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STRATIFICATIONS OF POLYNOMIAL SPACES

L. BIRBRAIR

Abstract

In the paper we construct some stratifications of the space of monic
polynomials in real and complex cases. These stratifications de-
pend on properties of roots of the polynomials on some given semi-
algebraic subset of R or C. We prove differential triviality of these
stratifications. In the real case the proof is based on properties
of the action of the group of interval exchange transformations on
the set of all monic polynomials of some given degree. Finally we
compare stratifications corresponding to different semialgebraic
subsets.

1. Introduction

In Theory of Singularities many authors use the following conception:
local (or global) stability follows from transversality to some stratifi-
cation of some space of polynomial (analytic or smooth) maps (see, for
example, [AVG], [dPW]). Here we present some stratifications of spaces
of monic polynomials on one variable connected to problems of stability
of singularities of projection and singularities near boundary points of
hypersurfaces.

In the proof of Tarski-Seidenberg Theorem (see, for example, [BR])
appears the following partition {Qy} of the space of monic polynomials:
f € Qp if f has exactly k roots. In fact the main step of the proof of
Tarski-Seidenberg Theorem is to prove that Qi are semialgebraic subsets.
The partition {Qx} is not a stratification. In [GWPL)] it is mentioned
that if we consider not just a number of roots but multiplicities of these
roots we obtain a Whitney regular stratification of the space of monic
polynomials.

In [G] it is proved that if we fix multiplicities of the eigenvalues of n xn
matrices and the structures of their Jordan blocks (so-called Segre sym-
bol) we obtain a stratification of the space of nxn matrices. C. G. Gibson
also proved that this stratification is Whitney regular.
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In the present paper we consider some generalizations of the
stratification considered in [GWPL]. Namely, let N be some closed
semialgebraic subset of C. Thus we have the following decomposition
N = Int(N) U S; U Sy U Sing(IN), where Int(N) is the set of inter-
nal points of N; S; C 9N is a subset of the border ON contains only
C*-smooth points which have the internal points of N in every small
neighbourhood; S9 is a complement to S; in the set of C”-smooth points
of ON; as usual Sing(9N) is a subset of C*-singular points of ON. We
define a multiplicity symbol (see sections 2.1 and 3.1) which is deter-
mined by multiplicities of the roots of given polynomial on Int(N), Si,
Sy and Sing(N).

The main result of the paper is the theorem that all stratifications
given by these multiplicity symbols are differentially trivial and thus
Whitney regular (Theorems 2.4 and 3.1). Observe that the stratifications
under considerations are different and depend on N and p. In the case
N = C we obtain the stratification considered in [GWPL].

The paper has the following structure. Part 2 is devoted to stratifi-
cations of the space of real monic polynomials. Since any closed semi-
algebraic subset of R is or R itself, or a finite union of closed segments,
points and closed halflines we begin our consideration from the case of
finite segment. The case of the union of segments and halflines can be
treated in the same way. We define a multiplicity symbol for polynomi-
als. This multiplicity symbol is connected to some fixed segment [b, c|
and characterizes the number of roots a polynomial has on this segment
and their multiplicities. For each multiplicity symbol we define a stratum
(the set of all polynomials with the same multiplicity symbol). We prove
that the stratification by multiplicity symbols gives us a semialgebraic
stratification. It is known [BCR] that each semialgebraic stratification
can be finitely subdivided to obtain a semialgebraic stratification satis-
fying “a” and “b” axioms of Whitney. The interesting property of the
stratification by multiplicity symbol is the following: it is not necessary
to subdivide it because it is Whitney regular itself. Paragraphs 2.3 and
2.4 are devoted to proving this fact. Section 2.3 is devoted to Interval
Exchange Transformations [Ke]. Interval Exchange Transformation is a
very popular object in ergodic theory. Here we use it in real algebraic
geometry. We prove that all the strata defined in 2.1 are invariant by an
action of group of interval exchange transformations. The action of any
nontrivial interval exchange transformation on the space of polynomials
is not continuous, but if the roots of some polynomial are well situated
the action of a given interval exchange transformation is a difeomorphism
on a neighbourhood of the polynomial. This important property of this
group action helps us a lot of prove in section 2.4 that the considering



STRATIFICATIONS OF POLYNOMIAL SPACES 385

stratifications satisfy the boundary axiom. In fact the boundary axiom
can be obtained as a corollary of Whitney regularity, but the semiorder
relation itself has a nice combinatorial and geometrical nature, which
gives us a more detailed description of the stratifications.

Part 3 is connected to the complex case, where N is a closed semi-
algebraic subset of C. To prove a differential triviality we consider so-
called disk exchange transformations, which correspond to interval ex-
change transformations in real case. These transformations have not
such nice properties as interval exchange transformations (they do not
form a group), but they are useful to prove a differential triviality of the
stratifications under consideration.

Part 4 is devoted to the comparing of different stratifications. In sec-
tion 4.1 we compare real and complex stratifications for the same N. In
section 4.2 we prove that two stratifications {P, ,(n,)} and {Py .y}
(see the notations of part 3) are CP-equivalent if the corresponding sub-
sets N1 and N, are CP-equivalent.

Finally I'd like to mention that these stratifications are rather natural.
If we consider a partition {Qx(N)} (the similar as in [BR]) given by the
number of roots of some polynomial in N and apply the algorithm de-
fined in [BCR] to obtain a Whitney regular stratification we will obtain
exactly the stratification by multiplicity symbol.

2. Stratifications of real monic polynomials

2.1. Multiplicity symbol.

Let P, be a space of all monic polynomials of degree n with real
coeflicients. P, can be identified to the space R™ in the standard way:

f=u"+ap 1u" '+ +au+ay €P, < (ag,ai,...,a,_1) €ER™.

Consider some (closed) segment [b,c] in R. Let’s define the symbol
= {p, i1, .-+ 5 fory fte } corresponding to [b, ¢] such that all numbers uy,
tey pi (1 <1 <r) satisfy the following conditions:

1. 0<r<n.
(Note that we consider also r = 0; in this case p = {p, fic})-

2. ppy e € NU{0}; s € N
(N is the set of natural numbers).

.
30 20 Hit py + pe <
i=1

3

4. 1< <+ < iy
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Let M be the set of all these symbols p.
Denote by P, ,, the set of polynomials f € P, such that

1. f has roots of multiplicities up and p. at the points b and ¢
correspondently.
(Note that p, = 0 (or g = 0) means that f(b) # 0 (or f(c) # 0)).

2. f has exactly r (different) roots vy # vg # -+ # v, of multiplici-
ties p1, fa, . .. , i (correspondently) in the open interval (b, c).

In other words P, , is defined by the intersection of the zero divisor of
[ with the segment [b, ¢|. Note that P, ,, depends on the segment [b, c].

Theorem 2.1. The collection {P, ,}.em s a semialgebraic stratifi-
cation of P,.

Proof: It is clear that U P, , = P, because each polynomial be-
HeEM
longs to some P, , (for some p). To prove that all P, , are smooth
submanifolds and semialgebraic sets we need the following.

r

—
Lemma 2.1. Let p = {0,1,1,...,1,0} (r can be equal to 0). Then
P, is an open semialgebraic set in P,.

Proof of Lemma 2.1: Let us prove that P, , is semialgebraic. Each
polynomial f € P, , can be presented in the following form:

(1) f=@w—v1) .- (u—v)(u—"~y) ... (u—~Ls)
(W prudq) .. (WP 4 put )

for some s,t € NU{0} uniquely determined by f such that r+s+2¢ = n.

For given pair (s,t) the set P, , defines a semialgebraic set U(s,t)
in the space R™ of coefficients (v1,... ,vp,l1,... €5, D1,G1,--- ,Dt,qt) Dy
the following inequalities:

b<wv; <ec, i=1,2,...,r (it means: v; € (b,c))
v #vjfori# g, 4,7=1,2,...r

li<bortl;>c, 1=1,2,...,s (it means: ¢; ¢ [b,c])
p; —4q; <0, j=1,2,...,t
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Let Qs+ : R™ — P, be a map obtained by the opening brackets in (1).
(Remined that P, is identified to R™). We get

anl" - U Qs,t(U(Sat))'

S,
s+r+2t=n

Since Qs is an algebraic map we obtain (by Tarski-Seidenberg Theorem)
that P, , is a semialgebraic set.

Let’s prove that P, , is an open set. By the definition of P, , the
graph f considered in the subset (b, c) x R intersects the “zero section”
(b,c) x {0} transversally. Hence there exists a neighbourhood of f in
P, satisfies the same property. It means that P, , is an open subset.
Lemma 2.1 is proved. B

Lemma 2.2. P, , is a smooth submanifold of P, and codim P, ,, =

po + pre + > (s — 1),

.
i=1
We prove this lemma in several steps.

Claim. Let u satisfies the following condition:

.
> wit py+ pe =mn.
=1

Then P, , is a smooth submanifold of P,.

Proof: Consider a space R" and a subset V,, C R" defined in the

following way: V,, = {(v1,... ,v,) € R" such that
v; € (bye), i=1,...,r
(2) ity  fid]
vy < vy, if gy =p;andi<j }.

Let F, : V,, — P, be the following map

(3) Fu(vi,...,vp) = (u—v1)" - (u—v2)*? - ... (u—vp)H"

(u—= b - (u— ).

F,, is a one-to-one map because each polynomial is uniquely defined by
it’s roots.
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F,(V,) = P, because for each polynomial f € P, , we have the
presentation (3).

Now we have to prove that F), is an immersion. We do it using the
induction by n.

If n = 1 we have:
Py 10,1y and P, 41 0} are one points each,

Py {0,1,0} is an open interval (Vo 1,0y ={v € (b,¢)}, Fro,1,01(v)=u—v).

Now suppose that F), is an immersion for each n < ng. Let’s prove it
for ng.

Suppose that r # 0. For each polynomial f € P,, , we have the
following presentation:

(4) f = (’LL - vr)’“ : h7

where v, is a root of f belonging to (b,c) and h € Py _p, ., v =
{,ubu Hiyeoo sy hpr—1, ;u'c}
Let G, : (b,c) X Pny—p, — Py, be the following map:

(5) GMT(’UT,Q) = (u —v)ir g

where g € Py, -
We will prove that G, is a local immersion in a neighbourhood of a

point (v, g) such that v, is not a root of g. Thus we can consider the
map F), as the following:

F,(vi,...,v.) =Gy, (vp, F(vq,. .. ,fur_l))|vM

and obtain that F), is an immersion (F, is an immersion by the induction
hypothesis).

Let U,, and Uy be neighbourhoods of v, and g such that for each
v € U,, and for each g € Uy v is not a root of g. In local coordinates
(putting @ = v — v,.) we obtain

(6) g(a) = qroTHr o gno_w_lano—m—l + -+ g1+ go,

where gg # 0 because v, is not a root of g.
Putting this presentation (6) to (5) we obtain

G (0,§) = 0" + @rg—1@" " + - + @1 + qo,
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where

Ano—1 = gno—u,‘—l + - w

no—2 = gno—#r—Q + py - w - gno—#r—l + O(w)
Qu, :§0+Mr'w'§1+0(w)

Qur—1 = - W~ Go + o(w)

g =o(w) for i =0,...,u — 2.

(We use the formula: (@ + w)Hr = @ + p,a" " tw + o(w);w = v, — v.)

From (7) we can see that the Jacobian matrix of G/, has an above
triangular structure. Since gy # 0 it has a maximal rank. Thus the map
G, is a local immersion in a neighbourhood of (v, g).

If » = 0 symbol p has the following form: {uyp, p.} and up + pe = no.
Hence P, contains only one point f = (u — b)** - (u — c¢)¥=.

So, we proved that P, , is an immersed submanifold. To prove that
P, , is a submanifold we’ll show that F},(0V,) N P, , = (. (Note, that
V,, is bounded.) F), can be extended to all R" by the formula (3). The
system (2) describes V, is an open semialgebraic set in R". By the Second
Main Structural Theorem (see [BR, p. 68]) each point v € JV,, satisfies
the following condition:

V(wi=b)v@wi=0o)| Vv |\ (v=0

i=1 i#]

But by the definition of P, , we get that F,(v) ¢ P,, because the
polynomial F},(v) has the different multiplicity symbol.

So, P, . is a smooth submanifoled of P,. The claim is proved. B

Remark 2.1. Since V), is a semialgebraic set and F), is a semialge-
braic map we obtain (by Tarski-Seidenberg Theorem) that P, , is also
a semialgebraic set.

Remark 2.2. Since F), is an immersion then

dimP,, =dimV,=r=n— (Z(W -1 +pb+uc> .

i=1

So, we obtained a formula for codimension of P, , for this special case.
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T
Proof of the lemma: Suppose that > p; + up + e = m < n. For each
i=1
polynomial f € P, , we have:

(8) f=gp

where g € Py, ,, and p € P,_,, 10,03

Let ﬁ# : Py X Py_img0,0y — Pn be the map defined by the for-
mula (8). The map is one-to-one because a polynomial is uniquely de-
fined by it’s roots and sets of roots of g and p do not intersect.

Let us prove that ﬁ# is an immersion. The proof uses the same argu-
ments as the proof of the claim. Consider the same set V), described by
inequalities (2) and construct a map G, : V,, X P,_y, 0,0 — Pn such
that

9) Gpu(v,p) = Fu(v) - p,

where F), is a map constructed in the proof of the claim (the formula (3)).
Since F), : V,, — P, , is a diffeomorphism it is enough to prove that G,
is an immersion.

Let us prove it by induction by m. If m = 0 then G, is just the iden-
tity map on P,_,, 10,0y and P,,_p, (0,0 is an open set (by Lemma 2.1).
Suppose that we proved the statement for m < mg. Let’s prove it for
mo. Consider the polynomial f € P, ,. Suppose that r # 0. Take the
root v,.. We have the following presentation

(10) f = (’LL - vr)’w : hv

where h € Pp_yy 0y v = {ty, 1, -, fr—1, ftc}-
The continuation of the proof is the same as in the claim.

Let » = 0. It means that u = {4, ftc}. In this case V,, = (). Thus
it is enough to prove that the maps G, : P,,_,, 10,00 — Pn and G, :
Py 0,0y = Pn—y, defined as follows

Guy(h) = (u=0)"-h, Gu.(g9)= =0’ -g

are immersions.
We will show it for G,,,. For G, the proof is the same.
Let h € P,_,, {0,0}- Putting & = u — b we obtain

h(@) = @" M 4 hp_py—1 @ 4+ Ry
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and
G#b(h)(ﬂ) =u" + hn*#bfl an_l +oo hO .

So, Py = Gy, 0 G (Po—m {0,0}) is an immersed submanifold.

Let us prove that P, , is a submanifold. The map G, defined by
formula (9), can be extended to the set R” x P,_,,. Let (v,p) € 9(V,, x
P _m.50,01)- It means that either v € 9V}, or p € OP,_p, (0,0} The case
v € 9V, was considered in the proof of the claim. Let p € 0P, _p, 10,0}
It means that P has a root in [b, ¢]. Hence, f = G, (v, p) does not belong
to Py .

Since P, (0,0} is unbounded it is also necessary to prove that if a
sequence (v¥, p*) tends to infinity for ¥ — oo then so for G ,(v*, p*). But
it is a partial case of Proposition 1.5.5 [BR].

Since G, is a homeomorphism to the image

dimP,, =r+n—-m=n— (Z(,ui—l)—kub—i-uc).
i=1

It proves the codimension formula. Lemma 2.2 is proved. B

Remark 2.3. We also proved that P, , is a semialgebraic set.

Let’s define a codimension of i as a codimension of the corresponding
stratum P, ,, if P, , # 0: ¢(p) = codim P, ;,. This definition is correct
(does not depend on n), because by Lemma 2.2 we have:

T

c(p) = Z(,Ui — 1) + pp + fhe-

Now we are going to define some semiorder relation R on the set of
multiplicity symbols M. We do it in the following way.

1. If ¢(p') = c(p?) then (p', u?) and (p?, u') do not belong to R.

2. Let c(u?) = e(ut) + 1. Then (u', u?) € R if these symbols satisfy
one of the following conditions:

a) r2 =71+ 1, u} = p?, ul = p? and there exists u? such that
p? = pl for all i # j (and hence ,u? =2).

b) r? = =1, puj = pg, pp = p2 and there exist pl, pj and pj,
such that p7 = i for all i # s, j, k (and hence pf + pj = ).

c) r? =r! =1, u} = p? and there exists ,u]l such that p? = u}

for all 7 # j (and hence pg + pj = p2).
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d) r? =r' =1, p} = pZ and there exists uj such that p7 = pj

for all 7 # j (and hence piy + pj = p3).

2

e) r?=r! ul = p? for all i and pi +1 = p3.

£) 2 =rl pl = p? for all i and pl +1 = p2.

(We denote by r! and 72 the numbers of internal elements of
pt and p?).

We write p < v if (u,v) € R.

3. Let ¢(u) < ¢(v). Then p < v if there exists a finite set of symbols
=t pw?, ..., pF =vsuch that pt < p? <p® < < pf =v.

Proposition 2.1. R is a semiorder relation on M.
The proof just follows from the definition of R.
Proposition 2.2. If u < v then P, , C C¢(P, ).

Proof: It is enough to prove this statement just in the case ¢(v) =
¢(p) + 1. So, we have to check all possibilities for pair (i, v) (2.a)-2.€)).

2.a) Let f € P, ,. Then we have the presentation

Flu) = (u—v;)* - g(u),

where g € P,_5, and v; € (b,¢) is not a root of g.
Consider a family of polynomials

fe(u) = [(uw—v;)* + ¢ - g(u).

If ¢ = 0 then fo — f, but fc € P, , for ¢ > 0. It means that f €
CUP, ).

2.b) Consider also f € P, ,. In this case we have:

f(u) = (u—=vp)™ - g(u),

where g € P,,_,, » and v}, is not a root of g.
(7 is equal to v without a coordinate vy:

U= Vb s Vke1,Vktly--- sVc))-

Consider a family

fe(u) = (u— (v =€) - (u = (g + €)™ - g(u).
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If e = 0 then f. — f and f. € P, , for sufficiently small € > 0.

2.c) For f € P, we can consider the following presentation

flu) = (u—e)" - g(u),

where g € P,z (7 is equal to p without a coordinate p; : 1 =
(Kbs -+ s =1 1 -+ 5 fhe)-

Consider fc(u) = (u— (¢ —€))* - g(u).

If e = 0 then f. — f and f. € P, , for sufficiently small € > 0.

The case 2.d) can be considered by the same arguments.

2.e) Let f € P, ,. Consider the presentation
flu) = (u="0)g(u),

where g € Pr_1,,.
Let’s define fe(u) = (u — (b—¢€)) - g(u).
Clearly, fc € P, for e >0 and f. — fif e — 0.
The case 2.f) can be considered in the same manner. B

Proposition 2.3. If (u,v) ¢ R then CU(P, ) N Py, = 0.

Proof: Consider the map G, : V, X P,,_y, 0,0y — P defined in the
proof of Lemma 2 (the formula (9)). This map can be extended to
R" x P,_,,. We obtain

G:R"xP,_,, > P, and G

=G,.
ViuXPr_m {0,0} H

By [BR] we know that this map is proper. From the definition of the
semiorder R we obtain that

G(CUVy % Py_mi00)) = (U Pm,> UP,,.

n-p

Since G is a proper map it is also a closed map. So

P, U <U Pn,n>

N

is a closed set. Since P, , NP, , = 0 and for each n > u, P, ,NP,, = 0.
Hence, CU(P,,,) N Py, =0. W

So we verified all conditions for semialgebraic stratification. Theorem
is proved. H
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2.2. Finite set of segments. Some generalizations of the strat-
ifications.

Here we present some other stratifications of P, different from the first
one but connected to it.

Let {[bi,ci],i =1,...,s} be a finite set of segments such that [b;, ¢;] N
[bj,cj] =0 for i # j. We can define corresponding multiplicity symbols
in the following way.

A Let o = {apyy- o Qs Q1yeve s Qpy Qeyy e ooy Qe }, WheTe Ty i,y O,
and a; are integer numbers satisfying the following conditions:
1) r>0,
2) ap, >0, ¢, >0,

)
3) aj >0forj=1,...,rifr#0,
4) a1 <ag < < ap.

B. Let 8 ={0g5,01,-..,0:} be a set of integer numbers satisfying the
following conditions:
1) r=0,
2) Bp >0,
3) B >0forj=1,...,rifr#0,
4) b1 <2< < B
Let A be a set of multiplicity symbols defined in A and B be a set of

multiplicity symbols defined in B. Let o € A. Define P, , as a set of
polynomials f from P, satisfying the following conditions:

1. At the boundary points b; and ¢;, f has roots of multiplicities ap,
and a., correspondently.

S
2. f has exactly r different roots vy, ... , v, on the open set U (b, ¢i)
i=1
and at each point v; f has a root of multiplicity a;.
Let 8 € B. Define P, g as a set of polynomials f from P, satisfying
the following conditions:

1*. The sum of all multiplicities of all roots of f at all boundary points
b;, ¢; is equal to Op.

2*. is the same as 2.

Remark 2.4. If s = 1 the stratification {P,, o }aec. is the same as the
stratification {P, ,},em defined in section 2.1.
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Theorem 2.2. For each finite set of segments {[b;,¢;],i = 1,... s}
{Pr.a}taca and {P, g}pen are semialgebraic stratifications of P,,.

The proof is the same as the proof of Theorem 2.1.

2.3. Interval Exchange Transformations.

Let us recall a definition of Interval Exchange Transformation [Ke].
Consider some semiopen interval [s,t) C R. Let {s;}(¢ =0,...,m) such
that s =s9 < 81 < -+ < 8m_1 < S,y = t be a finite sequence of numbers
defining a finite partition of [s,t) to semiopen intervals A; = [s;, $;41).
Interval Exchange Transformation is a map T : [s,t) — [s,t) satisfying
the following conditions:

1. T is a bijection.
2. At each subinterval A; T is a translation: T(u)|Ai = u+
(Oti S R)
Set T'(u) = u for u ¢ [s,t).
Let [b, c] be some fixed segment. Denote by GT the set of all interval

exchange transformations non trivially defined on all [s,t) C [b, ¢] such
that s # b.

Proposition 2.4.
1. GT is a group with composition as a group operation.

2. There exists a natural action of the group GT on the spaces P,
such that all the strata P, , are invariant by this action.

Proof: 1. It follows from the definition of Interval Exchange Trans-
foramtions: associativity we obtain from bijectivity, a unity is the iden-
tity map and the inverse map for each interval exchange transformation
is also an interval exchange transformation.

2. Let f be a polynomial of degree n : f € P,. Let T be some interval
exchange transformation defined on some semiopen interval [s,t) : T €
GT. Let vy, ..., v, beroots of f belonging to [s,t). We have the following
presentation

f=w—v)" .- (u—v)" - g(u),
where g is a polynomial which has no roots on [s,t). Set
Fr(f) = (u—=T(v1))" ... (u="T(0:))" - g(u).

It is easy to see that a map F : GT x P, — P, defined by F(T, f) =
Fr(f) is a group action. All strata P, ,, are invariant by this action (it
follows from the definition of P, ,,). B
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Now we are going to define another action of GI' on P, which can
be useful for our problems. Consider a set Rer = (—¢,€) X [s,¢). Let

T.: C — C be the following map:

~ T(x)+iy forz=x+1iy € Rerp
T(2) = ’
z for z ¢ Re .
Let F. : GT x P,, — P,, be a map defined as follows: F(T, f) = Fr.(f),
where Fr(f) = (u — Te(v1))"* - ... - (u — Te(vg))* for f= (u—wvy)H -
.. (u—vg)H**. Here vy,... vy are all roots of f.

Proposition 2.5. F. is a group action. Strata P, , are invariant by
this action.

It is clear that the map Fr . is not necessary continuous on F,. But we
can formulate some continuity property of this map, which will be useful
for analysing the geometry of the strata P, ,. We will use a notation
z(f) for the set of all roots of f.

Theorem 2.3. Let f € P, be a polynomial of degree n. Let T be an
interval exchange transformation defined on [s,t) such that s > b, t < ¢
and for each v € z(f) N [s,t) there exists a subinterval A; C [s,t) such
that v € Int A;.

Then there exist € > 0 and a neighbourhood Uy such that Fr .

diffeomorphism to the image.

| y, 0
Proof:

Step 1: Let us consider the case that v be a unique root of f and the
multiplicity of v is equal to n. In other words, f = (u — v)™. Let A;
be a subinterval such that v € Int A;. It means that for some 6 > 0
(v—46,v+3d) C A;. Let Us be a neighbourhood of f and € > 0 such
that for each g € Uy we have z(g) C (—€,€) X (v —9J,v+0). We have a
presentation

9= (= )" 4 guoa(u— )" 4t g,
By definition of T. we obtain
Fr.(g) = (u=T()" + gn—1(u—=T(©0))" " + -+ go.

Obvious, this map Fr . is diffeomorphism.
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Step 2: Let T be a transformation such that there exists a unique
root v of f such that T'(v) ¢ z(f) and for other roots v’ € [b, ¢] we have
T(v') = v'. Then we obtain

f = (u— v} - h(w).

Set f = (u — v)*. Now take § > 0, ¢ > 0 a neighbourhood Ui C Py, a
neighbourhood Uj, C P, such that for each ¢ € U and for each h €
U; we have: 2(q) C (—€,€)x(v—=0,v+9), z(h)N((—€,€) x (v—0,v+0)) =0
and T is continuous on (v—J,v+9). Consider a neighbourhood Uy C P,
defined as follows: Uy = Uy - Uj,. (The symbol - means a usual product
of polynomials). Thus for each g € Uy we have

9= ((u=0)" + gu,—1(u—v)" " -+ q)
S T SEEE B
So,

Fr.(g) = (u—T@)" + -+ q)
’ (un_#“ + hn—uv—lun—#“_l + . e + ho) .

We see that FT’E‘U~ is a diffeomorphism, Fr . v 1s the identity map. By
I h

the straightforward calculations we obtain that the Jacobian matrix for

the product operation on U]; x U;, at the point (f,h) is the resultant of

f and h [J].

Analogically, the Jacobian matrix for the product operation on
Upp..(§) ><~U~,~1 at (Fr.(f),h) is the resultaflt ~of Fr(f) and h. Since
the pair (f,h) (and correspondently (Fr(f),h)) has no common zeros
on C these resultants are not equal to zero. So, the Jacobians are non
degenerate and hence FT’E‘ U, is a diffeomorphism.

Step 3: Let the pair (T, f) satisfies the following conditions: there are
two different roots v* and v? of f such that T'(v!) = v? and T'(v?) = v!
and for every other root v € [b,¢] we have T'(v) = v. In this case we
obtain the following presentations: f = (u — v)*! (u — v!)*2 - h(u)
and Fr (f) = (u — v})Hot (u — 12 - h(u). Set f1 = (u — vk,
2= (u—v*)"2. Take § > 0, € > 0 and neighbourhoods Usr, Up> and
U;, such that for each q' € Ug, q* € Ug2 and h € Uj, we have:

2(q') C (—€,€) x (vt = 8,01 +9), 2(¢®) C (—¢,€) x (v2— 3,02 +6).
(v = 8,02 +6) N (vt — 6,01 +6) = 0.

2(h) N ((—€,€) x (v —6,0% +0) U (vl — ,v! +§))) = 0.

. T is continuous on (v! — §,vt +§) and (v? — §,v2 + §).

oW e
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Then applying the same arguments as in the Step 2 we obtain that
Fr . is a diffeomorphism to the image in a neighbourhood of f.

Step 4:

Lemma 2.3. Let the pair (T, f) satisfies the condition of the theorem.

Then there exist 6 > 0, a finite set of points {wy} and a special interval
exchange transformation S : [s,t) — [s,t) such that

1) There exist € > 0 and a neighbourhood Uy such that Fg.
FTﬁyUf.
2) [wk — 6, wi, + 0] N [w; —§,w; + 0] =0 for k # j.

3) LetQ = U[wk—é, wi+0). Then S’Q is a permutation of intervals

k
{lwg, — 0, w, +0)} and S‘[s,t)fﬁ =id.

’Uf -

Proof: Set

{wi} = (z(f) N [s,0) UT(2(f) N [s, ).

Take § > 0 such that it satisfies the property 2) and for every v €
z(f)N[s,t) we have [v — §,v + 0] C Int A; (A, is the corresponding to v
subinterval (see the condition of the theorem)).
Set
Q= U [v—¥8,v+d) and S
vez(f)N[s,t)

o =T

Q-

Let us extend the map S to 2 — Q' such that S | o Will be a permutation
of intervals.

And finally, let us extend S to [s,t) — Q as the identity map. A
neighbourhood Uy of f and € > 0 we can find in the same way as in the
Steps 2 and 3. &

Step 5: Now we can restrict our consideration to permutations of
intervals. For each permutation S of intervals we have: S = S' o0 520
.-+ 0 8™ where {S"}7, are permutations of intervals corresponding to
the standard generators of the permutation group S, (p = #{w;}). Each
generator is an interchanging of a pair of intervals, which were considered
in the Steps 2 and 3. It completes the proof of the theorem. W
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2.4. Differential triviality of the stratifications defined by the
multiplicity symbol.

Let A be a stratified set and {K;} be a stratification. We say that
this stratification is differentially trivial if for each stratum K; and for
each two points x1,xo € K; there exist neighbourhoods of these points
Uy, C A and U,, C A and a diffeomorphism F' : U,, — U,, such that
F(Uy, N K;) =U,, N K for every j such that K; C CU(K}).

Theorem 2.4. The stratification {P, .} em is differentially trivial.

Proof: Let fi, fo € P, . Let m = Y p; + pp + pe. Then we have:
i=1

fi= fl * g1, fQ - g2, where fl,fz € P, and gi1,92 € Pn—m,{o,o}-

Lemma 2.4. There exist neighbourhoods Uy, of fi and Uy, of fa in
P,, and a diffeomorphism H : Uj — Uy, such that for each v < p
H(P,.,N Ufl) = PnyNUf, and H(Py, N Ufl) =Pn,NUj,.

Proof of the lemma: Let p = {py, pu1,- .., fir, fic}, vi € (b,¢) and w; €
(b,e) (i=1,...,r)beroots of f; and fo (correspondently) corresponding
to p;. Take & > 0 such that for all i =1,... ,r we have:

1) [Ui —(5,’()1'-1-(5} ﬂ[’l)j —9,v; +(5] =0 ifi+#j.

2) [Ui —0,v; +5} N [b,b-i—é} = 0.

3) [v; —d,v; + 8] N[c—6,c =0.

Let for this § the same properties hold for w; and
4) [v; =6, v; + 0] N[w; — 6, w; + 6] =0 if w; # v;.
Denote by ; = U[’Ui —,v;+9), Qo = LJ[wz —d,w; + ) and Q =
i=1 i=1

Oy U Q. Let us define a permutation S of intervals on [b,¢] in the
following way.

Step 1: Define S on Q : S(u) = u — v; + w; for u € [v; — §,v; + 9).

Step 2: Define S on 9 — Q7 such that S‘Q be a permutation of
intervals.

Step 3: Define S(u) = u for u € [b,c] — Q.

It is clear that Fs,e(f]) = f, for every ¢ > 0. By Proposition 2.5
we have Fs ((Py,,) = Py, for every multiplicity symbol v. By Theo-
rem 2.3 there exist neighbourhoods U i and U 7 such that H = Fg is a
diffeomorphism of U 7, onto U o The lemma is proved. B
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Remark 2.5. The neighbourhoods U i and U 7, can be choosen such
that for each h € Uy, U Uy, for sufficiently small ¢’ > 0, z(h) C (—€,€) x
(b—1¥8,c+7d).

Now take €, 6’ and neighbourhoods Uy, and U,, such that:

1. For each g € Uy, UUy, z(9) N ((—€,€) x (b—0",¢c+ ")) =0.

2. The map L(g) = g — g1 + g2 maps U, onto U,,.
Let Uy, = Uy, - Uy, and Uy, = Uy, - Ug,. Define a map ¢ : Uy, — Uy,
in the following way. For each p € Uy, we have a unique presentation
p=p-gsuch that p € Uf1’ g € Uy, (because the resultant of fl and g1
is not equal to zero). Set ¥ (p) = H(P) - L(g). Since H and L are local
diffeomorphisms and the resultant of fg and g¢- is nondegenerate 1 is a

diffeomorphism. By lemma it has required properties. Theorem 2.4 is
proved. &

Since the stratification is differentially trivial and semialgebraic it is
Whitney regular (see, for example, [GWPL]). Hence we have

Theorem 2.5. The stratification {P, ,}.cm defined in section 1 is
Whitney regular (satisfies the azioms “a” and “b” of Whitney).

Theorem 2.6. The stratifications defined in section 2.2 are Whitney
regular.

The proof is the same as the proof of Theorem 2.4.

3. Stratifications of complex monic polynomials

3.1. Multiplicity symbol.

Let P,(C) be a space of all monic polynomials of degree n with com-
plex coefficients. Let N C C be a semialgebraic closed subset. We have
N = Int(N) U Smooth(ON) U Sing(ON), where Smooth(ON) is a set of

C?-smooth points of N (we can suppose the order of differentiability

0 < p < o0), Sing(IN) LroN — Smooth(ON). Since N is semialgebraic

we have # Sing(ON) < oo for any p. The set Smooth(ON) can be ob-
tained as a union of two connected components S; and Sy defined in the
following way: S1 = {x € Smooth(0N) and there exists € > 0 such that
B(z,e)NInt(N) # 0}, S = Smooth(ON)—S; (B(z, €) means a ball with
the center x and radius ).

Now let us define a multiplicity symbol (l(N)={ 1,y fhry s My vy Mgy
Ciy--esCrgy01,...,0-,} as a collection of natural numbers corresponding
to the set IV satisfy the following properties:
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r1 > 0,79 >0, 7r3 >0, ry = #Sing(N).
If Int(N) = 0 then r; =7y = 0.

If S; = 0 then ry = 0.

. If So =0 then r3 = 0.

T1 T2 T3 T4
pi+ oM+ 2 G+ D 0 <.
=1 s=1 F=1

AN o S

i=1
6. 0<pr Spo <o < pypy,
0<m <m2 < <y,
O<Cl§<2§§§m
Denote by M,,(N) the set of all multiplicity symbols for N and n
fixed.
Let P, ,(n)(C) be the set of polynomials f € P,(C) such that

1. f has exactly r1 roots v1 # vy # - -+ # v, on Int(N) with multi-
plicities p1, ..., s, (correspondently).

2. f hasexactly 7o roots 01 # U # - -+ # ¥p, on S with multiplicities

My My
3. [ has exactly r3 roots vy # vy # - -+ # v, on Sy with multiplicities
Cl7 ey C’I"g'

4. f has aroot at the point y € Sing(N) with a multiplicity 6. (In
the case f(yx) # 0 set 6 = 0).

The main goal of this part is the following result.

Theorem 3.1. The collection {P,, ,(n)(C)}unyem, vy is a CP-dif-
ferentially trivial (and thus Whitney regular) stratification of P, (C).

The proof contains several steps.

Definition 3.1. A zero-symbol 0(NV) is a multiplicity symbol such
that the first three parts p, n and ¢ are empty (r; = ro = r3 = 0) and
all #-s are equal to zero.

Lemma 3.1. P, o(n) is an open semialgebraic subset of P, (C).

Proof: Each polynomial f € P,(C) can be presented in the following
form:

(11) f=w—v)(u—v3) ... - (u—woyp),

v1,Va,...,0, € C are the roots of f.
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Let v = (v1,...,v,) € C™ be a “root vector”. Consider a subset
Vo(nvy C C™ defined as follows

Voony ={v € C";v = (v1,...,vn),v; € N fori=1,... ,n}.

Let Q : C* — P,(C) be a map obtained by opening brackets in (11).
We have P, on)(C) = Q(Vowy). Thus P, o(n)(C) is semialgebraic (by
Tarski-Seidenberg Theorem). Since N is a closed subset of C P, o(n) is
open (by continuaty of roots [BR]). B

Lemma 3.2. For each u(N) € My (N) the set P, ,(ny(C) is a semi-
algebraic subset and an immersed submanifold of P,(C).

To prove the lemma we need one proposition which is in fact the
statement of the lemma in some particular case.

Proposition 3.1. Let u(N) = {(1:), (1)), (¢s), (0k)} € My (N) and
T1 72 T3 T4
Yomit YoM+ > G+ Y O =n.
i=1 j=1 s=1 k=1

Then P, ,,(ny(C) is a semialgebraic subset and an immersed subman-
ifold of P,(C).

Proof: Let Vyny = {v = (v1,...,0r, 01,00+, Opyy oo, 01,000, 0, } De
a subset of C" (r = 1 + 72 + r3) obtained as a set of solutions of the
following system of equations and inequalities

V; GInt(N),
17]‘ S Sl,
vl € So,

S

Uiy 7é Uizaf)ﬁ 7é 6]’2)1);1 - ng for 4, 7£ i2, J2 7éj2731 7£ S2.

By the definition V() is a C* semialgebraic submanifold of C".
Let Fj,(n) : C" — P,(C) be a map defined in the following way

Funy (01, 0py 01, Oy, 0,2, 0),)
= (u—v)" (= )P (=) L (u— D) (u — )
e (u =) (= y)™ e ()

where Sing(ON) = {y1,...,¥r,}. Observe that if 6, = 0 we have (u —
y)% =

Clearly the map F},(n) is an algebraic map. The proof of the fact that
(~v) 1s a local immersion is the same as in Lemma 2.2. B

E,
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Proof of Lemma 3.2: Now consider a general case:
71 T2 r3 T4
S+ d ni Y G Y b <n
i=1 j=1 s=1 k=1
Each polynomial f € P, ,(n)(C) can be presented in the following form:

f =g- ha
where g € P, ,(n)(C) such that m = Zl i+ 22

=1 Jj=1

T2 T4
nj+ Y ¢+ > 6 and
s=1 k=1
he Pnfm,O(N) ((C)
We define a map G Ny : Vi) X Premov)(C) = Py 1wy (C) in the
following way:

GM(N)(U,h) = FM(N)(U) - h.

By the same argument as in Lemma 2.2 we obtain that G, is a local
immersion. By Tarski-Seidenberg Theorem P, () (C) is a semialgebraic
set. W

Remark 3.1. In contrast to the real case the maps Fj,(n) and G ()
are not necessary one-to-one. One can show that they are covering maps.

Remark 3.2. By the immediate calculations we obtain

i=1

1 T2 T3 T4
Codim Py, vy =2 (i — 1)+ > 20— 1)+ > (26— 1) +23_ b;.
j=1 s=1 k=1

In the next sections we are going to prove the differential triviality of
the partition {P, ,,(n)(C)}.

3.2. Disk-exchange transformations.
Let N C C be a closed semialgebraic subset. Let {x1,...,2z,} be a
finite subset of Int(/N). Consider ¢ > 0 such that
1. Bz, e) CInt(N) for alli=1,...,p.
2. B(xy,,€) N B(xi,,€) = 0 for iy # is.
Let {Z1,...,%¢ }, {#],...,2},} be finite subsets of S; and Sy corre-

spondently and §;, o be numbers such that

3. Each pair (B(Z;,61,B(&j,01) N ON) is C*-diffeomorphic to the
pair (B(0,1), B(0,1) N R).
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Each pair (B(x),d2), B(z,02) N ON) is CP-diffeomorphic to the
pair (B(0,1), B(0,1) N )
B(zj,01)NB(a),02) =0 forall j=1,...,t1,s=1,... 1.
. B(j,,61) ﬂB(ijz,CS ) =0 for jy #]2.
B(z!,,02) N B(x),,02) = 0 for 51 # s5.

B(
(
B(zi, e )ﬂB(%ﬁl) 0
B(xl e)ﬂB(sc ) =0foralli =1,....p, 5 =1,...,t1, s =

1,.

rk

Let

Definition 3.2. A map T : C — C is called a disk-exchange transfor-
mation associated to N if it satisfies the following conditions:
1. T is a bijection.
2. T|. p=id
3. For each i; there exists io such that T|B(z_ ) is a CP-diffeomor-
ig €
phism of B(z;,,€) onto B(x;,,€) such that T'(x;,) = x,.

4. For each j; (or s1) there exists jo (or s, correspondently), such
that T|B(~_ (or T|B(w,51,62)) is a CP-diffeomorphism onto

B(Zj,01) (or B( x,,02)) such that

T(j;jl) = ‘i'jz (OI‘ T(a’,‘;l) = m;g) and
T(B(Z,,01) N N) = B(&j,,61) "N
(or T(B(x},,02) N N) = B(x),,,02) NN correspondently).

Tgys

The points x;, Z;, «, we call centers of the disk-exchange transforma-
tion.

Let us define a map T : P,(C) — P,(C) associated to a given disk-
exchange transformation T'. Let f € P,(C) be presented in the following
standard form:

f=w—v)* . (u—wg)*
Set Tu(f) = (u—T(v1))* ... (u—T(vg))**.
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Proposition 3.2. Let f € P, ,(n)(C). Then for each disk-exchange
transformation T associated to N we have T,(f) € P, ,(n)(C).

This proposition follows from the fact that N, 0N and C — N are
invariant under the map 7.

Remark 3.3. The disk-exchange transformations associated to N do
not form a group for arbitrary chosen N.

Now we prove the theorem analogous to the Theorem 2.3.

Theorem 3.2. Let u(N) € M, (N) and
1 T2 T3 T4
DoAY i+ G+ b=m
i=1 j=1 s=1 k=1

Let f1, f2 € P, u(n) (C).
Then

1) There exists a disk-exchange transformation T : C — C such that

T.(f1) = fa.
2) There exist neighbourhoods Uy, and Uy, in P, (C) such that T, :
Uy, — Uy, is a CP-diffeomorphism.

Proof: 1) Let Z; be a zero set of f; and Zy be a zero set of fo. We
have Z, = Z{ UZ2 U Z3 U Z} (¢ =1 or 2), where
Zy = Z,Mnt(N), Z} =Z,NS1, Z = ZNSa, Zy = Z,NSing(ON).
Let
Z'=zluzl, 7?=7}uzi, 7*=7}uzi Z'=27{UZ;.
(Observe that by the definition of the multiplicity symbol we have Z4 =
7t =73).
Let Z =27Z,UZ5. Let P: Z — Z be a permutation of points satisfies
the following conditions:
1. P|,, =id
2. P(Z{) =Z§ (6 =1,2,3,4).
3. If v; € Int(N) is a root of f; with multiplicity p; then P(v;) is a
root of fo with the same multiplicity pu;.
4. If v; € Sy is a root of fi with multiplicity n; then P(9;) is a root
of fo with multiplicity n;.
5. If v, € Sy is a root of f; with multiplicity (s then P(v)) is a root
of fo with multiplicity (.



406 L. BIRBRAIR

Let Z' = {x1,...,2p}, Z2 ={&1,..., &y, }, Z3 = {a,... 2l }. Lete,
01 and d2 be numbers such that conditions 1-6 from the definition of the
disk-exchange transformation are satisfied. We define a disk-exchange
transformation T : C — C with centers z;, Z; and z, by T'(x;) = P(x;),
T(3;) = P(&;) and T()) = P(a).

Clearly T.(f1) = fa.

2) Step 1: Let us consider some particular case. Let v} ,v? € Int(N)
be roots of fi and fo (correspondently) with multiplicity u;,. Suppose
that other roots of fi and fa are the same; v} = v} (i # o), 0; = 03,
vt =02 (for all j,s). The disk-exchange transformation T constructed
in the part 1) is just an interchanging of the two small disks with centers

at v} and v7 and radius e. We have

(12) fi=(u- vilo)‘“o -h
(13) fa= (u—vj)o - h,
where h € Py, (C).

Let Ug be a small neighbourhood of (u—v}, )i in P, (C) and Uy, be a
small neighbourhood of h in Py, (C) such that the map ¢y : Ug xUj, —
P,,(C) obtained by “opening brackets” in (12) is a diffeomorphism to the
image. (¢ is a local diffeomorphism because the Jacobian J¢; at the
point ((u — v}, )", h) is a resultant of these polynomials [J] and they
have not common roots). Analogically let UZ be a small neighbourhood
of (u — v} )#o in P, (C) such that ¢y : U§ x Uy — Pp(C) obtained
by “opening brackets” in (13) is a diffeomorphism to the image. Let
Up, = $1(Ug x Up) and Uy, = ¢o(UZ x Up). Let T : Uy — UG be the
map defined in the same way as T\ but in the space P,,(C). Observe
that T is a diffeomorphism. Thus in the coordinate system deﬁngd by
@1 and ¢o the map T can be written in the following way: T, = (T, id).
Since T is a diffeomorphism 7 is also diffeomorphism.

Step 2: Let 17}0, 65—0 be roots of f; and fy (correspondently) with
multiplicity 7;,. Suppose also (as in Step 1) that other roots of f; and

f2 are the same. The proof is absolutely the same as in Step 1.

Step 8: The same arguments for f; and fo with roots v;%, vg% with
multiplicity (s, and the same other roots.

Step 4: For every pair fi, fo € Pp, ,,nv)(C) a disk-exchange transfor-
mation T such that T, (1) = f2 can be obtained as a composition of maps
considered in Steps 1, 2, 3.

The theorem is proved. B
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3.3. Differential triviality.

Theorem 3.3. The family {P, ,,n)(C)}u(nyem, vy is CP-differen-
tially trivial.

Proof: Let f1, fa € P, ;,(n)(C) we have:

(14) fi="Fo,
(15) fo=Fa g2,

where fi, fo € Py, 3y (C) with m = Xp; + ¥n; + X + X0k, 91,92 €
Pnfm,()(N) ((C)

Let T be a disk-exchange transformation connecting fl and fg con-
structed in Theorem 3.2. Let U 7 and U A be small neighbourhoods
such that T : Uy — Uy, is a CP-diffeomorphism. Let Uy, and Ug, be
two small open balls in P, _,,,(C) belonging to P,,_p, o(n)(C). (These
two balls exist because P,,_,, o(x)(C) is an open subset of P,,_,,,(C) by
Lemma 3.1). Let H : Uy, — Uy, be a diffeomorphism (can be a trans-
lation map). Let 11 : Ug, X Uj, — P(C) and 92 : Ug, x U, — Po(C)
be maps defined by “opening brackets” in (14) and (15). ;1 and s
are local diffeomorphisms by the same argument as in Theorem 3.2. Set
Up, = 1(Uy, x Ug,) and Up, = 1p2(Ug, x Up,). Thus the map

G=vpo(H,Tu)ov" Uy — Uy,

defines a required diffeomorphism. B

End of the proof of Theorem 3.1: So, we obtained that the family
{Pp.u(v)(C) }u(Nyenm,, (v) satisfies the following conditions:

1. U P (C) =P (0).
n(N)EMy(n)

2. P, ,(n)(C) are immersed submanifolds and semialgebraic subsets
of P,(C).

3. Pn,ul(N)((C) n Pn,/ﬂ(N)((C) = @ fOI‘ ,u,l(N) 7é ‘LLQ(N)
4. The family is C*-differentially trivial.

Thus (by [GPWL]) we can conclude that {P, ,,(v)(C)}.(nyerm, (v) is a
Whitney regular stratification of P, (C). The theorem is proved. ®
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4. Comparing of the stratifications

4.1. Comparing of real and complex cases.

Now consider N = [a,b] C C. Thus we have: Int(N) = 0§, S; = 0,
S2 = (a,b) and Sing(ON) = {a,b}. It means that the multiplicity symbol
1€ ([a,b]) defined in the part 3 (complex case) has the following form:

,uc([a, b)) ={C1,...,Crs,01,62} (here ry =ry =0).

From the other side the multiplicity symbol u®([a,b]) corresponding
to [a,b] defined in the part 2 (real case) has the form: u®([a,b]) =
{par s i}t

Denote by P, & ((q,5])(R) the stratum corresponding to the multiplicity
symbol p®([a,b]) in real case, P, ,c(n)(C) the stratum corresponding to
©C(Ja,b]) in complex case. Let MB([a,b]) be a set of all multiplicity
symbols p®([a,b]) and ME([a,b]) be a set of all multiplicity symbols

C(la,b]).
= ([a,

Define a map L : MEB([a,b]) — MS([a,b]) by L({ttay i1y - s fhrs pip}) =
{{1,. -y ey thas i . Clearly L is a bijection. We have that P,(R) is a
subset of P, (C).

Theorem 4.1. P, & (0.))(R) = P, (u=([a,5]))(C) N P (R). This sta-
tement follows directly from the definitions of stratifications.

The same result is true for a finite number of intervals.

4.2. Comparing of two complex stratifications.

Let {X;} and {Y;} be two stratifications of R". We say that these
stratifications are CP-equivalent if there exists a CP-diffeomorphism
H :R™ — R”™ such that for each ¢ there exists j such that H(X;) =Y].

Remark 4.1. It is clear that if {X;} is C*-equivalent to {Y;} that
these stratifications has the same number of stratum and for each ¢ the
sets X; and Y; = H(X;) are CP-diffeomorphic.

Let N1 and Ny are two semialgebraic subsets of C. We say that Ny
and Ny are CP-equivalent if there exists a CP-diffeomorphism L : C — C
such that L(Ny) = Ns.

Let f=(u—v1)™(u—v2)™ ... - (u—wvg)™ € P,(C). Define L,(f)
as the following:

Lu(f) = (u = L(v1))™ (u = L(v2))™* - ... - (u = L(vg))™*.
We obtain a map L. : P,,(C) — P,(C).
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Theorem 4.2.

1) Ly is a CP-diffeomorphism.
2) The stratifications

{Pru(v)) (C) uviyem, (vi) and { P 1u(No) (C) }u(No)e M, ()

are CP-equivalent.

3) The equivalence of these stratifications is given by L.

Proof: 1) This part follows from the properties of L,: 1. L, is a local
diffeomorphism (the proof is the same as in Lemma 2.2). 2. L, is a
one-to-one map. 3. L, is a proper map (see [BR]).

The proof of 2) and 3) is the same as the proof of Theorem 3.1 of the
part 3.

Remark 4.2. If N; and N; have a different number of C*-singular
points then the stratifications { P, ,,(n,)(C)} and {P, ,,(n,)(C)} have dif-
ferent number of strata and (by Remark 4.1) can not be C?-equivalent. It

means that different semialgebraic subsets define strictly different strat-
ifications of P, (C).
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