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DIFFEOMORPHISMS OF R"
WITH OSCILLATORY JACOBIANS

WaLDYR M. Qriva*, NeLsoN M. KudL AND Luiz T. MAGALHAES

Abstract

The paper presents, mainly, two resuits: a new proof of the spec-
tral properties of oscillatory matrices and a transversality theorem
for diffcomorphisms of B™ with oscillatory jacobian at every point
and such that Nps{f{z) — f(y)) < Nag(z —v) for all x, y € R,
where Nps(x) — 1 denotes the maximum number of sign changes
in the components 2; of 2 € ™, where all z; are non zero and
z varies in a small neighborhood of z. An application to a semi-
implicit discretization of the scalar heat equation with Dirichiet
boundary conditions is also made.

I. Introduction

The present paper deals with diffeomorphisms f : R™ — R™ such that
f{z) is an oscillatory matrix for all z € R™. Oscillatory matrices were
studied extensively by Gantmacher and Krein (see [G Kr]) and present
very interesting spectral properties. They belong to the class of matrices
that are variation-diminishing, i.e., transformations that decrease the
number of sign changes in the components of a vector. These matrices
have applications in mechanical systems, in approximation theory and in
probability. Many results about oscillatory matrices as well as historical
notes and a long list of referenices appear in the book “Total Positivity”,
by S. Karlin (see [Kaj).

In Section II we decided to present another proof of the spectral prop-
cribies of oscillatory matrices, summarized in Theorem 2.12; our approach
is based on some ideas appearing in [FO-1] and [FO-2], where other kind
of matrices were also studied. Theorem 2.13 shows that diffeomorphisms
f with oscillatory jacobians satisfying an additional hypothesis have the
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property that given two hyperbolic fixed points, the corresponding un-
stable and stable manifolds are transversal. The proof follows some
technigues and, as a matter of fact, was motivated by the main result of
[FO-1] where it is studied a class of ordinary differential equations whose
fiow map at a fixed time is a diffeomorphism with oscillatory jacobian.

In Section III, after a semi-implicit double discretization of the heat
equation with Dirichlet boundary condition, we constructed a class of
Morse-Smale diffeomorphisms of R” with oscillatory jacobians,

The first author wants to thank Jaume Llibre and Carles Simé by the
invitation to visit the “Centre de Recerca Matematica” of the “Institut
d'Estudis Catalans” where in October 1990 he developed his contribution
for the present work.

II. Definitions. Basic results. Main Theorem

All the matrices we will use are real.

2.1. Notation.
For a m x n matrix A, let's use the notations

Qg Diyke o Tk,
A ( i’l 3.2 e '{':u ) — det a‘i:ﬁ’ﬂ a‘ig}ng e aiz’ﬁy
K1 K2 ... Ky : : :
@iy Biymg - [+
1 € v < min{m, n); je << < Em

=R LRy < < Ky SN

2.2. Definition.

A m x n matrix A is called toially positive (strictly totally positive) if
for all 1 £ v € min{m, n},

A(il 2 Z")20 (resp. > 0}

K1 Ko ... Ky
i.e., if all its minors are non-negative (resp. positive}.
A square matrix A is called oscillatory if it is totally positive and if

some of its power AX {x a positive integer) is a strictly totally positive
matrix.

2.3. The product C of two totally positive matrices A and B is a
totally positive matrix.

The product € of two square matrices A and B, where one is strictly
totally positive and the other is totally positive and non-singular is a
strictly totally positive matrix,
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2.4. The product C = AB of two oscillatory matrices is an oscillatory
matrix.

The product A = 4;45... 4,, of m > n—1 n x n oscillatory matrices
is a strictly totally positive matrix.

Let A be a totally positive square matrix. Then, 4 is oscillatory i,
and only if, A is non-singular and a;; > 0 for [ — j| = 1.

2.5. For a matrix A, let A* denote the matrix defined by aj;, =

(—1y%a;;. Then, if A is an oscillatory matrix, the same is true for
(A*)~L.

2.6, Let
a3 bl th;
£ Az bz
J =
bn—l

0 Cn—1 Gn
be an n xn Jacobi matrix. Then, J is ocillatory if, and only if, the minors
J(i g Z), 1 <wv<na,l<j<n, and the coefficients b,

and ¢;, 1 £i < n— 1, are positive (> 0).

Following Fusce and Oliva, let us define now the discrete functional
already considered in [FO-1]. {See also [K-L-8]).

For z = (z!,...,2") € R® such that 2* # 0,1 < i < n, let N{z) ~
1 be the number of sign changes in the sequence z!, z%,...,z". For
an arbitrary z € R", define N, (z) and Np{z} as the minimum and
maximum value of N{z'), for z’ varying in a small neighbourhood of
z with ('} # 0,1 < i < n. Extend N to theset N = {& € R :
Non(z) = Npg{z}} making N{z) = Np(z) = Ny{z) forallz e N. N is
the functional used in [FO-1].

The next two results can be found in [Ka], and for completeness we
reproduce the proofs.

2.7. Proposition. Let A be an n x m matriz {m < n) such that all

iy dg ... i .
1 22 :r:) are nonzero end have the same sign,

and et x € R™, 2 # 0. Then y = Az satisfies Ny(y) < m.

the minors A

Proof:

Suppose, arguing by contradiction, that there is a nonzero vector z €
R™ such that Ny(y) > m+ 1 (y = Az). Let y = (3, 9% ...,y™).
Then there exist indices ¢4 < 42 < -+ < ;41 with the property that
for v =1,2,...,m+ 1 the quantity (—1)"y* is of constant sign, even in
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the possible case where several of these numbers are zero. Now some of
the y*’s are nonzero; otherwise, if ¥, y*2,...,y*™ are all zero, then the
system of homogeneous equations

Zam ={ v=12...,m

has a nontrivial solution, which implies

iodp e dm)
A(l 2 ... m)_o

in contradiction with the hypothesis. Consider now the determinant

iy @nz - Gum YT
Ty, Gizz -+ Giym y*
I
Qipgl G2 0 Gipm Y m

This determinant is zero, since y™ = 3_"" a;,;27. Expanding by the
elements of the last column, we obtain

m+1 . . . . .
_ aymALldy i, L 2 T -7 T TP I R S |
O_Zl( b yA(l 2 ... m)
V=

Now, since the y’s alternate in sign, some of them being nonzerc, and
since the A’s all have the same proper sign, the righthand side cannot
be zero. This contradiction completes the proof. B

2.8. Lemma. Let A be an n x m strictly totally positive matriz and
let x € R™, £ #£ 0. Then y = Az satisfies Ny (y) < Ny, (z).

Proof:

Let p + 1 = N, (z). Then the components of z can be divided into
p+ 1 groups,

(2, .z, (@0 e R ), (et et ™)

where each component in the ith group, say, either is zero or has a sign
{(—1)"*!. Furthermore, there must be af least one nonzero component in



DIFFEOMORPHISMS WITH OSCILLATORY JACOBIANS 258

each group. Unless n > p + 1, which we assume to be the case, there is
nothing to prove. We set vy =0, vp1; = m, and construct the vectors

Yy
up = Z |27 |a, E=1,2,...,p+1

j=Uk—1‘Ll

where a; is the jth column vector of A. Then

¥ p+1 i p+1

y=3 e =3 -0 Y] i@l = 3 (1)
i=1 k=1 =1+l k=1

and
3‘1 i‘g P 'Elp_|_1 _
V(l 2 ... p+1> N
Z;/l:l |3j Iaflj" v Z;'n:u,,+1 |zj Iailj
Z;”:l |m”a"v+lj ot Z_T:vp-l—l Imjla’ip+1j

m

151 L] 6 p toir 3.13'2"'p+1
Z Z Z []9: |z%2]... |z +JA(£1£2---€3}+1)]

£1=1f3=w+1 doq1=tpy1

where V is the matrix whose kth column vector is v,. By the naturc of
the construction of the blocks we know that there is at least one selection

(£1,22, ..., £p1) for which |z1]|2%|. .. |z%] > 0. Thus all the minors
i . ip
v ( 12 ... p+ 1)
are positive. Now y = 32¥1(—1)%+1y,, and since V satisfics the hy-

pothesis of Proposition 2.7, we obtain Ny {(y) <p+ 1= Nu(z). B

Lemma 2.8 will be crucial in the proof of the spectral theorem for
oscillatory matrices. Before we go to this spectral theorem, let us prove
another change-sign result, Lemma 2.9, useful to the transversality the-
orern.

2.9. Lemma. Let A be a nonsingular fotally positive n %X n matriz.
Then Ny {Az) < Np(x) for any z € R™.
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Proof:
Let J(£) be the n x n Jacobi matrix
1 e 0
Je) = e 1 ¢ .
0 e 1

By continnity and by 2.6 there exists €o > 0 such that J{c} is oscillatory
for any 0 < ¢ < £p. Hence, by 24 B(e) = J(e)™! is a strictly totally
positive matrix for any 0 < & < £ and using 2.3 and continuity we
conclude that C(g) = B(e)A4 is strictly totally positive, 0 < ¢ < &g, and
lim. g Ce) = A. Thus, for ¢ sufficiently small,

Ni(Az) < N (Cle)z) < Np(Cle)z)
and by Lemma 2.8, applied to C(¢), we obtain for z # 0
(%) Ny (Az) < Ny (z).

Now, since A is nonsingular, there exists a neighbourhood U of x such

_ ] —
that Ny (z) = I’?%NN(x ) and Ny {Az) = yer};lg.xmvN(y).

Thus Ny (Az) = N(Az) for some T € U and by (x)
N(AZ) < Nm(Z) < Np(2).
Since £ € U, Np(E) < Nys(z) and the lemma is proved. &

Following [FO-1] we introduce now a family of “cones” in R™ which
plays an important role in the spectral and transversality theorems.
2.10. Definition.

For any given integer 1 < i < n let K, be the set
K, ={zcR": Nyl(z) <i}

and let I%l be the set
o
K, ={0}uint K; = {0} U {z € R" : Ny{z} < i}
Remark. Note that by Lemma 2.9, if A'ls totally positive nxn matrix,

&
the sets K; and {0} U (R"\K;) are invariant under A and A~’, respec-

ively. Also, K1n{0}JU(R™MK;)) = {0} and CZK;U{0}UR™K,)] = R™.
As we will see, these invariant and transversality properties will be useful
to prove the transversality theorem.

We state now, without proof, the generalization of Perron’s Theorem,
with the version due to C. Fusco and W. M, Oliva, which, together with
Lemma 2.9, will be the tools to prove the spectral theorem for oscillatory
matrices.
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2.11. Theorem {[FO-2|). Let E be an n-dimensional real veclors
space, let K C E be a closed set with non empty inferior and let T be a
linear transformation of E into E. Assume that

hly z€ K,a€cR= ar€ K;
h2) max{dim W : W @ subspace, W ¢ K} =d,1 <d < n; and
h3) T{K\{0}) C int K.
Then there exist (unique} subspaces Wy, Wa such that
1y WinW, = {0}, dimW, =d, dimWy =n - d;
2) TW, C W,,j=1,2; and
3 Wi {0}uint K, Won K = {0}.
Moreover, if 01(T), 02{T) are the spectra of T restricted to Wy, W,
then, between o1(T) and o2(T) there is a gap

A€ a(T), u € oa(T) = |AL > |pl.

2.12. Theorem ([G Kr]). Let A be an n x n oscillatory matriz.
Then,

(a) all the eigenvalues of A are real, simple and positive;

(b If My > Az > - -+ > A, > 0 denote the eigenvalues of A and u; is
an eigenvector corresponding to A, then u; € N and N{w;) = i;
and

(c) Hw= Z?:h ciuj, where 1 < h < k < n, then w # O implies

h < Np(w) < Npyg(w) £ k.

Proof:

It suffices to prove the theorem for a strictly totally positive matrix
since by 2.4 A™™! and A" are strictly totally positive matrices.

We refer the reader to [FO-2, Theorem 2] for the proof, including the
facts that the sets K;, 1 < { < n, satisfy h1) and h2), with d = 4.

Lemma 2.8 implies that A(K\{0}) € imt K;,1 € i < n, since if
z € K\{0} then N, (z} < i and hence Ny (Az) < Np{x) < i (remem-
ber that it K; = {z € R"® : Ny(z} < i}). Therefore Theorem 2.11
implies that, for each 1 < 7 < n, there is an A-invariant i-dimensional

subspace W§ C K . and an A-invariant {n — {}-dimensional subspace
W3, Win K, = {0} with corresponding spectral gap. Clearly (with
WP = W = R®) we have W} ¢ With Wi c Wil 1 <i<n
Foreach 1 € i < nlet ¥; = WinN Wé‘l. V. is an A-invariant sub-
space and dimV; = 1 becanse W} N W3 = {0}. It is also clear that
span{Vi,...,V,} = R™, therefore the spectrum of 4 is the set of the
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{real} eigenvalues {A;, Az, ..., A2} corresponding to Vi,...,V,,. Since A
is strictly totally positive, for each 1 < r < n the rth exterior power
of A is a matrix with positive coefficients and by the classical Per-
ron Theorem {which is a particular case of Theorem 2.11) one easily
concludes that all the A;’s are positive. By the spectral gap we have
Al > A > - > A, > 0. Let u; € V; be a nonzero vector, then
u; € int K; and therefore Nps(u;) < 4. Also, u; ¢ K;_, and therefore
Npn(us) > d — 1. It follows that u; € N and N{w;) = i. The last state-
ment is proved similarly, just remembering that w = Z;F:h cju; # 0
belongs to the subspaces W N W, 1. m

Remark.

Let A be an n x m matrix. We say that A is strictly sign regular (see
... Iy
ky ... k,
are nonzero and have the same sign. Lemma 2.8 is true for these matrices
and hence we have the same spectral theorem for strictly sign regular
square matrices i we disregard the positiveness of the eigenvalues and
consider them in decreasing order of their moduli.

[Kal) if for each 1 < v < min{m,n}, all the minors A4

We now prove the transversality theorem:

2.13. Theorem. Let f : R™ — R™ be a C* diffeomorphism, k > 1,
such that:

(H1) For allz, y € R™, Nu(f(z) - f(i)) € Nu(z —y); and
(H2} For all z € R, f'(z) is an oscillatory matriz.

Then, if e- and et are two hyperbolic fized points of f, the unstable
manifold W¥{e™} and the stable maonifold W*(e*) are transversal.

Proof:
Let z € W*{e~ } N W¥(eT). Consider the sequence
54 @) — fMz)

il e w o RIS

Taking a subsequence if necessary we have:

im wp =ut € T Wo(e")
k— too

lim wp =u" € T,-W(e™).

k——oo

By (H1), Nar(u™) < Nag(u™).
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Let {uf}i—1.. . be 2 basis formed by eigenvectors of f'(e*) as in
Theorem 2.12 and let m* be the dimension of W*(eT). Then,

From Theorem 2.12 Ny (ut) > m* + 1 and Np(u™) < m™; since
Nar(u) < Nag(u™}, we have

mt <m” —1,

Now we proceed as in the proof of the main result of [FO-1]. In fact,
the last inequality implies that the n—m ™~ eigenvectors u;_ 1 ;ub of
f'(e*) belong to T,+ W*(e') and by Theorem 2.12 we conclude that & =
span{ut _ ,...,u} is contained in {0} U (R™\K,,-). Since R"\K,,-
is an open set and W¥(e*t) is a smooth manifold, there exists an integer
ng > 0 such that Tyne 3 W?(e™) contains a (n —m™)-dimensional vector
subspace 3 contained in {0} U (R™\K,,-). Let £° be the vector space
£9 = (f7") gy Then, dim%® = n — m~ and by (H2) we have
20 T,We (€+) N ({0} U(R™\K,,-)). A similar argument Shows that
T, W=(e™) C Km_ Since dim(T,W¥(e”)) = m~ and since K -nN
({0} U (R™\K,,-)) = {0} we have £° © T, W*(et) = R™ and therefore
the theorem is proved. @

2.14. Example. Let A be a strictly totally positive matrix and X be
an eigenvalue of A with eigenvector u.

Define g : R* — R™ by

1 a3 z3
== =+4+z1,..., >4z
o= 35 (G + o G e

where £ = (21, ...,Z,) and © = (t1, ..., Up).
g is a C'*-diffeomorphism with derivative

2
3(3—]) +1 0
9'(z) = 0 , for all z € R™
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The map F : R® — R"™ defined by f = A o g satisfles the following
properties:

(i) f is a C*°-diffeomorphism.

(i) f(z)-fly)=Alg(z)—g(y)) and by Lemma 2.8 we have Np(f(x)—
f(¥)) < Nul(g(z) - gy)). On the other side [g(z) — g(y)li =
2 (T — ys) [M} , 1 €i<n. Since 27 + 23, +y? > 0 one

UL

can conclude that Ny, {g(z) — g(y)) < Np{z — y) and finally

Nu(f(z) — f(y) < Nple - y) < Nu(z - y).

(iif) f'{z) = Ag'{x} Vo € R". Since A is strictly totally positive and
g'{x) is totally positive and non-singular, by 2.3 f'(z) is strictly
totally positive.

(iv) By i), ii) and iii), f satisfies the hypothesis of Theorem 2.13.
Moreover, f{0) = Ag(0) = A0 =0 and f(u) = Ag{u) = A.%u =
1Au = u. Then 0 and u are fixed points of f. We have f(ou) =
5"—3-2+—°u; this shows that ou belongs to W*(u)NW?*(0) for 0 < a <
1.

We also have

ey . 1 PR
9(0)—22/\I=>f(0)—22/\f1
9’(“):?' :>f’(u):XA.

Denoting by p:{0) (resp. u;(u)) ¢ = 1,...,n, the eigenvalues of f{8})
{resp. f'{u)) we have ;;{0) = 2% and p;{u) = 2, where Ay > Ay >
<+ > Ap > 0 are the eigenvalues of A. The next Lemma 2.15 shows that
it is possible to choose A such that 0 and u are hyperbolic fixed points,
neither sink nor source, obtaining this way a non trivial application of
Theorem 2.13.

Lemma 2.15, Let Ay > Ay > --- > Ap > 0 be n given real numbers.
Then, there exists a strictly totally positive matriv A with eigenvalues
)\;’, i= 1,‘..,7?.‘

Proof;

Let pu; = éni;, 1 € i < n. By Lemma 14 of [FO-1], there exists a
positive Jacobi matrix J with eigenvalues p;, 1 < 4 < n. Let A = e/
that has eigenvalues A;. For a proof that A is strictly totally positive see
(L) and Ka}. m
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I1I. Application

Consider the following problem:
Up = Uz + flu); 02 < L1t >0
(3-1} u(0,t) = w(L,t) =0
w(z,0) = ug(z)
where f: R — R is C!-function satisfying
(3-T1) [f{z} <k,  VzeR.
For the discretization of this preblem, denote by A > 0 the time
spacement and divide the interval [0, L] in N + 1 subintervals of length
D= NLH, choosing the points z; =i+ D, 0 <4 < N + 1, as the knots.

A semi-implicit discretization of the PDE above gives us the following
system of equations:

ulzg, £+ h) —ulzg,t)

h
_ u{z;i_1,t + h) 2u(m;)t2+ hY+u(zipi,t+R) b fulzo b))
or
1 1 2 1
— Eu{zi_l,tﬁ- h) + (E + E) u(xz-,t 4 h) - Eu(ﬂ%-}l,t + h) =

1
= —u(@, 1) + flu(zs ).

Using the Dirichlet boundary conditions w{zg,t} = u{zy11,1) = 0 we
can rewrite these equations in next vectorial form (3-1H}:

[ 1 2 1 T

TR DR 0 ulz1,t+ R)
_% %Jriz _5{5 0 w(zg,t + h)
: 1 : =
: _b_z ‘l.t.(:‘.z."N_l,t-i-h)
1 2 w(tn, t + k)
0 Dz RtDE

Fulen, ) + flulz, 1)
ru(22,0) + [(ule2,1)

-:.;u(:rN_l,t) <+ f(u(:BN—l:t))

H
Julew, ) + flulen 1)
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Denote by Ji, p the tri-diagonal matrix of the system (3-11I). We can
prove the following lemma:

3.1. Lemma. For any b > 0 and D > 0, Jp p 15 non-singular and
Ih. b is an oscillatory matriz.

Proof:

Using the notation introduced in 2.3, Jj p is a Jacobi matrix with
positive non-diagonal coefficients, and for any 1 <v < N,

. {1 2 b (12 kw
Jh,D(l 5 V):H{h 2 [l+cos(—+1>]}>0.
k=1

From 2.6 it follows that Jy  is an oscillatory matrx. Hence, Jp p is
non-singular and by 2.5 Jh" }) is an oscillatory matrix. B

Remark. One can prove thab the power x which makes (J, ISk

strictly totally positive is exactly N — 1 and hence, for N > 3, J_.:, }3
is not a strictly totally positive matrix.

Since Jp p is non-singular, equation (3-III) induces a map ¢n p :
RY — RY. Denoting by = a vector in R and by f : RY — RV
the extension of f to RY, ie., [f(z)]* = f(z*), 1 €4 < n, we can write
@n.p in the form: -

onlo) = Iih o+ 1(0)].

Let us introduce now a functional ¥V which is a discrete version of a
functional used in the heat equation problem 3-I):

N
1 z. 1 T2 ]
N P )
where ¥t = 2% = 0 and F(1) = fot F{s) ds.

We have the following theorem:

3.2. Theorem. If hk < 1, then:
(2) ¢n,p is a diffeomorphism of RN satisfying
{a-1) For any z,y € RY, Nps(¢n p(2) — ¢n,n{y)) < Naglz — y);
and
(a-2) For anyz € RY, ¢, p(z) is an oscillatory matriz;
(b} For any z € RY, V{¢n p(z)) < V() and the equality occurs if
and only if z is a fized point of ¢n b
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Proof:

(a) For any y € R", the equation y = }z + f(z) has a unique solution,
since it is equivalent to the fixed-point eguation x = hy — hi(:t:) and
hk < 1 implies that the map ¢ — hy — hf{z) is a contraction, V y € R”,

Hence, ¢y plz) = J,;};, [+z + f(z)] is onc-to-one and onto. But,
¢hplz) = J, [+ f'(z)] and Rk < 1 implies that ¢}, ,,(z) is non-
singular for any z € R". By the inverse function theorem we conclude
that ¢y p is a diffeomorphism.

To prove {al) note that from Lemma 2.9 we have

Nag(@n,p(z} — ¢n,0(Yy)) < Nas (%1‘ + flz) - %?J - i(y)) :

because Jh_i) is an oscillatory matrix. Also, Ak < 1 implies that

sign [%x‘ + fzh) — %y" — f(y")] = signjz’ — ¥/]

and hence (al).

For (a2}, let us write again ¢}, p(z}):

¢hple) =J, b [%I+f(m)] -
1,
E+f (") 1
= JTJ:JID . E + f;(;CQ) 0

5+ f1=Y)

Since hk < 1, + 4+ f(z%) > 0,1 < i < N, and the result follows from
2.3, 2.4 and by the fact that J,;}) is an oscillatory matrix.

{b} Note that ¥V (z) can be written as:

V(z)= (U ! 3 F(z
(z) = 5( h,nx,x)—%(x,z)—g (=),
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where (-, -} is the usual inner product of RY. Take y = ¢n,p{z). Then,

() V(&) e~y -y) =

:E(Jh,DEsI) ;;(11’: I)"l_ ( ?y yry ZF(Q:

1 1 1 i _
= g{Jn02,2) — iz 2 —y) = 5o{z,7) — ;F(fﬂ )=
1 1
= _(Jh DY Y — h<y ¥ + {(Jn,p¥ — 5T W+

1 oo
+ ol —uhe —y) = 3 F(e),

From Taylor's Theorem:
Fiy') = F@) + F@) —2) + 5 £ — )2 =

P < P+ /@) —y)+4’§(:ci—y*>2=

2

:»Zfo <3 FW)+ Um0+ gla—ur o).

Substituting the inequality in (x) we get

V(SC) - %(x —Hhr- y) 2 V(y) + {Jh,Dy - %z - f{I),&T _y>

k 1
—E(z —y,x—y) + §(Jn,o(x —yhr—y

SVE) S V() — 5 [T e 5,2~ 9 + (nnla - 4)5 =)

and since hk < 1 and Jj p is symmetric positive definite, (b} is proved. R

Remark. The fixed points of ¢ p are exactly the critical points of
V. :

3.3. Corollary. If hk < 1, the unstable and stable monifolds W4{e™)
and We{ev) of two hyperbolic fized point e~ and et of ¢n p are transver-

sal, and the set of non-wandering points of ¢n p coincides with the set
of its fixred points.
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Proof:

Thecrem 3.2 (a) states that ¢n p satisfies the hypothesis of Theo-
rem 2.13 and the transversality is proved.

For the result about the set of non-wandering points, note that The-
orem 3.2 {b) implies that ¥ is a Liapunov functional for the dynamical
system generated by ¢pp. B
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