Publicacions Matematiques, Vol 36 (1892}, 569-588.

ON ANNIHILATORS IN JORDAN ALGEBRAS

ANTONIO FERNANDEZ LOPEZ

Dedicated to the memory of Pere Menal

Abstract

In this paper we prove that a nondegencrate Jordan algebra satis-
fying the descending chain condition on the principal inner ideals,
also satisfy the ascending chain condition on the annihilastors of
the principal inner ideals. We also study annihilators in Jordan
algebras without nilpotent clements and in JB-algebras.

0. Introduction

The notion of annihilator introduced by Zel’'manov plays a fundamen-
tal role in some of the most important theorems in Jordan theory [21],
[22], [24]). However, annihilators had aircady been considered by Top-
ping [20] in the particular context of JW-algebras, and later by Bunce
[5] and Battaglia [2] in JB-algebras.

In this paper we study annihilators in Jordan algebras, stressing the
relationship between the definition due to Zel'manov and the other re-
lated notions given by Bunce and Battaglia. We compute annihilators
in special Jordan algebras in terms of classical annihilators in their as-
sociative cnvelopes and s-envelopes. Then we consider annihilators in
prime non-degenerate Jordan algebras with nonzerc socle, getting as a
consequence thai a nondegenerate Jordan algebra satisfying the descend-
ing chain condition on the principal inner ideals (equivalently, colnciding
with its socie), also satisfies the maximality condition for the anaihilators
of the principal inner ideals.

The paper is organized as follows: In Section 1 we give the basic defini-
tions and coliect the identities that will be used throughout this paper.
(General properties of annihilators are settled in Section 2. Annihila-
tors in special Jordan algebras are studied in Section 3. Section 4 deals
with annihilators in prime nondegenerate Jordan algebras with nonzero
socle. Section 5 concerns with annihilajors in Jordan algebras without
nilpotent elements and in JB-algebras.
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1. Basic identities and definitions

All the algebras we consider here are over 2 field K of characteristic
different from 2. A (nonassociative} algebra J with product z.y satisfy-

ing:
(1.1) .Y = Y.x
(1.2) 2% (y.x) = (z%.y).x (Jordan identity)

is called a (linear) Jordan elgebra (our standard references for Jordan
algebras are {12], {25]. Every associative algebra A gives rise to a Jordan
algebra A under the new multiplication given by

(1.3) z.y = 1/2(zy + yx).

The following expression relating the associator of three elements in
the Jordan product to a double commutator will be frecuently used in
what follows

(1.4) {(z,y,2)* = 1/4[y, =, 7])

{a,b,c}t = (a.b).c — a.(b.c) being the associator of g, b, ¢ in A*, and
(6, 4] = ab — ba the commutator of @, bin A.

Jordan algebras which are subalgebras of a Jordan algebra AT are
called special Jordan algebras. For every associative algebra A with in-
volution + : A — A the set of all hermitian elements H(4,*) ={a € 4 :
a = a*} is a subalgebra of A*, and therefore special. Another important,
class of special Jordan algebras is obtained as follows, Let ¥ be a vector
space over a field K with a symmetric bilincar form ¢ : V x V — K.
Consider the vector space direct sum J = K © V and define

(1.5) {a,z).(8,y) = {af + v(z,¥), ay + Bz).

Then .J is a special Jordan algebra. Actually J is a Jordan subalgebra
of the Clifford algebra C(V, ). If p is nondegencrate and dimp V > 1,
then J is a simpie Jordan algebra.

Every Jordan algebra which is not special is called an ezceptional
Jordan algebra.  Let C be a Cayley-Dickson algebra over K (C
is an 8-dimensional alternative algebra obtained by doubling a quater-
mion algebra by the Cayley-Dickson process). Then the set H3(C,v) =
H{M3(C),*) of all 3 x 3 matrices in C which are hermitian under the
involution X* = 7' X% (v = diag{vi, 7,7} for v # 0 in K) is a
simple 27-dimensional exceptional Jordan algcbra.

In order to get identities in Jordan algebras is very uscful the following
theorem due to Macdonald that is usually used in the following form
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(1.8). Any polynomial identity in three variables with degree af most
1 in one variable, and which holds in all special Jordan algebras, holds
in all Jordan algebras.

Consider the following triple product in any associative algebra A
(1.7) {abe} = 1/2(abc + cba).

It is not difficult to see that this can be expressed in terms of the Jordan
product as follows

(1.8) {abe} = (a.b).c+ (e.b)a — (a.c).b.

This is the definition of {abc} in a general Jordan algebra. We shall also
write

(1.9) Us b = {abc} = L{a, b)c, Uy o = U, =Ufa).
Note that
(1.10) Uy =2L2 — L,

where L,z = a.z. The following identities can be casily verified in any
special Jordan algebra, so by Macdonald's theorem they hold in a general
Jordan algebra.

(1.11) U{U.b) = UUpU,

(1.12) (Ugb)? = U,Uya®

(1.13) 4at)? = Ugt® + Usa® + 20.Us0

(1.14) L{a,b) + L(b,a) = 2L,

(1.15) 2Lg, Ly) = L{a,b) — L(b,a)

{1.16) L(U.b,b) = L{a, Usa)

{1.17) Uot? = 2{atta} —alia

{1.18) {atUilax)z} = 2{a{atzi}z} — {aa.Uixx}.

Another way to get identities is by linearization. By linearizing Jordan
identity {1.2) and (1.16) we get respectively

(1.19) {a.c,z,b) = (c,z,a.b) + (a,z,¢b)
(1.20) 2L{{abc},b) = L{a, Upc) + Lic,Upa)

where {z.y,¢} = (z.y}.t — z.(y.t) = |Ls, L]y is the associator of z, y, t.
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The notion of invertibility in a unital associative algebra can be ex-
pressed in terms of the Jordan product. Indeed, let A be an associative
algebra with identity element 1. An element # € A is invertible with
inverse y if and only if

{1.21) ry=1and 2%y = z.

Then this is the definition of invertible element in any unital Jordan
algebra J. Each invertible element z has a unique inverse y, and a
unital Jordan algebra J in which each nonzerc element is invertible is
called a division Jordan algebra. 1t is clear from above that a unital
associative algebra A is a division algebra if and only if AT is a Jordan
division algebra. If A has an involution * then H(A4, %} is also a division
Jordan algebra.

{1.22). Let J = K@V be the Jordan algebra of a symmetric bilinear
form . Then an element a = @ + z is invertible if and only if a® —
wl{z,x) # 0. In such case the inverse of a is b = (&* —p(z,2)) e —2).

For an invertible element z in a unital Jordan algebra the multipli-
cation operator L, is not necessarily invertible. Consider the division
algebra of real quaternions and take the quaternions ¢, 5. Then L3 =0
since 4 = —ji. However, in every unital Jordan algebra J, an element «
1s invertible if and only if U, is invertible. Henee an invertible element
z is not a zero divisor: U,y =0=y =20,

2. Annihilators. General theory

Let J be a Jordan algebra (over K} and let J! be its wunital hull:
J! = J if J has identity element and J' = K @ J the unitization of J
otherwise.

Lemma. Forq, b in J the following conditions are equivalent:

(2.1) {abJ'} =0
(2.2) {baJ'} =0
(2.3) ab=0=(a,J,b).

Proof: By (1.8), {abl} = ab = {bal}, and by (1.14), {abz} +
{baz} =2{a.b).z {(x € J'). Hence (2.1} & (2.2).
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Since 2{a, z,b} = 2|Ls, L)z = {bax} — {abz} by (1.15), we have that
(2.1} = (2.3). Finaliy, if (2.3) holds we have by (1.14) and (1.15) that

{abz} +{bax} =2L,,x =0 and
{baz} ~ {abz} = 2[Ly, L;)z = 2(a,z,b) = 0.

Hence {abz} =0 = {hazx}, which complctes the proof. B

Given o € J the set of all b € J satisfying the above equivalent condi-
tions is called the annthtlator of a and it is denoted by Ann{a}. It follows
from definition that 22 = 0 implies z € Ann{z), and that if b € Ann(a)
then U,b6 = (0. Hence every invertible clement has zero annihilator. For
any subset M of J, the ennthilator of M is defined as the intersection of
all Ann(a}o € M). We recall that a subspace [ of J is called an idea!,
inner ideal, sitrict inner ideel if I.J C I, U;J < I, U J' C I, respec-
tively. Note that for any element a in J, I/, J is an inner ideal called the
principal inner generated by a.

Proposition {(Zel’'manov). Let J be a Jordan algebra, a, b € J and
M C J. Then

{2.4) Ann(M) is a strict inner ideal of J

(2.5) a € Ann{b) &= b € Ann{a)

(2.8} Ann{Ann{Ann M})} = Ann{M)

(2.7} If M is an ideal of J then Ann(M) is also an ideal
(2.8 Ann{b) € Ann{U,a)

(2.9) If a.b = a.b? = 0 then b® € Ann(a).

Proof: (2.4) Since the intersection of strict inner ideals is again a strict
inner ideal, we need only to prove that Ann(a) is a strict inner ideal.
Clearly Annfa) is a subspace. Let b € Ann(a) and ¢ € J*. By (1.20)

Lla,Upc) = 2L{{abe}, b} — Lie,Upa) =0

since {abc} =0 and Upa = {bab} = 0, so Upc € Ann(a).
(2.5) It follows from the symmetry of the definition: (2.1} < (2.2).
(2.6) Since M C Ann{Ann M) we have that Ann{Ann(Ann M)} C
Ann{Af}. The reverse inclusion is cbvious.

(2.7) Suppose now that M is anideal of J, and let ¢ € J, x € Ann{M).
Then .z € Ann(M) since by {2.3)

(cx}m=z(am)Cz.M=20
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and by (1.19}
(a.z,b,m) = (z,b,am) + (a,b,z.m} =0

forallbe J,me M.

(2.8) x € Ann(d) & (by {2.5) b € Ann(z) = (by 2.4) Upa € Amniz) &
z € Ann(Upa).

{29) ab = ab® = 0 = {(by 1.19) (¥%,z,a) = 2(h,z,ba) = 0, so
b € Ann{a) by (2.3). B

An element b € J is called von Neumann regular if b = Uya for some
a € J. Since Upa = bab in any special algebra J, we have that this

definition agrees with the associative one. Since Ann(d) C Ann{Uya) by
(2.8}, we have

(2.10) Ann(b} = Ann{l/,J)

for every von Neumann regular element b in J. In particular if € is an
idempotent then

{2.11) Ann{e) = Ann{U.J) = {« G J:z.e=0}

by Peirce relations {12, Lemma 1, p. 119].

The reader is referred to Zel’'manov’s paper [24] for other results on
annihilators. In fact, ke gives the following suggestive characterization
for the annihilator of a nondegenerate ideal M of & Jordan algebra J {a
Jordan algebra is called nondegenerate if U; = 0 implies 2 = 0; clearly
an associative algebra A is semiprime if and only if the Jordan algebra
At is nondegenerate).

(2.12) Ann(M)={a € J: UM =0}

for any nondegenerate ideal M of J.

3. Annihilators in special Jordan algebras

Let A be an associative algcbra and J a special Jordan algebra J ¢ A*.
For any subset § of J write Ann4(S) to denote the usual annihilator of
Sin A, ie, :

Anna(8) = {r € A: 8§ = Sz = 0} = Lan(5) N Ran(5)
and Ann;(S) to denote the annihilator of § in J. By (1.4) and (2.3}

{3.1) Annp(S}={ac J:a.8=0=|Jq, 5]}
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Clearly Anna{S)NJ C Ann {5} but in general this inclusion can be
strict, even if J = A'. Indeed, in the full matrix algebra Mz, 3(H) of all
3 x 3 matrices over the real quaternions H, consider the real subalgebra
A generated by the matrices o = {(Fgy + Eaz), b = j(E21 + E32) where
1, %, 7, k is a canonical basis of H and F,; are the matrix units. Then A
is the four-dimensional algebra

A=Ra®Ra’BRb® Re

satisfying ab = ¢, a® = b2, ba = —¢, a™b™ = b"a™ = { for all nonnega-
tive integers n, m with n + m > 3. Then it is not difficult to verify that
Anng(e) = Re?®Rcbut Annj(a) = Anna(a)}® Rb. Note that the above
algebra A is not semiprime; in fact zAz = 0 for all x € A. However, as it
will be seen below, for a semiprime associative algebra both annihilators
agree.

An associative algebra A is an (associative) envelope for a special Jor-
dan algebra J C A%t if it is generated as an associative algebra by the
elements of J, and an associative algebra with involution {4, %} is a
w-envelope for J if it is generated by J C H(A.x). Notice that =-
envelopes for J are in particular envelopes for J.

{3.2) Proposition. Let J be a special Jordan algebra and § a subset
of J. If a semiprime associative algebre A is an envelope for J then
Anng(5) = Anna{S)ynJ.

Proof: Since the inclusion Ann4(SYNJ C Ann;(S) holds for a general
associative algebra A, we need only to prove the reverse inclusion. Let
6 € Amn;{8). By (3.1), for every x € S we have that a.x = 0 and
(2, zly = yle,z](y € J). Since A is generated as an associative algebra
by J, this implies that [a,z] € Z{A) (the centre of A). Hence 2az =
la,z] € Z{A). Then aza = o?z = ~aza = (az)? = 0 = ar = 0 since
Z{A) has no nonzero nilpotent elements by semiprimeness of A. B

A Jordan algebra J is said to be prime if UpS =0 implies T =0 or
S =0, T, S ideals of J. By a result of Bresar [4], ar associative algebra
A is prime iff
(3.3) {aAb}=0=a=00rb=0.

Hence A is prime if and only if A' is prime.

Recently, this characterization of primeness without involving ideals
has been proved in [3] for nondegenerate Jordan algebras.

The classification of all prime nondegenerate (linear) Jordan algebras
was achicved by Zel'manov in [23]. Later McCrimmon and Zel'manov
[18] extended the result to Jordan algebras over an arbitrary ring of
scalars.
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(3.4) Zelmanov’s Prime Theorem. The prime nondegeneraie Jor-
dan algebras are precisely

(i}' Albert algebras: They are a central order in a simple 27-dimen-
sional exceptional Jordon algebra,

(ii) special Jordan algebras of quadratic type: They are a central or-
der n the simple Jordan algebra of a nondegenerate symmetric
bilinear form,

(i} hermitian algebras: They contain a hermitian ideal H = H(A,*)
such that

H(A,*) = H C J C H(Q(A, %), %)

where { A, ¥) is o +-prime associalive algebra with involution which
18 o *-envelope for the hermitian ideal H, and 3( A, *) is the sym-
metric Martindale -algebra of quotients of (A, *).

Moreover, either A is prime in (i) or
Bt =ICJc@(B)*

where B is a prime associalive algebra and QG B) is the symmetric
Martindale algebra of guotients of B.

The reader is referred to [18], [7], [15] for definition and properties of
the symmetric Martindale algebra {x-algebra) of quoticnts. Nevertheless,
we state here the following result that will be used below,

(8.8). Let A be a prime associotive algebra and let Q(A) be its sym-
metric Martindale algebra of quotients.
(i) For each g € Q(A) there is a nonzero ideal M of A such that
gM + Mg C A,
(if) ¢N =0 {or Ng = 0} for some nonzero ideal N of A implies g =0,
(1ii) Q@A) is a prime associative algebra containing A,
(iv) Every involution on A has a unigue eztension to Q(A).

Now we compute annihilators in prime nondegenerate Jordan algebras
of hermitian type.

(3.6) Proposition. Let J a prime nondegenerate Jordan algebra such
that either .
AY =M CJC QAT

where A is ¢ prime associafive algebra, or

H(A, %) = M C J C H(Q(A), )
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where (A,+) is a prime associative algebra with involution, which is a
x-envelope for the ideal M. Then for any subset § of J we have

AnnJ(S) = ADHQ(A)(S) mn.J

Proof: Again we must only prove the inclusion Ann j{§) C Anng4)(S).
Let o € Ann;(S). Since M generates A as an associative algebra in both
cases, we have as in the proof of (3.2) that for all z € §, ax commutes
with each element b € A. Now let g € @Q{A). By {3.51), there exists a
nonzero ideal I of A such that g/ +Jg C A. Hencefort=azandye f
we have

(taly = (gy)t = (gt)y = [¢. ¢} = 0,

and hence g, t] = 0 by (3.5ii). Then ¢ = az belongs to the centre of Q{.A4).
Since Q(A) is a prime associative algebra (3.5ii1}, we may conclude as in
the proof of (3.2) that ez = 0, as required. B

4. Annihilators in Jordan algebras with nonzero socle

We recall that the socle Soc{J)} of a nondegenerate Jordan algebra J
is defined to be the sum of all its minimal inner ideals. If J contains
minimal inner ideals then Soc(J)} is a direct sum of simple ideals each of
which contains a division idempotent e(U.J is a division Jordan algebra)
[17]. As it was shown in [8, Prop. 2.6], for a semiprime associative alge-
bra A the socle of the Jordan algebra A* coincides with the (usual) socle
of A, and if 4 has an involution * then Soc{H{A, #)) = H{Soc(A), ).

(4.1) Proposition. Let J be o Jordan algebra and M and ideal of J
such that M? = M (this holds for instence if M is von Newmann regular
or if M is a simple Jordan clgebra). Then

i} Am(My={aec J:aM =0}
If J is nondegeneraie then
(i1} Ann(Soc(J))={a € J :a.e =0 for all division idempotents e € J}

Proof: (i} Let a € J such that o.M = 0. By (2.3) we must show that
{a,J, M) = 0; but, by (1.18},

(e, J, M)y="{(a,J M.M)=(a.M,J,M)— (M,J,a. M) =0.

(ii} Since Soc{J) is von Neumann regular (see [9]) Soc{J)? = Soc(J),
and hence, by (i), Ann(Soc(J)} = {a € J : a: Soc(J) = §}, but by Litoff
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theorem for Jordan algebras [1], for every x € Soc(J), z € U, J where
®=e1+ -+ e, is a sum of orthogonal division idempotents. Hence, by
(2.11), & € Aan(Soc(J)) if and only if a.¢ = 0 for all division idempotents
e in JJ, which completes the proof. R

Amoung other many interesting applications of Zel'manov’s theorem
for prime nondegencrate Jordan algebras, one may get, as it is shown in
[7], the following theorem due to Osborn and Racine [17], but before we
recall some definitions and notations that will be used later.

Following [11, p. 88], let {X,Y,(.,.)) be a pair of dual vector spaces
over a division associative algebra A, where X is a left vector space, ¥
a right vector space, and (z,y) & nondegenerate bilinear mapping over
A. A linear operator ¢ : X — X is said to be continuous if there
exists ¥ : Y — Y, necessarily unique, such that {za,y) = (x,a%y).
Notice that we write mappings of a left vector space on the right (thus
composing then from left to right) and mappings of a right vector space
on the left {thus composimg them from right to left). We denote by
Ly (X)) the ring of all continnous linear operators of X and by Fy{X)
the ideal of those operators having finite rank.

The subrings of Ly (X)) containing Fy (X)) are precisely those primitive
(equivaiently, prime} rings with nonzero socle. One can see that such
rings are algebras over K when A is a K-algebra. By [7, Theorem 1],
the symmetric Martindale algebra of guotients of a prime associative
algebra A with nonzero socle:

Fy(X)™ =Soc(A) C AT Ly{X)

is precisely Q(A) = Ly (X).

If A has an involution then A has an involution, X is self-dual with
respeet to a hermitian or alternating inner product {., .), and the involu-
tion is the adjoint with respect to this inner product. In the alternating
case A is a field F and the identity is its involution.

(4.2} Theorem {Osborn-Racine)}. Let J be a prime nondegenerate
Jordan algebra with nonzero socle. Then one of the following conditions
holds:

(a) J is a simple 27 dimensional exceptional Jordan algebra over its
centre, :

(b} J is a simple Jordan algebra of a nondegenerate symmetric bilin-
ear form,

(c) there exists e pair of dual vector spaces (X, Y, (.,.)) over a division
associative algebra A such that

Fy (XY =Soc(J) CJ C Ly (X)) = Q(Fy (X)),
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(d) there exists a hermition or alternoting self-dual vector space
(X, (., 3} such that

H(Fx(X), %) =Soc(J) CJ C H{Lx{X),*} = HQ(Fx{X)),*)
where % 1 Lx(X) — Lx(X) denotes the adjoint involution.

(4.3). Since any simple Jordan algebra is prime and nondegener-
ate, we get in particular that every simple Jordan algebra J contain-
ing minimel inner ideals is either ewceptional, gquadratic, Fy(X)' or
H{Fx(X),*).

Let (X,Y,(,.}} be a pair of dual vector spaces over A. For each
z € X, y €Y write y ® z to denote the continuous linear mapping of X
defined by

Py ®x) = (&', y)z, forallz’ € X.

{4.4). Fy(X) 15 generated as an abelian group by all these operators.

The following fundamental result on dual pairs will be frecuently used
in what follows [19, p. 119].

{4.5). Let (X,Y.(.,.)) be a pair of dual vector spaces over A. Let
Z1ye-.,Zn € X be lineorly independent. Then there exist in,... 4o €Y
such that (z;,y;) = 1 for all i, {x;,y;) =0 for i £ 5.

We remark that every hermitian or alternating self-dval vector
space (X,{,,)) over (A, —) gives risc to a pair of dual vector spaces
(X, X,{,.,}) where the second X is regarded as a right vector space over
A by defining 2. = &x. It is not difficult to verify the following two
statements,

(4.8). If (X,{,.,)) is hermitian then (y @ 2)* = xRy, and J =
H{Fx(X),*) is generaied as an abelian group by the operators of the
formr®@ax, y®z+z2Qy, foralz,y,z€ X, a € HA, ).

(4.7). If (X,{,.,}) is aliernating then (y @ z)" = —z2 @y and J =
H{Fx(X),») is generated as an abelian group by the operaiors of the
Jormyz -z vy

(4.8) Proposition. Let {X.{,.,}) be a self-dual vector space. Then
(Fx(X), %) is a *-envelope for J = H(Fx(X),*) if (X,{,..)) is her-
mitien over a division associalive algebra with involution (A, =) with
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dima X > 1, or¢f (X, {,.,}) is alternating over a fleld I with dimp X >
2.

Proof: Let A denote the associative algebra {over K} generated by
J = H{Fx(X),#).

Suppose first that (X, {,.,}) is hermitian.

(i) If {z,y) = 1 then (z,@z{{y ®y} = z®@{(2,y)y = 2@y € A by (4.6).

(ii) Suppose now that z, y are linearly independent. By (4.5), there
exists z € X such that {z,2) = 0, {y,2) = 1. Hence, by {i}, 2@y € 4,
so by {4.6) again (yR 2+ y){z2@y)=2Qy € A

(iii) Finally we must prove that t @ ar € A for all @ € A, We may
assume that £ = =, is nonzero. Since dima X > 1 there is z5 € X such
that zi, x2 are linearly independent. Take, by (4.5), 11, ¥2 € X satisfying
{z:,¥5) = 6. By (i) and (4.6}, (z1@az: )y ® {21 Q%) = 2801 € A

Suppose now that (X, {,.,}) is alternating.

(iv) If {x,y) = 0 with x, y linearly independent take, by (4.5}, 2’ € X
such that {z’,z) = 1, {y, 2’y = 0. Then, by (4.7),

(z®2'+r'@zHz@y—yRr)=2Ryc A

(v} Since dimp > 2, given a nonzero vector x € X, there exists y € Y
such that {z,y) = 0 with %, y linearly independent. Hence, by (iv), for
each o € A we have y®@ az € A Take y' € X such that {¢,y) = 1.
Then

{z®y +y @2}y Raz)=zQaz € A
{vi) Suppose finally that z, y are linearly independent and take z’ € X

such that {z,z'y = 1, {y,2"y = 0. By {iv}, (v}, ¥’ @y, 2@z € A Then
{(z @y} {2’ ®y) =z Ry € A, which completes the proof. B

Theorem. Let J be a prime nondegenerate Jordan elgebra with
nonzere socle of hermitian fype, S C J, and a,, az € Soc{.J).

If (1) Fv(X)t = Soc(J) C J C Ly(X}T = QIFy (X)) where
(X,Y,(.,.)} i¢ o pair of dual vector spaces over A. Then
(4.9)
Ranﬁy(x)(S) = {b € f,y(X) X8 C k&l‘.‘(b)}
(4.10)
Lang, (x)(S) = {c € Ly(X) : S*Y C ker(c¥)}
(4.11)
Annj(S) = {be J: XS C ker(b), S¥Y C ker(b*)},
(4.12)
Anny{a) C Anny{ay) if and only if Xaz € Xay and aly ¢ afY.



{ON ANNIHILATORS IN JORDAN ALGEBRAS 581

If (2) H{Fx(X),») = Soc(J) C J C H(Lx(X),*)=H(Q(Fx{X}),*)
where (X, {.,.}) is a hermitian or olternating self-dual vector space, then

(4.13)

Annp{Sy=Rang, (xy{(S)NJ={b & J: X& C ker(b)}, and
(4.14)

Anng{a;) C Anny(ap) if and only if Xay C Xay.

Proof: (4.9) follows from definition, while (4.10) is a consequence
of (4.9) since Lan(S) = Ran(S#)#, where b — b¥# is the canonical
anti-isomorphism of Ly {X) onto Lx(Y) (associated to the dual pair
(¥, X, (.. )P).

(4.11) Since Q{Fy (X))} = Ly (X}, we have by (3.6) that Ann;{S) =
Anng,xy(5)N J, and hence (4.11) follows from (4.9} and (4.10).

(4.12) By (4.11), Xaz € Xa, and af Y C o Y imply Annj(a;) C
Annj(ag). Suppose then that Xa; is not contaived in Xa; (the case
that a;*Y is not contained in afY would follow by symmetry). Since
Xa is 2 proper subspace of X, af&Y is also proper because a; and Gf
have the same (finite) rank. Hence, by (4.5}, there exists y € Y such
that {Xa,,y) = 0 but {Xas,y} # 0. Similarly we can take 0 £z € X
such that (x, afé Yi=0 SBetc=y®z e Fy(X}. Then

Xay(y®z) = (Xay,y)z =0 = Xa; C ker(c)
= (by 4.9) ¢ € Rang, ox){o)

and

HF(a¥Y) = ylz,a?Y) = 0 = oY C ker(c¥)
= (by 4.10) c € Rang, (x){a1).

Therefore ¢ € Annj(a1); but ¢ does not lie in Ann,(ap)} because
{Xaz,y) #0.

Suppose now that J is as in (2). If (X, (,,.}) is hermitian over a di-
vision associative algebra with involution (A, —) with dima X =1, or
alternating over a field F with dimp X = 2, then J = H{Lx(X),*) is
a division Jordan algebra, and hence (4.13) holds trivially in this case.
Suppose then that (X, {.,.}} is hermitian over a division associative alge-
bra with involution (A, —} with dima X > 1, or alternating over F' with
dimg X > 2. By (4.8) H(Fx(X), ») generates Fx{X) as an associative
algebra, and hence, by (3.6},

ADI}J(S) =Jn Annﬁy(x)(S) =
=JNRang, (x)(S)={be J: X5 C ker(b}}
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since Lx (X} = Q{Fx (X))}, which proves (4.13).

{4.14) By (4.13), Xa; C Xa; implies that Annj(a) C Annj{ap}.
Conversely, suppose that Xao is not contained in Xa,. If the inner
product {.,.} is hermitian, take, by (4.5}, y € X such that {Xa;,y) =0
but {Xaz,y) # 0. Then b = y ® y belongs to Anny(a;) but does not
belong to Anny{es) by (4.13}). If the inner product is alternating the
proof Is slightly more complicated. We first note that if X is finite-
dimensional then the rank of every operator a € H{Fx(X},=) is even.
Actually this is true even if X is infinite-dimensional. Hence, if Xa; is not
contained in Xa; then Xa, is a proper subspace of X with codim{Xa,) >
2. Then, by (4.5), there exist ¥, z linearly independent in X such that

(Xaliy) =0= <XO‘.1,Z)

but,
(Xaz,y) # 0.

Take b=y®z— 2Ry € H{Fx(X),*). Then Xa, C ker(d) and hence
& € Annj(a1) by (4.13). However, b does not belong to Ann(as) since
{xaz,y) # 0 for a certain £ € X implies

(za2)b = (zaz, y}z — (zaz,2)y # 0
because z, y are linearly independent. m

{4.15) Theorem. A nondegenerate Jordan algebre J satisfying the
descending chain condition on the principal inner ideals, also satisfies
the ascending chain condition on the annhilators of the principal inner
tdeals,

Proof: By [8] {(sce also [14]), J coincides with its socle, and hence it is
a direct sum of simple ideals. This reduces the question to the case that
J is simple. Then by applying Osborn-Racine theorem we can consider
the following cases:

Case 1. J is a simple exceptional finite dimensional Jordan algebra
over its centre Z(J).

Since annihilators are invariant under multiplications by elements of
the centre, they are subspaces of a finite-dimensional vector space, so
they satisfy the maximality condition.

Case 2. J = F1®V is the simple Jordan algebra of a nondegenerate
symmetric bilinear form {.,.) on a vector space V with dimpV > 2.

Leta=a+z € J. If a® — {z,z) # 0 then we have by {1.22) that a is
invertible, so Ann{U,J) = Ann(J) = 0. Suppose then that o — {z,z) =
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0. If o # 0 then by (2.10) Ann(U,J) = Amn{a) = F(a — z), while if
o = 0 then Ann(U,J} = Ann{e) = Fz whenever a = z # 0. Therefore
J satisfies the maximality condition on the annihilators of the principal
inner ideals.

Case 3. J = Fy(X)t where {X,Y,{,.}} is a pair of dual vector
spaces over a division associative algebra A.

By (4.12), Ann{a;) C Ann{ay) implies that
Xay D Xas D ...

and
&Y o afY I

Since Xa; and a’fY are finite-dimensional, both descending chains
are stationary. Hence, by (4.12) again, Ann{U, J) = Ann{e,) =
Ann{an,) = Ann(U,, J) for some positive integer n and all m > n.

Case 4. J = H(Fx(X),*) where (X,{,.}) is a hermitian or al-
ternating self-dnal vector space over a division associative algebra with
involution {A,—).

It is similar to Case 3 since, by (4.14), Ann{U,,J) = Ann{a;} C
Ann{as) = Ann{U,,J) if and only if Xap C Xa). B

(4.18) Remark. We note that a nondegenerate Jordan algebra J
coinciding with its socle need not satisfy the descending chain condition
on the annihilators of the principal inner ideals. Indeed, let J be a simple
Jordan algebra without identity element and which contains minimal
inner ideals. Then, by [17, Cor. 7], J contains an infinite sequence {e, }
of nonzero orthogonal idempotents. Hence

Aon(U., J) D Ann(Ueg 36, J) D Ann{Ue, 1yt d) D -

where the inclosions are strict. Since Ann(Ann{Ann(i))) = Ann{}}
for every subset M of J, we also have that such an algebra J does not
satisfy neither the descending chain condition nor the ascending chain
condition on the annihilators of arbitrary subsets.

5. Annihilators in anisotropic Jordan algebras
and in JB-algebras

A real Jordan J with a complete norm, ||.|| such that, for all elements
a,bin J
@ Nadll < fal o), (i) [lall® < fa® + |
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is called a JB-algebra. The set J2 of all squares of elements in & JB-
algebra J is a proper convex cone. Therefore J2 induces an ordering
on J. For cvery element o € J the mapping U, . J — J is positive,
re., U, J? C J% The reader is referred to [10] for general results on
JB-algebras. From (1), (ii) we get

(i) fla)l® = Ja?|.

Hence JB-algebras are anisotropic, i.¢., they do not contain nonzero
nilpotent clements.

Let J be an arbitrary Jordan algebra. For any subset T of J, write

fTy={acJ:Ura® =0}

¢(T)y={aec J:U,T? =0}
T'={acJ:aT=0}
T-={acJ:a®2T =0}

Always we have the following inclusion
(5.1) Am(T) C¢(T)Ng(T)NToNTL.

Indeed, since Ann(T’) is an strict inner ideal by {2.4), a € Ann(T) =
a® € Ann(T). Hence a.T = o>.7 = U(a®)T = Ura® = 0.

Theorem. Let J be an anisotropic Jordan algebra. Then

5.2
( )q(T) =¢'(T) = Am(T) =TT+ jor every subset T of J
(5.3) |
Ann{z) = Ann(z?) for allz € J
(5.4)

Ann(I} = I% = It = g(I) = ¢'(I) for every inner ideal I of J.
Proof: Let T be a subsct of J. Then
(1) oT) = q'(T)

since in the abscense of nilpotent elements Ugy® = 0 = (U,z?)? =
U@'UzU:cyz =0. )

(2) a€g(T)=¢(T)=>U,T=Ura=10
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because (Uyz)? = U,U5°.
(3) acqgTy=¢(T)=aT =0a°T=0
since by (1.13), 4{a.t)? = U, + U,a® + 2a.Ua = 0 by (2), and ¢'(T) is
an strict inner subset: (a € ¢'(T) = U, J' C ¢{T) = a® € ¢{T)).
Since, by (5.1}, Ann{T) C ¢{T), it foliows from (3)

(4) Ann(T) C ¢(T) =¢(T) c T°nT+.

Suppose now that [ is an inner ideal of J. Thent e I = U,J C I, and
hence a € I = a.] = a.lU;a = 0, so by {1.17)

U,t? = 2{atte} —a.Ua = 0.
Since ¢'(7} C I® by (4), we have proved
(5) I° = o(I) = ¢'().
By linearizing (1.12) we get

4{atz}? =UUx® + UUa® — 2U,t. Ut + 4{aUs(a,z) z} = (by 1.18)
UUz? + U Upa® — 2U 8. U8 + 8{a{atzt}z}-4{aa Uiz}

Hence, @ € I® = {aIJ'}? = 0 (because Usa? = U,I = 0 by (5}, (2))
= {aIJ'} = @ implies a € Ann(7}. Since Ann(7) C I® = ¢(I} = ¢/(I)
by (5.1}, {5}, we have proved

(6) Ann(1) = I° = o(1) = ¢'(1)-

Now let z € J. Always Ann{z) C Ann{z?), and in the abscense of
nilpotent elements, y € Ann(z?) = Uyz? = 0 = z € ¢(Ann(z?)) =
(by 6) Ann{Ann(z?}) since Ann{z?) is an inner ideal. Then, by (2.5},
z € Amn(Ann(z?)) = Ann(z?) C Ann(z), which proves
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(7) Ann(z) = Ann{z?).

Nowa€ It = a1 =0 = (by 6) a® € I° = Ann(I) = I C Ann{a?) =
Ann(e) by (7). Hence I1 C Ann(]). Since Ann({J) is contained in I* by
(5.1), we get from (6)

(8) Ann(1) = I = I'* = g(I) = g/(I).

Turn to the general case of asubset T of J. Thenae € TPNTL = 4.0 =
o®T =0 = (by 29) ® € Ann(T) = 7 C Ann{e?) = Ann(a) = o €
Ann(T). Since Ann(T) C ¢(T) = ¢'{(T) C T°NT* by (4), we get

@ o(T) = ¢(T) = Ama(T) =TT+
which completes the proof of the theorem. W

(5.5) Corollary. If ¢ is an idempotent in an enisotropic Jorden al-
gebra J then

Ann{e) = g{{e}) = ¢'({e}) = {e}” = {e}*.

Proof: By (3.2), Ann(e) = q({e}) = ¢'({e}) = {e}* n {e}L. Since
Ann{e) = {e}% by (2.11), a € {e}! => a2.e = 0 = ¢ € Anun(a?) = Ann(a)
by (5.3}, = a € Ann(e}, which completes the proof. B

In a recent paper (2], Battaglia proved the inclusion T < 70 for any
subsct T of a JB-algebra. The proof of this result uses the fundamental
fact (proved by the author in the same paper) that if 2.6 = 0 then
a?b% is a positive clement. Indeed, a € T+ = a2.T = 0, and hence
Uia® = ~t2.6%(t € T). Since U, : J — J is a positive mapping, Uya? = 0,
and hence o € g(T) C T°. From this result and from (5.2) we get

(5.8) Corollary. Let J be a JB-algebra. For every subset T of J we
have
o(T) = ¢'(T) = Aon(T) =T".

Clearly, if an element  in a Jordan algebra, J has annihilator difforent
from zero, then this element is a zerc divisor, i.e., U, : J — J is not
injective. The converse is true in JB-algebras.

(5.7) Proposition. Let J be o JB-algebra. Then every zevo divisor
x wn J has nonzero annihilator.
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Proof: Let Uyy = 0 for some nonzero y € J. Then 0 = (Uyy)? =
U,U,z? and we have two possibilities:
(1) If Uyz? = 0 then y € ¢'({z}) = Ann{z) by (5.2).
(2) If Uyz?® # 0 then Uyz? = 2° for some nonzero z € J because the
mapping U, : J — J is positive. Hence, 0 = U,2* = z € q({z}) =
Ann(z) by {5.2). In both cascs Ann(z} # 0 as required. M

(5.8) Remark. (i) As it is shown in (2], the inclusion T° € T can
be strict even in a JB-algebra.

(ii) The equality g(J) = I° was first obtained in [5, Lemma 11] for
normed closed ideals in JB-algebras, and later this result was extended
in [6, Lemma 6.8] to inner ideals in annisotropic Jordan algebras.

(ii1) The equality ¢({e}) = {€}? = {e}* was proved in [13, Lemma 11]
for an idempotent in a unital JB-algebra.

I wish to thank Prof. Rodriguez Palacios and my colleagues Eulalia
Garcia Rus, Esperanza Sanchez Campos and Mercedes Siles Molina for
their suggestions which have improved this paper.
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