Ojer H{Aj)
ir \, / ipr
H(Vjes 4;)

Therefore, there is a monomorphism l_ii,n{ﬂa_,-epH(Aj)[F finite} —
H(Ujes A;j). Since @jesH{4;) = li_nz{@jepH(AjHF finite} we obtamn a
monomorphism

[ ®JEJH(A}) —3 H( Ujej AJ) .
H,§ is said to be weakly additive if ¢ is an isomorphism for all discrete families
{4;}in X.

Example. Let X be a collectionwise normal space and let {A;};es be a
discrete family of closed subsets of X. Then there is a discrete family of open
sets {U;},es such that A; C U, for each j (this is the meaning of collectionwise
normal space). Then X = UjeU; U (X - UJ-E;AJ-) where Uje Uy and X —
UjesA; are each openin X Therefore, there is an excision isomorphism

H_(UieaUs, (UiesUn)N(X ~UjesAy) ) H-o (X, X ~Ujesd;)="H" (Uje 45).
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Since (UJ'EJAJ') n UJ' = AJ' ’ (U:;e_,r UJ) N (X Al U_.'.'GJAJ') = UjeJ(UJ' - AJ') 80
that

H—Q(UJ'EJ Uj, (Uses U )0 (X —u,-e;A,-)) = H~q(UjEJUJ':UjEJ(Uj - A;‘))
~ @erH_ o (Us,Uj — A;) m @jesH_ o (X, X — 4;) = ®;es°HY(4;).

It follows that ¢: @jEJAHq(AJ') — qu( Ujes Aj) is an isomorphism so
AH | 26 is a weakly additive cohomology theory on every collectionwise normal
space.

There is the following characterization of weak additivity.

Lemma. Let H,8 be a cohomology theory on X and suppose for every u €
H( Ujes AJ-), where {A;} 45 e discrete family of closed subseis of X, there
18 some finite subset B C J such that u|User A; = 0. Then H,6 is weakly
additive.

Proof: The hypothesis implies that « in the image of ip: @jerH(A4;) —
H{Ujer45). This implies that the homomorphism ¢: @jcsH(4;) —
H( Ujed Aj) is an epimorphism. Since ¢ is always a monomorphism, it is
an isomorphism and so H,§ is weakly additive. B

- Corollary., EBvery compactly supported cohomology theory 1s weakly additive.

Proof: If {A;} e is a discrete family of closed subsets of X and C C Ujes4;
is a compact subset, there is some figite set F' C J such that € C Ujer4;.
Suppose H,$ is a compactly supported cohomelogy theory on X and u €
H(U_,-EJAJ-) where {4;} is a discrete family of closed sets in X. Then U e jA; =
BUC where B is closed and C is compact and u|B = C. Let I C J be a finite
subset such that & CU;erAd;. Then UjgrA; C B sou|Ujgr A; =0

By the preceding Lemma, H,§ is weakly additive. B

The comparison thecrems previously established [1,3,4,5] have been valid
for compactly supported or additive cohomology theories. The above corollary
asserts that compactly supported cohomology theories are weakly additive, and
the following comparison theorem, which is the main result of the paper, is a
way of generalizing and of unifying the two comparison theorems into basically
one.

Theorem, Lei p: H,6 — H'.§ be a homomorphism between cohomology
theories both of whick are weakly edditive (or both additive) and hawing pare-
compact supporis on the same spece X. Suppose there isn such that oz H(z) —
H{z'} is an n-equivalence for all z € X, If H,§ and H',§' are both nonneg-
ative or if X is locally fintle dimensionel, then o4 H(A) — H'(A) is an
n-equivalence for all closed A C X.
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Proof: 1t foliows from Theorem (2.5) of [4] that it suffices to prove the the-
orem for closed paracompact subsets of X. We need the following result {The-
orem (5.5) of {2]).

Let X be a paracompact space and € a collection of closed subsets of X such
that:

1) BeC and B' closedin B = B' €.

2) Every z € X has a closed neighborhood N € C.

3) By,B; £ and By U B; =intp,up,B1 U intg,up, B2 = By U B, € C.

4) If {B;};ec is a discrete family of elements of C, then U;esB, € €.
Then X €C.

In the proof we shall have occasion to use this theorem several times. In each
case it will follow from the definition of C that £ has property 1). From the fact
that o, : H(z) — H'(z) is an n-equivalence for all € X and the continuity of
H and H' it will follow that C has property 2). Because both H,6 and H' &
are weakly additive or both are additive it will follow that C has property 4).
It is only property 3) that will require some attention and in each case the
appropriate diagram will be presented.

Corresponding to the two hypotheses of nonnegativity or finite dimensionality
we distinguish two cases in the proof.

The proof is analogous to that of Theorem 3.3 of {1].

Case 1. If both H,$ and H',§' are nonnegative we prove g: HI(A) —
H'9{ 4) is an isomorphism for all ¢ < n for all closed paracompact A C X by
induction on ¢. By nonnegativity this is true for ¢ = 0. Assume 0 < ¢ < n and
@ 4 is an isomorphism in dimension ¢—1 for all such A. We prove p4: Hi(A) —
H'Y(A) is a monomorphism. Let u € H?(A) be a fixed elemeat in kerep, and
let € be the collection of all closed sets B C A such that u|B = 0. As remarked
above C has properties 1), 2), 4). If By, B; € C there is a diagram with exact
rows in which each square commutes or anticommutes

&
HT-\(By) @ H1}(Ba) —— H1=1(By 1 By) — HY(By U By) — H(B1) ® HY(B2)

‘| d | ‘|
ff‘q_l(ﬂg.}@ H"q_l(Bg} i’ H‘jq'l{Bl N Bg) -—f—‘HW{Bl ] Bz} L H’Q{Bﬂ & H!q(Bz)
By the inductive hypothesis both of the first two left hand vertical homomor-

phisms are isomorphisms. It follows by diagram chasing that B;UB; €CsoC
satisfies 3). Therefore, 4 € C so pq: HY{A) — H'(A) is a monomorphism.

Now assume ¢ < n and @4 is a g-equivalence for all closed paracompact
A C X. We prove p4: HI{A) — H'9(A) is an epimorphism. Let ' € HI{A)
be fixed and let C be the collection of all closed B C A such that «'|B €
im [pp: H9(B) — H'Y(B)]. Then C has properties 1), 2}, 4). If B;,B; € C
there is a diagram with exact rows in which each square commutes or anticom-
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mtes.

§ o il
Hi7'(Bi N By) — HI(B1U By) — HY(By)® HY(By) — HY(B, N B,)

‘| ‘| ‘| ‘|

' o 8
H'"Y(By N By) — H'Y(By U By) = H'(B1) @ H'Y(By) —— H'I(B, 1 By)

By the inductive hypothesis the right hand vertical map is a monomorphism
and the left hand vertical map is an isomorphism. It follows by diagram chasing
that By U B; € C so C satisfies 3). Therefore, 4 € C 50 py4: He(A) - H'IA)
is an epimorphism.

This completes the proof of the Theorem in Case 1.

Case 2. If X is locally finite dimensional (i.e. every point of X has a closed
finite dimensional neighborhood} it follows from Proposition (2.9) of [5] (which
1s clearly also valid if both cohomology theories in its statement are weakly
additive instead of additive) that it suffices to prove that w4 : H(4) — H'(A4)
is an n-equivalence for all closed paracompact A of finite dimension.

The proof is analogous to that of Theorem (5.4) in [4]. Note that in Case 1 we
prove first that for ¢ < n the map wa: HY(A) — H'*( A} is a monomorphism
and use that to prove it is an epimorphism. In case 2 we prove first that for
g <n themap w4 HY(A) — H'(A) is an epimorphism and use that to prove
that ¢ 4: HIT(A4) — H'**(4) is a monomorphism.

We prove w4: H{A) — H'(A) is an n-equivalence for all closed finite dimen-
sional paracompact A by induction on dim A. If dim A = —1, A = and g is
an isomorphism. Assume dim A = m > 0 and the result is valid for all closed
paracompact subsets of dimension < m,

We show @, HY(A) - H'Y(A) is an epimorphism for ¢ < n. Let u' ¢
H'%{A) and let C be the collection of all closed subsets B ¢ A such that
w'|B € im {5 : H9(B) — H'"(B)]. Then C satisfies 1), 2), 4). If By, B; € C
and By U B, = intg,up,B) Uintg,us, By, it follows from Lemma (5.3) of [4]
that there exist closed Cy,Cy with C; € B, ,C, € By ,ByUB; = C; U C3z, and
dim{C; N C;) < m. The following diagram has exact rows and commutes up
to sign

o 8
HI7Y(C N C) o HYCLUCy) — HYC) @ HYCL) — HUCLN Cy)

el al g o
6’ ’ ﬁ!
H'"= G N Cy) — HY(CLUCy) — H(Cy)® HI(Cy) — H'(C, N C,)
By the inductive hypothesis the two vertical maps at the ends are isomor-

phisms. By diagram chasing Cy U C; € C so € satisfies 3). Therefore, 4 € C so
wa: HI(A) — H'"(A) is an epimorphism.
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We show @ 4: HY{A) — H'(A) is a monomorphism for ¢ < n. Let u €
ker 4 and let ¢ be the collection of all closed subsets B C A such that u|B =
0. Then C satisfies 1), 2), 4). If B1, By € C with B U By = intp,up,B1 U
int g8, Bp then, as above, there exist closed C;,C, with €y € By, C; C
Ba, C; UC,; = By U By, and dim(Ci N C;) < m. The following diagram has
exact rows and commutes up to sign

) 8 s
H=1(C1) @ HI-Y(Cy) —— HI=Y(Cy 0 Ca) — HI(CyUCo) — HI(CY) @ HHC2)

‘| ‘| J d
8 & '
H9-YCy @ H'Y Gy — H9 YO, nCy) — HI(CL U ) = H'YC) & H'9(C2}

The left hand vertical map is an epimorphism by the first part of the proof,
and the second vertical map is an isomorphism by the inductive hypothesis. By
diagram chasing it follows that C; U Cy € € so C satisfies 3). Therefore, A €€
so @a: HI(A) — H'%(A) is 2 monomorphism.

This completes the proof in Case 2 and so the Theorem is proved. B

References

1. J.D. LawsoN, Comparison of taut cohomologies, Aeg. Math. 2 (1973),
201-208.

9. E. MICHAEL, Local properties of topological spaces, Duke Math. Jour. 21
(1954), 163-171.

3. E. SpaMiER, Cohomology isomorphisms, Contemporery Math. 12 (1982),
315-328.

4. E. 8panieR, Cohomology with supports, Pac. Jour. of Matk. 123 {19886},
447-464.

5, E. SPANIER, Cohomology theories on spaces, Trans. Amer. Math. Soc.
301 (1987), 145-161.

Deptartment of Mathematics
University of California
Berkeley, CA94720

US.A.

Rebut el 7 d'Abvil de 1988





