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Gi-STRUCTURES OF SECOND ORDER

DEMETRA DEMETROPOULOQU-PSOMOPOULOU

Abstract

We introduce a generalization to the second order of the notion of
the Gi-structure, the so called generalized almost tangent struc-
ture. For this purpose, the concepts of the second order frame
bundle H2(V,,)}, its structural group L2, and its associated tan-
gent bundie of second order TQ(Vm) of a differentiable manifoid
Vin are described from the point of view that is used. Then, a
(y-structure of second order -called G f-st.ruct.ure— is constructed
on Vo by an endomorphism J acting on T?{V,,), satislying the
relation J? = 0 and some hypotheses on its tank. Its connection
and characteristic cohomology class are defined.

Some of the G-structures of the first order are those defined by nilpo-
tent operators of degree r + 1{r > 1) that is, the G -structures, defined
by J. Lehman-Lejeune {[15]) and studied by H.A. Eliopoulos {[11]).

The Gi-structure of the first order, briefly Gj-structure, is defined
([15]) on an m-dimensional differentiable manifold V,, of class C* by
means of an l-form J, of constant rank p, with values in the tangent
bundle, such that at each point z € V,,,

(1} J2=0.
That is,

dimIm J; = p> 1, dimker J; = ¢, m = p+ g and ¢ independent
of the point z of V..

The Gy-structure is also studied by [1]; it is called generalized almost
tangent structure.

QOur objective in the present paper is to find a prolongation of this
structure, that is, there is defined a G-structure of second order on ¥,
called the Gy-structure of order 2, briefly a G3-structure, by means of
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an l-form of second order J, of constant rank p+ (P“) with values in
the tangent bundle of second order, satisfying at each point z € V,,, the
relation (1).

At first, a brief discussion of the notions of the frame bundie of sec-
ond order HX{(Vi){(Vin, L2) and its associated ([13]) tangent bundle
T2V, MV, L2, F?) of order two, will be given from the standpoint
used in the generalization of the real almost product structure to the
second order {[6]).

Then, the G2-structure, its adapted basis, connection and character-
istic cchomelogy class will be defined.

1. The fibre bundles H*(V,,) and T%(V,,)

We recall from {6} the following:

Let V,, be an m-dimensional differentiable manifold of class C° and

HYV,)= U H(V,,} the fibre bundle of all 2-frames of the manifold
eV,

Vi, where H2 is {[7]) the st of all invertible 2-jets of R™ into Vi, with
source 0 € R™ and target z € V,,. This bundle is {[8]) a principal fibre
bundle with basis V,, and structural group L2; it is called the principal
prolongation of order 2 of the manifeld V,,.

The structural group L2, is ([10]) the set 72 o f of all invertible 2-jets
with source and target 0 € B™ of a2 2-mapping f at the point 0 € R™.
Hence, cach a € L?n can be written in the form,

(1.1) a=(aj, m-z), hoJn ;2=1,2,...,m, det{e))#0
and am2 is symmetric with respect to ji, Jo.
Also,
. m+ 2 m+ 1 m+ 1
dimLfn:m —m=m?+m =mi4m?f{——1.
2 2 2
If

ﬁz{i kk:)eLm!

then, from the composition of 2-jets {[8]) it follows that the product of
the two elements a and § of L2,

3,6 == (Cill‘cillkz)‘
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can be defined by the relations
— M
{ c;cj a ki
_ b1 gh i 1
ck] ka2 = %Pk, + a.?mzﬁ k)

Remark 1.1, We assume, now, that to the element a € L2, corre-
sponds the matrix A of the form,

é.l 0
(1.2) A= [aii foi ]
a’jlj? a}la'.‘-'z

If B is a matrix of the same form, corresponding to the element 8 of L2,
then to aB € L2, corresponds the product of matrices AB,

i1 1 i
AB=C = | 0 1_[f o A
oy i el 7 ﬁ ala’?
kikz ke Vg k1ka Jl_‘-'? #1772
11 1
a5, Pk, 0

{a;: ilﬂtz—l.a;lln 11*6-?; a_“ﬂ,;: J}‘G ]
with the notation that first is written the matrix B and then A4, but

after the multiplication (each line of B with every column of A) first is
written the elements of A and then of B,

It can be verified that to each element ¢ € L2, corresponds a matrix
A of the form (1.2) and conversely.

Hence, the group of matrices of the form A, subgroup of the group of
matrices GI{N, R}, N = m + —(ﬁ—l, can be identified with the group
L2

The Lie algebra Lfn of the Lie group L2, is ([17]) defined by,

Lg _{A/A 311 3132)13 31!32_' 1, 2
X:, € Rm®R™ | AL eRm®s2(Rm‘)},

172

where S2(R™"} is the set of the 2-linear symmetric forms on R™.

We consider, also, T#, * (Vin) the set of all 2-jets of the functions on
Vm with source z € V;, and target 0. The set T7*(V,,) = {J TZ5(V,

TEVm

has ([8], [10]) the structure of a vector bundle with basis V,, structural
group L7, and fibre L2, it is associated with H2(V;,).

L3 . is ([7], [10]) the set 52 o g of all 2-jets with source 0 € R™ and
target 0 € K of a 2-mapping g at 0 € R™. Therefore, each y € L%,m can
be written in the form,

(13) V= (yt'n_yiliz)! il! 3.'2 = 1,2,,..,7?1, Hiyig
is symmetric with respect to 7y, #o.
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Also,

' 2 1 1
dimLim=(m; )—1=m+<m; )=m+——u(n;+ ).

Let {z%};=12,. . be a system of local coordinates at z € Vi, for a
given chart. Then {[8]), the element w € TE * (V,,) can be expressed in
the form,

(14) W= (xi!yiny‘i‘lig): 3.1 il) i? = 11 2:'- ey Ty Higdg
is symmetric with respect to i1, ia.

If
i F
B e
(=7 yp Y h
k] a - !
is the expression of w in a new coordinate system {z? };=12, . ,m at z €

Vie, then ([10]) the transformation law for the local coordinates of w is -
given by the eguations,
:r!' —_ Lpz'(-rjf)’.
(19 v =
Yilsg = yila;?_j; + yi'lf'za':: a}z )
P8t i 8%y pi i r2
where a}, = a_-_%ir’ ay = m—g—zz, so that (aﬂ,aj,lj;) e L.

The dual vector bundle T2(V;,) of the vector bundle T #{ Vi, ), has ({4])
the basis V,,, the structural group L2, and the fibre 72 = (L3 )" Hence
{2]) T%(Vo)(Vim, L2,, F?) is the vector bundle of all tangent vectors of
order 2 and v € T? is a tangent vector of order 2 (or 2-tangent vector)
at the point x € Vo,.

Remark 1.2. However, there are other, different, notions of the tan-
gent bundle of higher order ([16], [19}) using another point of view.

From [6] follows that T2(V,.)(Vin, L2,, F?) is also associated with the
principal fibre bundle H?{Vim){Vin, L2,}, which can be identified with the
space of bases of the vector spaces T? at & € V.

Let now,

(1.6)
e = (€i,,€i,), 11, 22 = 1,2,..., M, €1, symmetric in the indices %1, iz,
be the natural basis of T2 defined by the local chart {z'}i=12,..m at
the point € V,,. Then, every v € T? can be expressed uniquely in the
form,

(L.7) V= Z ve;, + Z Ve,

=1 1<t Cig<n
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where (v"', v"1%2) are some constants and v'*2 is symmetric in the indices
i1, 1.

For another local chart {27'},01,2, m at & € Vi, the corresponding
transformation law for the local coordinates of v € T2 will be,

119

_Ujl _ ah’t}“ _+_a31 th’;,
(1.8)

— .‘h 32 i
'UJIJ‘Z a; a yl‘ﬂ)
2
ye Ls.

For convenience in calculation, from now on, we will keep using ma-
trices.

where @ = (ah,amz

Thus, the relation (1.8) for the element v of T2 in the overlap of two
local charts (U, 2%) and {V, z7 ), can be written in the form,

FH
(1.9) (v phiz] = [vh i) “';1 j,O ]
¥ .
a‘t:tz az:ai:
or briefly,
V¥ = A2 (z)VE,
where
al ¢
A¥{zy =] " VE=[ph yh%
1.10 ul=) 1 FI A R |
( . ) a"!]tz ai; a"l"g

V= (it pitit).

The element a = (a,‘l ,a2i, ) of L2, is identified with the matrix A defined
by {(1.10).

Similarly, according to the relation (1.5}, the transformation law for
each element w of T2* (that is of TE, * (Vin)) by means of matrices, can

be written in the form,

(1.11) [“J'? ]: af’l ° [w“ }
Wit g gl a a 2 Wiyip

3132 31 Iz

t)ig

where {a’ ,.aJ,J,) € L2, is the inverse element of @ = (afll, mZ) € LZ.

Briefly,
wy =wiAy(z),  Ajx) = [40(@) 7
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2. G?-structures

Definition 2.1. A G-structure of second order, briefly Gf~structure,
can be defined on an m-dimensional differcntiable manifold V,,, of class
C°°, by means of an 1-form of second order J, with values in the second
order tangent bundle 72 (Vi,), such that at each point x € Vi,

1
(2.1} Jz is of rank p+ (p;— ) everywhere in Vi,
and
(2.2) J2=0.

From the condition (2.2) follows that J,(T2) is composed of the eigen-
vectors of J. On the other hand J,{T?) C ker J,.
If 5, is the complementary space of ker J, with respect to T2(Vi,)
then,
T2(Vin) = ker J. & S,

and J induces an isomorphism between S, and J{S.).

Thus,-
. 2 ot 1 ’p+ 1
dimT:-(V,)=m+ 5 >2|p+ 0 and m > 2p.
We have,
1
dim S, = p + (p; )
and

1
dimker.)’x=q+(q; )+pq, P<y, m=p+qg

and the dimension of ker J, is independent of the point x € V..

Obviously,
1 1
dimTf=p+(p; )+q+(q; )—lrpq‘

Also,

(2.3) dimker J, =

= p+(g—p)+ (p; 1>+p(q—p)+p(m—q)+ (q - 2 * 1)+(q—p)(m—0)‘
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Let {e,, €000, t1,02 = 1,2,...,m be a basis of the sceond order tan-
gent space 72. Using the indices,

ally=1,2,.. .,pea@t=p+1,...,q,
A(l) =1,2,...,¢ {that is, A(1} = {a(1),a(2})) and
A2y =g+ 1,...,g+p=m (that is, A(2) = g+ a(1)},

it follows, that the second order tangent vectors

(2.4) {eaity €A az(1)s € (1) a2 (13}
and
(2.5) {ean ern@am}

define a basis on ker J. and S, respectively.
Also, by (2.3) the basis (2.4) can be written in the form,

(26} {(ea:[(])} 601(2))1

(Car()az(1) Cay (1)az(2)r Con(1)A2(2) Cay(Daz(2)r Car(2A2(2))}

Definition 2.2. The basis {ei,,€;,:,} of 72 will be called adapted to
the G¥-structure with respect to z or simply G%-adapted basis if

Jze = €n, )
- (s =
Je€ A2 Ax(2) = Cay (Daa(1)-

To the operator J, corresponds the element F of the tensor product
T2 ®(TH~,

F= (F}l F',sz:Fjl Fjlj?)?:lsiﬁﬁjl)jE = 132)“-1ms

2 1% tptg? T iz

F72 symmetric with respect to j1, 52, F7,, symmetric

(28) 1 T1EY
with respect £o 1), 4y and Ffl’;; * gymmetric in indices 1,
iz and Ji, jo.

Then, J is given by

(29) { {‘}In)}] - Fg‘lv‘l + Fijalizvhws

f1j2 _ phife_ i F1du . 14
(Jov)ii = Flidyis 4 piipagine,

where v = (v¥', v"%2) is a 2-tangent vector at z € V.
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The tensor F of the relation (2.8) can be represented by the following
matrix,

Fgl Fg‘.r'ljz
(2.10) F= {F_jl_ F.jl.j’] .
1342 132

From (2.2) and (2.9) one verifics easily the following equations,

Fﬂlf}ﬁ‘l + Filj?Fl_kl =0,

132
(2.11) F“j;l B F?'J;].jzpili"tz =Y
‘F‘fl]“izF:.li'cl1 + R»J:t'? F:?Jz =0,
Filiapﬁlkz + Fili? Fjﬁljtg =0.

Using, now, an G3-adapted basis on T2 and the relations:

Jzea, 1) = 0, Jrtay(2) =0, Tz€A:2) = Car(1)s
Jearon() =0, Jrlay(ax2) =0, Jr€a,()a(2) =90,
Jra,@a:) =0 Jz€a 2422 = 00 Jz€a;2)42(2) = Car(l)aa(ly

it. follows that the tensor F associated to the operator J can be repre-
sented by the matrix:

r o 0o 0] Jo 000 0 0]]
0o 00l |0 0000 D
628 0 0] [0 0000 0
0 0 0] [0 00 0 0 0]
(212) F=1{ |0 0 0] |0 00000
0 0 0f |o 00000
0 o ol |o 000 0.0
0 0o 0| |o 0000 0
0 0 ol |&fhe= 00 0 0 0]

Thus we have,

Proposition 2.1. There is alweys a G?-adapted basis of T2(V,a) at
cach point x € V., in which F has the constant components given by the
matriz {2.12}, '

Let {ej;,e;1;;} be another Gi-adapted basis, then the transformation
law between the G%-adapted bases may be written,

i

€, = ej’lﬂi,l:

" o
R £ oMt
Eipiy = e.}';l‘i;llz + ej{;éiil If.‘g’
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where the element { = (!fj,iffi?) € L?,. Explicitly,

F B B B B B

by = (ioﬁm!‘ai(z)rh‘l(z)i503(2)1%(2)) € Gy

g (ﬁ;(l) B

iz = Loy (aa (1) lan (e (@) ban (1) 42(2)
&) 8(1) (1)

(2.13) \ L (D)02(2) for (2) (2 L0 (2 A202)

AR Ee s

ay(1)ag{2) 01(1]/!2(2}’ 01(2)ﬂ'z(2)’

AR s )

| o (2)A2(2)7 14, (2)Ax(2) ) 0

where Gy is {([15]} the structural group of the G;-structure of the first
order. It is consisting of the matrices of the form

A0 0
BT 0,
A E A

with A € L, B € End(R?, R %), " € L,_,, A € End{RF, R™™7) and
E € End(R77%, R™~1).
Using matrices, { can be written by the matrix

i1
(2.14) L=[£;‘, J.,OJ.,],
NI v i
where
8
N 1
i 11 8,2
{2.15) HB=1lig g 0 | €6y

O 1O WA
A](?) ﬁ;(?) 0'1(1)

e :
a1 (Vas(1) 0 0
#L0) #2) o
ar(oz(®)  tay(1ar(2)
; RPN A 0
F1 _ o 2 (231 2
(2.16) by = | gl 8(2) 0
a1 (2oa(2) Lo (2)aa(2)
#(1) 8,02} 0
a1 (D42(2)  Lan(2)A2(2)
e AR (1)
@40 e laia ]

Let G? be the subgroup of L2,, cansisting of all elements of the form
{2.13) with corresponding matrix of the form (2.14) with (2.15) and
(2.16). It can be verified that,
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Proposition 2.2, The group G? can be characterized as the subgroup
of L2, defined by all elements of L2, which commute with F,

Let EZ(V,,) be the set of all the adapted bases at the different. points
of V,,, and p the canonical mapping,

p: EiH{V) — Vi,

which associates with an adapted basis at z the point z itself. E?(V,,)
is equipped with a structure of principal fibre bundle of basis V and
structural group G‘E.

Conversely, we assume that the differentiable manifold V;,, admits a
G?-structure, where G? is the group of matrices of the form (2.14) with
(2.15) and (2.18). Then, it can be defined on V,,,, a tensor field F of type
(1,1) and of rank p+ (I’H) F has (2.12) as components with respect to
the adapted basis and satisfies the condition (2.2).

Thus, we have,

Theorem 2.1. A necessary ond sufficient condition for a differen-
tiable manifold Vi to edmit a G}-structure is that the structural group
of the second order frame bundle H%(V,,) be reduced to the group G%.

3. ¢?-Connections

Definition 3.1. Any infinitesimal connection {[18], [5]) defined on
the principal bundle E2(V,,, G2,) is called a G%-connection,

We consider a covering of V5, by open neighborhoods endowed with
local cross sections of E2(Vi.). Any G%-connection may be defined in
each neighborhocod U by a local form 7 with values in the Lie algebra
G? of the group G1.

Hence, 2 G2-conncection is represented by the element of the Lie algebra

2
G,

(31) Trt&;(ﬂji!?r;luz) il)jl:j2=1:2)"':m:

where the linear differential forms on U, (Tr”) € Rm@R™* dnd (7r ) €
B™ @ §*(R™*) satisfy the relations,

B _ B _ ) _ o &) __Bi2)
ar(l) = Tas(l) = Tar(2) = & Tay() = a2

‘ 8:(2) B, (2) B;(2) ' B1{2) _
(3.2) Ta(Maa(l) = Tan(Daa(t) = Tar (oo = Ton(1)A2(2) ~

I ) By A — 5@

= Moy @z = Tay @42 = O Tay(aptn = TA,@) A2y

It can be verified that,
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Proposition 3.1. With respect to a G?-connection, the absolute dif-
ferential of the tensor F is zero,

E%(V,,,) may be considered as a sub-bundle of the fibre bundle HE (V)
of 2-frames that is of bascs of vector spaces {T?},ev., ([6]).

A G%-connection defines canonically a connection of order 2 (9], [14])
on V,, with which it may be identificd.

Conversely, let us consider 4 connection of order 2 and a covering of
Vi by open neighborhoods equipped with local cross sections of E2(V,,).
This connection may be defined on each neighborhood by a local fmm w
with values in the Lic algebra of L2,

W= (%,: m,)s i, 52 =12,...,m, w{-‘ € R™ @ R™,
(3.3) wil;, € U™ @ S*(R™) and (W), (Wi

are local lincar differential forms.

Jljz

In order that the given conncction may be identified with a G2-connec-
tion it i3 necessary and sufficient that the form (3.3) belongs in the Lie
algebra of the structural group G% of E?(V,,). That is, comparing with
(3.2),

Propaosition 3.2, fn order that @ connection of order 2 may be identi-
fied with @ G%-connection, il is necessary and sufficient that the obsolute
differential of the tensor F is zere with respect to this connection.

Given a G%-connection Y, the curvature form of this connection is the
tensor 2-form, of adjoint. type.

(3.4) Q=Vr=dr+aAm,

which is defincd on E3(V;,,) with values to GZ.

If we consider a covering of V,, by neighborhoods equipped with local
cross sections of E(V,,}, then, Q may be defined in each neighborhood
U by a local form with values in the Lie algebra G3

(3.5) Q.= (00, 9),  LiLi=12..,m,
where 12 € R™ ® ™, 2. € R™® S*(It™) and (23}, (O ,,) are

linear differential forms on ¥J.
It may be scen from {3.4).
{ Ql" —d:rr“ + 7} /\'njl,

i3 _ i k1
QJIJ:? dr}uz + ﬂ /\ M51dn + ﬁklh A ﬂ-

(3.6) e

32'
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In particular, it can be verified that,

Q1) _ ge(D) ool _ aal2) oAR) g A)

oty = 8oy Mooy = GTa(ayr 34409 A(2)>
all)  _ 5 a()) o) _ g all) o) o)
e = Tamaay Cagnae = Ta(ise)y Saise) = Faiyae)
al2)  _ , af2) o2 _ 5 al2) AR A@)
Yaae = s Rayae = Ta@ne) Lae)ae) = 4T ney
Then,

_onll) _ 0AR) ox@) oall)  _ oA@) a(l)

V= (Qa(i} - QA(?)’QQ(Q)’QG(I}ﬁ(I] - QA('Z)B(Q)’QQ{U,G(Q)’

afl} a{2) ol 2}
Qainsey Yaser e ae)
is a closed 2-form on E3(V,,).

Definition 3.2. We call ¥ the characteristic form of the G¥-connec-
tion Y.

Proposition 3.3. The characteristic 2-forms of all the G3-connec-
tions have the same cohomology class of degree 2 (characteristic coho-
mology class of the G3-structure). :

4. G-structures of second order defined by
linear operators satisfying algebraic relations

Using the way discussed previously (sections 1, 2} a generalization to
the second order of the real almost product structure is given already in
[6]. '

On the other hand, the definition (2.1) for a differentiable manifold
Vo, with rank J = m + (m;" 1) gives a generalization of the almost

tangent structure to the second order.
In this case, matrix (2.12) reduces to the form,

0 o} Jo o0
&40 0 00
(4.1) F=1{{0 o 0 0 o],
0 0 0 0 0
0 0 881885 0 0
and the matrix (2.14) to the form,
[ 15 0 ] [ 0 0 0 ]
:lﬁ:l ££: = .rO r 0 O
L=|[la o laley 0 0
B0 AT YA
APV <P B ¥ Y B AN R AT
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with the indices @ = (1) = 1,2,...,m, A = A(D =m+1,. .., 2m =

m + o, and
50
Lﬂﬂ 4
where G7,.. is ([3], [12]) the structural group of the almost tangent
structure with (5} € L, /5 € End(R™, R™).
Thus, G-structures on V,,, of the first order defined by linear operators

and satisfying some algebraic relations can be generalized to G-structure
of the second order, defined by endomorphism,

eGm .

T:T3V) — THV,p)

and satisfying the same algebraic relations.
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