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ON A RESULT OF PEETRE ABOUT INTERPOLATION
OF OPERATOR SPACES

FERNANDO COBOS* AND TERESA SIGNES**

Dedicated to Professor Jaak Peetre with affection
and deep admiration for his useful and creative work
during the last 40 years

Abstract

We establish interpolation formulee for operator spaces that are
components of a given quasi-normed operator ideal. Sometimes
we assume that one of the couples involved is quasi-linearizable,
some other times we assume injectivity or surjectivity in the ideal.
We also show the necessity of these suppositions.

1. Introduction

Let B = (By, B;) be a Banach couple. The Peetre K-functional is
defined by

K(t,b) = inf{llbO”Bo + t”bl”Bl :b=0bg+ b1, b; € Bz}

where t > 0 and b € By + B;. This function plays a major role in Inter-
polation Theory (see e.g. [15], [1], [21]); it can be computed explicitly
in many concrete cases, and sometimes it coincides with well-known ob-
jects in Analysis. For example, in the case of the couple of Lebesgue
spaces (L1, L), one can prove that

K(t.f) = / F*(s)ds

where f* is the non-increasing rearrangement of f on (0,00). For the
couple (C°,C1), formed by the space C° of bounded uniformly con-
tinuous functions on the real line and the space C' of functions with
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derivatives in C°, it turns out that

K(t, f) = w(t, f),
that is to say, K(t, f) is equivalent to the modulus of continuity w(t, f)
of f.

A Banach couple B = (By, B;) is said to be quasi-linearizable if for
any b € By + By one can get in a linear way an optimum decompo-
sition of b for the K-functional. We give the precise definition and
examples in Section 2. This notion was introduced by Peetre in [16]
and [17]. Tt is rather restrictive, but many interesting couples satisfy
it (see [21]). Moreover, the idea of quasi-linearization is important for
the computation of the K-functional in other special instances (see, for
example, [12]).

Peetre proved in [16] that if B is quasi-linearizable then for any Ba-
nach space A and any positive measurable function f = f(¢), the inclu-
sion

(1.1) L(A,Bfoo.rc) — (L(A, By), L(A, B1)) .00k

is valid, with embedding constant depending only on B. Here the
space B oo is defined similarly to the real interpolation space By
realized as a K-space, but replacing the function ¢’ by a more general
function f(t) (see Section 2 for more details).

The interest of formula (1.1) is due to its being a converse inclusion to
the one given by the interpolation property of the real method, namely

(E(A, Bo), ,C(A, Bl))gJ — ,C(A, FQJ).

It turns out that quasi-linearizable couples B can be characterized as
those for which (1.1) holds (see [16]).

The aim of this paper is to continue the research on embedding (1.1)
in several directions. After reviewing some basic notions in Section 2,
we show in Section 3 that (1.1) remains valid if we replace the class of
bounded linear operators by any quasi-normed operator ideal J. It is
also possible to substitute By .x by any intermediate space B with
respect to B. In other words, it holds

(1.2) J (A, B) — (J(A, Bo), T (A, B1))y 00K -

Here ¢ = 9(t) is a function associated in a natural way to B and B. We
study then the “dual” situation in which the couple B is in the front,
and we prove that

(1.3) J(B,A) = (J(Bo, A), T (B1,A)) pr oo: i
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where p = p(t) is another function naturally associated to B and B
and p*(t) = 1/p(t~!). Moreover, the validity of (1.3) implies the quasi-
linearizability of B. Other embeddings that arise interpolating by the
J-method are established in Section 3 as well.

In Section 4 we combine the previous results with some arguments
of bilinear type to identify some interpolation spaces between spaces
of bounded operators, spaces of nuclear operators and spaces of tensor
products. Previous results in this direction are due to Kouba [11] and to
Ovchinnikov [13] and [14]. We also establish some interpolation formulae
for approximation numbers and some embeddings for operator ideals
defined by approximation numbers.

Finally, in Section 5, we return to the J-formule, and we show that
it is possible to dispense with the quasi-linearizability of B provided the
operator ideal J is injective or surjective, and that these conditions on
J are essential for the results.

2. Preliminaries

Let B = (By, B1) be a Banach couple, that is, By and B; are Ba-
nach spaces continuously embedded in some Hausdorff topological vector
space. We equip By + By [respectively By N Bi] with the norm K(1,-)
[respectively J(1,-)] where for ¢ > 0

K(ta ) = K(ta E B(),Bl) and J(tv ) = J(t, K BO7 Bl)
are the Peetre functionals, defined by
I((t7 b) = inf{llbOHBo + t||b1||Bl :b=0bg+ b1, b; € Bl}
and
J(t,b) = max{||b| ,, t[|b]| B, }-

A Banach couple B = (By, By) is said to be quasi-linearizable if there
exist two families of operators V;(t) € L(By + B1,B;), j =0,1,0<t <
oo and a constant k such that

(2.1) Vo(t) + Vi(t) = I (identity mapping in By + B1),
(22) IVo()blls, < kt'|lblls,, b€ B; (j=0,1),
(2.3) IVi()blls, < kt'~Hblls;, be B; (j=0,1),

(see [16] or [17]).

For instance, the couples (L,(wo),Ly(w1)) of weighted L,-spaces,
or (L,(R™), W,(R™)) satisfy this condition. More generally, if A is a
Banach space and D(A) is the domain of the infinitesimal generator
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of a strongly continuous semi-group of operators in A, then the cou-
ple (A, D(A)) is quasi-linearizable. Another example is the couple of
Besov spaces (B, (R"), By, (R")). On the other hand, if py # p1, the
couple (Ly,, L,,) is not quasi-linearizable. See [16] and [21] for more
details.

We say that a Banach space B is intermediate with respect to the
couple B = (By, By) if By N By — B — By + By, with continuous
inclusions. The position of B with respect to B can be described by the
functions

(2.4) »(t) = ¢(t, B; B) = sup{ K (t,b) : [|bl|p = 1}
and
(2.5) p(t) = p(t, B; B) = inf{J(t,b) : b € ByN By, ||bl|p = 1}

These functions have been introduced by Cobos, Cwikel and Matos in [2]
and they are variants of functions studied by Dmitriev [5] and Pustyl-
nik [20].

We have 0 < p(t), ¥(t) < oo for all ¢ > 0; the functions ¥ (¢) and
p(t) being non-decreasing, while ¥ (t)/t, p(t)/t are non-increasing. As an
example, let B be a rearrangement invariant space on a o-finite measure
space (2, u) and let pp be its fundamental function, i.e. p5(t) = ||xE|5
where £ C Q with u(E) = ¢t. Then B is an intermediate space with
respect to the couple (L1, Ls) and

U(t, By L1, Loo) = p(t, B; L1, L) = t/0p(t)  (see [20]).

A class J of bounded linear operators between Banach spaces is said
to be an operator ideal if each component J N L(A,B) = J(A, B) is a
linear subspace of £(A, B) that contains the finite rank operators and
satisfies that STR € J(E, F) whenever R € L(E,A), T € J(A, B) and
SeL(B,F).

A non-negative function 7: J — [0, 00) is called a quasi-norm on J
if 7 has the following properties:

(2.6) T(h®b) =|h|la-|bllz for he A* and b € B.
(2.7) 7(S+T) <c(r(S)+7(T)) for S,T € J(A, B),

where ¢ = ¢, > 1 is a constant.
(2.8) 7(STR) < |Sllp.rr(T)|Rlpa for R L(F, A),

TeJ(A B)and S e L(B,F).
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It follows from (2.8) that 7(AT) = |[A7(T), and (2.6) and (2.8) yield
that ||T|| < 7(T) (see [18]). Sometimes we write 7(T) = 7(Ta ) to
emphasize that T is considered as acting from A into B.

A quasi-normed operator ideal is an operator ideal J equipped with a
quasi-norm 7 so that all components [J (A, B) are complete with respect
to the induced metric. If ¢; = 1, then [J,7] is said to be a normed
operator ideal.

Clearly, the class of all bounded linear operators with the operator
norm [£, ||-]|] is an example of a normed operator ideal. Another example
is the ideal of nuclear operators [NV, || - ||1]. Recall that T € L(A, B) is
said to be nuclear if there are sequences (h,) C A* and (y,) C B such
that Tz = Y07 hyp(2)yn and Y oo |Anlla||ynllB < oo. The norm on
N is given by

[Ty = inf {Z [ ]| 4= ||yn||B}

n=1

where the infimum is taken over all representations 7' = Y02 | h, @ y,
as above. More examples will be given in Sections 4 and 5. We refer
to [18] and [4] for other details on operator ideals.

In successive sections we shall interpolate operator spaces that are
components of a given ideal, so they are quasi-Banach spaces. The con-
cept of quasi-Banach couple X = (X0, X1) is analogous to the Banach
case, but replacing Banach spaces by quasi-Banach spaces. The K- and
J-functionals are defined in the same way. Now Xy N X; and Xy + X3
are only quasi-Banach spaces.

If X = (Xo, X1) is a quasi-Banach couple, 0 < # < 1 and 0 < g < oo,
the real interpolation space 7(9# = (X0, X1)g,q consists of all x € Xo+X1
which have a finite quasi-norm

>0 dt\
0.q = (/ (teK(t,x))qt> if 0 < g < o0,
0

lzllo.g = sup{t~* K (t, )} if ¢ = o0
>0

]

(see [1] or [21]).

For some results we shall need to replace in the former definition the
function ¢ by a general positive function g: (0,00) — (0,00). The
space YQ,OO;K = (X0, X1)g,00; is formed of all z € X + X; which have
a finite quasi-norm

K(t,z) } |

xr . = Su
el = sup { 0
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It is clear that X oo, < Xo + X1, but it might happen that X, w.x =
{0}. Indeed, for any x € Xy + X7, it follows from min{1, t}||z| x,+x, <
K(t,z) that

sup
>0

{mint1)

9(D) }||a7||xo+x1 S
min(1,1}]
g(t) }_

oo. Note that Peetre’s embedding (1.1) is trivial in this case. For this
reason we shall assume in the following that the function g satisfies

(2.9) igg{%} < 00

This condition guarantees that Xy N X7 — YQ,OO;K because

K(t,x) min{1,¢}
g,00;K = Sup <supy —— 5 — HxHXOﬂXl‘
t>0 t>0

g(t) g(t)

So (Xo, X1)g.00:k i an intermediate space with respect to X. Note that
the function v (see (2.4)) associated to (Xo, X1)g,00;x and X satisfies

(2-10) ¢(t) = ¢(f,79,oo;z<;7) < g(t), t>0.

For g(t) = t? it holds yg,oo;;( = X0.00-

We shall also work with J-spaces. Let f: (0,00) — (0,00) be any
positive function. Assume that the constant in the triangle inequality for
X, is ¢j. Put ¢ = max{co, 1} and define p by the equation (2¢)? =
If 0 < g < p, the space Xyq5 = (Xo,X1)s,qs consists of all sums
r=>"" Zm (convergence in Xy + X1) where (z,,) C Xo N X7 and

Consequently, the space X ;. i reduces to {0} if sup,- {

[z

0o 1/
(= (%)) <~
mo \f2M)
We put
. > J(Qma xm))q E >

x| f,q;5 = inf ( Tx = T,

Il (m_Zoo o Py
The difficulty now is that the functional || - ||f,4,s is, in general, only a

semi-quasi-norm. Indeed, for any = € Xy N X; and any m € Z, we have

J(2™,xz)  max{1,2™}
g < < .
If,q,J = f(2m) = f(2m) ||x||X0ﬂX1

[
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Hence
1

sup {f(Qm) min{1, 2}n}}

meZ

.00 < 2]l xonx: -

In other words, if supyso{f(t)min{1,1}} = oo then ||z qs = 0 for
every © € Xy N X;. To avoid this obstruction we shall assume in the
following that f satisfies

(2.11) sup {f(t) min{1, 1}} < .

t>0

Then it is clear that Xy N X; is densely and continuously embedded
in nyq; 7. On the other hand, taking into account that the triangle
inequality is valid in X 4+ X; with the constant ¢, if x = Z;’f:_oo T 16
follows from [1, Lemma 3.10.2], that

=

oo
Izl 043, < 2Y/7 ( > ||xm||§<0+xl>

m=—0o0
1
q

< 21/P< i K(1,xm)q>

m=—0o0

§21/p< i <min{1,2}n}J(zm,xm)>q)%

Since the supremum is finite by (2.11) we get that X ;.7 — Xo + X;.
Let now p(t) = p(t, X f.4.7; X) be the function p associated to the
J-space X ¢ ,.; and the couple X (see (2.5)). One can check easily that

(2.12) f(2™) <p2™), meZ.

Moreover, if f is non-decreasing, it follows that

(2.13) F(t) < 2p(t), t>0.

Let us also point out that if f(t) = t? then the equivalence theorem
(see [1] or [21]) yields that (Xo, X1)f,q;0 = (Xo, X1)e,q with equivalence

of quasi-norms. The reason for the restriction on ¢ in the definition of
X t,q;7 is that we are working with very general functions f. If we impose
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stronger conditions on f, then X ,.; makes sense for 0 < ¢ < oo and
still is an intermediate space with respect to X. The same happens with
the K-spaces X, .k (see [15]). We observe that X, o0k and Xy 4.7 are
complete.

Given any positive function f, we put f*(t) = 1/f(¢t71). It turns
out that f satisfies (2.9) (resp. (2.11)) if and only if f* satisfies (2.11)
(resp. (2.9)). If f(t) =19, then f*(t) = f(t) =t°.

Observe also that if B is an intermediate space with respect to the
couple B, then both functions ¢ (t, B; B) and p(t, B; B) satisfy (2.9) and
(2.11).

3. Operator spaces and quasi-linearizable couples

We start with an estimate for the norms of the operators V;(t) associ-
ated to a quasi-linearizable couple when they are considered as operators
with B as domain or B as target space, where B is any intermediate
space.

Lemma 3.1. Let B = (By, B1) be a quasi-linearizable couple, let B be
an intermediate space with respect to B and let y(t) = 9 (t, B; B) and
p(t) = p(t, B; B) be the functions associated to B and B. Then

a) IV;(t)lls,5, < kt™74(t), j =0,1,0 <t < oo;

) IVollr. < (14 )5k, 0< t < o0,
)

Vi)l o5 < (1+k)ﬁt); 0<t<oo.

Proof: Since V(t) € L(Bo + B1, B;j) and B — By + By, it is clear that
V;(t) € L(B, Bj). In order to estimate the norm, first note that by (2.2)
and (2.3)

IV;()bll5, < Kt~/ K (t,0).

So, if b € B with [|[b]|g = 1, |V; ()b, < kt™I1(¢).
We go on to establish b). Assume j = 0. By the definition of p and
properties (2.1) to (2.3), for b € B; we obtain

I Voh) 1
tb|p < —————— = — t)b t]|b — t)b
Vo()bl[ 5 < o) o) max{|[Vo(t)bl| By, tlb — Vi(t)blls, }
16118,
< (1+k) .
ATy
The case j = 1 can be treated analogously. O

We can now extend the result by Peetre [16, Satz 3.1].
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Theorem 3.2. Let B = (By, B1) be a quasi-linearizable couple, let B
be an intermediate space with respect to B and let 1 (t) be the 1-function
associated to B and B. Assume [J,T] is a quasi-normed operator ideal
and let A be any Banach space. Then

J(A,B) — (J(A, Bo), T (A, B1))y 00K -
Moreover, there is a constant d depending only on B such that
[ T]|p.00:5¢ < d7(Ta,B)-

Proof: Given any T € J(A, B) and any t > 0, we have by (2.1), T =
Vo(®)T + V1 (¢)T with V;(¢)T € J(A, B;) due to the ideal property of J.
Whence, using Lemma 3.1/a, we derive that

I

K(t,T) }

0K = SUp
o0 t>0{ P(t)

(Vo)1 a,B,) + tr((Vi()T]a,B,)
= i‘i‘o’{ (D) }
. 7(Ta,8) Vo)l B,y +t7(Ta,8) Vi)l 3,5,
= i;%’{ (D) }
< QkT(TA,B). O

Observe that (J(A, By), J(A, By)) is a quasi-Banach couple because
J(A,Bj) — L(A,By+ By), j =0,1. When the couple B is in the front,
we need to assume that B is regular, i.e. By N By is dense in By and in
By, in order to guarantee that (J(Bo, A), J(B1,A)) is a quasi-Banach
couple. Indeed, under this extra supposition we have

j(Bj,A)‘HE(Bj,A)‘—>£(BO0B1,A), j:O,l
The next result refers to this “dual” case when B is in the front.

Theorem 3.3. Let B = (By, B1) be a regular quasi-linearizable couple,
let B be an intermediate space with respect to B with By N By dense in
B, and let p(t) be the p-function associated to B and B. Assume [J, 7]
18 a quasi-normed operator ideal and let A be any Banach space. Then

j(BaA) — (j(BOaA)7J(BlaA))ﬂ*,oo;Ka

where p*(t) = 1/p(t™"). Moreover, there is a constant d depending only
on B such that

1T

p* 00K < dT(TB,A)~
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Proof: Density of BN By in B implies that J(B, A) is also continuously
embedded in £(By N By, A), so we can compare the space J (B, A) with
(j(B(Jv A)’ j(Bh A))P*,OO;K'

Given any T' € J(B,A), we can split T as T = TVi(t) + TVu(t)
with TVi(t) € J(Bo,A) and TVy(t) € J(B1,A). So, according to
Lemma 3.1/b, we get

1T

oo K = igg{p(t)ff(t’l, T)}
< igg{P(t)[T(TB,A)||V1(t)||Bo,B + 1t 7 (T,2)IVo(t) |l 5,.8]}

<2(1+k)7(TB,A)- U

Assume now that g: (0,00) — (0, 00) is a function satisfying (2.9)
and choose B = (By, B1)g,00;i - As we pointed out in (2.10), ¢ (¢, B; B) <
g(t) for t > 0. Hence

(T (A, Bo), T (A, B1))p,00; — (T (A, Bo), T (A, B1)) g 00K
This remark allows us to derive from Theorem 3.2 the following conse-
quence:

Corollary 3.4. Let B = (By, By) be a quasi-linearizable couple and let
g be a positive function satisfying (2.9). If [T, 7] is any quasi-normed
operator ideal and A is any Banach space, then

I (A, (Bo, B1)g,c0ii) = (T (A, Bo), T (A, B1))g 00k -
Moreover, there is a constant d depending only on B such that
1T llgesre < dr(Ty5, _,)-
On the other hand, Theorem 3.3 and (2.13) yield:

Corollary 3.5. Let B = (By, B1) be a reqular quasi-linearizable couple
and let f be a non-decreasing positive function satisfying (2.11). If [T, 7]
is any quasi-normed operator ideal and A is any Banach space, then

J((Bo, B1)f1,0,A) = (J(Bo, A), T (B1,4)) f+ 00K -
Moreover, there ezists a constant d depending only on B such that
1Tl ooiic < dr(Tg, ).

Writing down Corollary 3.4 for the ideal J = L of all bounded lin-
ear operators we recover Peetre’s result [16, Satz 3.1] (recall that, as we
pointed out in Section 2, the embedding (1.1) is trivial if condition (2.9) is
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not satisfied). Peetre proved in [16, Satz 3.2], that the validity of Corol-
lary 3.4 for J = L forces B to be quasi-linearizable. Hence without this
assumption Theorem 3.2 and Corollary 3.4 are not true in general. Next
we show that the same happens with Theorem 3.3 and Corollary 3.5.

Theorem 3.6. Let B = (By, By) be a reqular Banach couple. If there is
a constant d such that for any Banach space A and any non-decreasing
positive function f satisfying (2.11) it holds

L((Bo, B1)y.1:5, A) = (L(Bo, A), L(B1, A)) + 00K
with
1Tl 00:xc < AT, ., 4>
then B must be quasi-linearizable.

Proof: Fix s > 0 and put f(f) = min{1,£}. Then f is non-decreasing,
satisfies (2.11) and By 1,7 = (Bo N By, J(s,-)) with

(3.1) J(5.) < Bl 107 < 27 (5.b).

Indeed, if b= " b, is any J-representation of b, we have

m=—0o0

J(s,b) < i J(8,bm)

= s = J(2™, by)
< max{1l, —}J(2™,b,,) = i W L
m;m {1 5 1J( ) m;m F2m
This gives the first inequality in (3.1). The second one follows from the
choice
b 0, ifm#n
"™ \b, ifm=n,

where 2" < s < 2"t! because

J(2™,b) s
Fmn) = o (5:0) < 2J(5,D).

Take next A= By 1.y and T = I, .., the identity mapping of By 1.,.

1ol 7,150 <

According to our assumption, there are operators Vi(s) € L(Bo, By1.s)
and Vy(s) € L(B1, By1.s) such that

Vo(s) + Vi(s) =T = I,np,
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and

_ _ K(t,T)
_ 1 _ 1 )
”VI(S)HBO,B“:J +s ||V0(S)||317Bf,1;‘, <2K(s7,T) < 221;18 ()

< 2d||TH§f‘1;J,§f$1;J = 2d.
Therefore
[Vo(s)bllB, < J(s,Vo(s)b) < 2ds|bl|z,, b€ B,
Vo(s)bll B, <571 (s, Vo(s)b) < 2d||bl|s,, b€ B,
and similarly
[Vi(s)bllp, <2ds™H|[bllB,, b€ Bo,
[Vi(s)bll B, < 2d|b] 5o, b € Bo.
Thus, if b € By N By, we obtain
(32) 1Vo(s)bl[ B, < [IbllBo + [IV1(5)bl B, < (1 + 2d)][b]| 5,

and in the same way
(3.3) Vi(s)bl[ 5, < (14 2d)|[b]| 3,

Taking into account that B is regular, and so By N B; is dense in
By + By, as well, it is not hard to check that the operators V;(s) can be
extended boundedly to operators (denoted by the same letters) V;(s) €
L(By+ B1, Bj) such that (3.2) holds for any b € By, (3.3) for any b € By
and Vp(s) + Vi(s) = I in By + B;y. The proof is complete. O

The remainder of this section is devoted to interpolation by the J-me-
thod. We denote by ¢, the constant in the quasi-triangle inequality (2.7).

Theorem 3.7. Let B = (By, B1) be a quasi-linearizable couple, let B
be an intermediate space with respect to B and let p(t) be the p-functi-
on associated to B and B. Assume that A is any Banach space, that
[T, 7] is a quasi-normed operator ideal and let q be defined by the equa-
tion (2¢,)? = 2. Then

(‘-7<Aa BO)’ \7(‘47 Bl))P,QQJ — J(Av B)'
Proof: Let T € J(A, Bo) N J(A, By). The decomposition

T =Vi(t)T + Vo(t)T
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yields that T' € J (A, B) with

7(Ta5) < e (IVi®llBo.57(Ta o) + [Vo®)ll 5 57(Ta5,)
<e(l+ k)ﬁ(dn,go) +17(Ta p,)

<2001 +k)$J(t,T)7

where we have used again Lemma 3.1 to estimate ||Vi(¢)| g,z and
IVo(t)||B,,B. Suppose now that T € (J(A, By), J(A, B1))p,q;5 and let
T =>>___ Tnbeany J-representation of 7. Using [1, Lemma 3.10.2]
and the previous estimates, we obtain that

H(Tap) <2} ( > (r(Tm»q)q

(oo}

§252cT(1+k)< > (%)q) :

m=—0o0

Consequently, T' € J (A, B) with 7(T4, 5) < 2%207(1 +E)|T)pqr- O

Theorem 3.8. Let B = (By, B1) be a regular quasi-linearizable couple,
let B be an intermediate space with respect to B with By N By dense in
B and let 9(t) be the 1-function associated to B and B. If A is any
Banach space, [T, 7| is a quasi-normed operator ideal and q is defined
by (2¢,)? = 2, then

(j(307A)’j(Bl’A>)w*7q;J - \7<BvA)'

Proof: Let T € J(By, A) N J(B1,A) and decompose it in the way T =
TVo(t) + TVi(t). Tt is clear that T € J (B, A) with

T(TB,a) < cr[T(TBy,4) Vo ()| B.Bo + 7(TBy, A)[Vi(D) B,5,]
J(=HT)
Pr(tt)
Now the result follows by combining this estimate with [1, Lemma 3.10.2]
as we did in Theorem 3.7. U

1
< k(t) |7(Tgy,a) + ¥T(TBI7A) < 2¢.k

The next result follows from Theorems 3.7 and 3.8 by using (2.10)
and (2.12). We put (Bo, B1)j .x for the clousure of By N B; in
(B(), Bl)g,oo;K~
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Corollary 3.9. Let B = (By, By) be a quasi-linearizable couple and let
A be a Banach space. Suppose that [T, 7| is a quasi-normed operator

ideal and defined q by (2¢;)? = 2.
a) If f satisfies (2.11), then
(T (A, Bo), T (A, B1)) f,q:0 — T (A, (Bo, B1) f,157)-
b) If B is reqular and g satisfies (2.9), then
(T (Bo, A), T (B1,A))g.q:0 = T ((Bo, B1)§ coiics A)-

4. Some applications
We begin identifying some interpolation spaces.

Theorem 4.1. Let B = (By, By) be a quasi-linearizable couple and let
A be a Banach space.

a) If g is positive and satisfies (2.9), then
‘C(A’ (B()v Bl)g,oo;K) = (L(Av 80)7 L(Av Bl))g,OO§K

(equivalent norms).
b) If B is regular and f is a non-decreasing positive function satisfying
(2.11) then

[’((BO’ Bl)ﬁl%J’ A) = (E(B(% A)’ E(Bh A))f*7OC;K
(equivalent norms).

Proof: First we prove b). By Corollary 3.5, we have that £(Bjy 1,7, A) —
(L(Bo,A), L(B1,A)) f+ 00;i- In order to establish the converse inclusion
let T € (L(By,A),L(B1,A))f+00;x and m € Z. Since K(2™,T) <
F™T |+ ,00:x We can find a decomposition T' = T§" + 17" of T' with
7" € L(Bj, A) and

175" | Bo, 4 + 2" I T1" | 31,4 < 2f7(2")|T

f*,00K -

Then, for any b € By N By, it follows that

161 5,

ITlla < IT5"blla + IT7"bll 4 < 15" [ 5o, alIbll 3o + 2" 111" | 51,4 5,

< (173" | 3ooa + 2|5 [ ,,4)T (27, )

J(27™.b)

< * (eym . ) —m — . . .
< 2 @I s T2 0) = 2T i i
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If now b € Eﬁlﬂ and b = Efno:foo b is a J-representation of b, we get

o0 oo

T84 < D" WTbmlla < 2T oo Y

m=—0o0 m=—0o0

J(2™ b)
fzm)

This implies ||T||§f_” 4 < 2| T+ ,00;x and ends the proof of b). The

proof of a) is more easy. The inclusion (£(A, By), L(A, B1))g.coix

L(A,(By,B1)g.00:x) follows from a similar argument to the one given

before, but that now can be simplified because we work with K-spaces
only. The converse inclusion follows from Corollary 3.4. U

Our next result deals with nuclear operators.

Theorem 4.2. Let B = (By, B;) be a quasi-linearizable couple, let A
be a Banach space and assume that f is a positive function satisfying
(2.11). Then

N(A, (Bo, B1)g1:.0) = (N(A, Bo), N (A, B)) g 1.1
(equivalent norms).

Proof: As we pointed out in Section 2, [NV, ] - ||1] is a normed operator
ideal so we can apply Corollary 3.9/a with ¢ = 1. We obtain that

(N (A, Bo), N (A, B1)) 1,0 = N(A, (Bo, B1),157)-

Conversely, let T € N (A, By 1.7). We can find sequences (h,,) C A* and
(bn) C By,1,; such that

T= ihn ® b, and i |7n]
n=1

n=1

A [lonll 150 < 2||T |1

On the other hand, each b, can be written as b, = > >~ b with

m=—o0 “m
(b:ln) C By N By and

o0

J(2™, b))
2—7@Té%m

Put S, = Zoo hn, ®b},. For each n € N, the operator S,, belongs to

m=—0o0

the space (N'(A, By),N(A, B1),1.7, because

f1;J-
m=—oQ

oo

J(2™ h, @ b
3 ( )

<2 hn A bn 1,
o) ol 4=l

m=—0oo
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Since T = >_°7, Sy, we conclude that T € (N (A, By),N (A, B1))f1.0
with

0o 00
1T 0ss < D ISullpasr <23 Moallas 1ball 5150 < 41T 1
n=1 n=1

The proof is complete. O

Assume next that the function g belongs to the class Pt~ (see [10]).
This means that g(t) is non-decreasing, g(t)/t is non-increasing with
g(t) = sup,~o{g(ts)/g(s)} finite for every ¢t > 0 and g(t) = o(max{1,t})
ast — 0 and t — oo. Then it is well-known that the spaces (Bo, B1)g,q:x
and (By, B1)g,q. coincide, and that for regular couples the following
duality formula holds

((Bos B1)g 00;i)" = (Bg, BY) g~ 150
Arguing as in Theorem 4.2 but using Corollary 3.9/b, we obtain

Theorem 4.3. Let B = (By, B1) be a regular quasi-linearizable couple,
let A be a Banach space and assume that g € PT~. Then

N((BO7B1)Z,OO;K7A) = (N(B07A)3N(BlaA))g*71§J
(equivalent norms).

Previous results in this direction are due to Ovchinnikov [13] and
[14]. His approach works for regular couples of Hilbert spaces (Hy, H1),
(Gp, G1) and gives that

(L(Ho, Go), L(H1,G1))9,00 = L((Ho, H1)9,1, (Go, G1)9,00),
(N (Ho, Go), N (H1,G1))o,1 = N((Ho, H1)§ o0: (Go, G1)o,1)-

Note that each one of the couples (Ho, Hy ), (Go, G1) is quasi-linearizable.
The reason is that any regular couple of Hilbert spaces is isomorphic to a
couple (¢3(Gp), 2(27™G,y,)) formed by vector valued ¢a-spaces (see [6]),
so the quasi-linearizability follows from the next result.

Lemma 4.4. Let 1 < p < oo and let (Gr)mez be a sequence of Banach
spaces. Then the couple (by(Gm), lp(27"Gy)) is quasi-linearizable.
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Proof: Let © = (Zym)mez € {p(Gm) + £p(27™Gyy,). Then

oo

K(t,m)pzinf{ Z lymlle, +t° Z 27|z |

m=—0oQ m=—0o0

P
Gm *

r=y+2y€l(Gn),z€ Ep(Qme)}

oo

= Z min{1, P27 }|z, [|g;

m=—o0
S lemll, +7 > 27z
meEZ meEZs

where Z1 = {m € Z : 2™ < t} and Zy = Z \ Z;. This suggest to define
for each ¢t > 0

Vo(t)a = (vm), Vi(H)z = (wyn)
where

T, ifmeZ; 0 if me Z;
Um = .y W, = ..
0 otherwise T,, otherwise

A direct computation shows that conditions (2.1), (2.2) and (2.3) are
fulfilled with k = 1. O

It is well-known the relationship between A/(A, B) and the projective
tensor product A*®B, so one may guess that the results of Section 3 are
also useful to interpolate projective tensor products, or even injective
tensor products A®B. In fact, by means of similar arguments to those
described in Theorems 3.2 and 4.1, one can establish

Theorem 4.5. Let B = (By, B1) be a regular quasi-linearizable couple,
let A be a Banach space and assume that g € PY~. Then

A®(By, B1)? (A®By, A®B1)?

g,00;K = 9,00 K

(equivalent norms).
The result for the projective tensor product reads

Theorem 4.6. Let B = (By, By) be a regular quasi-linearizable couple
and let A be a Banach space such that (AQ By, AQBy) is also a Banach
couple. If f is any positive function satisfying (2.11), then

A®(Bo, B1)s1.0 = (A®Bgy, A®B1) 1.1,

(equivalent norms).
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The proof follows similar lines to those in Theorem 4.2.

Previous results on interpolation of tensor products are due to
Kouba [11]. He found conditions on the regular Banach couples (A4g, A1)
and (By, B1) so that the following complex interpolation formulae

[Ao, A1]9®[Bo, B1lg = [Ao® By, A1®Bi],
[Ao, A1]e®[Bo, Bilg = [A0®Bo, A1&Bi]g

are valid. His conditions has nothing to be with the quasi-linearizability,
but they refers to the notions of type 2 and 2-convexity.

Next we focus our attention on operator ideals defined by approxima-
tion numbers. Recall that for T € L£(A,B) and n = 1,2,..., the n-th
approximation number is given by

an(T) = an(Ta,g) =inf{||T — L|| : L € L(A, B), rank L < n}.

For 0 < p < 00, the quasi-normed operator ideals [E,(,a), op| generated by
the approximation numbers and the sequence space ¢, are defined by

1

LYNA,B)={T € L(A B):0,(T) = <§: an(T)”> <00
n=1

(see [18] and [19]).

It follows from [8, Theorem 3.3.4], that approximation numbers have
no unrestricted interpolation properties. However, working with quasi-
linearizable couples, we can use ideas of Section 3 to establish the follo-
wing formulee:

Lemma 4.7. Let A be a Banach space, let B = (By, By) be a quasi-
linearizable couple, let B be an intermediate space with respect to B and
let 1(t) and p(t) be the functions associated to B and B.

a) If T € L(A,BoN By) and ng,n1 € N, then

o Gn, (T
s -1 (Ta) < 201+ k)ang (T g, )0 (M) .

Qny (TA,BO)
b) If B is reqular, T € L(Bo + By, A) and ng,n1 € N, then

an,y (TBl,A)> .

Angtn,—1(TB,a) < 2kan,(Tp,, )Y (ang(TBO,A)
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Proof: Let T € L(A, ByNBy). Splitting T as T' = V4 (¢) T+ Vy(t)T, using
Lemma 3.1 and additivity of approximation numbers, we get that

angtn,—1(Ta,B) < any ((Vi(£)T]a,B) + an, ([Vo(t)T]a,B)

< Vi)l By, Bne (Ta,B,) + Vo)l B, BOn, (Ta,5,)

< (1 + k‘) Qng (TA,BO) tan, (TA731)

p(t) p(t)

If an,(Ta,B,) # 0, for j = 0, 1, then the choice t = ayn,(T'a,B,)/an, (T'a,B,)
yields a). If a,(Ta,5;) = 0, for j = 0or j = 1, then apyyn,-1(Ta,B) =0
as well, because rank 7' < n;. The proof of b) is similar, using now the
splitting T = TV (t) + TVA (). |

See [7] for some remarks on the connection between this result and
the study of approximation numbers of embeddings from Besov spaces
into spaces of Lipschitz type.

We are now ready to establish embedding formulz for Ez(,a)-ideals.

Theorem 4.8. Let A be a Banach space and let B = (By, B1) be a
quasi-linearizable couple. Assume that 0 < pg,p1 < 00, 0 < 0 < 1,

% = 1;;)9 + 1% and % = max{1, %} + %. Then the following holds:

a) (Ly) (4, Bo). £3) (A, B1))ag — L3 (A, (Bo, B1)oy)-
b) Moreover, if B is regular,

('Cz(;%) (BOv A)» ’C;(;?)(Blv A))G,q - ’Cz(;a)((BOv Bl)g,oov A)

Proof: Let T € Eéao) (A,By) N ﬁ,(,?)(A,Bl). Using Lemma 4.7/a with
B = (Bo, 31)971 = (Bo, Bl)ﬁl;J where f(t) = te, we have that

a2n—1(Ta By B1)or) < 2771+ K)an(Ta,po) ~Pan(Ta,p,)’

Whence

1 = g
UP(TAf(BO,Bl)€,1> <2r (Z a2n1<TA7(BU,Bl)e,1)p>

n=1

Opt+p+1

1
<277 (1+k) (Z an(TA,BO)(l_a)pan(TA,Bl)91’)
n=1

Optp+1 —
<2 - pp (1 + k>apo (TA7BO)1 90_p1 (TA,BI>0
9p+p+1

v (14 k)27 (2™, T)

where m € Z is arbitrary.
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Take now T € (LS (A, Bo), L5 (A, B1))gq and let T = Y°___ T,
be any J-representation of T with (T,,) C E,(;;) (A,By) N E,(,(f)(A,Bl).
Since the constant in the triangle inequality for o, is 2v max{ﬁfl, 1}
and (2-2Y/? max{2'/P=1 1})? = 2, we derive from our previous estimates
that

oo

1
0p(Ta,(Bo,B1)s.1) < 27 ( > Up(Tm)q>

m=—0o0

<C (mi@ <J(2;;TM))q>% :

This implies a).
A similar argument, but using Lemma 4.7 /b and (2.10), proves b). O

Remark 4.9. In fact, Lemma 4.7 is valid for any additive s function s in
the sense of Pietsch [18] and [19], and Theorem 4.8 works for operator
ideals generated by any additive s-function.

5. Injectivity and surjectivity

Let [J, 7] be a quasi-normed operator ideal. An operator S € L(A4, B)
belongs to the surjective hull J75"" if there are a Banach space F and an
operator T € J(E, B) so that S(Us) C T(Ug) where Uy and Ug stand
for the closed unit balls of A and E, respectively. The function

T (S) = inf{T(T) : SUa) € TUg)}

defines a quasi-norm in J*" and [J®%,75"] turns out to be a quasi-
normed operator ideal (see [18]). It is clear that crsur < c;.

An operator S € L(A, B) is said to belong to the injective hull J™
if there are a Banach space F' and an operator T' € J(A, F') such that

|1Sz||g < ||Tx| F for all z € A.
The quasi-norm on J™ is given by
FN(S) = inf{r(T) : |zl < |Tallr, = € A}

and [7™, 710] is a quasi-normed operator ideal (see [18]). Again c i <
Cr.

If [7,7] = [T, 7] (vesp. [J,7] = [J™,7™]), then the quasi-
normed operator ideal 7 is called surjective (resp. injective). Of course
[£, ]| - ||] satisfies these two conditions. Other examples are compact op-

erators [K, || - ||] and weakly compact operators [W, || - ||]. A normed op-
erator ideal which is injective but fails to be surjective is the ideal [II, 7
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of all absolutely summing operators. Recall that T € L(A, B) is ab-
solutely summing if there is a constant ¢ > 0 such that for every finite
set {a;}7_; C A
> ITaslls < esup{ 3" If(ag)|: f € Ua- }.
J=1 J=1
We write m(T') for the least constant ¢ for which the above inequality
holds. We refer to [18] and [4] for more details on these notions.
Given two Banach spaces E, F', we denote by F & F' the direct sum
of E and F, normed by ||(z,y)| = max{||z| &, ||ly]|#}
We shall use some ideas developed in [3] to establish the following
theorems.

Theorem 5.1. Let B = (By, By) be a regular Banach couple, let B be
an intermediate space with respect to B with By N By dense in B and let
() be the -function associated to B and B. If A is any Banach space,
[T, 7] is a quasi-normed operator ideal and q is defined by (2¢;)? = 2,
then

(T*"(Bo, A), T* (B1, A))ye g0 — T (B, A).
Proof: Let T € J3"(By, A) N T (B, A). Take any € > 0, and let
E; (j = 0,1) be Banach spaces and R; € J(Ej;, A) so that T'(Up,) C
R;(Ug;) and 7(R;) < (1 4+ €)7° (T, ,4)-
Given any b € Up, we can find b; € B; such that b = by + b; and
[bollBo + tl[b1]lB, < (1 + €)b(t). Hence
¥(t)
t
Consider the Banach space Ey @ F; and the operator
¥(t)
t

Up C (14 e)yp(t)Up, + (1 +¢€)

Up, .

R(z,y) = (1+ )y () Roz + (1 +¢)
Then R € J(Ey @ E1, A) and

Rly.

T(Us) € (1+ (1) Rolths,) + (1 +0 ) Ry @hs,) € Rittso,)

Consequently,

T (Tp,a) < 7(R) < (14 €)*Y(t)[7™" (Tp,,4) + %TS“(TBl,A)]

J@HT)
S 2C7—(1 + 6)2W.

Combining this estimate with [1, Lemma 3.10.2], the result follows. O
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Since [J, 7] — [T, 75"], we also have that
(T (Bo, A), j(BlvA))¢*=Q;J = J*(B, A).

This means that the assumption that B is quasi-linearizable in Theo-
rem 3.8 and Corollary 3.9/b can be eliminated, provided we take
[T5r, 7597] as the last operator space.

Writing down Theorem 5.1 for B = (By, B1)j ., and J surjective we
conclude:

Corollary 5.2. Let B = (By, By) be a regular Banach couple and let A
be a Banach space. If [T, 7] is a surjective quasi-normed operator ideal,
(2¢;)7=2 and 0 < § < 1, then

(j(Bo,A),j(Bl,A))gﬂ - j((30781)8,oo"4)'

Next we show by means of an example that surjectivity is essential in
the former result. We shall use the norm ideal IT which is not surjective.

Example 5.3. Let Q = ¢y @ ¢; @ ¢, and let A = (Ap, A1) be the Ba-
nach couple constructed by Garling and Montgomery-Smith in [9, The-
orem 2]. Then A; is isometric to ¢1; the projection P: Q — ¢ given
by P(z,y,2) = z belongs to E(Z;m, ¢p) and the embedding J: ¢g — 2
given by Jz = (z,0,0) belongs to E(co,zgm). Moreover, it is easy to
check that A is regular.

Let now R € L(co, f2) be the operator defined by R((,) = ((n/n). A
direct computation shows that R ¢ II(co,¥¢2). Put T'= RP. Since A; is
isometric to ¢;, Grothendieck’s theorem implies that

T e H(Ao,ég) N H(A1,€2).

However, T does not belongs to H(ng,ﬂg) because TJ = RPJ = R
which is not absolutely summing.

We consider now the injective hull.
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Theorem 5.4. Let B = (By, By) be a Banach couple, let B be an inter-
mediate space with respect to B and let p(t) be the p-function associated
to B and B. Assume that A is any Banach space, that [J, 7] is a quasi-
normed operator ideal and let q be defined by (2¢,;)? = 2. Then

(jinj (Aa BO)a jinj(AvBl))p,q;J — jinj(A7 B)

Proof: Let T € J™M(A, By) N J™ (A, By). Given any ¢ > 0 we can

find Banach spaces F; (j = 0,1) and operators R; € J(A,F;) with

|Tz|| 5, <||Rjz||F for all z € A, and 7(R;) < (1+€)7™(T4,p,). Given

t >0, put Rz = (Roz,tR1z). Then R € J(A, Fy ® Fy). Tt follows from
J(t,Tx)

1 1
T(z)||lp £ ——— £ — max{||Roz||Fr,, t| R1z||F, } = — | R2|| r,e F,
1T ()|l o0 o0 {[Rox| ry, tl| Ra| r } o0 Rz || Fyo Fy

that T € J™ (A, B) with

inj LT cr 2¢.(1+¢)
O ) o0

Now we conclude the result by appealing to [1, Lemma 3.10.2]. |

(T(Ro) +t7(R1)) < J(t,T).

Since [J,7] — [J™, 7], Theorem 5.4 shows that we can elimi-
nate the assumption of quasi-linearizability in Theorem 3.7 and Corol-
lary 3.9/a provided we take J™ (A, B) as the last operator space. In
particular, we have

Corollary 5.5. Let B = (By, By) be a Banach couple and let A be
a Banach space. If [T, 7] is an injective quasi-normed operator ideal,
(2¢;)7=2 and 0 < § < 1, then

(j(A>B0)ﬂj(AvBl))9,q — j(Av (30731)9,1)'

Working with the dual ideal [Hd, 7rd] of absolutely summing operators,
it is not hard to derive from Example 5.3 that injectivity is essential in
Corollary 5.5.
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