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NON-COMMUTATIVE SEPARABILITY
AND GROUP ACTIONS

RICARDO ALFAROY

Dedicated to the memory of Pere Menal

Abstract

We give conditions for the skew group ring 5+ & to be strongly
separable and H-separable over the ring 5. In particular we show
that the H-separability is equivalent to $ being central Galois
extension. We also look into the H-separability of the ring S over
the fixed subring B under a faithful action of a group G. We show
that such a chain: § + G H-separable over § and 5 H-separable
over B cannot occur, and that the centralizer of £ in 5 is an
Azumaya algebra in the presence of a central clement of trace
one.

In [A] we introduced the concept of subring-Galois extensions as a
generalization of central Galois extensions and give a generalization of
the correspondence theorem given by DeMeyer in [D] and Szeto in [SM].
Similar correspondence theorems were given by Sugano in [S] using A-
separability. Separability for non-commutative rings was introduced by
Hirata, and the notions of H-separability and “strong” separability were
introduced by Hirata in [HI| and MacMahor and Mewborn in [MM]
respectively. Strong separability is a weaker notion than H-separability,
but both are special cases of the general notion of separability of ring
extensions.

In the case of group actions we present here conditions for strong
and H-separability of skew group rings and in particular we show that
the skew group ring S * G is H-separable over S if and only if S is a
central Galois extension. Furthermore, in this case 5*G is a Z(5)-Galois
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extension (in the terminology of [A]}, allowing us to express S = Z(S)R
and S*G = Z(5} where [ is the algebra of (G-central functions. We then
study the separability of Cg{R) over its fixed subring and give conditions
for § 1o be Cg(R)-Galois.

All rings here are associative and have a unity element 1. Z(R) will
denote the center of a ring R, and C'4(B) will dencte the “centralizer
of B in A", i.e. the elements of the ring A which commute with all the
elernents of the subring B of A.

1. Definitions and Notations

Let B be a subring of a ring A with 1.

The extension B C A is called separable (or A is separable over B} if
any of the following equivalent conditions is satisfied:

1) The multiplication map ¢ @ A®; A — A splits as an {4 — A)-
bimadule map.

2) There exists an element e € A® ;A (called a separability clement),
such that ae = ea for all @ € 4 and ple) = 1.

The ring A is said to be strongly separable over Bif AR, A =2 KL as
(A — A)-bimodules, where Hom 4 4(K,A4) = 0 and LO H = A™ for some
(A — A)-bimodules K, L, H and some positive integer n. In casc K = §
we say that A is H-separable over B. Strongly separable extensions are
separable but the converse is false, see [MM]. '

There is an equivalent definition for this kinds of separability in terms
of the natural (A — A)-bimodule map ¢ : A®, 4 — Hom(A,, A.) where
wla ® b)(x} = azh, C is the center of A and A is the centrslizer of B
in A, C4(B). The ring A is strongly separable over B if and only if A,
is finitely generated projective C-module and ¢ is an split epimorphism.
Similarly, A is H-separable over B if and only if A, is finitely generated
projective C-module and ¢ is an isomorphism. For details see [HI} and
[MIVE).

Now let’s consider group actions. Lot § be a ring with 1, let G be a
finite group acting faithfully as automorphisms of S and let R = 5% be
the fixed ring under G. Writing g(r) = 9r, the skew group ring 5+ G is
the free left S-module with basis the elements of & and multiplication
given by the ruic gs = 9sg for all s € § and g € G. Denote by 7 the
element > g € S+ G. The action of G on S is said to be G Galois if

€G
S is ﬁnitgely gencrated projective right B-module and the natural map
¢: 5+ G — EundpS given by ¢{rg){z) = r (%) is a ring isomorphism;
or equivalently, there exist clements a;, b; (called a G-Galeis basis) such
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that » a;%; =1 if g =1 and thesumis 0if g # 1 (ie., S75 = §+C).

The “trace map”, tr : § — R is given by tr{z) = ) 9z which is an
9€G
(R — R)-bimodule homomorphism.

Let T be a G-stable subring of § (that is9t € T forallt e T, g € G),
we say that § is a T-Galois extension of R if the action of G on T is
(G—Galois. For details and properties, see [A]. If X is a subset of 5, let
I{X)={gec G/ % =z Vz € X} be the “inertia group” of X, {I{X}
is always a subgroup of G).

2. Separability and skew group rings

In [MS, theorems 2.2 and 2.3] it is shown that if S is a simple ring, G
a finite outer group of automorphisms of § and F' = I{Z(S}}, then 5§+ G
is H-separable over S F and § x G is H-separable over S if and only
if F is trivial. But in this case 5 * G is simple and hence the action of
G on S is G-Galois. We'll give a general result relating G-Galois actions
with strong and H-separability.

Let D = Cs,5(8) and € = Z(S5 + G). The action of G on S induces a
faithful action of G on S * G via conjugation, Yo = gag™ ! for a € §xG;
and G also acts on D. Let M be the inertia group of D, thus G/M acts
faithfully on D by "o = 9« for any g € h.

Lemma 2.1. D% = pG/M — ¢,

Proof: The first equality is obvious since M is the inertia group of
D. Now let o« € DY, then ag = g ¥g € G and by definition of D,
sa =8 ¥s € S hencea € C. Conversely, ifa€C, ag=ga Yge G
and hence o € DO, (is clear that CC D). B

Theorem 2.2. Let M be the inertia group of D = Cg.c(S) and let
C be the center of S x G. Assumme there is a central element w in 5
with trayg{w) = 1. If D is G/M-Galois over C, then S » G is strongly
separable over S,

Proof: Let ¢ : S+ G®:55 + G —~ Hom{Dc,S * G¢} be the natural
(S * G — S * G)-bimodule map, and let {a;,b;} be a G/M-Galois basis
for D over C; then define the maps f; by fi(2) = tre,m{biz), thus f; €
Hom({De, Ce) and {a;, f;} form a dual projective basis for D over C.

First we show that {f;} is a basis for Hom{(D¢,S » G¢) as
{§ + G — S * G)-bimodule. For, let & € D, f € Hom{D¢,S * Ge},
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then f - f (Zazfz(a ) Zf(az)fz(a) = th(a)f(at) thus

fF =3 flai)fi =3 fifla;). Now we prove that ¢ 1s an epimorphism.
Note that w(g®g '){o) = gorg ~t thus w(g ® g™ !) acts as g € G/M
on D and p{g®g ') = plh@h™!) whenever G =hin G/M(%). Choose
{h1,..-, hip} & transversal of M in G, then

f.f( ) = trc;w b m Zh b :E) Zh,bjh,x
= Z "byp(hi ® h;ly(x) = 3 wltb; ® 7)),

Therefore f; € Im{y) and hence  is cpic. Notice that the cxpression
of f; above is independent of the choice of the transversal of M in G
by (). It is only left to show that ¢ splits as (S + G — § * G)-bimodule

homomorphism. Let M be given by the set {rn1,... ,m,} and let I =
> himjwbe ® (him;) ™ € 5% G®3S * G. Then
4f
ellc) = Zh"m’ W b (R & (Ramy) ™) and by (%)
L2¥]
=3 Pmrubbg(heh ) = (Z h‘%) o (b ®BY) = fi.
(Y i i

Hence we may define the map 9 : Hom(Dg, S+ Gl = S+ GRS« G by
linearity with 1{fx} = {x. To show that ¢ is an (5 * G ~ § +*G)-bimodule
map, we need to show aly = e for all @ € §*G. Let r € §, since
by € D and w is central in S we have:

?"l‘;c = Zf‘(him;)wbk @ (h%-mj)_l

0

= " (hamy )0 by @ (hamy) <!
iy

= z himywb, @ (h‘mf)_lr(himj)_l
%7

= Zhgmjwbk & (hymy) "ty = L,
i

and if g € GG, we have:
gly = Zghz‘ijbk ® (hym;) ' = Z(gh‘)mjwbk & ((th‘]mj)_lg )

.5 2]
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but {gh;} is another transversal of M in G, hence by (*) gly = lxg and
therefore ¢ is an (8 * G — § # &)-bimodule map. We then have

Pw(f)) = ¢ (w (Z f(ak)fk)) = (Z f(akm)
& k
=D Fae(l) = > flaw)fu = .
k i

and so ¢ splits . B

Now we want to show an equivalent condition for the skew group ring
S = G to be [I-separable over 5. We start by giving some notation and
some neccesary conditions assuming all the notation as in theorem 2.2,
For every g € Gdefme ¢y = {r € S/ r9% =sr Vse S} g, #0 ¢
is said to be w-inner, and if ¢, = 0 for every g # 1 G is said to be

w-outer. It is not difficult to see that D = 3 ¢yg.
9€G

For the proof of the main theoremn we will need a result that appears
in {A], and we reproduce here for completeness.

Proposition 2.3. ([A., prop. 3.3]) Assume S+ G is H-separable over
S. Then G is w-outer ond D = Z{3).

Proof: Since S+ G = Y .%(8 & g) as S-S-bimodules, Cy.o(D) = §
9€G
by [S, proposition 1.3]. Hence Z(D) = Co.o(DYN D C S and therefore
C C Z(D) C Z(5). Now let r, € ¢, S0 2 = ryg € D, and hence
trgma(z)= 35 hrggh = 3 Prohghm' € CCS. Thus *r, =0
REC /M heG M

if hgh~! # 1, thisis if ¢ # 1 and so re = 0if g # 1. Therefore ¢, =0
if g # 1, and 50 & is w-outer. By the comment above D = ¢, - 1, s0
D=2(5). 1

Theorem 2.4. Let D, M, C, 5,G and w as in theorem 2.2. D i5s G-
Galois over U and M is trivial if and only if S + G is H-separable over
S.

Proof: (=} Assume the same notation as in the proof of theorem 2.2;
$0 now we have [, = Zhiwbk & (hy) ! = Z hiby & h;l, and hence
iy i

voplel) =) w1 ek =) jax ) hibx @b
k k i

.—:Z(Zakh“bk) hi®h;1 =1®1.
i E
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Thus ¢ - ¢ = idg.qe.s.¢ and @ is an isomorphism.

{«<) Assume m € M and o € D, then p{m @ m~ o) = mom™! =
a = p(l ® I){a), but ¢ is an isomorphism, hence M = 1. Now we
will show D is G-Galois over €. By proposition 2.3 I} is commutative,
and by [S, proposition 1.3] D is a separable C-algebra. Assume that
there exists a non zero idempotent e € I} and a pair k # g € 7 such
that 9ze = "ze for all z € D. If we let ¢ = 9 ¢, we have ¢ £ 0
and ze¢' = ¢ hze’ = ¢ 9 Pz, But G is w-outer, hence g~th = 1,
thus g = h, a contradiction. Therefore D is G-Galois over C by [DI,
proposition III. 1.2]. &

If 5 is a simple ring and G is outer, then Z{5) is a field, and hence
G/M is G/M-Galois over Z(S) where M = I(Z(5)}. Therefore applving
the previous theorems we obtain an improvement of [MS, Theorem 2.3
and Theorem 2.2,ii}] :

Corollary 2.5. Let 5§ be a simple ring and G be outer.

1y If dw € Z{S) such that trpy{w) = 1, then S+ G is strongly
separable over S.
ity §#*G is H-separable over S if and only if M = 1.

We can see now a relationship between H-separability and T-Galois
extensions in the following corollaries:

Corollary 2.6. S % G is H-separable cver § if and only if S is a
central Gealois extension of R.

Proof: (<) 3a;, b € Z(S) such that 3 a;wgh; = 1, but Z(8) C
Cs.q{8) = D and D is G-invariant, hence IJ is G-Galois over D¢ = ¢
and by theorem 2.4 8+ & is H-separable over 5.

(=) Obvious from the theorem 2.4 and proposition 2.3. R

The case of commutative rings is now determined:

Corollary 2.7. Let S be a commutative ring. S+ G is H-separable
over S if and only if § is G-Galois over B.

Consider agsin the action of G on 5§ * G by conjugation. It follows
that the centralizer of G in § % (7 is precisely equal to the fixed ring
(S *G)¢ = I, which in the langnage of C* -algebras is called the algebra
of G—central functions, {see [OP]). Hence we obtain:

Proposition 2.8. Let §* G be H-separable over 5. Then §+G is
Z(S)}-Galois extension of I and therefore §+ G = Z(S)1,
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3. H-separability and fixed ring

Now we study some neccesary conditions for the ring § to be H-
separable over the fixed ring R. The centralizer of B in 5 will be denoted
by E and all the notation from Section 2 will be assumed.

Let X be a (7 invariant subset of $. It can be easily seen that Cg(X)
is a G-invariant subring of 5 and thus G acts on it. Furthermore we
have that (Cs(X))® = Cr(X). Hence, if we take X = R we get the
following relation: E€ = Z(R) C Z(E). On the other hand it is obvious
that Z(5) C Z(E).

Proposition 3.1. Let § be H-separable over R. Then:
1) G is w-inner.
2) R =Cs(E)
3) E€ = Z(R) = Z(E)

Proof: 1) Recall that ¢, = {r € S/ r9% = sr Vs € S}. Consider the
(S — $)-bimodule Sg. Then Eg = Csy(R) and ¢y9 = Cgy(S), therefore
we get Eg = E ®z(5) ¢g9 and hence ¢4 # 0.

2) It is clear that . C Cs(E). Now, let r € Cg(E) and let g € G.
We can see g as an clement of Hompg_g(S,5) which is isomorphic to
E®z(s) E by [H2, proposition 4.7). Thus there exists elements d;,e; € B
such that 9z = ), d;xe; for all z € S, and therefore 9r = Zid‘rei =
Ty dies=r;s07 €R.

3} By the comments above, it is only neccesary to show the second
equality. But, by part 2) we have: Z(R) = RNCq(R) = RNE =
Cs(EYNE=Z(E). A

Remark. Note that in proposition 2.3 we showed that if the skew
group ring § * G is H -separable over the base ring &, then the action
of (7 must be w—outer. Here we obtain the opposite condition, if the
ring & is H-scparable over the fixed ring R, the action of G must be w
inncr. Therefore we cannot have a “chain” of H-scparabble extensions
in faithful group actions.

Proposition 3.2. Let § be H-separable over the fized ring R and
assume there erists a central element in § of trace one. Then E 45
separable over Z(S) and H-separable over E€ (so E is an Azumaya
algebra}.

Proof: The existence of a central element of trace 1 makes the trace
map tr : § — R split as a (R — R)-bimodule map. Hence R is a direct
sumnmand of S as (R — R)-bimodules and by [S, proposition 1.3] £ is
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separable over Z{S). Furthermore, since Z(S) C Z(E}, the theorem of
Azumaya for separable extension over commutative rings implies that
E is separable over its center Z(FE) and Z{FE) is separable over Z(5).
Therefore, F is H-separable over Z(F}, which by proposition 3.1 is
equal to the fixed subring £¢. m

The action of & on & induces an action on F, but we need to consider
the inertia subgroup K = I{F). In this way G/K acts faithfully on F.
‘We now describe conditions for F to be a Galois extension of EC.

Proposition 3.3. g € K if and only if ¢, C Z(E).

Proof: Since ¢, € E the neccesary condition is obvions. Now let
o € ¢y C Z{E); then o’z — ) = 0 for all z € E and therefore 92 = z
forallz e E. 1

Theorem 3.4. Let § be H-separable over B and assume there is a
central element of trace 1. S i3 an E-Galois extension of R if and only
if C = EC and K is trivial.

Proof: {=} By definition of F-Galois extension, K is trivial and the
action of G on F iz G-Galois, morcover by proposition 3.2 E is H-
separable over E¢. Furthermore, by [S2], £ = Z $q is a direct sum and
¢, = Cx,, thus proposition 3.3 implies that Z (gE) = (, so proposition
3.1 gives us the result,

(<) Since K is trivial and the fixed elements in E coincide exactly
with the central elements we have that the sum z @, is direct; moreover

g
in this case E = Cg(EC) and E€ = Z(E) giving us Cp(E) equal to
the direct sum of the correspondent qﬁ;. Thus by [82, theorem 1.2] the
action of G on E is G—Galois. B
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