Publicacions Matematiques, Vol 37 (1993}, 19-44.

P-LOCALIZATION OF
SOME CLASSES OF GROUPS

AucusTO REYNOL FILHG

Abstract

The aim for the present paper is to study the theory of F-
Logalization of a group in a category € such that it contains the
category of the nilpotent groups as a full sub-category. In the sec-
ond section we present a number of results on P-localization of a
group &, which is the semi-direct product of an abelian group 4
with a group X, in the category ¢ of all groups. It turns cut that
the P-localized (G'p) is completely described by the P-localized
Xp of X, A and the action w of X on A. In the third section,
we present the construction of the theory of P-localization in the
category of all groups which are extensions of nilpotent groups by
finite abelian groups. Qur proof follows rather closely the one pre-
sented in {2, chapter I], and is based on the classical interpretation
of the second cohomology group of a group.

Introduction

Since Sullivan first pointed out the availability and applicability of
localization methods in homotopy theory, there has been considerable
work done on further developments and refinements of the method and
on the study of ncw areas of application. In [2] P. Hilton, G. Mislin
and J. Roitberg constructed the theory of P-localization of nilpotent
groups, where P is a set of primes. Some time later, P. Ribenboin in [3]
showed that it was possible to localize any group. (There is another ap-
proach concerning P-localization in group theory developed by Bousfield
in Topology 14 (1975) 133-150, and Mem. Amer. Math. Soc. 10 (1977)
no. 186, but, in this work, we just use the concepts presented in (2], (3]
and [4]). The construction presented in {3], however, scems to be quite
abstract and this led us to try to obtain a more explicit construction of
the P-localization of a group G in the category of all groups. We were
successful when G is a semi-direct product of a finite abelian group A by
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some other group X. In addition, we managed to construct theory of P-
localization of a group in the category C of groups which are extensions
of nilpotent groups by finite abelian groups.

The question concerning semi-direct product is taken up in Section
2 and the main results are 2.1, 2.5 and 2.10 which could be stated as
follows.

Let P’ be the complementary of P in the set of all primes. Theorem
(2.1) Lt N 25 @ 5 X be an exact sequence of groups, where N is a
p-group and p € P,

Then, e = egoc P-localizes G, provided that X —2» Xp P-localizes X.

In this context, Theorem 2.5 says the following:

Let X —5 Aut(A) be an action, where A is a finite abelian p-group
and p € P.

Let Py ={qg€ P :q||lw{X)|} and consider P§ the multiplicative set
generated by P;.

Set H the sub-group of X generated by all x € X such that the order
of w(z) belongs to PF.

Let wy be the restriction of w to H and [' = T, , where r is the
smallest positive integer such that I, = It (Here '}, has the ordinary
meaning and its definition may be found in [2]). There is an action

X Aut{A/r) induced by w, which can be factored as

X % Aut{Afr)

eg | /}‘w’
Xp

Let G=Al X and G =A/r |  XpP

Then, e : {a,7) € G — (a+ T, e(X)) € G' P-localizes G.

Finally, Theorem 2.10 analyzes the situation in which A is a finite
abelian group.

Let X —— Aut{A) be an action, where A is a finite abelian group. Let
Ai, ..., A; be the p-primary components of 4 and w; : X — Aut{A;)
be the actions induced by w.

Let G = A | oX,G: = 4; 1, X and take G —» Xp to be the pull-

{e:) s . .
back of the arrows (G;) p wr Xp. (Notice that (G,) p are given by either

2.1 or 2.5. Then, we claim that the natural homomorphism G £, G
P-localizes G.

We devote Section 3 to present our results concerning the construction
of the theory of P-localization of a group in the category C of groups
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which are extensions of niipotent groups by finite abelian groups. The
matter could be described as follows:

Given G €| C |, there exists a unique finite abelian sub-group U of
G such that G/y is nilpotent and I'Z = U where w is the action at-
tached to the extension £ : U »— G —» G/y. Furthermore, there ex-
ists a unique group U and an epimorphism g, : U — U and a unique
Ep € H*((G/U)p; U).

(€p : U » Gp —» {G/y)p) attached to ¢ yielding commutativity in
the diagram

£: U — G - Gy
1ru le L eo
Ep: U = Gp = (Glu)e

Under such conditions (3.12) states that G — Gp is a functor and
e is a natural transformation of functors. In addition, (3.13) also states
that eP-localizes G.

In Section 1 we introduce some basic results needed in the following
section. We believe, nevertheless, that Theorem (1.21) is important on
its own accord; it states that if

X L Aut(4)

en | /wp
Xp

is 2 comutative diagram where X — XpP-localizes X and A is a P-
local finite abelian group, then ef : H (Xp; A) — HI{X;A) is an
isomorphism.

This work is the main part of the author’s Ph.D. thesis done under
the guidance of Professor Peter John Hilton.

The author is very much indebted to Professor Daciberg Lima
Gongalves, at whose suggestion this work was developed.

1. Preliminaries

In this section we introduce some general results on P-local groups,
factoring of actions and seme propositions concerning group cohomology.

We start by fixing the notations P* = {n € N* : p|n=>pe P} =
multiplicative set generated by P; P’ is the complementary of P in the
set of all primes.

We also recall that G is said to be a P-local group < {{¥n € P™)z ¢
G — 2™ € G is bijective).



22 A. REYNOL FILHO

Moreover, G — Gp P-localizes G €{C| in the category C < (Gp €
IC|, Gpis P-local and VH €|C|, H P-local, (vf € Hom(G, H))(A! fp €
Hom{Gp, H)} which yields commutativity in the diagram

¢ L. H
el a7 )-
Gp

Proposition 1.1. Let Ey,... , Fy, K be P-local groups, where P is a
set of primes. Let ¢; € Hom(E; K), i = 1,...,t. In these conditions,
if e € Hom(E,K) is the pull-back of the family {e:ih1<ice, then E is
P-local.

Proof: Straightforward. B

Proposition 1.2. Lei ¢ € Hom{Y, F), where Y is ¢ P-local group
and F is a finite group. Then, (Yy € V) we have o{¢{y)) = n € P*;
(o(¢ly)) = order of ¢(y)).

Proof: Lety € ¥ and suppose that 3 ¢ € P’ with g | o(¢(¥")). Then we
may consider z = y*, where o(¢{y)) = ¢.k. It follows that o(¢(z)) = ¢.
The fact that ¥ is P-local and ¢ € P’ enables us to state that ¥r >
0,3 z, € Y such that 2¢ = z. Thus, ¢(z)? = ¢(z) # 1 and c_b(z‘.)qr“ =
#{2)? = 1, s0 o{¢(z)) = ¢!, ¥r > 0. In particular {¢{z,) € F:r > 0}
is infinite. However this is impossible, since £ is finite. W

Coarollary 1.3. Under the conditions of the previous proposition, we
have [(Y) |€ P* (ie, o(Y) is a P-torsion (finite) sub-group of F).

Remark 1.4. According to proposition (7.1) in [4] we have that a
finite group F is P-local <= F is a P-torsion group.

The full subcategory of the category G of all groups consisting of all
nilpotent groups is denoted by 7.

Proposition 1.5. Let X = Aut(N) be an action, where X and N
are groups with Aut(N) finite. Then 3 wp such that the dicgram

X 5 Aut(N)
en | /wp
Xp
is commutative < w{X) s a P-torsion sub-group of Aut(N).

Proof: 1t follows directly from Corollary 1.3 and Remark 1.4. B
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2 € .
Now we take 4 — G — X an exact sequence of groups, where A is
abelian.

Let X 5 Aut{A) be the action defined by u{w{(z).a) = g.u{a).g~"
(where £(g) = z).

Fix a collection of primes P, n € N and z € X, and define:

0(z) =14 +wlz)+--- +w(z®"1) € End(A).

For this endomorphism we have:

Lemma 1.8. (u{a).g}" = p{f{eig)).a)g™; Yge G,Vae A, Vrne N.

Proof: Tt is easy by induction on n. N

Proposition 1.7. Let P be a set of primes and let A LaeSx
be an ezact sequence of groups, where A is abelian and w is the action
attached to the extension. Fir the conditions: (i} G is P-local; () X is
P-local; (i3} 6,{z) € Aut{A),Vr € X,Vn € P’

Then, if two of {i}); (it); (ii}; hold so does the third.

Proof: (ii} + (iii)) = (i).

Fix n € P'*. Let g, h € G and suppose that ¢"* = h". Then, £(g)" =
elh)® = e(g) = «(h) since X is P-local. So, ¢ = ufa).h and A* =g" =
(ula}. b} = p(B.(e(h)).a)h™ (Lemma 1.6). Hence 8,(e{h)).a = 0. So
a=0and g=h.

Likewise, let g € G.3z € X such that e(g) = z" (X P-local}. There-
fore, e{g) = ™ = e{h™). Therefore g = p{a}.h™. Take b € A such that
a = 8,(e(h}).b. Thus ¢ = p(0{e(h)}.0).R" = (u(d).R)"® due to 1.6. So
g € G — g™ € (G is bijective.

(The other implications are similar). B

Proposition 1.8. Let P be a set of primes and let A 265 X be
an eract sequence of groups, where A 15 finite abelian. Then, 8,{z) €
Aut{A), Yz € X, Yn € P'T, provided that either G is P-local or A and
X are P-local.

Proof: (I} G is P-local.

Fix n € P* and z € X. Suppose that 8,(z).a = 0. Let g € G such
that €(g) = z. Then {u{a).g)" = p(f.(z}).alg™ = g". So pla).g = g and
a=10. Thus 8.{z) € Aut{A) since A is finite.

(I1} A and X are P-local.

Fix n € P’ and z € X, and suppose &,(x).a = 0. Thus, (w{z") -
14).0 = (w{z} — 14)08,{z}.a = 0 therefore w(z").c = c. On the other
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hand, o{w(z)) = m € P* (Prop. 1.2}. Thercfore w(zx)™.a = a. As
ged(m,n) = 1, it follows that w(z}.e = a, whence 0 = #,(z).c = n.a.
Thus o = 0 since A is P-local. So 8,{z) € Aut(4). B

Corollary 1.9. In the conditions of the pmposatwn above (1.8), G is
P-local < A and X ore P-local.

£

. ) . i - .
Next we consider a split extension N — G «— X, where N is a fi-
o

il

nite group. Let X —— Aut(N) be the action given by p(w(z).e)
o(z).p(a).c(x)™! and take On(z) : N — N defined by 8,(z).a
la(e).(w(z)a) ... (w(z)" la), z€ X;neN":

In this slightly different context we now describe properties which are
quite similar to Prop. 1.6, 1.7, 1.8 and 1.9.

Lemma 1.10. {u{a).(z))" = mloq(z)a).e(z)?; Vz € X; ¥n €
N*: Yo e A.

Proof: See Prop. 1.6. &
Proposition 1.11. Let N Lol Xbea split short exact sequence

(3
of groups and let w be the action defined by the splitting o. Fiz the
statements:

(i) G is P-local; (1) X is P-local; (iit) 8,{z) is a byection, ¥z €
X; ¥n € P,
Then, if two of (i); (it); (#i); hold, s0 does the third.

Proof: See Prop. 1.7. 1
Proposition 1.12. Let N — & X bea split short exact sequence

&
of groups, where N is finite. Then 6,(x) is a bijection, Vn € P®, ¥z € X
provided that either G is P-local or N and X are P-local.

Proof: If G is P-local, then the proof follows as (I) Prop. 1.8.

So let’s suppose that N and X are P-local. Let w(X) — Aut{N)
and G = N ] w(X). w(X) is a P-torsion group (Cor. 1.3) and N is
a P-torsion group {Remark 1.4). Thus G is a P-torsion group. So G is
P-local (Remark 1.4).

Then taking the sequence N NN % w(X} and invoking the first

statement of this proposition we conclude that 8,(7) : N — N given
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by O.(1) = ina(r).. (™) = Iy7...7"! is a bijection, V1 €
w(X), ¥ne P*. So,Vze X ¥n € P’I_we have that 4,(z) is a bijection,
since 8p(z) = lyw(z).. w1} = 8,(7), where 7 = w(z} € W(X). W

Corollary 1.13. Under the condition of the previous proposition
{1.12), G is P-locel <= N and X are P-local.

Proof: See Prop. 1.9. ®

Proposition 1.14., Let N K6 5 X be an ezact sequence of groups.
Then, G and X P-local = N P-local.

Proof: 1t follows directly from the definitions. B

From now on we establish some results which play an important role
in Section 3.

Let X % Aut{A) and X 2, Aut(B) be actions, where A and B are
abelian. Let also a € Homgx)(4, B) (ie a{w(z}.a) = 8(z).0{a)}).

The reader interested in more details about the constructions involved
in the propositions below should collect material in |5, chapter II, Propo-
sition 4.3.], for instance.

The proofs of the next three propositions follow easily from the defi-
nitions according the usual techniques.

Proposition 1.15. Consider the diagram

i £

£ A —- G » X
ol R
¢ B - g = Y

where A and B are abelian and the rows are exact.

If there exists B € Hom(G, Q) making the diagram commutative, then
o € Homgx)(A, B) and a.£ = ¥*¢.

Conversely, if a € Homg(x|(A, B) and a,£ = v*(, then there does
exist § € Hom{G, Q) making the diagram commutative.

Proposition 1.16. In the dicgram

i

*<:';i><

m
—

R
o~ o

&
il 8
—3 Q —
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the rows are exact, A and B are abelian and 7 and 8 yield commutativity.
Then, there exists o cross homomorphism & 1 X — B such that Vg €

G, Blg) = vre(g).7(g).

Proposition 1.17.

AL ¢ S x

o | L Ly

B —~ Q = Y,
In the commutative diagram the rows are exact and A and B abelion.
Let X - B be a cross homomorphism. In these conditions the func-

tion G 25 @ given by B(g) = vke(g).7(g), ¥Yg € G is a group homomor-
phism.

Lemma 1.18. Let Q be a P-torsion abelian group. Then H,(Q) i3 ¢
P-torsion abelian group, = ¥q > 0. {Here H,{Q}) means the homology of
the group Q with integer coefficients).

Proof: The assertion is readily checked, since, according the thecry in
[2] we have Hp(Q)p = H,(Qp) = Ho((0)) = (0); n > 1 {once Q is
P-torsion abelian). W

Lemma 1.19. Let N oo G —» 2 be a central exact sequence of groups.
If G acts P-locally on an abelian group A, then Q) acts P-locally on
H*(N;A).

Proof: We recall that if G acts on A by means of w, then the action
w is P-local if and only if (Vn € P*Y(¥z € GYp{z) = la+wla)+- -+
w{z™ ') € Aut(A).

Moreover, taking z € G such that e(z) = z, it is known that the
induced action of @ on H*(N;A) is given by: Q =, Aut(H*(N; A)},
where (}z) = w(z). (remember that the extension N 2GS Qs
central).

Thus, fixing * € @ and putting @.(z) = lgewuay +Qiz) + - +
Q™ 1), we get: On(z) = (1a)e +w(@)u+-+w(z™ Ve = 1a+w(z) +
4+ w(z™ )], = 6,(2)x. So O,(z) is an isomorphism. W

Lemma 1.20. Suppose that the action X —— Aut{A) is P-local and
X is a P’'-torsion group (A an abelian group). Then, w is trivial.

Proof: Set z € X. By hypothesis, 3 n € P such that ™ = 1. So,
0 =w(z™) — 14 = B(x)ow(x) — 14].
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Then, w{x) = 14 (for #,(z) € Aut(A)). &

The next theorem is stated in the category 7.

Theorem 1.21. Consider the commutative diagram

X = Aut(A)
en | /u.'p H
Xp

where X is a nilpotent group, A is o P-local finite abelion group end
W, wp are actions.
Then we have H] (Xp; A) — HJ{X; A).
£p
Proof: (Induction on ¢ = nil X.)
If X is abelian, we take the following short exact sequences:

0 — Ker{eg) — X ~% eg(X) — 0...(1)
0 — eg(X) <5 Xp — Coker{eg) — 0... (2)

(1) yields a spectral sequence (Lyndon-Hochschild-Serre) where E3° =
H{en(X); H*(Ker{eg); A)).

Noticing that Ker(ep) acts trivially on A we are allowed to say
that the following sequence is exact 0 — Ext(H,_(Ker(ep)); A) —
Hé¢(Ker(eg; A)) — Hom(H,(Ker(eg); A) — 0.

Since Hom{P'-torsion, P-local} = () == Ezt{P'-torsion, P-local}
and (Vs > 0)H {Ker{ep)) is P'-torsion (Lemma 1.18) we conclude that
E3* = (0),Vs > 0, whence the spectral sequence collapses.

Thus, H],, (ec(X); A) & E;’g = E79 = H7(X; A). Therefore, we have
got that e} is an isomorphism.

Likewise, (2) yields another spectral sequence where E;° =
HT(Coker(en); H*{ea( X); A}). Here Coker(ep) acts trivially on
He{eg( X); A).

This may be seen from Lemmas 1.19 and 1.20 according to the fol-
lowing argument: due to Proposition 1.5 wp(Xp) is a (finite) P-torsion
group. So, Y = A | ;wp(Xp) (where wp(Xp) <> Aut(A)) is a finite
P-group. S¢ Y is P-local, and then it follows that wp acts P-locally on
A {use the same argument that the one in 1.12).

Now, by Lemma 1.19, we have that Coker{eg) acts P-locally on
H(eg(X); A). As Coker(ep) is P'-torsion, our statement now follows
from Lemma 1.20.
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Thus, taking into account that the sequence 0 — Ext(H,_, {Coker{ey)};
H(eo(X); A)) — E5° — Hom{H.(Coker(eo); H*(eo(X); A}} — 0
is exact, Coker(ep)is P'-torsion and H*{ep(X); A)) is P-local we obtain
E;* =(0) vr > 0.

Thus, H(eq(X); A) = Eg‘s = E%* 2 H%(Xp; A), whence e* is an
iscmorphism.

Remebering that the diagram commutes

HN(X;4) & HE (XpiA)
AN > /ey
HJ, (ea(X}; 4)
we conclude that ef is an isomorphism, so that the proof is ended if
¢=nil X = 1.
Now let X €|n| with nil X =c¢> 1 and set ' =T<X # {1}.
Then, the commutative diagram with exact rows

r « X — X/T

Leg leo legy

Tp — X, - (X/Tp
induces a map of the spectral sequences. In particular we abtain the
commutative diagram

Eyf = H'{(X/r; HS(T; A}) N\ €5
T_gﬁ;ﬁ}eg)* H™({X/r)p; H*(T; A))
Ey" = H{((X/r)p, H*(Tp; A)} ./ (eg*)n

It now follows from the first step that H*('p; A) %r H*(I"; A}, whence

(eg*)« is an isomorphism. On the other hand, from [2, theorem 4.14,

pg.40], we are allowed to conclude that eff is an isomorphism, since
H(T; A) is P-local.

So E5* ‘e%) E," and we may infer that H™(Xp; A) —> H™(X; A)
finishing the proof. & -

Finally, in order to finish this section, we are going to consider the
following situation {which will appear again in the next two sections):

Let X —— Aut{A) be an action, where A is a finite abelian p-group
{p € P).

Let L = {ge P :¢||w(z)]} andset H =< z € X : o{w(z)) €
P{ >= (sub-group generated by z € X such that o{w(z)) € Pf). Notic-
ing that H < X and setting wy = w |g: H — X 5 Aut{A) we
get:
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Proposition 1.22. TV, is a w-sub-module of A, ¥§ > 1.

Proof: It follows, by induction on j, from the fact that w{z}.(w{h}.c —
a) = wi{zhz ™) .(wlx).a)—w(z).a, together with the fact that H @ X (a €
ri-hheHzeX) B

Next set I' = I, , where 7 is the smallest positive integer such that
| D

Proposition 1.22 enables us to take X =, Aut{A/r), where W(z}{o +
'y =w(xz).a + . Then it is plain that w |y = @ |y and we have:

Lemma 1.23. & |y is trévial.

Proof: Recall that TZ, =T7, /TT, . Thus &y is nilpotent.

Remembering that A/r is a finite abclian p-group and invoking the
Prop.7, pg. 7, 1] we conclude that W(H) =wy(H) is a (finite) p-group.

Taking, on the other hand, h a generator of H, we have h € H and
o{w(h)) € PF. Tt follows that o(w(h)) € PE, since o{w(h)) | o{w(h)}.
Taking into account that Py C P, it follows, at last, that o{wi(h)) = 1
and therefore G(h) = 14/.,YVh€c H. B

Proposition 1.24. w(X) is ¢ P-torsion sub-group of Aut{A/r).

Proof: Suppose that 3 ¢ € P’ with ¢ | |w{X}|. Thus 3y € X such
that o{@(y)} = ¢. Then we have o{w(y}) = ¢.m, ged{g,m) = 1 (for
o(@(y)) | olw(y})). Hence, ofw{y™)) = ¢° and therefore o{@{y™)) = q.
It follows that @W(y™) # 1a,., which contradicts the statement of the
preceding lemma (1.23).

Corollary 1.25. 31 action Xp -, Aut(A/p), withw'(Xp) = w(X),
which yields commutativity in the following diagram

X 5 Aut(A/r)
egl :‘,-r

Ap

Proof: Tt follows directly from the Prop. 1.5. B

Now consider the commutative diagram

i

A S ¢ S5 X
alylﬁﬂl'r
B — @ —» Y



30 A. REynNOL FILHO

where the rows are exact and A and B are finite abelian p-groups, Let
P{A)={ge P :q[|lwi{X)|} Pi(B)={g€ P :q]|wlY)[}.

Proposition 1.26. In the conditions above, ol

et © T2
1|1H
Vi 2 1 (In particular a(T'(Ha)) C T(Hg)). ?

WaHg !

Proof: We argue by induction on j. It is clear for 4 = 1. Next, take
a € I’ﬁ:llHA and z a generator of H4. Thus, o(wi(z)) = n € P (A)*.
Let’s suppose that o(wz(v(x}}) = r.s where r € P* and s € P1(B)*.
Let ny = o{wi(z®)) | olwi(x)} = n. Then, ny € P(A)*. Now,
wa({(z°))".ale) = afa) and wa(y(z°))™ .afa) = afwr(z®)™ .a) = afa).
It follows that wa(v{2"}}.c(a) = &(a), due to the fact that ged(r,n,) = 1.
Also, ged(r,s) = 1 <= 3 k,£ € Z such that kr + €s = 1. Therefore
wolv{z)).afa) = wo(y(z) Y*rwa(v(z%))l.ala) = wa(y(2)")*.afa). But
ofwa(v{(x")) = s € Pi(B)*. Therefore v(z") € Hg, whence v(z"}* € Hp.

It follows that o(wi(z).c—a) =wa(v{z)).ale)—ala} =wr{v(z"))*ala)—
afa) € I‘f;leB, since afa) € Fﬁ;;lhs by the inductive hypothesis. Now it
is easy to finish the proof. ®

2. P-Localization of semi-direct products

Throughout this section we just work with the theory of localization
in the category G, as developed in [3].

Let P be a set of primes.

Proposition 2.1. Let N 2GS X be an exact sequence of groups,
where N is o p-group (p € P’'). Then, e = ege P-localizes G, where
X 2 Xp P-localizes X.

Proof: It is enough to notice that if Np is trivial, then every homo-
morphism from G into a P-local group vanishes on N, and hence ¢ is a
P-equivalence. R

Next we prove a proposition which plays a fundamental role in the
proof of the main theorems in this section.

Proposition 2.2. Let X - Aut(K) and Xp =y Aut(K) be ac-
tions,_whge K and K are finite groups, K P-local. Let G =K | X
and G = K | zXp. Consider also the commutative diagram
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N & ¢

In the diagram p,e,0,0,8,7,ep,0p are defined as usual, eP-localizes
G, N=kerep, i : N — Gp,e is defined by the restriction of e, 7 s
surjective and &, = ¢'. Let’s also suppose that Vz € X,Va € K we have:
(i) m{w(z).a) = Tleo{x)).7(a) and (i) &'(w(z).a) = wpleg(z)).e'(a). Un-
der these conditions we claim that é(W(z).a) = wp(2).8(a},Vz € Xp,¥a €
K.

P

Proof: € € Hom(G, G) due to the hypothesis ahout , as well as G is
P-local by corollary 1.13. So 3! ¢ € Hom{Gp, G) such that ¢e = € and
it is plain that € = ¢p and pop = 7.

¢ defines ¢’ by restriction, whenee we have N 2, K with e = o
and ¢'e’ = m. S0 ¢'é = 1x. Then we get the split short exact sequence
B—N%E B=kerd.

Use the proposition 6 [3] shows that.

Xp= U(fpr,i(XP,en(X)))‘

=0

Therefore, it is enough to show that our formula holds
Yz € (Ip:, (X p,eo{ X))}, Vi > 0. We argue by induction on ¢.
{Ipo(Xp,eo(X))) = eo(X) and &@(eo(2))a) = wpleo(z}}.€(T) eas-
ily.
Now suppose ze{P’si(XP:eo(X))=IP’: l(XP? (IP!‘?;..I(XP,QO(X))))-
Thus, 3 n € P'™ such that z® € {Ips,;—1(Xp,eq(X))), whence
elw(z™).8) = wp{z™).&(@) by inductive hypothesis.
Next we take m = o(w/{2"}) € P* by Prop. 1.2



32 A. REyNoL FIiLHO

So, wp{2"™).é(a} = &w(")™.a) = é(a), whence wp(z"™) |é(f)=
1. =..
E(K)

On the other hand, taking 7 = ¢' ¢ wp(2™) 0 & we have r = @{z™)
and o{w(z™)} € P* by Prop. 1.2 again.

But, w(z™)" = 15z = o(@{2™}} | n, so w(z™) = I3
So, p'wp(2™)é = lz. Now recalling that B »——» N 4 K splits we have
wp(z™).8(8) = bé(@);b € B;& € K.

Use of the ¢'.wp{z™).é = 1x shows that G = @  Therefore
wp(2™).&(F) = b.é(a).

Applying successively wp{2™) to the expression above we obtain:
é&&) = wp{z™)".é(a} =_ [wp(z™)?~1.8).. . (wp(z™).b) .bE(@ =
(G, (™) .6~y Lé(@m), (where 8,(z™) u=ulwp(z™).u). . (wp(z™)" Lu)).

Use of the proposition 1.11 together with the fact that Xp and Gp
are P-local shows that 8,{z™) is bijective, whence b = 1.

So, wp(z™) |ymy= lawy- Also, ged(m,n} = 1 = 3Ir,s € Z such
that rm + sn = 1. Thus, wp(2).é(@) = wp(2™)® o wp(z™) .&(@} =
wpfz")?.é(a) = éw(z")°.a) = &w(z™)® o w{2™Y .4} = &D(2).H),¥a €
K vz e Ip!,@(XP,SQ(X))‘

Now it is easy to complete the argument. i

Next let X -5 Aut{A) be an action, where A is a finite abelian p-
group {pe P). Let Py ={ge P':¢q| |w(X)|}.

Take I' = T'(H) as it was defined just after Prop. 1.22.

Thus, corollary 1.25 yields

X 2 Aut(A/r)

eOl. /w'
Xp

Let G=A | X and &' = 4/p | wXp.
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£
— X
o
o 1%
s!
=
— Xp
o

Diagram 2.3

diagram @ is the natural projection (therefore

In the
7€ Homgx (A, A/1)), € (g, z) ={n(a}, eo(x)), therefore e'c Hom(G, ).

Thus 3! f € Hom{Gp,G') such that fe =¢'.
The other functions are defined as usual except for &, which is going

to be defined just after the next lemma.

Lemma 2.4. €| =0.

Proof: Let x be a generator of H and m = ofw(z)) € Pf. Let b =

wiz)a—a,ael

Then, {(b,z)™ = (8n(z).b,2™) = ({(w(z)™ — 14).a,2™) = (0,z™)
{0,z)™. Thus e(b, z}™ = e{0,2)™ = e(b,x) = (0, z) for Gp is P-local
Therefore, (b} = 1. Now it is plain that &l') = {1}. &

Define & € Hom{*/r, N) such that ér =& Then, fé = 1., whence

B N A /¢ splits.

g

Theorem 2.5. In the conditions above, ¢’ : G — &' P-localizes G.

Proof: Set ¢’ : G — Gp, where ¢'(a, z) = Béla).op{z).
Owing to prop. 2.2, we have ¢’ € Hom(G', G p}, and then it is readily

checked that ¢' = 1.
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Finally, we analyse the situation in which A is (only} & finite abelian
group.

Let X -5 Aut(A) be an action, where A is a finite abelian group.

If |Al= 2 ... 0%, then

=D,
A; = p;-primary component and

Aut(4) = fI Aut(4;).

Thus, there is {uniquely determined) w; : X — Aut{4;);i=1,... ¢
Let G=4 ] ,X;Gi =4 10, X;G > X;G: 5 X as usual.

It is well-known that ¢ is the pull-back of (£;)1<i<:.

Let G = G be the projection and G —» Xp be the pull-back of the
arrows {(G;)p ende Xpyi=1,...,%

Since (e:)p o (0i)p = lx,, there does exist {only ane) 7 €
Hom{Xp,G) such that T; 0 @ = (o;)p,Vi {here 7; is the usual pro-
jection}.

Likewise, it is plain that 31 f € Hom(G, G) such that T0f = e;m;(e; :
Gz' — (Gg)p P-localizes Gz) .

It follows that £ f = eoe and fo = Geg. We recall that G is P-local by
prop. 1.1.

Moreover, 3 1 ¢ € Hom{Gp,G) such that o9 = (m)}p, since
{£,)po{m;)p = £p, ¥t (In particular 7, is an isomorphism). By unique-
ness we have got f = ¢e;E¢ = ep;¢op = 0 and EF = 1x, as well. (So
G=C"Xg). '

Finally, let

[
C=kerg= @k‘&‘f‘(ﬁi)p‘;
i=1 _
L:C— @,{\_f =kerepyp' : N — Gp,e, f,¢, defince: 4 — N, f:
A — C and ¢ : N — C by restriction. Let B = ker-¢.
Soon we are going to show that 3 !¢’ € Hom(C, N) such that ¢ f = &.
We are able, at last, to construct the following commutative diagram:
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Kerf—'

Diagram 2.6

In order to justify all the indications in the diagram, we still need two
lemmas.

Lemma 2.7. f is an epimorphism.

Proof: This follows from the fact that

t

Fe@e

i=1

where s ..
A = G - X
L& Lei | en

{e)r

I
keT‘(Ei)p — (Gg)P —» XP
taken in the conjunction with the cases previously analysed. B
Lemma 2.8. € |x=0.

Proof: Since

i
K = P K(K; = ker &),
=1

35
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we just have to show that € |, = 0,Vi.
This follows from the diagram {v; is a splitting attached to ;)

A
% N
K, — Ay ) G 5 G
g Les le

; (:)p

ker(e)p  — (Gdp — Gp
So we have ¢’ € Hom{C,N) withe'f =€ W

Lemma 2.9,

(i (w(z).a) = Bleg(2))- F(a) };VI € Xiva e A

(it)e(w(z).a) = wpleo(z)).2(a)

Proof: Both statements are readily checked from the definitions. B

Theorem 2.10. In the conditions above, GG A, G P-localizes G.

Proof: Let ¢ : G — G p defined by %(f(c).7(2)) = p'e'(c).op(2);c €
Cize Xp.

i € Hom(G,Gp) by prop. 2.2, so that it is plain that y = ¢~'. m

3. P-localization on the category ¢

Throughout this section we construct the theory of P-localization of
a group in the category C of groups which are extensions of nilpotent
groups by finite abelian groups. (althought we still use the same notation
G - Gp for P-localization in the category C}).

Proposition 3.1. Let A 2 G S5 X be an ezact sequence of groups,
where A is abelion finite and X is nilpotent. Let X =5 Aut(A) be the
action attached to the extension end suppose [Z = A.

Let also 3 € Hom{G,K) and B 2 K 5 Y be an eract se-
quence, where B is finite abelion and Y nilpotent. Then, there exist
o € Hom{A,B) ond v € Hom{X,Y} which yield commutativity in the
diagram

Lm

o
-2

1=

1=
s

e
SN
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Proof: Let H = xfBu(A) < Y. It follows from T2 = A that H C [Y, H].
So H C Y, H] C I'?Y and then, by induction, H C ['*Y,Vk > 2; whence
H = {1} since Y is nilpotent. This completes the proof. H

Proposition 3.2. ¥G €|C|,3 | U = U{G) a G, U finite abelian with
G /U nilpotent such that T2 = U, provided that w is the action attached
to the extension U — G — G/U. :

Proof: Let A5 G 5+ X be an extension where A is finite abelian and
X is nilpotent. Let €& : X — Aut{A) be the action attached to this
extension, and set I' = Iy, where r is the smallest positive integer such
that I}, = TR . Let U = p{I") 9 G. So U is finite abelian. Furthermore,
A/T — G/U — X is exact and X acts nilpotently on A/T, so that G/U
is nilpotent. It’s also plain that 2 = U, if w(gU)u = gug~'. Finally
we point out that the unigqueness follows in a straightforward way from
proposition 3.1. W

Now let p be a prime and £, be the full sub-category of C of all groups,
which are extensions of X by A, where A is a finite abelian p-group.

Corollary 3.3. G €|C,|= U =U(G) is a finite abelian p-group.
Proof: In fact, J = u{T') and I is & sub-group of A. B
Corollary 3.4. G €|C|; G is nilpotent <= U = U(G) = {1}.

Proof: (=G €|n|=— w : G/U — Aut(A) is nilpotent — U =
Iz =...=r<tt = {1}.(c = nil w).
(=) It is obvious. &

Corollary 3.5. G €|n|<= 3 p,q primes, p # g, such that G €|y |
N}Cql.

Proof: Tt follows from cor. 3.3 and cor. 3.4. K

We now define Gp €|C | provided G €|C|. Fix € : U v G —» GJU
where U = U(G) is defined by prop. 3.2; w(gl)u = gug™! and G/U =%
(G/U)p P-localizes G/U in 7.

We consider 3 cases:

Let p be a prime and suppose firstly G €|Cp|.

I} pe P.

Set e = eg 0 €, G —» G/U L5 (GJU)p.
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Then we have:

& U A ¢ S @
nt le leo
€p: () —» (G/y)p = (Glulp

We should point out that 7.6 = ejép = 0.

II) pe P.

Let PL={ge P :q||w(G/U)|},H =<z € G/U : o{w(z))Pf > T =
D(H) and @ : G/U — Aug(U/T}) as defined just after theorem 1.21.
Corollary 1.25 allows us to claim that 3! action wp making commutative

the diagram
G/ly —  Aut{U/r)

i) Sup
(G/ulp

Taking the natural projection U/ — U/T, we have that 3 ! £p such that
eplp = m.& where

HA(G/U;U) =5 HYG/U;U/T) <& B2, (G/U)p; U/T)

Onece more it is shown by prop. 1.15 that there is a commutative
diagram
£
G - Gly
i

leo
ep

gr: U 5 Gr B (Glu)e

I=

£: [#)
4

w

At this point it is important to point out that we have defined G <
U, [C|=— Gp €€ and this definition is “"good” since G €]Cp | N |
Cy|== G € 5 (cor. 3.5) and then U = {1} (cor. 3.4)

In particular, this construction extends the one made in [2].

Example 3.6. Let w: Z — Aut(Z/3 @ Z/5) given by w(l}.a = 2a
and w(l).b=2b. Let G = (Z/3DZ/5)|,Z.

Then I'2 = Z/3® 2/5 = A, whence G ¢|7n|. However G €|C| and
since [J = ,u(A) it follows that G ¢ U, |Cp |-

This example shows that

icJI1c1# 0
p

So we must consider
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) G €[C]\U, |G-
Now U is no longer a P-group. Neverthless,
t
U=
i=1
where U; is the p;-primary component of U.
Also,
i
GIU = Aut(U) = [ ] Aut(U:)
=1
and w = (wq,...,w).
We have
t
HA(G/U,U) = H2 (G/U UL
S AN LA
where U = U, is the usual projection. Notice that I'2 = U — r2 =
Upsvi=1,...,t. Let & = m;.£ and consider the commutative diagram

EcHNG/nU) ™) (g e @, B2(G/unsU)

ou

31 | LD, €57 HEDi2, pi0)

tp € H2, (Glu)p;T) "VEs™) (6)p € @', R, (G/u)p; U

where
& ¢ Ui - & > Glu
1o Lo 1 pe
_ I {&:)
(&P Ug = (Gip o (Gluv)p

is defined by (I) or (II). Also,

£
v=pu
=1

and 3! £p such that (T1+,. .., Tw)€p = ({£&)p): provided that 77 is the

usual projection and p = &;p;.
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\ /v‘ G/U

U
l 0
gPl {7 A Gp i (G/U)p

i .
/“:)P

G)p
N/

i

Diagram 3.7

By definition, we have that £p is the pull-back of the arrows {{£:)p}s
since £p = g€

As for G — Gp defined by {I);(II);{IIT} we have the next two propo-
sitions.

Proposition 3.8. ¢ is P-surjective.

Proof: 1t follows directly from the definiticns. m

f

—

Corollary 3.9. G - Gp -5 K, with K P-local.
Then fe=ge = f =g.

Proof: Obvious. B
Proposition 3.10. G P-local = e is an isomorphism.

Proof: We have 3 cases to analyse. The only one which is not obvious
is (II).
Suppose we have

U — G = Gfy
T le len
Ufr — Gp — (G/u)p

G P-local = G/U P-local (cor. 1.9). Sow{G/U) is a P-torsion sub-group
of Aut{(E), since Aut(U) is finite and G/U is P-local {cor. 1.3}. Therefore
H = {1} and T’ = {1}. Therefore 7 = ly. So e is an isomorphism. M
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Next we consider a commutative diagram

viey= U 5 ¢ 5 Gy
lo , 18 i ]
UK)= V »— K = Kjy

Let us define @ € Hom(U, V) induced by (@py = pva; U ~ U).

We take U = @lU(p} and V = @V (p}; p-primary decompositions.
Proposition 1.26 assures that a(Ty () C Ty, since a(U(p)) C Vip).
Actually, we consider

£(p) : Ulp) — G(p) —» Glu
1 2luipy l L
{(p) - V{p} — K(p) —» Kv

and then use prop. 1.26 to £(p) = w{p} * £ and ({p} = n(p) * (.
We define, by restriction, {{(p) : U{p} — V(p), whence we have

vy @ V(p)
Pu | loviy

= = a(p) Y7
Ulp) = U(p)/r‘mp) - V(p)/rvfp} = V{p)
and finally & = &,a(p).
At this point we state a fundamental proposition.
Proposition 3.11. & is an homomorphism of modules.

Proof: Let us consider the comutative diagrams.

Gy -5  AutD)
ep | /wp
(Glu)p

Ky 2 Au(Q)

en | /e
{(K/v)p

where wp and Q2p are the actions given by the extensions

¢p: U 5 Gp S (Glue
la e
C‘p : Vv s Kp e (Kv)p
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We ougth to get that G(wp(2).8) = Qp(yr(2)).ala), ¥z € (G/U)p and
Ya € U.

Fix z€ (G/U)pandaeU.

G/U nilpotent = 3 n € P7 such that 2" = egfz). Then,
@(wp(2™).8) = B{wpleg(z)).aq) = @(W{z).a) = a(w(z).a) (by definition)
= pva(w(z).a) = pv(Qv(2)).e(a}) (o is 2 homomorphism of modules)
= Q(v(z)).a(a) = Qpleal7())) a(@) = Qpvp(2")2(@) ... (*).

On the other hand olwpf2)) = m € P*, {prop. 1.2), since (G/U)p is
P-local and Aut{U} is finite.

So, Np(yp(2™)™).&(@) = a{wp(2™)™.8) = &(@),¥a € U. Therefore,
Qp{yp(2™)") |a(E): la('ff')'

Stiil, taking into account that in the exact sequence (p : Vi Kp —»
(K/V)p; Kp and {K/V)p are P-local we can state that 8,(yp{2z™)} =
Iy + Qe(ve(z™) + - + Qp{yp(2™)" ) € Aut(V),¥n € P and
p{2™) € (K/V)p.

Thus v& € U we have: 0 = @(@) ~ Qp(yp(z™)"a(@) = {1y —
Qp(rp(Z)a(@) = Gulre(z™))olly — Rp(1p(2™)](@). Therefore,
ala) - QP(’YP( ™))a(@) = 0, whence Qp{vp(2™)) Iz3y= 5@y

Finally 3 r,5 € Z such that rm + sn = 1 (ged(m,n) = 1)
Therefore Glwp(z).a) = a{wp(z")owp(z™)".8) = Tlwe{2?)}'.8) =
Qe(yp(2")")ala@) =Rp{vp(2")*) QA(vp(2™)"). (@) = UK vp(2)). _(5) a

Theorem 3.12. G, K €|C|;31 8p € Hom(Gp,Kp) yelding commu-
tativity in the diagram :

£:U & ¢ 5 GU
NS W
| el plﬂ ©/0)p
(V5 lK % KJV l
\ + X \-z(g TP
¢p:V & Kp 3 (K/V)p

Proof: The uniqueness follows from the corollary 3.9:

For the existence we observe that efvhCp = v*e5Cp = v pv-C {defi-
nition of (p) = pv-7C = pv-a,(€) (prop. 1.16) = a » py-€ = @ » e3ép
(def. of £p) = e}T@.Ep.

It follows that vh(p = TWép due to the fact that H2((G/U)p; V) e—j.
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H%*(G/U;V) (Th. 1.21).
So by proposition 1.16, 3 1 € Hom{Gp, Kp) yielding commutativity
in the “front face” of the diagram.

Thus e and ¢ make commutative the diagram
7 £

o — (& — G/U
pvoa | Te || 8 len

—_— v Kp

Vo - Kp = (K/v)p
Use of the proposition 1.17 shows that 8 : G/IJ — V a cross ho-
momorphism such that eS8(g} = ve(g).7elg),¥g €& G. However,
HY((G/U)p; V) == HY(G/U, V) (Th. 1.21}.

So 8 = Beq + 6, where 6,(¢) =v —zv,vE V.

Setting 8, : (G/U)p — V,év(2) = v= 2.2, it follows that §, o eg = 6;
and therefore @ = @p o eg, where 8p = 05 + &,

Now efl(g) = U8peoe(g).Te(g) = Vpepe(g).Te(g),Vg € G.

Thus defining B : Gp — Kp by 8plz) = vlpep(2).7(2),¥z € Gp,
it follows from prop. 1.18 that 8p € Hom(Gp, Kp) and Gpe = efi.

Besides, kpfp = ypep and e =7va. B
Remark. The theorem above shows us that G — G p is a functor
and e is a natural transformation of functors.

Theorem 3.13. G - Gp P-localizes G in C.

Proof: Let G, K €|C|, with K P-local, and 8 € Hom(G, K).

Owing to proposition 3.1, there exists a commutative diagram
I 3

vGeG= v ~— G = Gy
S
UK)= Vv — K —» Ky

Now using th. 3.12 we conclude that 3 ! 8p € Hom(Gp, Kp) such
that Gpe = e43.

S0 it is encugh to take B=e"" ¢ 8p
¢ 4 K
el B =l
Gp — Kp
Be

{prop. 3.10}
The uniqueness follows from cor. 3.9. &
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