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ON THE EXCEPTIONAL SET

IN NEVANLINNA’S SECOND

FUNDAMENTAL THEOREM
IN THE UNIT DISC

ARTURO FERNANDEZ ARIAS AND FRANCISCO RODRIGUEZ MATEOS

Abstract

A general example of an analytic function in the unit disc possess-
ing an exceptional set in Nevanlinna’s second fundamental theo-
rem is built. It is used to show that some conditions on the size
of the exceptional set are sharp, extending analogous results for
meromorphic functions in the plane.

1. Introduction

We shall use the standard terminology of Nevanlinna theory (see, for
example, [4], [6], [7]). In [3] we prove the following theorems, sharpening
a result of R. Nevanlinna [7, p. 247] and extending to meromorphic
functions in the unit disc analogous results in the plane [1].

Theorem A. Let F be a meromorphic function in the unit disc D =
{z | |z] < 1} and X > 0 a positive real number. Then the error term
S(r, F) in Nevanlinna’s second fundamental theorem satisfies

(1.1) S(r, F) = O(log+ T(’I“7 F)) + 0 (10g 1 i ?")

as r — 1 outside a set E) such that

dr

Theorem B. Let F' be meromorphic in the unit disc and such that

(1.3) log (ﬁ) = o(T(r,F)), ast — 1.
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Then the error term S(r, F') satisfies
(1.4) S(r, F) = o(T(r, F))

as r — 1 outside a set E, independent of \, such that

(1.5) /E(llr>AdT<oo

for every A > 0.

Theorem C. Let F be a meromorphic function in the unit disc sat-
isfying (1.3). Then the error term S(r, F') satisfies (1.4) outside a set E
which can be contained in a sequence of intervals [ry, Ty, + 6,] such that
Ty 1S tncreasing and tends to 1 and

1—r
1. < V(1) =1, U(n) =YD,
(1.6) O < PSR where V(1) ,U(n)=e

In this paper we show that these results are sharp. To do this, we shall
give an example of a meromorphic function in the unit disc possessing
a suitable exceptional set. The basic ideas of the example go back to
W. K. Hayman [5] and A. Ferndndez [2], although to obtain the desired
properties a more complicated construction is needed.

2. Statement of the results
Theorem 1. For every function ¢(r), 0 <r < 1, such that
(2.1) o(r)(1 — ) = 0o, as T — 1, for all positive \,
we can construct a meromorphic function F satisfying (1.8) such that

S(r, F)

(2.2) —_— L 5 0
log 121

and

(2.3) S(r, F) > 2T(r, F)

in a set E C [0,1] satisfying
(2.4) / o(r) dr = co.
E

This result shows that Theorems A and B are sharp. Next theorem
gives a converse result to Theorem C.



THE EXCEPTIONAL SET IN NEVANLINNA THEORY IN THE DISC 137

Theorem 2. Let ¥(n) be defined as in (1.6). Then for every increas-
ing sequence L(n) such that there is no N in N for which

(2.5) U(n+ N)>L(n), neN,
there is a meromorphic function in the unit disc F, satisfying (1.3), for

which we cannot find a sequence of disjoint intervals [y, r, + 0] such
that r,, is increasing and tends to one and 6, satisfies

1—r,
(2.6) On < e L(n)?

and such that S(r, F) = o(T(r, F')) outside the union \J,[rn,mn + 0n].
The proofs of Theorems 1 and 2 rely on the following construction,
which gives an example of a meromorphic function in the unit disc pos-

sessing an exceptional set in Nevanlinna’s second fundamental theorem.

Theorem 3. Suppose that 0 < o < 1 and that {r,} is a sequence of
positive numbers satisfying

(2.7) <1, 1—rpy<a®(l-r,) n=12,...

Let {\,} be the sequence of integers defined by

1 n=1
2.8) An = 1\
(2. "= K ) 11 n=223,.
1—r,
and {m,} the sequence of integers
1, n=1
2.9 n = VA 1—r,_
( ) m |: An( Tn 1):|’ n:2’3,“.
1—r,
Write
An

(2.10) F(z) 22 2 W
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Then F(z) is analytic in the unit disc D and satisfies (1.3). Further, if
{sn} is the sequence of positive numbers defined by

) Lo\ P VI v
(2.11) l—sn:{<l—rn> Z(n—l)/\n_l}

and
1—

(2.12) S, = 8n+6n, On :O(T”>,
then

T(r, F")
and

T(r, F")
(2.14) o F) 00

lo
1—r

asr—11in E=J,[sn,s}).

3. Proof of Theorem 3

We note that, by (2.7), r,, — 1 as n — oc.

We consider
zeD, z=re"

such that
(3.1) a(l-ry)<l—-r<l-ry
and note that, from (2.7), this implies

1—rypr <a(l—r).

Next we write
2km
Von = .

mp

For each n > 1 we can find k¢ such that

lethon — 2| < |tk — 2|, k=0,1,...,my, — 1.



THE EXCEPTIONAL SET IN NEVANLINNA THEORY IN THE DISC 139

Then, if we write

(3.2)
[0 — O if [0 — gl <7
Qppy = J ] ’ k=0,1,... ,m, —1
21 — [0 = Vpp| i |0 =gl 27
we have
an <
k(],nfmn
2k — kol — 1 -1
o > 2 mo| )7 if 0 < [k — ko| < "
2(my — |k —ko|) — 1 . nt1
g > B Z B RD Z VT g > Tt
My

and, in any case, oy, < 7.

Now we consider n given large and, for the sake of simplicity and
without loss of generality, suppose that ky = 0.

Then we have, for 1 <k < (m,, —1)/2,

Qk-1)7n _ Vkr  VEn(1-1m,)
[07°%") > > ~ 5
mpy mnp VA (1 - Tnfl)

so that
|ez‘19k,n _ rew|2 =14+72_9r cos(Vg,n, — V)

2 4
a a
=147 —2rcosay, > 1+7r*—2r (1— ’;’"4_ Z")

3.3 1 2 2 (1 e
( . ) _( _r> +Tak,n - 12
rkn?(l—r,)? 2
>(1—p)2gpmr e (T
z(1=r)"+ Ml — rn1)? ( 12)
2 crk(1—ry,)? 9 77r_2
=(1-r) +7)\n(1_rn_1)2, c=m"(1 3

We note that for (m, +1)/2 < k < m, —1 a similar result holds in terms
of ¥ = m,, — k, and that for k, # 0 the only change needed in (3.3) is
writing |k — ko| instead of k.

‘We have
)\n B 1 _ ,rn >\n (1 _ T)Q
S \1-r leir.n — 2|2

An
1—r, 2

eil()k,n —z
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and from (3.3)

An
2

(1—7)2 (1—r)2
(m) = (1 _ )2 + CTk(l - rn)Q
S W RS

- ()

Next we show that in the sum

My, —1 An My —1

> T TaP— g — 5| T >

k=0 k=0
k+£ko

An An
1—r, 1—r, 1—r,

ei'&k,n — 2z

for n large the main term is that one corresponding to k.

We recall that, from Euler’s summation formula, we have for any real
function f possessing continuous derivative f’ in the interval [y, z], 0 <
y<w,

> sw= [ @ [Ce-mroa

y<k<z
keN

+ f(@)([e] — =) = Fu) (Y] — ),

so that taking in this formula

and noting that for this election

2] -z =[yl—y=0
f'(t)<0fort>0
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we have

w 200 (1 = 7)*(1 = rp—1)? cr(l—ry)? -3 41
’;f(k) : (An =2)er(l —ry)? <1+ An(1—rp_1)2(1 — 7‘)2> ’

so that

An

S
{1 - ?;:1__2;)6275(11_—T:5)12)2 (1 G c_rii_l)zn(?_ 7')2> } .

From (3.1) we see that N — oo is equivalent to » — 1 and then, since
(2.7) and (2.8) imply that A, (1 —r,_1)? — o0 as n — 0o, we have

er(l—ry)?

/\N(l — TN_1)2(1 — ’/‘)2

— 0, asr — 1.

We also have
2 )\N(]- — 7’)2(1 — TN,1)2
(Av —2)cer(l —ry)?

and
A

er(l er)z T2
<”AN<1—7~N1>2<1—7~>2) -0

so that we obtain, recalling that we are supposing that kg = 0,

my—1 N
(3 4) mNz—l 1 o TN )\N 2 [ i ] 1 _ T'N >\N (1 _ 7,.)2 TN
= ek — 2 — 1—7r le?tr.N — 2|2

_ (11—_7«;\,>AN k:f(’f) :0{(11—_7*’;\;))\1\[}.

We also have
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so that
my—1 AN AN
1— rN 1-— TN

Next we consider r sufficiently close to 1 so that
)\N )\N
1—
<2 ( N ) .
1—r

F2) =)+ +Y

2 3

mel

D

k=0

1—rn
ei'ﬁk,N — 2z

We write

where

B () B ()
(3.6) "\ 1-vr — "\1l-r

since, for n large, m,, is increasing by (2.8) and (2.9), and by (2.7) and
(3.1) we have (1 —ry_1) > (1 —1).

my—1 A
eiﬂk’N—Z

k=0

. (1_TN)AN (14 o1)) < 2 (1—7~N)*N.

1—1r 1—1r

>

2

(3.7)
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mp—1 An
> 3 (a)

n=N+1 k=0

[e%s} An
1—r,
< my, ( )
1—r
n=N+1

i Van (1= 1p_1) (1 —rn>>‘"

(3.8) s (mm) Y
s} A 1
1 — (1l—r,\ "
<1 T Z An(l—r)
n=N+1
1 o0
1 >, Gu—1at
i
1 > n_ «
S1o ;"O‘ 1 T a-a?

since from (2.7) and (3.1) we have

1—r,

<a, n=N+1,N+2 ...
1—r

143

From (3.6), (3.7) and (3.8) we conclude that F'(z) converges in any com-

pact subset of D, so that it is analytic in D.

Writing
) =FE@=3 43+

we have, as in (3.6) and (3.8),

1 n=1 k=0
N-1 An
<D Aamy, <11_ T") . !
(3.9) n=1 - -
<(N=-1)A Ly
N—1TN -1 1—1r 1—1r

AN-—1+2
< (V- DA (1%) (1 + o(1).
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%) my—1 1— - An 1
PR (em _ Z> (ern — z)

n=N+1 k=0

> (1—1””))‘” 1
n
N 1—r 1—7r

i /\nm(l_rnﬂ) (1—%)% 1 1

3

IN
(]
>
3

3

(3.10) Mot (L —rn) 1-r -
1 > _
< m Z >\n(>\n — 1) Oz)\" 1
n=N+1
1 - n—
< TESE Zn(n—l)a !
n=1
T a-r2 P 1-a)p

For s, as defined in (2.11) we have

1—rp\ M 1\
(3.11) (18n) :Q(n—l))\n1<1sn>

and s, > r,. Next we show that
1 1

~——— ., asn — oo,
1—s, 1—r,

(3.12)

i.e.

1—r,

The logarithm of the left hand side is

An 1 log(2(n — 1)) log Ap—1
— =11 .
<>\n_)\n1 ) Og<1_rn> * )\n_)\nfl * >\n_)\n71

Since )‘:’\'*1 and - tend to zero as n tends to infinity by (2.8), the last

two terms tend to zero. The first term satisfies

)\n “1)Io 1 _ )\nfl log (ljrn)
An = An—1 & 1—r, B An = A1

log A\,
)\n - /\n—l

— 0,
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as n — 0o, by (2.8).
Next we show that if € [sy, sy] for N large then r satisfies (3.1).
We have

Ny <sy <r<sy+0n
l—-sy—-90n<l—r<l-—ry

1—s _1-rn .
N AN < 1 T <1
1—ry “1—-ry —
but
1—SNN].—7‘N
and 1
—rN o,
AN

so that we can find € > 0 such that 1 — & > « and Ny such that for
N > Ny

l—-ry>1—r>1-¢)l—ry)>a(l—ry).
Next we prove that as r — 1 through the intervals [sy,, s),] we have
A A
1—r,\™" 1—r,\™"
3-13 ~Y
(3.13) ( 1—r ) (1 - sn> ’

or equivalently

In fact

An
<15n5n> — 17 1 *}6021
1—s, 1—s,

on

by (2.12) and (3.12). We also have for r € [sy, s},]

1—7r, An—1 1—7r, An-1
1—7 1—s, '

From (3.11) and (3.13) we deduce

(3.14) (11—_7«:)“ ~2(n—1)Any (1 i T>An1 .
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We have seen that if z = re'” and r € [sy, sly] for N large r satisfies
(3.1) and we can apply (3.6), (3.7) and (3.8) to obtain

An—1+1
IF(2)] < 4(N = 1) Ans (%) (1+0(1)).

Hence

(3.15) T(r, F) < Ay_1 log <1L> (1+ o(1)).

Next we consider z satisfying

™ (1 - TN—l).

3.16 <
(3.16) Ao, N < o

Then

. 2
eroN — 2T =142 27 COS gy, N

o2
<l47r%2-2r (1 — —k§N> =(1—-r7)? +7"OZ§;0’N

2 1— _ 2
<@-rp o)
MmN
ra?(1—ry_1)2 (1 —7ry)?

)\N(]- —TN,1)2
9 ra? (1 —ry 2
:(1—7“) <1+m<1_r>>

<(1—r)? (1+i>,

)\]\/'Oé2

~(1—=7)?+

since, by (3.1), (1 —7) > a(1l —rn). Thus, for N large we obtain
(3.17)

a-m \7F (1—r) 2
) (e
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so that

AN 1

o]

1—’1"N

AN

eiﬁkOvN —

AN

(Lo AN (1—1r)2 : 1
— AN 1_71 |ei79k0,N —Z|2 |€7;19k0’N _Z|
AN 2 -
1-— 2 1
~An ( TN) <1 LI 2) 7
1—1r )\NO[ (1 _ T') /1 + )\TNWO?Q
and from (3.17) and the fact that

7”71'2

>

)\]\/Oé2 =0

147

we can find for N large a constant K7 > 0, independent of IV, such that

1 _
(3.18) A 'y

ekoN — ’emko’N —z -7\ 1-7r

From (3.4) we have

1—7rn AN 1
(319) AN Z <ei19k,1\r — Z> (eiﬂk,N — Z)
k#ko
AN
<
S )3
k#ko

so that from (3.18) and (3.19) we obtain

my—1 AN
1-— N 1
!
Z )\N Z (eiﬁk,N — Z) (eiﬂk,N fz)

177”1\/

ek N — 2

2 k=0
AN
1—ry 1
> - .
> AN eWro.N _ 5 |e“9k0vN - Z|
AN
1—7ry 1
(320) — Z AN (eiﬂk,N — Z) (eiﬁk,N _ Z)
k#kg

)\N 1—T‘N AN >\N 1—7"1\[ AN
> —
Kll—r(l—r) Ni-r\U1-7

AN )\N
1 A 1-—
S KON (J) _

AN /\N 177”]\{ AN
= o] s
1—r 1—r
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For r € [sn, sly] and z = re® satisfying (3.16) we have for N large,
from (3.9), (3.10) and (3.20),

)\N 1—TN AN
> K 1 1)).
P12 K2 () (o)
For every z = 7 e we can find ko € {0,1,... ,my — 1} such that
™
gy N < —
my

and, for |z| = r, kg is the same for every z = 7 ¢* in an arc of amplitude

27 /my around 7 e®*0.¥ . For (3.16) to hold it is sufficient that z be in

2r(l—ry_1)
m

an arc of amplitude centered at 7 e*’k0.N | Therefore

27 )
T(rf) = 5 / log* | f(re")| d9

mN—1 91N
= Z / log™ | f(re™)| dv
D,
T(l-rN—1)

Vg, N+ N )
/ log | f(rei?)) dv
9

k,N

mN—l

1

- 27
k=0

kt1,N »
7
o T R

k+1,N—

N
(3.21) — An
1 2m(l —ry_ 1-—
> 2r(1 —rn—1) log Ay + log N
2w — my 1—r

+ log (—1 > +logKl}
1—r

(1—rn_1)3X% 1o ! +A lo !
N—1 ngl_ ngl_r

1
+log(2NAn_1) + log (1 — )}

1
~(1—rn_1)Ai_; log (1 — r) ,

since from r € [sy, sy] and (3.12) we deduce

(=)~ ()
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Hence, from (3.15) and (3.21) we obtain

T(r, f) (L= 7n-1) Ay log (ﬁ)
T(r,F) A1 Tog (1)

= (1 — T‘N71) )\Nfl — O

by (2.8), as 7 tends to one in E = Jy[sn, sy]-
Since from (3.21) we have

o8 (2 ) =0 (T(r.1)

1—r
asr — 1 in F, we also have

o)
1 T(r,F)

1—7r

asr — 1lin F.

Finally we show that F(z) satisfies (1.3). In fact, from (3.6) and
(3.8), and with the same arguments used to obtain (3.20), we deduce for
z = re' satisfying (3.1) and (3.16) and N large

1

1—ry AN An—1+1 ol
> — — DA | — —
|F(Z)_K2<1r) (v ) )\Nl(lr) 1—r

for a certain constant K5 > 0 independent of N.

Then, for r € [sy,sy] we obtain, from (3.14) and following similar
computations to those in (3.21)

(3.22) T(r,F)>(1—rn_1)An_1log <1 i r) .

For sy <r < ryy1 we have

1—ry )‘N_ 1—rn \ M 1—sy AN
1—7r a 1—sy 1—7r
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and we also obtain (3.22).
Finally, for ry < r < sy we have

T(r,F)>T(ry,F) > (1 —ry_2)An—_2log 1 —17°N
> (1—ry_—2)AN—_2log 1 i o (1 —rn_2)An_2log i : ;Z,
but
(1 —7rn—2)An—2log 1 — ;z
= % {/\Nl log — e +log (2(N — 1))\N1)} ;

so that this term tends to zero as N tends to infinity.
Thus we conclude that for any r close enough to 1 we have

T(r, F) > {(1 ~ rv-2)A—2 log — }(1 +o(1)),

and therefore

T(r, F
EAGTYN > lim (1 —ry_2)An_2 = oo.

r—1 1 r—1

1—1r

This completes the proof of Theorem 3. B

4. Proof of Theorem 1

Since to prove Theorem 1 we shall make use of Theorem 3, we first
show that the set E is in fact exceptional for the function F(z).

We make use of the following two inequalities

J
(4.1) S(r, F) > m(r, F)
’ F
(42) m(r,F ) S m(r, F) + m(Ta F)y

so that by (2.13) we deduce

S(r,F) > m(r,F') —m(r, F)

(4.3) = T(r,F') = T(r,F) = T(r, F')(1 + o(1))
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for r € [sn, $pn + 0n] and n large, and we deduce from (2.14) and (4.3)

S(r, F) T(r,F")(14 o(1))
>
T(r,F) ~ T(r, F)
log —— log ——
1—7r 1—7r
as n — oo, which is (2.2).
From (2.13) we also have, for r € [s,, s, + 0,] and n large,

m(r, F') =T(r, F') > 3T(r,F) = 3m(r, F)

and, from (4.1) and (4.2), we conclude

/

S(r,F) > m(r, FF) >2m(r,F) =2T(r, F)

which is (2.3).
We can assume without loss of generality that ¢(r) is increasing for r
close to 1. In fact, by (2.1), for every positive integer N there exists ¢y

such that
1 N
o0z (125) . rzw

1—7r

where we can clearly assume that 1 —ty41 < a1l —ty), for a certain
0 < a < 1. Then, if we define

1 N
¢1(7"): (1-7") ) tN§T<tN+1,

for r > t1, ¢1(r) is increasing and satisfies (2.1) and also ¢1(r) < ¢(r).
Hence it is enough to prove (2.4) with ¢ (r) instead of ¢(r).

We have shown that the function F'(z) defined in (2.10) satisfies (2.2)
and (2.3) as r tends to 1 through the sequence of intervals [s,, s, + ]
defined by (2.11) and (2.12). Thus it is enough to prove (2.4) for the set
E =J,,[sn,sn + 0,) and for this it is enough to show that

(4.4) Z B(50)0, = 00,

as this implies (2.4) since ¢ is increasing.
Next we show that we can choose {r,} and {d,,} in Theorem 3 so that

(4.5) d(8n)0n >1
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and so (4.4) holds.
We can take {\,} as in (2.8) and

(4.6) 5y =

Then, for n large,

P(sn)(1 — Tn)z > P(sn)

(@7 el T s B
(1 — T > (1 — T >
Let us assume that ri,...,7,_1,A1,...,A,_1 and therefore
01,...,0,—1 have already been defined. Then we define r, such that

(2.7) is satisfied and such that

(48) & =1, r=>mr,

1 2)‘371 - -
()

which is possible by (2.1).

Once r,, has been defined, we obtain \,, s, and §, by (2.8), (2.11)
and (4.6). So we have a well-defined function F'(z), analytic in the unit
disc, satisfying (2.2) and (2.3) in the set £ = |J,,[rn,7n + 0n]. Since
(4.5) follows from (4.7) and (4.8) and (4.5) implies (2.4), the proof of
Theorem 1 is complete. ®

5. A preliminary result to Theorem 2
The following result will be used in the proof of Theorem 2.

Theorem 4. We define the sequence {r,} by
1
5.1
(5.1) —

where ¥(1) =1, ¥(n) = exp(¥(n — 1)) as in (1.6). Then the function
defined by (2.10) satisfies

= ¢(n) = U(n)"/?,

S(r,F)>2T(r, F)

for r in a sequence of intervals (tn,t, + Bn) such that

(5.2) Bn > ﬁ for large n.
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Proof: The sequence r, given by (5.1) satisfies (2.7) for a certain «;
hence F(z) is a well-defined function.

In the proof of Theorem 1 we have shown that S(r, F') > 2T(r, F') for
r sufficiently close to 1 in a sequence of intervals [s,,, s, + 0,], where s,
and 0, are given by (2.11) and (2.12). We choose in particular

(1- 7'”)2'

On = .

It remains to verify (5.2).
We shall show by induction that there is N € N such that

uj—j)g<¢(n+N)<qJ(n+N)

for every n € N. We assume n so large that ¢(n) is much bigger than n
and log ¢(n); for such an n we find N so large that (5.3) holds. Then we
prove that this inequality is true for all the following terms.

In fact by (2.8) we have

Cdan (;) RO
(1= 7ng1)? B L—=7rppa (1= 7py1)?

272
1 " 1
< (—) zexp{ZAilog (—)}
I=rpa I—=7rpga

< exp{éqs(nJrNﬁ} =¢(n+ N +1)

<VU(n+N+1),

(5.3)

since by our hypothesis on n

1

< —¢(n+ N)3.

Ll =

This proves the inductive step, so that (5.3) holds for all large n. By
increasing N if necessary, we ensure that (5.3) is true for all n. Thus we
obtain

(1—ry)? 1

for some positive integer N and all n. We conclude that (5.2) holds,
writing

bp =

tn = Sn—nN, ﬂn:(sana n>N. ®H
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6. Proof of Theorem 2

For the function F' of Theorem 4 there is a sequence of intervals
(tn,tn + Brn) such that for large n we have

1

(6.1) Bn = W

and S(r, F) > 2T (r, F) for r > ro in {J,,(tn, tn + Bn). If Theorem 2 were
false, we could find a sequence of disjoint intervals [r,, r,, + 0,] satisfying

1—r,
e L(n)?

(6.2) o <

and such that S(r, F) = o(T(r, F)) outside the union |J,[rn,rn + 6]
Then we should have for a certain N; € N

U tnstn + ) € e, i + 4],

n>N; k

and, since we are considering sequences of disjoint intervals, we should
conclude that

(63) (tn,tn—‘rﬁn) C [T}Cn,’l”kn-i-(skn] n > Nj.
By the way we constructed the intervals (t,, ¢, + 8,) we can assume
(6.4) 1—tpe1 < a(l—t,)

for a certain 0 < a < 1.

We note that since ¢,, — 1 as n tends to infinity we also have ry, — 1,
so that k,, also tends to infinity as n — oo.

From (6.2), (6.3) and (6.4) we have

tnt1 — tp > (1 —a) (1 —tn) > (1 —a) (1 — Tk, —(Skn)
> (1—a) (eL(kn)? — 1) O,

Since k, — o0 as n — oo and, from (2.5), L(k,) also tends to infinity,
we can find Ny € N such that

(1-a) (eL(k,)*—1) >1, n> Ny,
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so that
tnt1 — tp > 5kn7 n>N = max(Nl,Ng).

Therefore, for n > N, each interval [rg, , 7%, + 0,] cannot meet more
than one of the intervals (t,,t, + 3,). Hence the sequence k,, is strictly
increasing for n > N.

Now using (6.1), (6.2) and (6.3) we must have that, for n large,

1 1—rg, 1 1

W) =P S0 S T S Ty S T = )

n

since k,, > n — N. Hence there is ng € N such that
U(n) > L(n—N), n>max(ng,N),

that is
YU(n+ N)>L(n), n>ng.

Then we should have
U(n+ N +ng) > L(n+mny) > L(n), neN,

which contradicts (2.5). This completes the proof of Theorem 2. ®
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