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THE M-COMPONENTS OF LEVEL SETS OF
CONTINUOUS FUNCTIONS IN WBV

COLOMA BALLESTER AND VICENT CASELLES

Abstract

We prove that the topographic map structure of upper semicon-
tinuous functions, defined in terms of classical connected compo-
nents of its level sets, and of functions of bounded variation (or a
generalization, the WBV functions), defined in terms of M-con-
nected components of its level sets, coincides when the function
is a continuous function in WBV. Both function spaces are fre-
quently used as models for images. Thus, if the domain Q of the
image is Jordan domain, a rectangle, for instance, and the im-
age u € C(Q)N WBV(Q) (being constant near d2), we prove that
for almost all levels A of u, the classical connected components
of positive measure of [u > A] coincide with the M-components
of [u > A]. Thus the notion of M-component can be seen as a
relaxation of the classical notion of connected component when
going from C(R2) to WBV (Q).

1. Introduction

An image can be realistically modelled as a real function u(x) where z
represents an arbitrary point of RY (N = 2 for usual snapshots, 3 for
medical images or movies) and u(z) denotes the grey level at . We shall
assume that the image domain is finite (a hyperrectangle). Tipically
u(x) represents the photonic flux over a wide band of wavelengths and
we have a proper grey level image. Now, u(x) may also represent a colour
intensity, when the photonic flux is subjected to a colour selective filter.
In the following, we always consider scalar images, that is, images with
a single channel, be it colour or grey level.

According to Mathematical Morphology, an image u is a representa-
tive of an equivalence class of images v obtained from u via a contrast
change, i.e., v = g(u) where g, for simplicity, will be a continuous strictly
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increasing function [40], [19]. The contrast of an image depends on the
sensor’s properties, on the lightning conditions, on the objects’ reflection
properties, etc., and these conditions are unknown. This led the physi-
cist and gestaltist M. Wertheimer [47] to state as a principle that the
grey level is not an observable. Images are observed up to an arbitrary
and unknown contrast change. Mathematical Morphology recognized
contrast invariance as a basic invariance requirement and proposed that
image analysis operations should take into account this invariance princi-
ple, [40]. Under this assumption, an image is characterized by its upper
(or lower) level sets X\ = {z : u(z) > A} (resp. X} = {z : u(z) < A}).
Moreover, the image can be recovered from its level sets by the recon-
struction formula

u(z) =sup{\:z € X,}.

As it is easily seen, the family of level sets (upper or lower) of w is in-
variant under continuous strictly increasing contrast changes. An image
operator T' is contrast invariant if

T(g(u)) = g(T(u)),

for any continuous strictly increasing contrast change g and any image u.
In particular, many efficient denoising operators respect this principle.
For a classification of contrast invariant image multiscale smoothing op-
erators we refer to [1], [19], [35].

Level sets are therefore basic objects for image processing and analy-
sis. In order to have a more local description of the basic objects of
an image, several authors [40], [7] proposed to consider the connected
components of (upper or lower) level sets as the basic objects of the im-
age. They argue that contrast changes are local and depend upon the
reflectance properties of objects. Thus, not only global contrast, but
also local contrast is irrelevant. In [7], a notion of local contrast change
is defined and it is proved that only connected components of level sets
are invariant under such contrast changes. This led to the introduc-
tion of topographic maps, the family of connected components of upper
(or lower) level sets [u > A] (resp. [u < A]). More generally, we can con-
sider the family of sets generated by connected components of sections
of u, i.e., sets of the form [A < u < p], and their countable unions and
intersections. This was at the basis of [6] where the authors compare
different satellite images of the same landscape, taken at different times
(or in different channels) and at the basis of the approach in [29] to
image registration, one of the most basic tools in multiimage processing.
Image registration based on connected components of level sets is shown
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to work efficiently where classical correlation techniques fail: when both
registered images do not correspond to almost simultaneous snapshots.

The mathematical description of the topographic map requires a func-
tional model for images. Mainly, two models for images are frequently
used: the image modelled as an upper semicontinuous function [40],
[19], or as a function of bounded variation, the so-called, BV-model
[36], [2]. The Mathematical Morphology school models functions as
upper semicontinuous functions and the filters map such functions into
such functions [40], [39]. This model has also recently been used to
develop an algorithm to merge both the connected components of upper
and lower level sets [30], [31]. Indeed, to be able to merge these trees
into a single tree, P. Monasse [30] defines a shape by filling-in the holes
of a connected component of an upper or lower level set. The tree of
upper shapes can be merged with the tree of lower shapes into a single
tree. This tree gives acces in a fast way to the shapes of the image and
appears to be useful for many applications: a fast implemementation of
grain filters [30], [31], and a registration algorithm [30], [29], to name
a few of them. In a different direction, we carried [4] an analysis of the
topographic map to compute the changes of topology of the system of
level lines of an upper semicontinuous function, and we proved that af-
ter applying L. Vincent filters the changes of topology happen at a finite
number of levels. The union of both previous analysis gives a sort of
Morse theory for this class of functions [5]. The other basic model is the
so-called BV-model, introduced for the purpose of image denoising by
L. I. Rudin, S. Osher and E. Fatemi in [36], in which images are func-
tions of bounded variation. The BV-model is a sound model for images
which have discontinuities and has become a popular model for image
restoration [36], [9], [12], [46] and edge detection [10]. Since, the class of
BV functions is not invariant under contrast changes, in [2], the authors
introduced the WBV-model in which images are functions whose level
sets are sets of finite perimeter (modulo a null set of levels). This class
of functions contains the functions of bounded variation and is invariant
under contrast changes. Indeed, it coincides with the set of functions u
such that ¢g(u) is a function of bounded variation for a suitable bounded
continuous strictly increasing contrast change g. In this model, and with
a suitable notion of connectedness, called M-conectedness in [2], [26],
the M-connected components of upper (or lower) level sets are rectifi-
able and can be described in terms of their boundaries by means of a
generalized Jordan curve theorem. Indeed, in R?, the boundary of an
M-connected set is described by a family, countable, at most, of Jordan
curves, and it can be reconstructed from them. This mathematical model
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is also a sound foundation for a geometric description of the shapes of
the image and as a function space to define connected filters [42], [39],
[2], [26], i.e., filters that simplify the topographic map of the image.

Our purpose in this paper is to prove that both models and de-
scriptions are the same when the image is a continuous one in the
WBYV model. Indeed, if the domain of the image is Jordan domain
(see the text for definitions), a rectangle, for instance, and the im-
age u € C(Q) N WBV(Q) (being constant near 0f2), we prove that for
almost all levels A of u, the classical connected components (of posi-
tive measure) of [u > A] coincide with the M-components of [u > A].
Thus the notion of M-component [2] can be seen as a relaxation of
the classical notion of connected component when going from C(Q) to
WBV(Q2). To prove the above result, our strategy will be: we take A
such that [u > )] is a set of finite perimeter in RY if a classical con-
nected component X of [u > A is not M-connected, then the same thing
happens for a simplification of u with the help of L. Vincent filters, i.e.,
for we = IS ST, e € {1/n :n > 1} (see the text for definitions). Then
we observe that the topology of the level sets of w. changes at A. We
prove that this may happen only a finite number of times for w,. Since
e € {1/n : n > 1}, this discards countably many levels. These levels
together with the levels for which [u > A], or [IS.ST°u > A], is not a
set of finite perimeter is a null set of levels. Thus, for the other levels A,
the classical connected components of [u > A| (of positive measure) are
also M-connected sets. Moreover, we prove (under some conditions that
hold for almost all level set of u) that a suitable representative of an
M-connected set is connected. This is essentially the proof contained in
this paper. For future reference, we shall also develop in some detail the
properties of L. Vincent filters I.S., SI¢ (see Section 3).

After completing this work, we became aware of the work [21] on
functions of two variables. In this paper the author gives a Morse theory
for continuous functions of two variables and, in particular, he describes
the singularities of level sets of continuous functions of two variables.
What he calls level sets are sets of the form {z € D : F(z) = t}, where
t € R and F'is a continuous function defined in a domain D of the plane.
For N = 2, the result described in last paragraph could be deduced from
the results in Kronrod’s paper [21].

This paper is organized as follows. Section 2 introduces the notion
of maximal monotone section, the largest sections of the topographic
map where no change of topology occurs for the level sets of the upper
topographic map. Section 3 proves some basic facts about some filters
of L. Vincent type on continuous functions. Section 4 is devoted to



THE M-COMPONENTS OF LEVEL SETS 481

prove that these L. Vincent filters produce an effective simplification
of the topographic map, indeed the filtered continuous images have a
finite number of maximal monotone sections, a mathematical translation
of the idea that there is a finite number of topological changes in the
upper topographic map. We start Section 5 by recalling the basic facts
and results proved in [2] about connected components of sets of finite
perimeter and the WBV model. Then we prove that if u € C(Q) N
WBV () (being constant near 9), for almost all levels A of w, the
classical connected components (of positive measure) of [u > A] coincide
with the M-components of [u > A].

2. Monotone sections of the topographic map

Let D be a subset of RN. Given a function u: D — R, we call upper
(lower) level set of u any set of the form [u > A] := {x € D : u(x) > A}
orfu>A:={zxeD:ulx) > (uA:={zreD:ulzx) <A}or
[u< Al :={z € D :u(z) <A}) where A € R. The (upper) topographic
map of a function v is the family of the connected components of the
level sets of u, [u > A}, A € R, the connected components being un-
derstood in the relative topology of D. It was proved in [7] that the
topographic map is the structure of the image which is invariant un-
der local contrast changes, a notion also defined in [7]. We shall study
the structure of the topographic map for continuous functions (a similar
study can be done for bounded upper semicontinuous functions). We
shall define a notion of nonsingular region of the topographic map try-
ing to express the fact that the level lines of the topographic map in a
nonsingular region are homotopic, as it happens for smooth functions
where singularities are understood in the usual way [28]. A first version
of this notion appeared in [8].

Let u: D — R be a function. For each A\, u € R, A < u we define
Unp={r€D: X< u(z) <p}

Definition 1. Let u: D — R be a continuous function. A monotone
section of the topographic map of u is a set of the form

(1) X/\,u = CC(U)\’H),

for some A\, u € R with A < p, such that for any N, p’ € [\ p], N < o/
the set

{xeXy,: N <u(x) <y}

is a connected component of Uy ;..



482 C. BALLESTER, V. CASELLES

Our next result permits us to define a monotone section which is
maximal with respect to inclusion. Those sets are the non singular sets
we mentioned above.

Proposition 1. Assume that u: D — R is a continuous function such
that for each A\, € R with A < p the set Uy, has a finite number of
connected components. Let Ay, Ao, i1, po € R. Then, if Xx, xoy Xpyps
are monotone sections such that Xx, x,N X, up # 0, then Xx, x,UX 0 1o
18 also a monotone section. In other words, the union of intersecting
monotone sections is a monotone section.

Proof: We observe that [A1, Aa] N [p1, pa] # 0 since Xy, x, N X,y 0p # 0.
Let /1 = min(Aq1, p1), B2 = max(Ag, po). It is easy to see that Xy, , U
X1 ue is a connected component of Ug, g,. Indeed, if 8y = A; and
B2 = A2 then X, ,,, € X\, », and the conclusion follows. Without loss
of generality, we may assume that §; = Ay and B = po, i.e., Ay < pup <
A2 < po. Let Vy, ., be the connected component of Uy, ,, containing
Xoiae UX 4o Observe that Xy, a,, X, 4, are closed sets in D. Let
Zxi 223 Ly s be finite unions of connected components of Uy, x,, Uy o
respectively, such that Ux, x, = Xx, 2UZ0 s Uy e = X e U2, s
Xaine N Zxing = 0, Xpypo N Zpy oy = 0. Since Zy, », is a closed
set in Uy, », and this set is closed in D, Zy, », is also a closed set
in D. Similarly, Z,,, ., is a closed set in D. Then the sets Yy, », =
Vaiws N Zaine and Yy, o = Vo u, N 2y, 4, are closed sets in Vi, .
Now, observe that (X, x, U X,y ) 0 (Yo 0 UYy, ) = 0. Let us
check that Y, ., N Xx, x, = 0. Indeed Xy, x, N Xy 0 € {2 € Xay
pr < u(z) < pot ={z € Xx, a1 < u(z) < Ao} the last set being
a connected component @ of Uy, »,. In particular, we observe that
Xyyue NQ # 0 and we conclude that @ C X, ,,. Now, observe that
Y N X € Q. Indeed, if p € V), 4, N X, 5, then p € {2z €
Xae 1 < ’LL(.Z‘) < IU'Q} = Q. Since Q C XHI,MQ? and Yul,#z < Z/Jhp«zu
this implies that Y, ,, N X, x, = 0. Similarly, Y, x, N Xy 00 = 0
Since

Vare = (X U Xp i) U (Va0 U Y )
and V), ,, is connected then Yy, », =0, Y}, ,, = 0. It follows that
Vars = Xoune U X -
The proof that for any A, 1 € [51, B2], A < u the set
{z € Va6, : A Sulx) < p}

is a connected component of Uy , follows along the same lines of argu-
ment as the previous one. O
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Let x € D and A = u(z). For each n > A, let X, = cc(Ux, ). We
define

ne(x,A) =sup{n:n>X s.t. X), is a monotone section}.
Similarly, we define
n—(xz,A) =inf{n:n <A s.t. X, is a monotone section}.

Note that both numbers are well defined since X ) is always a monotone
section. Note that, by definition, n_(x,\) < n4(z,A). By Proposi-
tion 1, we may define the (open, closed, half-open, half-closed) inter-
val I(x,\) containing A whose end-points are n_(z,A), ns(z,A) and
which determines a monotone section containing x maximal with re-
spect to inclusion, which we denote by X, ). Note that A € I(x,\)
for all A € (—oo, supp, u(x)]. Both functions, ny (z, A), n—(z, A), are non-
decresing functions of A and have some precise behavior. We shall not
give here a detailed description of them. Our purpose will be to prove
that, if D is measurable and there exist some § > 0 such that for any
A € [a,b], a =infu, b =supu, and any X = cc(U, ) or X = cc(Ux ) we
have that meas(X) > ¢, then there is only a finite number of maximal
monotone sections in the topographic map of u.

3. Vincent-Serra filters

Let D be a measurable subset of RN. Let u: D — R be a measurable
function. Let us define two morphological operators, the Vincent-Serra
operators, simplifying the topographic map of u by eliminating the small
connected components of its upper and lower level sets. Let € > 0. Then,
for each x € D, we define

Felu,2) ={X =cc(Ju > A, z) : | X| > €},
Fe(u,2) = {X =cc([u < A, z) : | X]| > €}.

Let us define the following Vincent-Serra operators

SIfu(x) = sup  inf u(y),
BeFe(uz) YEB
IS, = inf ,
0= e seB W)
where we understand that sup ge re(y, 5 infyep u(y) =—oc if F¢(u,z)=0
and inf pe 7, (u,2) SUPye p w(y) = +00 if Fe(u,z) = 0.
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Both operators can be described in terms of basis of structuring el-
ements independent of u. Indeed, let B¢ ={B : B is connected, 0 € B,
|B| > €}, B. = {B: B is connected, 0 € B, |B| > €¢}. Then

(2) SIfu(z) = sup inf u(y),
Bcxz+Be YEB
(3) IScu(z) = inf  supu(y).

Bexz+B. yEB

Let us denote, for the time being, the right hand side of (2) and (3)
by SI®*u(x), respectively, IS u(zx). Obviously, from the definition
we have that ST¢u(x) < ST¢*u(x) and IScu(x) > IS, .u(xr). Now,
if SI*u(x) < oo, given § > 0, let B € = + B¢ be such that ip :=
infycpu(y) > SI“*u(x) — . Then B C [u > ig] and, therefore, B C
X :=cc([u > ip],x). Hence X € F¢(u,x) and

SI*u(z) — 6 <ip < inf u(y) < STu(z).
yeX

In a similar way, we prove that ST¢u(x) = oo if ST**u(x) = co. We have
checked formula (2). In a similar way we prove the identity (3).

Proposition 2. Assume that u,v: D — R are measurable functions.
Then

i) IScu > w and ST¢u < u.

ii) If u <w, then IScu < IScv and ST°u < SI.

ii) IS.(a) = SI¢(a) = « for all « € R.

IS (u+ ) = ISeu+ « for all @« € R. A similar statement holds
for SI¢.

)
iii)
iv)

1v

Proof: i) Let € D. If F.(u,xz) = 0, then IS.u(xz) = oo and we are
done. If B € Fc(u,x), then x € B, and sup,cpu(y) > u(x). Thus
IS.u(z) > u(x). In the same way we prove that ST¢u(z) < u(x).

The proof of ii) follows immediately from the identities (2) and (3).
The proof of assertions iii) and iv) is immediate and we shall omit it. O

Proposition 3. If X = cc([[Scu < N, z) # 0, then | X| > e If X =
ce([STéu > A,z) # 0, then |X| > €. If |cc(flu > A],x)| > € (resp.
|ee([u < Al,z)| > €) then |cc([ISeu > N, x)| > € (resp. |cc([STu <
AL z)| > €).

Remark 1. Thus, by filtering the small connected components of the up-
per and lower level sets with the Vincent-Serra operators we can guar-
antee that the assumption of Proposition 1 is satisfied (see Section 4).
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Proof: Let X = cc([I[Seu < A, z) (# 0). Since z € X, by definition of
IS.u there is a set By € Fe(u,x) such that

sup u(y) < A
yEB,
Let z € B;. Observe that By € F.(u, z). Then
IScu(z)= inf  supu(y) < sup u(y) < A.
BeFe(u,z) yeB yEB,

Hence By C [IS.u < A] and, as a consequence, By C cc([IScu < A, ).
It follows that

lce([ISeu < N, z)| > |Bi| > e.

Now, since IScu > u we have that cc(fu > A, x) C ce([IScu > A, x).
Thus, if |cc([u > A, z)| > € then |cc([IScu > A],x)| > e. The corre-
sponding statements for SI¢ are proved in a similar way. U

Definition 2. Let X be a measurable subset of RY. Define
T.X =UY :Y e CC(X), |Y| >¢€}

and
T!X =U{Y : Y € CC(X), [Y] > €}.

The components of X are closed subsets (in the relative topology)
of X, hence measurable. Hence T, X, T! X are both measurable.
The following proposition is an easy consequence of last definition.

Proposition 4. Both operators T. and T, are nondecreasing on mea-
surable subsets of RN .

Proposition 5. i) T is upper continuous on compact sets, i.e., if
X, is a non-increasing family of compact sets and X = Ny50X,,
then Te X = NpsoTe X,.
ii) Suppose that D is a measurable subset of RN which is locally com-
pact and locally connected when endowed with the relative topology
of RN . We suppose that the measure of the relative open sets of D
is strictly positive. Then T! is lower continuous on open sets, i.e.,
if O, 1s a non-decreasing family of relative open subsets of D and
O =U,500,, then

(4) TelO - Up>OT5/Op'
Proof: i) From the monotonicity of T¢ it follows that T, X C NpsoTeX,.

Now, let p € T. X, for all p > 0. Let Y, = cc(X,,p) be such that |Y,| > e.
Let Y = Ny>0Y,. Then Y = cc(X,p). Indeed, p € Y C X. Since ¥
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is an intersection of continua, i.e., compact connected sets, then Y is
connected. Hence Y C cc(X,p). On the other hand, cc(X,p) C ce(X,,p)
for all p > 0. Thus cc(X,p) € Np>0Y, =Y and we have the equality
of both sets. In particular, |Y| = lim,_¢ |Y,| > € and we deduce that
p €Y CT.X. We have proved that T.X = N,5oTcX,.

ii) Again, from the monotonicity of 7] we deduce that U,¢T.0, C
T!0. Now, let p € T/O. Then Y = cc(O,p) is such that [Y] > e. Let
Y, = cc(O,,p). Now we prove that

(5) Y =U,>0Y).

Since O, C O for all p > 0, it follows that U,~qY, € Y. Since D is
locally connected, the components of open sets are open. In particular
Y is open in D. Now, since D is locally compact and locally connected
then Y is also locally compact and locally connected, and, obviously
connected. Then any two points can be connected by a locally connected
continuum ([33, Theorem. 9.3, p. 92]). In particular, given ¢ € Y, there
is a continuum K, , € Y containing p and ¢g. Then, for p > 0 small
enough, K, ; C O,. Then also K, ; C cc(O,,p) =Y,. Thusq€Y,. We
have proved (5). Then lim, o |Y,| = |Y| > e. Hence |Y,| > € for p > 0
small enough. We conclude that p € Y, C T/O, and, therefore, we have
proved the identity (4). O

Lemma 1. Let u: D — R be a measurable function, D being a measur-
able subset of RN . Then

i) For all A € R we have [ST®u > N C T Ju > A] C [SIu > A]. In
particular, for all X € R (hence a.e.) such that |[SIu = A]| =0
we have that T [u > A = [SI¢u > )] a.e.

ii) For all A € R we have [IScu < A] C T![u < \] C [ISeu < A]. In
particular, for all A € R (hence a.e.) such that |[IScu = A]| =0
we have that T![u < \] = [IScu < ] a.e.

Proof: i) Let A € R and CT, (resp. C~) denote the family of compo-
nents X of [u > A] such that |X| > e (resp. |X| < ¢€). Since SI‘u < u
we have
[STu > A = [STu > AN [u> A
=Uxee+[STu > )N X UUxee-[STu > AN X.
Now, we observe that [SI¢u > A\]N X = for all X € C~. Otherwise,

there is some p € [ST°u > A\| N X. Hence, inf,cp u(y) > X for some B €
Fe(u,p). Thus, p € B C [u > A] and, therefore, B C cc([u > A],p) = X.
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It follows that | X| > |B| > ¢, a contradiction. Our claim follows. Hence
[SIGU > )\] = UX6c+[SIE’LL > )\] nNxc UX€C+X = Te[u > )\]

To prove the other inclusion we observe that X € F(u,p) forall X € C*
and all p € X. Hence, ST¢u(p) > A for all p € X and all X € C*. We
conclude that T,[u > A] C [ST¢u > A].

ii) Let A € R and CT, (resp. C™) denote the family of components X
of [u < A] such that |X| > € (resp. |X| <¢€). Since IS.u > u we have

[ISeu < Al =[ISeu < AJNju < A
=Uxec+[ISeu < AN X UUxee- [ISeu < AJNX.
Now, we observe that [IScu < AJNX = @ for all X € C~. Otherwise,
there is some p € [[Scu < A\JN X. Hence, sup, ¢ u(y) < A for some B €

Fe(u,p). Thus, p € B C [u < A] and, therefore, B C cc([u < A],p) = X.
It follows that | X| > |B| > ¢, a contradiction. Our claim follows. Hence

[]SEU < /\] = UXec+[IS€’u < )\] NX CUxee+X = TE/[U < )\]

To prove the other inclusion we observe that X € F,(u,p) for all X € CT
and all p € X. Hence, IS.u(p) < X for all p € X and all X € C*. We
conclude that T/[u < A] C [IScu < A]. O

As a consequence of the above lemma we obtain
Proposition 6. Let u: D — R be a measurable function. Then
SIu(z) =sup{A e R:z € T.[u > A},
and
IScu(z) =inf{A e R:z € T[u < A}
Proposition 7. Let u: D — R be a measurable function.
i) Suppose that [u > A are compact for all X > infu. Then
(6) [STu > A =T [u> ]
for all A € R.

ii) Suppose that D is locally compact, locally connected and the mea-
sure of its open sets is > 0. Suppose that [u < A is open in D for
all A € R, or in other words, u is upper semicontinuous. Then

(7) [IScu < A =T [u< )

for all A e R.
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Proof: From Proposition 5 we know that {Tc[u > A] : A > infu} is
upper continuous and {T/[u < A] : A € R} is lower continuous. From
this it easily follows that (6) holds for all A > infu and (7) holds for all
A € R. But (6) also holds for all A < infwu since in this case both sets
are equal to D. O

Lemma 2. Let u: D — R be measurable.
i) Then inf ST¢u = inf u.
i) We always have inf u < inf IScu. If we suppose that the sets [u < A]
contain a neighborhood of infinity in RN, for any A > infu, then
inf I.S.u = inf u.

Proof: i) From the definition of ST¢u it is clear that inf ST¢u > infu.
On the other hand, since ST¢u < u, we have also inf ST¢u < inf u, hence
the equality.

ii) Since u < IScu, we have that inf u <inf IScu. If [u < A] contains
a neighborhood of infinity in RY for any A > inf u, then it is easy to see
from the definition of I.S.u that inf IS.u = inf u. O

Proposition 8. Let u: D — R be an upper semicontinuous function.

i) Suppose that D is locally compact, locally connected and the mea-
sure of its open sets is > 0. Then IScu is upper semicontinuous.

ii) Suppose that D contains at most a finite number of connected com-
ponents of area > €, and [u > N is compact for all X > infu.
Then SI¢u is upper semicontinuous. Moreover, the upper level
sets [SIu > ] are compact in the following cases:

a) for all A € R if [u > A] are compact for all A € R,

b) for all A > infu. In this case, if [u = inf u] is a neighborhood
of infinity, then [SI¢u = inf ST is also a neighborhood of
infinity.

Proof: i) According to Proposition 7, ii), [[Scu < A] = T/[u < A] =
Uxecc(u<)), | X|>eX - Since the last union is a union of open sets, the
set [IScu < A] is open for every A € R. Hence IS.u is upper semicontin-
uous.

ii) According to Proposition 7, i), [SIu > A = T.Jju > A =
Uxecc(uz), | x|>eX for every A € R. If A > infu, the last union
is a finite union of sets closed in D, and the set [SI°u > )] is also
closed in D. If A < infwu, then [u > A] = D and, by our assumption
on D, T.D is closed in D. Hence SI¢u is upper semicontinuous. The
above formula also proves that the sets [ST°u > )] are compact for any
A € R such that [u > A] is compact. This proves assertion a). In
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particular, they are compact for any A > infu. To prove the last as-
sertion of b), observe that, from the inequality ST¢u < u it follows that
[u = infu] C [ST° = infu]. Hence, if [u = infwu] is a neighborhood of
infinity, also is [ST®u = inf STu]. O

Proposition 9. Suppose that D is locally compact, locally connected
and the measure of its open sets is > 0. Assume also that D con-
tains at most a finite number of connected components of area > €. Let
u: D — R be an upper semicontinuous function such [u > M| is compact
for all X > infu. Then IS .SI¢u is upper semicontinuous.

Remark 2. Tt will be clear from next proposition that, if D is compact
or D is closed and contains a neighborhood of infinity, then the upper
level sets of IS.u are compact for all A > infu. Therefore, SI°IS.u is
also upper semicontinuous.

Proposition 10. Suppose that D is closed, locally connected and the
measure of its open sets is > 0. We also suppose that either D is compact
or it contains a neighborhood of infinity. Let u: D — R be a continuous
function such that [u > A] is compact for all X\ > infu. Then IS.u is
continuous. The upper level sets [IScu > N are compact for all X >
infu. In case D is not compact, we have inf I Scu = inf u. Moreover, if
[u = infu] is either empty or contains a neighborhood of infinity, then
[IS.u = inf IScu] is also empty or it contains neighborhood of infinity,
in consonance with the property for u.

Remark 3. Being closed, the lower level sets [IS.u < A] are compact
for all A € R in case D is compact. Note, that, by assumption, the
complement of an open bounded set in D is either compact or it contains
a neighborhood of infinity.

Proof: We already know that I.S.u is upper semicontinuous. Let us
prove that the sets [IS.u < A] are closed for all A € R. Since [IScu <
inf IS.u] = Nyso[LSeu < inf IScu+p], it is enough to prove that [IS.u <
A] are closed for all A > inf I.S.u. Thus, let A € R. Now, we observe that

[IScu < A = Npso[ISeu < A+ p]
= Np>oT{[u < A+ ]
=Np>o U{X : X € CC([u < A+ p]), | X| > €}
We claim that

(8) NMy=oU{X : X € CC([u < A+p]), |X]| > e}
=U{Y :Y € CC([u < N), [Y]| > €}
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Let Y € CC([u < A]) be such that [Y| > e. Let Y, = cc([u < A+ p],Y),
p > 0. Since u is continuous, Y is closed and, using that D is locally
connected, Y, is an open set, being the connected component of an open
set. Since Y C Y, and using that the measure of the open sets of D
is > 0, we have that e < |Y| < |Y,|. Thus Y € N,Y, where Y, € {X :
X € CC([u < A+ p]), | X| > €}. Hence

U{Y :Y € CC(Ju < A]), |Y] > €}
CNpsoU{X : X € CC([lu < A+ p)), | X]| > €}

Now, let p € Npso U{X : X € CC([u < A+ p]), |X| > €}. Then for
each p > 0, there is X (p, p) = cc([u < A+ p|, p) such that | X (p, p)| > €.
Observe that X (p, p) is nondecreasing with p. Let Y, = N,socc([u <
A+ pl,p). We have

ce(fu < A, p) € Npsoce(fu <A+ pl,p)
CNpsoce([u <A+ pl,p) Clu <A

9)

Let A > infu. Since [u > 7] is compact for all n > inf u, [u > 7] is open
in D and bounded for all > infu. Since the complement of an open
bounded set is either compact, in case D is, or a neighborhood of infinity,
in case D contains a neighborhood of infinity, we know that [u < A + p]
is either compact or it contains a neighborhood of infinity for any p > 0.
Hence cc([u < A+ p],p) is also compact or contains a neighborhood of
infinity. In case cc([u < A+ p|,p) are compact, we have

ce([u < Alsp) = Npsocc([u < A+ pl, ).

In case cc([u < X+ p|,p) contain a neighborhood of infinity (note that
it is equivalent to state this for all p > 0 or for some sequence p, | 0),
since [u > A] is compact (here we used that A > infu), we have that
[u < A] is a neighborhood of infinity. Let @ be the connected component
of [u < ] which is a neighborhood of infinity. Then @ is contained in
cc([u < A+p],p) for all p > 0. Let RV be the one-point compactification
of RN. Let ccgw([u < A+ p],p) be the component of [u < X + p] in RY
which contains p. Since [u < X+ p] is closed in RY, then cegrp([u <
A+ p|,p) is compact in RY and contains Q. Then

Np>o cegr([u < A+ pl,p)

is connected, and also

Np>occ(fu < A+ pl,p) = Npso cegr([u < A+ pl,p) \ {00}
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is connected. From (9), it follows that cc([u < A],p) = Npsoce(fu <
A+ pl,p). Hence, from the previuos discussion we know that

el < A, p)| = lim [ce(u < A+ pl,p)| > e
/)—)
Thus, p € U{Y : Y € CC([u < }A]), |Y| > €}. We have proved that

Np>o U{X : X € CC([u < A+ p)), | X| > €}
CUWY : Y e CC([u < A)), |Y| > €}

Together with the opposite inclusion, this gives (8). Observe that, under
any of our assumptions on D, the right hand side of (8) is a finite union
of closed sets in RY, hence [IS.u < )] is also a closed set in RY. In
particular, we deduce that I.Scu is continuous.

If D is compact, then all level sets of I.Scu, lower or upper, are com-
pact. If D is not compact, then we deduce that all sets [u < A] contain
a neighborhood of infinity for all A > infu, and from Lemma 2 we have
inf IS;u = infu. If [u < A} contains a neighborhood of infinity, then
[[Seu < A] =T/u < A =U{X : X € CC([u < A)), |X| > €} is also
a neighborhood of infinity and, therefore, [IS.u > )] is compact. Note
that this holds for all A > inf u.

Finally, since v < IS.u, we have that [u = infu] C [[S;u > inful.
We deduce that, if [u = inf u] contains a neighborhood of infinity, then
[IScu = inf u] contains a neighborhood of infinity. Now, if [u = inf u]
(), then Uxsintu[u > A] = D, and, since IScu > u, also Uxsingu[IScu
Al = D. We have that [IScu = infu] = (.

IEAVAR

Proposition 11. Suppose that D is locally compact, locally connected
and the measure of its open sets is > 0. Assume also that D contains at
most a finite number of connected components of area > €. Letu: D — R
be a continuous function. Suppose that [u > A are compact for any
A > infu. Then SI¢u is continuous. The upper level sets [STu > \]
are compact for any X\ > infu. Moreover, if [u = infu] contains a
neighborhood of infinity, the same can be said for [SI¢u = inf u).

Remark 4. If D is compact or | l‘im u(x) = —oo, then [u > A] is compact
T|— 00

for all A € R.

Proof: We have proved in Proposition 8 that ST¢u is upper semicontin-

uous. As in last proposition, to prove that ST¢u is lower semicontinuous
it is sufficient to prove that [ST¢u < A] are closed sets for all A > inf .
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Let A > inf w. Then, by Proposition 7, i), we have
[STu < A] = Ngso[STu < A+ 9]
= Ns>o(RY \ [STu > A+ 4])
= Ns>o(RY \ T.[u > X +4])
=RV \ UssoU{X : X € CC([u > X +4)), | X| > €}
We claim that

(10)  Usso U{X : X € CC([u> A +4)), | X]| > ¢}
=U{Y : Y € CC([u > A)), |Y] > €}
Let X € CC([u > A+ d]) be such that |X| > € for some § > 0. Let

Y = cc([u > A, X). Since Y and X are, respectively, open and closed
in D, we have that |Y| > |X| > e. This proves that

(11)  Usso ULX : X € CC([u > A +4)), |X| > €}
CU{Y Y € CCju> ), [Y] > €}

Now, let Y € CC([u > A]) be such that [Y| > e. Let p € Y so that
Y = cc([u > A],p). As in Proposition 5, ii), we prove that

cc([u > A, p) = Usso ce([u > A+ 4], p).

Thus, € < Y| < limgs_,o | cc([u > A+ 0],p)|. We conclude that there is
some ¢ > 0 such that, if X = cc([u > A+ ], p) then |X| > e. We have
proved that

U{Y : Y € CC([u> A, |Y]| > €}
CUssoU{X : X € CC([u > A+ 9]), | X]| > €}

The identity in (10) is proved. Since the right hand side of this identity
is an open set in D, whose complement in D is [ST¢u < A] we deduce
that the last set is closed in D. We have proved that ST¢u is continuous.

Since [SIu > A = T Ju > A] we deduce that the sets [ST¢u > )|
are compact for any A > infu. The rest of the statement follows from
Proposition 8. O

Combining Propositions 10 and 11 we obtain

Proposition 12. Suppose that D is closed, locally connected and the
measure of its open sets is > 0. We also suppose that D is either compact
or it contains a neighborhood of infinity. Let u: D — R be a continuous
function such that [u > A] is compact for any A > infu. Then IS ST
and SI¢IS.u are continuous.
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Remark 5. Motivated by the study of a family of filters by reconstruc-
tion ([23], [24], [37], [43], [44]), J. Serra and P. Salembier ([42], [39])
introduced the notion of connected operators. Such operators simplify
the topographic map of the image. These filters have become very popu-
lar because, on an experimental basis, they have been claimed to simplify
the image while preserving contours. This property has made them very
attractive for a large number of applications such as noise cancellation
or segmentation ([27], [45]). More recently, they have become the basis
of a morphological approach to image and video compression (see [38]
and references therein, and more recently [16]).

4. Structure of the simplified topographic map

Assuming that the connected components of the upper and lower level
sets are of certain size, then there is only a finite number of maximal
monotone sections in the topographic map of u. The idea being that
given two of them there exists a set of area > § contained between them.

Let Q be a Jordan domain in RY, i.e., the closure of the bounded con-
nected component of the complement of a subset of R homeomorphic
to SN~1 the sphere of RY. Let Q be the interior of . Note that, in
particular, Q is compact, locally connected and the measure of its open
sets is > 0.

A word of caution: when we say that, if X is a connected component
of an upper or lower level set, then | X| > §, we mean X = cc([u > A],p)
or X = cc([u < \],p) for some A\ € R, p € Q.

Our purpose is to prove the following results.

Theorem 1. Let u: Q — R be a continuous function. Assume that
there is some & > 0 such that, if X is a connected component of an
upper or lower level set, then | X| > §. Then there is a finite number of
mazximal monotone sections in the topographic map of u.

To prove this theorem we shall first prove:

Proposition 13. Let u: Q — R be a continuous function. Assume that
there is some § > 0 such that, if X is a connected component of an upper
or lower level set, then |X| > 6. Then, for each \,pn € R with A < p,
the set Uy, has a finite number of connected components.

According to Section 2 the main implication of this proposition is that
we may define the maximal monotone sections containing a given point.
On the other hand, if u is continuous, then by the results of Section 3,
the function @ = IS5SI%u is also continuous and Proposition 3 holds,
namely, if X is a connected component of an upper or lower level set, then
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|X| > 6. One can also take @ = SI°ISsu. In any case, if a continuous
function u does not satisfy the assumption of Proposition 13, then by
filtering the connected components of size less than §, these assumption
are satisfied. To prove Proposition 13 let us recall some topological facts.

4.1. Some topological preliminaries.

Definition 3. Let A C Q. We call holes of A in Q the components of
Q\ A. Given a hole T of A in Q, we call saturation of A with respect
to T the set Q \ T and denote it by sat(A,T). We shall refer to T as
the external hole of A and the other holes of A as the internal holes
of A, If p € Q\ A, and T is the hole of A containing p, we define
sat(A,p) = sat(A,T). Note that sat(A4,T) is the union of A and its
internal holes. We call saturated sets associated to A the family of
saturations of A with respect to its holes.

If no confusion arises, we shall write sat(A) instead of sat(A,T). Thus
sat(A) denotes a saturated set containing A chosen from the family of
all saturations of A. We shall also speak of holes of A instead of holes
of Ain Q. Let A be a bounded subset of RY. If we choose as external
hole of A in RV the unbounded component of R \ A, then the internal
holes of A are the bounded connected components of RV \ A.

Definition 4. A sequence Aj,..., A, of subsets of {1 is called a chain
if each A; is contained in a hole of A;_1,i=2,...,p.

Definition 5 ([22, vol. II, p. 104]). A topological space Z is said to be
unicoherent if it is connected and for any two closed connected sets A,
B in Z such that Z = AU B we have that AN B is connected.

Lemma 3. Let ACQ. If A is operL(resp. closed) in Q, then its satu-
rated sets are open (resp. closed) in ).

Proof: If A is open in Q, Q \ sat(A), being a connected component of a
closed set in €, it is also closed in Q. Thus sat(A) is open in Q. If A is
closed in €2, Q \ sat(A), being a connected component of an open set in
Q, it is also open in Q. Thus sat(A) is closed in Q. O

Lemma 4. i) The saturation is a monotonous operation, i.e., if A C
B and p € Q\ B, then sat(A, p) C sat(B,p).
il) Let K, be a decreasing sequence of continua, K = N, K,, and
p & K. Then sat(K,p) = N, sat(K,,p).
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Proof: The proof of i) is immediate and we shall skip it. Let us prove ii).
Obviously, for n large enough, p ¢ K,. By the monotonicity of the
saturation, sat(K,p) C Ny, sat(K,,p). Let ¢ & sat(K,p), ¢ # p, and
let v be an arc joining p to ¢ such that Im(vy) Nsat(K,p) = (. Then,
for n large enough, we have Im(y) N K,, = 0. Hence, both p and q
are in the same hole of K,. Hence, Im(y) N sat(K,,p) = 0, and, in
particular, ¢ & sat(K,,p), for n large enough. Thus, ¢ & N, sat(K,,p).
We conclude that Ny, sat(K,,p) C sat(K, p).

Lemma 5. Let u € C(Q). We assume that there is some § > 0 such
that, if K is a connected component of an upper or lower level set, then
|K| > 6. Then for each A € R there is a finite number of connected
components of [u > ] and each component has a finite number of holes.

Proof: Let A € R. Since each connected component of [u > A] has
area > 0, there must be a finite number of them. Let Y be a component
of [u > A] and let H be a hole of Y. Since H is open, H cannot be
covered by components of [u > A]. Hence H N [u < A] # (). We conclude
that each hole of Y contains a component of [u < A]. Hence there may
be only a finite number of them.

Lemma 6. Let u € C(Q). Let X be a connected component of [\ < u <
pl, A< p, and let L be a hole of X. Assume that OL C Ou < A]. Then
OL C AL Nu<A).

Proof: Let p € OL. Since B(p,r)N(Q\ L) # 0 for all » > 0, we also have
that B(p, )N (Q\ (LN[u < A])) # 0 for all » > 0. Since p € L C J[u <
A], we know that B(p,7) N L # 0, B(p,r) N[u < A] # @ for all r > 0.
Let us prove that B(p,7) N LN [u < A] # 0 for all » > 0. Let » > 0 and
suppose that B(p,r7) N L C [u > A]. Since A < p, by taking r smaller, if
necessary, we may assume that B(p,r)NL C [A <wu < pu]. Let A;,i € I,
be the family of (open) connected components of B(p,r) N L. Since
is locally connected, then 0A; C 9(B(p,r) N L) ([22, vol. II, p. 169, 3]).
Hence, 0A; C (0B(p,r) N L) UOL. If A; N OL # 0, then A; N X # ()
because L C X. Since A; is connected and contained in [A < u < pl,
then A; C X, a contradiction. Thus, 0A4;NIL = (0, and, therefore, 9A; C
OB(p,r). We may assume this to be true for all ¢ € I. It follows that
d(B(p,r) N L) = 0(U;A;) C U;04; C 0B(p,r) ([22, vol. II, p. 169, 1]).
Since p € 9L, we have that p € 9(B(p,r) N L), and we would have that
p € dB(p,r). This contradiction proves that B(p,r) "L N[u < A] # 0
for all r > 0. We conclude that p € (L N [u < A). O
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Proposition 14. Let u € C(Q). Assume that there is some § > 0 such
that, if K is a connected component of an upper or lower level set of u,
then |K| > 0. Let X be a connected component of [A < u < p], A < p,
and let L be a hole of X. Then there is some n > 0 such that either

i) sat(X, L) = sat(cc(u > A, X),L), andu < X\ on L, :={p € L:
d(p, X) <n}, or

ii) sat(X,L) = sat(cc([u < p|,X),L), and w > p on L, :={p € L:
d(p, X) <n}.

Remark 6. i) The assertions concerning the saturations in the above
statement are true without the assumption that the connected
components of upper or lower level sets have area > §, and it
can be proved by approximation of u by I.S.ST¢u.

ii) The set L, will be called a band around X. If a hole is an external
hole, we call L, the external band around X. If a hole L is an
internal hole, we call L, an internal band around X.

Proof: Let H be any hole of X. Since Q is unicoherent, sat(X, H), H
are closed connected sets, and sat(X, H) U H = Q, we have that 0H =
sat(X, H) N H is connected. We observe that 0H C d[u < A\]Ud[u > p.
Indeed, since €2 is locally connected, X C 9[A < u < ] ([22, vol. II,
p. 169]) and

OH COX CON<u<y]
= 3(ju < AU fu> p))
= Olu < AJUd[u > u).

Moreover, if A < u, dlu < A\]Ndu > u] = 0 and, being OH a connected
set, we have either 0H C 9[u < A] or 0H C J[u > p]. Suppose first that
A < p. Without loss of generality, we may assume that 0L C 9fu < A].
Our purpose is to prove that L is also a hole of cc([u > A], X), hence
sat(X, L) = sat(cc(fu > A, X),L). For that, we shall prove that, for
some n >0, u<Aon{peL:dpX)<n}

The result is obviously true if L = @) or L C [u < A]. Thus we may
assume that L N [u > A] # (. By Lemma 5, there is a finite number of
connected components of [u > A] intersecting L, and each of them has,
at most, a finite number of holes. Let Y be a component of [u > A
intersecting L. Observe that, by last lemma, [u < \] # (). Hence Y # Q
and it has some hole. If all holes of Y are contained in sat(X, L), then
LCY. Inthat case, D # LN[u <A CYNu< A =0, and we obtain
a contradiction. Thus, there are holes of Y intersecting L.
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Let W be a hole of Y such that WNL # (). We claim that OWNOL = §.
Indeed, let pe YNL, g € WNL. Let v be an arc joining p and ¢ whose
image is contained in L. Then + intersects W at some point « € L. As
in the above proof, 9W is a connected set contained in [u = A]. Hence,
if OW NOL # 0, since L C X, then X would contain OW, hence, also
x € OW N L, a contradiction. Our claim follows.

We claim that Y NOL = (). Suppose, by contradiction that Y NOL #
(. Since OL C [u = A], then 9L C Y. Since Y N W = (), we also have
that OL N W = (). Therefore OL N W = (. Let W;, i = 1,...,p,
be the family of holes of Y intersecting L. We have just proved that
dist(OL,W;) > n > 0 for some n > 0 and all i = 1,... ,p. Let p € OL
and let » < 7 be such that B(p,7)"W; =0, i =1,...,p. Under these
circumstances, it is immediate to see that

B(p,r)NL=B(p,r)NLNY.
Then
0+ B(p,r)NLNu<A=Bpr)NnLNYNu<\ =0,

the left hand side being nonempty because p € (L N [u < A]). This
contradiction proves that Y N AL = (.

Thus, there is some r > 0 such that either 0L+ B(0,7) C Y, or (OL+
B(0,7)) NY = (. In the first case, we conclude that, by choosing r > 0
small enough, 0L+ B(0,7) C [A < u < p], hence, also L+ B(0,7) C X,
a contradiction. Thus, we may assume that (0L + B(0,7))NY = for
all connected components Y of [u > A] intersecting L. Then, dist([u >
AN L,0L) > 0, and, therefore, for some n > 0, u < Aon {p € L :
d(p,X) < n}. This implies that L is a hole of cc(fu > )], X), and
sat(X, L) = sat(cc([u > A, X), L).

Let us consider the case A = pu. Let X be a connected component
of [u =X and y € X. Then X = N,X,, where X,, = cc([A < u <
A+ %],y). Let p € L. Then, by Lemma 4, we know that sat(X,p) =
Ny sat(X,,p). Without loss of generality, we may assume that p ¢ X,
for all n > 1. But, according to the first part of the proof, we have that
either sat(X,,p) = sat(cc(fu > A],y),p), or sat(X,,p) = sat(cc(fu <
A+ 119),p). In the first case, we conclude that sat(X,p) = sat(cc([u >
Al,y),p). In the second case, using again Lemma 4, ii), we have that
Ny sat(ce(fu < A+ 1], y),p) = sat(cc([u < A],y),p). Hence, sat(X,p) =
sat(cc([u < Al y), p).
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When sat(X, p) = sat(cc([u > A],y),p), L is a hole of cc([u > A],y).
Hence 0L C J[u < M| and the argument above proves that there is
some 7 > 0 such that w < Aon L, = {p € L : d(p,X) < n}. When
sat(X,p) = sat(cc([u < A],y),p), L is a hole of cc([u < A]l,y). Then
OL C J[u > A] and again the previous argument proves that there is
some 7 > 0 such that u > A on L, = {p € L : d(p,X) < n}. O

4.2. The number of components of Uy, is finite.

Lemma 7. Letu € C(Q). Assume that there is some § > 0 such that, if
K is a connected component of an upper or lower level set, then |K| > 4.
Let A < .
i) Let X be a connected component of Uy ,,. Then |sat(X)| > 0.
ii) Let X, Y be two connected components of Uy, with X contained
in a hole of Y. Suppose that both satisfy the same alternative in
Proposition 14. Then |sat(Y) \ sat(X)| > 6.

Proof: i) is a consequence of Proposition 14. To prove ii), to fix ideas,
let us assume that there is some 1 > 0 such that v < A on {p € Lx :
d(p,X) < n} and on {p € Ly : d(p,Y) < n}, where Lx and Ly are
the external holes of X, Y, respectively. Then, there is a connected
component of [u > A] contained in sat(Y') \ sat(X), and, therefore,
|sat(Y) \ sat(X)| > 6. O

Lemma 8. Let u € C(Q). Assume that there is some § > 0 such that
if X is a component of an upper or lower level set, then |X| > §. Let
J CN. Let Kj, j € J, be a connected component of Ua; g,, o < 35,
such that K; NK; =0 foralli # 3, 4,5 € J.
i) For each j € J let Tij, it =1,...,hj, be the holes K; containing
some K;, i € J. Then

| Uiy T7| = hyo.
In particular
1€

suph,; < —.
i T8

il) Suppose that J is countable. Then there is an infinite chain formed
by sets of the family K;.
Proof: i) Suppose that Tij contains K ;. Then, it contains also a sat-
uration of K ;. Thus, by Lemma 7, |sat(K ;)| > 6. This implies the
statement of the present lemma. '
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ii) Let j € J. Observe that the number of K; in the holes (i.e., the
components of its complement) of K is infinite. By i), there is a hole
of K; which contains an infinite number of K;. Let T! be this hole.
Suppose that there is an infinity of K;, K; , in T* such that sat(K;,)
are two by two disjoint. Using Lemma 7, i), we obtain that

T > k6§

for all £ > 1. Thus there is only a finite system of components K; such
that sat(K;) are two by two disjoint. Then one of them, say K;,, con-
tains an infinity of K/s in his system of holes. Again, by the previous
argument, there is a hole of K;,, say T?, containing an infinite num-
ber of K;. Repeating the same argument we find a subsequence K; ,
n=1,2,..., such that K;  , is contained in a hole of K; . O

n4l

Proof of Proposition 13: Suppose that U) , contains a countable family
of connected components K,,. By Lemma 8, ii), there is an infinite chain
formed by sets of the family K;. By extracting a subsequence of Kj, if
necessary, we may assume that they satisfy the same alternative given in
Proposition 14. Now, using Lemma 7, ii), we obtain an infinite area in
this chain. This contradiction proves that there is only a finite number
of connected components of Uy ;. O

4.3. The number of maximal monotone sections is finite.

Theorem 2. Let u € C(Q)). Assume that there is some § > 0 such
that, if X is a connected component of an upper or lower level set then,
|X| > &. Then there is a finite number of mazimal monotone sections
in the topographic map of u.

To proceed with the proof, assume that there is a sequence {S;}$2; of
maximal monotone sections, each one associated with an interval (open,
closed, halfopen or halfclosed) which will be denoted by I; = {a;,b;},
a; < b;. Let z; = %LI” Since u is bounded, passing to a subsequence,
if necessary, we may assume that z; — z as i — oo. Then, modulo a
subsequence, we may assume that the intervals I; intersect each other or
they are two by two disjoint. Indeed, if the number of indexes i € N such
that a; = b; is infinite we have a sequence of intervals I; which intersect
each other (in case a; = b; = z) or which are two by two disjoint. Thus
we may assume that a; < b;, for all i > 1. Again, taking a subsequence
if necessary, we may assume that a;, b; are monotone sequences. Let
a = lim; a;, b = lim; b;. Note that z = ‘ITH’ The following cases are
possible:
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i) a; \, b; \ If a < 2, then also z < b and (a;,2] C {a;,b;}. The
intervals I; intersect each other (even have a common intersection
point). If @ = z, then also b = z, and there are two possibilities:
(pl) either a; = z for all 4, or (p2) modulo a subsequence, we have
z < a; for all 4. In the first case, I; = {z,b;} and these intervals
intersect each other. In the second case, by taking a subsequence,
if necessary, we may assume that ;11 < a; < b;.

i) a; /', b; \: The intervals I; form a decreasing sequence, thus,
intersecting each other.

iii) a; \,, b; /" The sequence of intervals I; is monotone increasing,
thus, having a common intersection.

iv) a; /', b; /" If a < z, then for ¢ large enough a < b; and (a,b;) C I;.
Modulo a subsequence, the intervals I; have a common intersection
point. If @ = z, then also b = z, and there are two possibilities:
(p3) either b; = z for all i, or, (p4) modulo a subsequence, b; < z
for all 4. In the first case the sequence I; = {a;, 2z}, with a; ", and
we conclude that any finite system of intervals has a nonempty
intersection. In the second case, modulo a subsequence, we may
assume that a; < b; < a;41 for all 4, i.e., the intervals I; are two
by two disjoint.

By Proposition 1, we have that S; N'S; = 0 for all i # j. Let S be a
connected component of Uy, g, contained in S;, with [a;, 5;] C I;. Then,
by Lemma 8, there is an infinite chain made of sets S;. Thus we may
assume that S] form a chain. In this case also S; forms a chain. We are
going to exclude this case. First, we consider the case: I; NI; # ) for all
1,5 € N.

Lemma 9. Let u € C(Q) be such that each section Uy g has a finite
number of connected components. Suppose that [a,b] N [c,d] # 0. Let
Qa,b, Qe,a be connected components of Uy p, U 4, respectively. Suppose
that Top, Tea are holes of Qap, Qc.a, respectively, and sat(Qc,q) is con-
tained in Ty p. Then |sat(Qap) \ Te,al > 0.

Proof: Let Wy, W (resp. Wa, W3) be external and internal bands of
Qa,p (resp. Qc,q) such that W3 C T, g, Wa, W1 C Ty, with Wo C sat(Wh)
which exist by Proposition 14. To simplify our discussion we shall say
that W is higher than k& € R (resp. lower than k& € R) if u(z) > k
(u(z) < k) for all z € W, where W denotes any of the bands Wj,
i = 0,1,2,3. Note that, by Lemma 14, Wy and W; are either higher
than b or lower than a, and W5, W3 are higher than d or lower than c.
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Case a < ¢. Since u(z) > a for all z € Qqp U Qc,a, if W1 is lower
than a, then there is a connected component of [u < a] in T, 3 \sat(Qc,q)-
Suppose that W7 is higher than b. If Wy is higher than b, then there is
a connected component of [u < b] contained in Q. Assume that Wy is
lower than a. If Wy, W3 are higher than d, with a similar argument we
have that there is a connected component of [u < d] contained in Q. 4.
If W5 is higher than d and W3 lower than ¢, then there is a connected
component of [u > d] in sat(Qqp) \ Te,a. If Wy is lower than ¢, since
u > con Qcq, then there is a connected component of [u < ¢ contained

in Top \ sat(Qc,a)-

Case ¢ < a. Suppose that W7 is lower than a. Since u(z) > a for all
2 € Qqp and u(z) > ¢ for all z € Q. q, if W is higher than d, then there
is a connected component of [u < a] in Ty \ sat(Qc.q). If Wa is lower
than ¢, then there is a connected component of [u < ] in T, 4 \ sat(Qc,q)-
If W is higher than b we argue as in the previous case. O

Lemma 10. Let {S;}2, be a sequence of different mazimal monotone
sections, each one associated with an interval I;. Suppose I; N1; # O for
alli,j € J, i # j. Then, there is no infinite chain formed with this sets.

Proof: Modulo a subsequence, we may assume that 5; is an infinite
chain. By Proposition 1, we know that S;NS; = () for all ¢ # j. From the
assumption, it follows that given N > 1, there are closed subintervals
I} C I, 1 <i < N, such that I NI # 0 for all 4,5 € {1,...,N},
i # j. Let Sf C S; be a connected component associated with the
closed interval I, i« < N. To fix ideas, since the union of S; does not
cover €, we may choose a point p € Q \ UY_,S¥ and always consider the
component of 2\ S} containing p as the external component of S7. Let k
be the number disjoint saturations of the sets S;. Then there is a chain
of length at least [%] where [\] denotes the integer part of A. Then, we
have | UY | sat(S;)| >k and, by last lemma, | U, sat(S})| > 2 [X] 6.
Observe that either k or % goes to infinity with N. In any case, 2 would
have unbounded measure. O

At several places we shall use inversions in RY with respect to some
point p € RY. We call inversion in RY with respect to p any map
op(z) = R? \;:zfl“ R > 0. Tt maps B(p, R) bijectively into RY \ B(p, R)

and it keeps the sphere or radius R around p fixed.

Lemma 11. Let S; be a sequence of maximal monotone sections as-
sociated with I; = {a;,b;}, i € N. Assume that a; < b; < aj41, or
bir1 < a; < b; for alli. Then there is no infinite chain made of sets S;.
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Proof: Suppose that the sequence S; forms a chain. By eliminating one
of the S;, if necessary, we may assume that the union of the S; does
not cover ) and fix a point p outside all sets sat(S;) which contain p in
its external component. By Lemma 8, we may assume that there exist
closed monotone sections (); contained in .S;, associated to the intervals
[ci,di] € {a;, b;}, and forming a chain. Let T; be the hole of Q; containing
Qi+1.- We shall prove that

(12) |sat(Qi) \ Tiv1| > 6,

for all # > 1. It suffices to consider the case a; < b; < a;41 for all 4.
Indeed, in case we have that b;11 < a; < b; for all 4, for each i fixed,
for instance ¢ = 1, we may consider a point ¢ € T, and make an in-
version ¢ with respect to the point ¢, to end up with concatenated sets
©(Q2), ©(Q1), exterior and interior, respectively, associated with inter-
vals [co, ds], [c1,d1], satisfying do < ¢;. In what follows we shall prove
that under these assumptions sat((Q2)) \ ¢(Q \ sat(Q;)) contains an
upper or lower level set of u o . This implies that sat(Q1) \ T2 contains
an upper or lower level set of u and, as a consequence, |sat(Q1)\Tz| > 0.

Assume that a; < b; < a;4q for all i. Take ¢ = 1. Let Wy, Wh
(resp. Wa, W3) be external and internal bands of @1 (resp. Q2). Suppose
that W7 is lower than ¢;. Since u(z) > ¢ for all z € Q1 and u(z) > ¢, for
all z € @2, then there is a connected component of [u < ¢;] contained
in 77 \ sat(Q2). Suppose that W is higher that dy. If W, is higher
than d; then there is a connected component of [u < d;] contained in
Q1. Suppose that Wy is lower than ¢;. If W3 is lower than ¢y, then
there is a connected component of [u > o] contained in sat(Q1) \ To. If
W3 and W5 are higher than ds then there is a connected component of
[u < ds] contained in Q5. Thus it remains to consider the case: (cc) Wy
lower than ¢, Wi higher than dy, W5 lower than co, W3 higher than ds.
Suppose that

(13) |sat(@Q1) \ Tz| < 6.

Let us consider the open set D = Tj \ sat(Q2). Observe that D =
(2 \ sat(Q2)) N Ty. Since both sets (Q\ sat(Q2)), T are closed, con-
nected and their union is Q, then its intersection D is connected. Let
us prove that di < u(z) < ¢y for all z € D. Suppose that there is
p € D such that u(p) < dy. Since Wi is higher than d; and u > ¢
in Q2 we conclude that there is a connected component of [u < di] in
T, \ sat(Q)2). Suppose that there is some p € D such that u(p) > co.
Since Wy is lower than ¢; and Wy lower than ¢ we conclude that there
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is a connected component of [u > ¢] in sat(Q1) \ sat(Q2). In both cases
we contradict (13).

Since D is connected, and u|or, = dy, Ul sat(Qs) = €2, we have that
{u(2) : 2 € D} contains [dy, c2]. In particular, {z € D : A < u(z) < p} is
a nonempty set for all [\, u] C [dy, ca].

Let di < A < p < ¢o. Let us prove that X ,,:=Uy ,N(sat(Q1)\T2) is a
component of Uy ,,. The last paragraph proves that this set is nonempty.
Since u(z) < ¢1 for all z € Wy and u(z) > dg for all z € Ws, the
set Uy, N (sat(Q1) \ T2) is a union of connected components of Uy .
Suppose that there are at least two of them H;, Hs. If the saturation
of one of them, say sat(H;), does not contain T then |sat(Qq) \ Tz| >
|sat(Hy)| > 6. Thus, sat(H;), sat(Hz) contain T5. We deduce that Hy
and H, form a chain. Since both sets are connected components of the
same section Uy ,,, by Lemma 9, we have that |sat(H1)\ Tw,| > § where
Ty, is the hole of Hs containing 75. In any case, this configuration
pays 4, and, therefore also |sat(Q1) \ T2| > §. Since this case has been
excluded by assumption (13), we conclude that X , is connected.

Our next claim is that Xg, ., is a monotone section. Indeed Xy, ., is
the only connected component of Uy, ., contained in sat(Q1) \ To. Now,
let [A, 1] C [dy,ca). Then

{J) € thcz : :\ < ’U,(l‘) < la}
={x €sat(Q1) \ Tz : d1 < u(z) < cq, A< u(z) < o}
= {zesat(Q)\To: A <u(z) < p} = X ;.

Since X , is a connected component of Us 4s Our claim follows.
Let us check that

(14) Sy NSy #0.

This contradiction will prove that, in case (cc), also holds that | sat(Q1)\
T5| > 6. Thus, the inequality holds in any case. The consequence being
that an infinite chain made of sets S; would imply an infinite area for 2
and Lemma 11 is proved. We observe that Q1N Xy, ¢, # 0. Indeed, since
Wy is lower than ¢; and Wi is higher than d;, there is a point 2 € Q;
such that u(2) = dy. Thus, 2 € Q1 N Xy, ¢,- Hence

(15) Xdyeo ©51

because S7 is a maximal monotone section containing ;. Now, since
Wy is lower than co and W3 higher than ds, there is a point y € Q5 such
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that u(y) = co. Hence

(16) Xd17(32 N Q2 7é @
From (16) it follows that
(17) Xd1,02 C Sy

because Sy is a maximal monotone section containing Q2. From (15)
and (17) we obtain (14) and the proof of Lemma 11 is completed. O

5. M-components versus classical components

As argued in [7], the connected components of the level sets of the im-
age contain the information which is invariant by local contrast changes.
The geometric description of these basic sets requires a functional model
for images. One of the basic models is the so-called BV-model, intro-
duced for the purpose of image denoising by L. I. Rudin, S. Osher and
E. Fatemi in [36], in which images are functions of bounded variation.
The BV-model is a sound model for images which have discontinuities
and has become a popular model for image restoration [36], [9], [12], [46]
and edge detection [10]. In [2], the authors introduced the WBV-model
in which images are functions whose level sets are sets of finite perimeter
(modulo a null set of levels). This class of functions contains the func-
tions of bounded variation and is invariant under contrast changes. The
notion of connected components can be adapted to sets of finite perime-
ter in RY, the so-called M-components introduced in [2], and a more
precise description of these M-components in terms of Jordan curves was
given for N = 2 [2]. This permited the study of grain filters acting on
WBYV , in particular, the Vincent-Serra operators SI¢, I.S. described in
Section 3 ([43], [44], [39], [42]). Grain filters are operators which sim-
plify the structure of connected components of upper and/or lower level
sets. S. Masnou ([26], [2]) studied them as operators in BV (Q2) prov-
ing that they commute with real continuous increasing contrast changes
and they decrease total variation. Thus, the WBV-model appears as
a suitable functional framework for many problems in image process-
ing. Our purpose now is to prove that for functions in WBV (Q) N C(Q)
the M-components (of positive measure) of almost all its level sets co-
incide with classical connected components. Thus, in some sense, the
M-components are a relaxation of the classical connected components
when going from continuous functions to functions in WBV. Let us
recall these notions. We shall follow the presentation and the results
in [2].
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5.1. Preliminaries.

We consider a N-dimensional euclidean space RY, with N > 2. The
Lebesgue measure of a Lebesgue measurable set £ C RY will be denoted
by |E|. For a Lebesgue measurable subset £ C RY and a point # € RY,
the upper and lower densities of E at x are respectively defined by

_ _ |EN B(z,7)| .. |EnB(z,7)
D(z,F) :=limsup —————, D(z,F):=liminf —————=.
(o B) :=limsup =y 2 )= imint =)
If the upper and lower densities are equal, their common value will be
called the density of x at E and it will be denoted by D(x, E'). We shall
use the word measurable to mean Lebesgue measurable.
Using densities we can define the essential interior hps(E), the essen-

tial closure EM and the essential boundary OME of a measurable set F
as follows:

(18) hy(E) :={x:D(z,E) =1}, M = {z:D(z,E) >0}

(19) ME =E" NRV\E" ={z:D(z, E) >0, D(x, RV \ E) > 0} .

Notice also that by the Lebesgue differentiation theorem the symmetric
difference hps (E)AE is Lebesgue negligible, hence the measure theoretic
interior of hp(E) is har(E) (in this sense hp(E) is essentially open),
and also that

OME =RV \ (hp(E) Uhp(RY\ E)) .

Here and in what follows we shall denote by H* the Hausdorff measure
of dimension o in RY. In particular, H¥~! denotes the (N — 1)-di-
mensional Hausdorff measure and HV, the N-dimensional Hausdorff
measure, coincides with the (outer) Lebesgue measure in RY. Given
Ei, By C RV we shall write By = Ey (modH®) if HY(E1AE,) = 0,
where E1AEy; = (E1 \ E2) U (E3 \ Eq) is the symmetric difference of
FE, and F,. We will use an analogous notation for the inclusion and in
some cases, in order to simplify the notation, the equivalence or inclusion
mod HY will be tacitly understood.

We say that a measurable set £ C R has finite perimeter in RV
if there exist a positive finite measure p in RY and a Borel function
vep: RY — SN—=1 (called generalized inner normal to E) such that the
following generalized Gauss-Green formula holds

/divqbda::—/ (ve,¢)du V¢ CLRYN,RY).
E RN
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Hence the measure vgu is the distributional derivative of x g, which will
be denoted by Dx g, while u = |Dxg/| is its total variation; the perimeter
P(E,B) of E in a Borel set B C R¥ is defined by |Dxg|(B), and we
use the notation P(E) in the case B = RY. For further information on
sets of finite perimeter we refer to [3], [13], [15], [17], [48].

Definition 6. Let Q be an open subset of RY. We say that a Borel
function u: Q — [—o0, +00] has weakly bounded variation in € if

P({u>1},Q) <oo forae. teR.

The space of such functions will be denoted by WBV (£2). We call total
variation of u and denote by |Du| the measure defined on every Borel
subset B C Q) as
+o00
|Du|(B) := P({u > t}, B)dt.
— o0
Remark 7. i) It follows from the properties of the perimeter that
|Dul is a o-additive measure on the Borel sets of Q. Let BV ()
denote the space of functions of bounded variation in Q (see for
instance [3], [13], [15], [17], [48]). Remark that by Lemma 1
in [2], BV () ¢ WBV(f). Furthermore, if Q is bounded with
Lipschitz boundary, v € WBV () and |Du|(€2) < 400 then, by [2],
u € BV(Q) and, by the coarea formula, |Du| coincides with the
total variation of u.

ii) It must be emphasized that WBV is not a vector space. Take
indeed the two functions u(z) = 1/x and v(z) = 1/z — sin(1/z)
defined on (—1,1). Then, clearly, u,v € WBV(—1,1) whereas
u—v & WBV(—1,1) since sin(1/z) assumes infinitely many times
any value ¢t € [—1,1]. However, a strong motivation for the intro-
duction of WBV (Q) is the following result, showing that WBV (Q)
is the smallest space containing BV (Q2) and invariant under any
contrast change; note that by Volpert’s chain rule for distributional
derivatives, BV (Q) is stable only under Lipschitz contrast changes.

Theorem 3 ([2]). For any uw € WBV () there exists a bounded, con-
tinuous and strictly increasing function ¢: [—oo0,+00] — R such that
pou € BV(Q).

5.2. M-connected components of sets of finite perimeter.

Let E C RY be a set with finite perimeter. We say that E is decompos-
able if there exists a partition (A, B) of E such that P(E) = P(A)+P(B)
and both |A| and |B| are strictly positive. We say that F is indecom-
posable if it is not decomposable; notice that the properties of being
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decomposable or indecomposable are invariant mod HY and that, ac-
cording to our definition, any Lebesgue negligible set is indecomposable.

In this section we want to recall the following decomposition theo-
rem; a similar decomposition result for integer currents is stated in 4.2.25
of [15]. This result has also been used in G. Dolzmann and S. Miiller [11]
and B. Kirchheim [20] to prove Liouville type theorems for partial dif-
ferential inclusions with multiple wells; the second paper contains also
an explicit proof of the decomposition theorem, based on Lyapunov con-
vexity theorem. The proof given in [2] was based on a simple variational
argument.

Theorem 4 (Decomposition theorem). Let E be a set with finite peri-

meter in RN . Then there exists a unique finite or countable family of

pairwise disjoint indecomposable sets {E;}ier such that |E;| > 0 and
P(E) =Y, P(E;). Such that ™M E = ;0™ E; (mod HN 1),

(20) HY (hM )\ b (E ):o

el

and the E;’s are maximal indecomposable sets, i.e. any indecomposable
set F C E is contained mod HY in some set E;.

Definition 7 (M-connected components). In view of the previous the-
orem, we call the sets E; the M -connected components of E and denote
this family by CCM (E); we always choose the index set I as an interval
of N, with 0 € 1.

Notice that CCM (E) = () whenever E is Lebesgue negligible and that
Theorem 4 gives

(21) OMF cOME modHN~! for any F € CCM(E).

By (20), for HN"t-a.e. © € hy(E) it also makes sense to talk about
the M -connected component of E containing x, namely the unique set
F € CCM(E) such that € hy(F).

Definition 8 (Holes, saturation). Let E be an indecomposable set. We
call M-hole of E any M-connected component of RV \ E with finite
measure. We define the saturation of E, denoted by Sat(E), as the
union of F and of its M-holes. In the general case when E has finite
perimeter, we define

Sat(E U Sat(E;) where CCM(E) = {E;}ics.
i€l
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The M-holes of E, denoted by HM(E), is the family of M-holes of its
M-connected components E;.

Proposition 15. Let E,F C RN be two indecomposable sets. If |E N
F| =0, then the sets Sat(E), Sat(F') are either one a subset of the other,
or they are disjoint (mod H™ ).

This was also proved in [2, Proposition 6].

Definition 9 (Exterior). If £ C R has finite perimeter and |E| < oo,
we call exterior of E the unique (mod HY) M-component of RN \ E with
infinite measure. The exterior of E will be denoted by ext(E).

Notice that the notion of exterior makes sense only if |F| < oo, due
to the fact that RY \ E has finite measure if P(E) < oo and |E| = .

Definition 10 (Jordan boundary). Any indecomposable subset of RY
such that Sat(F) = E will be called simple. We say that a set J is a Jor-
dan boundary if there is a simple set E such that J = OME (mod HN~1).

The simple set E associated to a Jordan boundary J is unique ([2,
Proposition 7]). In this sense, J can also be thought as an oriented
set, with the orientation induced by the generalized inner normal to E.
The terminology was motivated by the results concerning sets in the
plane, see in particular [2, Theorem 7]. We shall write int(J) = E and
ext(J) = RV \ E; notice that ext(J) = ext(E).

Proposition 16. Let E be indecomposable and let {Y;}icr be its holes.
Then

(22) E = Sat(E)\ | Yi = Sat(E) N () ext(Y3)
i€l el
and
(23) P(E) = P(Sat(E)) + Y _ P(Y;).
el

There is also a converse statement of last result which can be seen
in [2].

In order to simplify the following statement we enlarge the class of
Jordan boundaries by introducing a formal Jordan boundary J., whose
interior is RY and a formal Jordan boundary J, whose interior is empty;
we also set HV "1 (Jy) = HV~1(Jy) = 0 and denote by S this extended
class of Jordan boundaries. In this way we are able to consider at the
same time sets with finite and infinite measure and we can always as-
sume that the list of components (or holes of the components) is infinite,
possibly adding to it infinitely many int(.Jp).
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The following theorem describes OME by a collection of “external
Jordan boundaries” J;‘ and “internal Jordan boundaries” J; satisfying
some inclusion properties; these properties provide an axiomatic char-
acterization of them [2]. However, we emphasize that in general this
description is not invariant under complementation, i.e. the external (in-
ternal) boundaries of a set are not the internal (external) boundaries of
the complement [2]. We shall see below that for almost all level sets A
of a function u € C(Q) N WBV (Q), the external (internal) boundaries of
[u > A] are the internal (external) boundaries of the complement [u < A].

Theorem 5 (Decomposition of OME in Jordan boundaries). Let E CRN
be a set of finite perimeter. Then, there is a unique decomposition of
OME into Jordan boundaries {J;r, Ji i,k € N} C S, such that

(i) Given int(J;"), int(J;), i # k, they are either disjoint or one is
contained in the other; giwen int(J; ), int(J, ), i # k, they are
either disjoint or one is contained in the other. Each int(J; ) is
contained in one of the int(J;).

(it) P(E) =37, HNH(J7) + X Y ().

(iil) If int(J;") C int(Jj'), i # j, then there is Jordan boundary J,
such that int(J;") C int(J, ) C int(J;'). Simalarly, if int(J;) C
int(J;"), i # j, then there is some Jordan boundary i such that
int(J;) Cint(J;") C int(J;).

(iv) Setting L; = {i : int(J; ) C int(Jj-*)}, the sets Y; = int(J;r)\
Uier,; int(J;") are pairwise disjoint, indecomposable and E = U;Y;.

Definition 11. Let E be a set of finite perimeter in RY. The family
of boundaries J;% described in last theorem will be called the family of
external boundaries of E and will be denoted by £M(FE). The family of
curves J; will be called the internal boundaries of E and will be denoted
by ZM(E).

Thus the external boundaries of E are the external boundaries of its
M-connected components. The internal boundaries of E are the bound-
aries of the M-holes of its M-connected components. If F is indecom-
posable, then the external boundary of E is unique and coincides with
OM Sat(E).

It was shown in [2] that the boundary of a simple set in the plane was a
rectifiable Jordan curve. Moreover, the M-components in the plane were
also classically connected by arcs (indeed, a suitable representative).
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5.3. M-components versus classical components.

Let Q be a Jordan domain in RY, i.e., the closure of the bounded con-
nected component of the complement of a subset of R homeomorphic
to SN¥~1 the sphere of RY. Let  be the interior of Q. We assume that
the boundary of Q is Lipschitz. Let A C Q. We write A CC Q if there
is some € > 0 such that d (z, RN \ Q) > ¢ for almost every z € A. Let
E C Q be a set of finite perimeter in ) such that

(24) EccQ or Q\EccQ.

Note that in this case, the M-holes of E are well defined as its M-holes
as a subset of RV. Hence, also Sat(F) is well defined. If a set of finite
perimeter E is such that Q \ E CC Q then dQ C 0™ FE and we shall
exclude it as a curve of EM(E).

We shall say that two sets A, B contained in a set C' C R? are clas-
sically connected inside C' if there is a connected set K C C' containing
A and B.

Definition 12. Let u € WBV(Q) N C(Q). We say that A € R is a
critical level of u if there exist Y, Y’ € CCM([u > )]), Y # Y’, which are
classically connected inside [u > A].

Theorem 6. Let u € WBV(Q) N C(Q). Suppose that u is constant on
a neighborhood of O). Then the set of critical levels is of measure zero.

Theorem 7. Let u € WBV(Q)NC(Q). Suppose that u is constant in a
neighborhood of Q. Then there is subset A of R such that |[R\ A| =0,
and, for every X € A, EM(u > A]) = I ([u < A]) and ZM ([u > \]) =
EM([u < A)).

Lemma 12. Let X be a bounded indecomposable set of finite perimeter
in RN with all points of density 1. Suppose that |0X| = 0. Then X is
connected.

Proof: Suppose that X is not connected. Let X; and X, be two com-
ponents of X. Then there are two closed, disjoint sets H;, H», whose
union is X such that X; C H; and X, C Hy ([33, Theorem 5.5, p. 82]).
Since H; and Hs are compact and disjoint they are at a positive dis-
tance from each other. Now, observe that both sets X; and X5 con-
tain points of X, hence points of density 1 in X, therefore, |H;| > 0,
|Ha| > 0. Since |[0X| = 0, X is also a set of finite perimeter with
OMX = M X. Tt follows that H; and Hs are also sets of finite perimeter
and Per(X) = Per(H,) + Per(H). Hence, (Hy, H2) is a decomposition
of X. This contradiction proves that X must be connected. O
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Lemma 13. Let u € WBV(Q)NC(Q). Then IS.u, SI‘u € WBV(Q)nN
C(Q).

Proof: For any set X C RY let CC(X) be the (classical) connected
components of X. We already know that I.S.u, ST¢u € C(Q). Let A € R
be such that [u < A] (resp. [u > A]) is a set of finite perimeter such
that [[u = A]| =0, and let X € CC ([u < A]) (resp. X € CC ([u > A])).
Since, by Lemma 12, Y is connected if Y € CCM ([u < \]) (resp. Y € ccM
([u > A])) is such that all its points are of density 1, then we have that
either Y C X or XNY = (mod H"). From this it follows that each set
X € CC ([u < A)) (resp. X € CC ([u > A])) is a set of finite perimeter
which is a union of M-components of [u < A] (resp. [u > A]). Moreover

(25) P(lu<\,Q) = > P(X,Q)
XeCC([ugA]), |[X|>0

(resp.

(26) P([u>\,Q) = > P(X,Q)).
XeCC([u=A]), | X|>0

Now, recall that by Lemma 1 we have that (mod H")
[ISeu < A\] CT![u <\ C[ISu < ).
If A € R is such that |[[S.u = A]| = 0, then
[IScu < N = T![u < N = Uxcco(uen), [x|>cX  (mod HY).

Since u € WBV(Q) and [u < )] is a set of finite perimeter, we conclude
from last equality and (25) that [IS.u < )] is a set of finite perimeter.
Hence, the sets [I.Scu < A] are sets of finite perimeter for almost all levels
A € R. Similarly, we prove that SI‘u € WBV (Q). O

Let A be an indecomposable set of finite perimeter in RY. The
set Sat(A) is defined modulo a null set. Let us define a representa-
tive of it in case that all points of A are of density 1, and |0A| = 0.
Recall that Sat(A) is equal to A union the M-components of RV \ A
of finite measure. We define a set Sat*(A) which coincides with Sat(A)
modulo an H” null set. For that, we take A as a representative of A,
since |0A| = 0, and observe that RY \ A is an open set. Since each
connected component of R \ 4 is either contained or disjoint to a given
M-component of RV \ A, then each M-component of RV \ A4 is the union
of a, at most countable, family of connected components of RV \ A. Let
B,, be the M-components of RV \ A of finite measure. For each B,
there is a family of components B™ of RV \ A such that B,, = U,, B™
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(mod HY). Then, we define Sat*(A4) = AUU,, ,,, B™. Since dB,, , C 04,
we have O(Up,mBl") C Up,mO0Bn,m C 0A ([22, vol. II, p. 168]). Hence
0Sat*(A) C OA. Thus |0 Sat™(A)| = 0. The assumptions of Lemma 12
are satisfied, therefore, Sat*(A) is connected. Similarly, let Bs, be the
M-component of R \ A of infinite measure and let B be the compo-

nents of R\ A whose union coincides with B,, modulo a null set. Then
we define SAT(A) by the identity RY \ SAT(A) = U,,, B™. Observe that

SAT(A) C sat(A).

Lemma 14. i) Let A be an indecomposable set of finite perimeter
such that all its points are of density 1 and |0A| = 0. Then
SAT(A) = Sat*(A). Thus, SAT(A) is connected.

ii) The set U, 0BT is connected.
iii) We have that 0 SAT(A) = U,,,0BZ.

Proof: i) By definition, we have that Sat*(A) C SAT(A). Since SAT(A)
is closed, we have that Sat*(A) C SAT(A). To check the opposite inclu-
sion, let p & Sat*(A). Since A C Sat*(A), there is some r > 0 such that
B(p,r) N A =10, B(p,r) N (UpmB™) = 0. Then B(p,r) C RN\ (AU
Un.mB™) = Up B = RN \ SAT(A). Thus, B(p,r) N SAT(A) = 0, and,

in particular, p ¢ SAT(A). We have proved that SAT(A) = Sat™(A).

ii) Suppose that U,,0B™ is not connected. Since this set is compact,
there exist two nonempty closed disjoint sets H;, Ho whose union is
UndB%. Let Iy :== {m : 0BZ N Hy # 0}, Iy :== {m : 0BZ N Hy # 0}.
Since the sets 9B are connected, then I; N I = (). We have

UmellaBg g Hl, UmelzaBgno' g H2-

Since

UmeNOBT C Uper, 0B UUp,er,0B™,

if p € Hh and p € Upner,0BZ, then p € Uye,0B7 C Hy. Thus
H; N Hy # (). This contradiction proves that

Hy = Upen, 0B, Hy=Upcr,0B%.

Since d(Hq,Hs) > 0, the sets Uy = Uper, B and Uy = Uper, B2
constitute a decomposition of R\ SAT(A), an indecomposable set. This

contradiction proves the first assertion of the lemma.
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iii) From the identity RY \ SAT(A) = U,,B™, we deduce that
O0SAT(A) C U,0BZ. The other inclusion is a consequence of the
following simple fact: if X,0 C R™, O is open and X N O = 0,
then also X N O = (). Indeed, since B™ N SAT(A) = {), then also
B™ Nint(SAT(A)) = 0. Hence, BZ N int(SAT(A)) = (. In particular,
we have that 9B Nint(SAT(A)) = (). Since this is true for all m, we have
that U,, 0B Nint(SAT(A)) = (. Again, by the simple fact mentioned
above, we have U, 0B Nint(SAT(A)) = 0. Now, since dBZ C 9A for
all m, we have that U,,0BZ C 0A C SAT(A). From both facts, we
deduce that U,,0B7 C 0 SAT(A). O

Lemma 15. Let A be an indecomposable set of finite perimeter such
that all its points are of density 1 and |0A| = 0. Let K be a continuum.
Assume that K N SAT(A) # 0. Then (K \ int(SAT(A))) U9 SAT(A) is
connected.

Proof: Since K N SAT(A) # 0, then K U SAT(A) is connected. If
K \ int(SAT(A)) = 0, then (K \ int(SAT(A))) UISAT(A) = 9SAT(A),
which, by last lemma, is a connected set. Suppose that K\int(SAT(A)) #
() and the set (K \int(SAT(A)))Ud SAT(A) is not connected. Let K, Ko
be two connected components of (K \ int(SAT(A))) U9 SAT(A) and let
a € K1, b € Ky. Then there are two closed, disjoint sets Hy, Ha, whose
union is (K \ int(SAT(A))) U dSAT(A) such that a € H; and b € H,
([33, Theorem 5.5, p. 82]). Then, since K7, Ky are connected, then
K, C Hy and Ko C Hy. Without loss of generality, we may assume that
HyNOSAT(A) # (). Since d SAT(A) is connected, then 9 SAT(A) C Hy,
and, therefore, HoNd SAT(A) = (). This implies that the set Ho\SAT(A)
is closed. Then a € Hy USAT(A), b € Hy \ SAT(A) are two nonempty
and disjoint closed subsets of K U SAT(A), a contradiction with the
conectedness of K USAT(A). This contradiction proves the lemma. O

Lemma 16. Let A, B be two indecomposable subsets of RN of finite
perimeter. Assume that all points of A, B are of density 1 and |0A| =
|0B| = 0. Assume that AN B = 0. Then

(i) if Sat(A) C Sat(B) (mod HY), then SAT(A) C int(SAT(B)),

(ii) if Sat(B) C Sat(A) (mod HY), then SAT(B) C int(SAT(A)),

(iii) if Sat(A) N Sat(B) = 0 (mod HY), then SAT(A) N SAT(B) = 0.
Proof: (i) Let p € A. Since D(p,A) = 1, then also D(p,SAT(B)) =
1. We have that p € SAT(B) = SAT(B). Hence A C SAT(B), and,
therefore, A C SAT(B). Let B™ be the connected components of RV\ B
whose union is RY \ SAT(B). Since RY \ SAT(B) C RN \ A and B7 is
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open and connected, there is a connected component A™ of R™ \ A such
that B C AZ. Since Up, B C Up AL and U, B2} is M-connected,
then it is easy to see that U, AT is also M-connected (and has infinite
measure). Thus

RN\ SAT(B) = U,, BT C U,, A" C RV \ SAT(A).

We obtain that SAT(A) C SAT(B). Since 0 SAT(A) C 0A, 0SAT(B) C
OB and AN B = (), we obtain that SAT(A) C int(SAT(B).

Since the case (ii) follows from case (i) by symmetry, we consider
case (iii). Since ANB = (), then B is contained in a connected component,
say C, of RV\ A, which is an open set. Then C' is open and M-connected,
and, thus, contained in the union of open and connected components of
RN \ A that constitute an M-component D of RN \ A. If D = RV \
SAT(A), then BN SAT(A) = 0. If D C SAT(A), then B C SAT(A), a
contradiction with (iii). Thus, we conclude that

(27) BNSAT(A) = 0.
By symmetry, also
(28) ANSAT(B).

Now, since SAT(A) = AU Ap and SAT(B) = B U By, where Ay, By are
open sets, using (27) and (28), we deduce that

SAT(A) NSAT(B) = Ay N By.

Thus, if SAT(A) and SAT(B) intersect, they do it in an open set, which
is of positive measure. This contradicts our assumption that SAT(A) N
SAT(B) = 0 (mod HY). Therefore, SAT(A) N SAT(B) = 0. O

Lemma 17. Let A, B be two indecomposable subsets of RN of finite
perimeter. Assume that all points of A, B are of density 1 and |0A| =
|0B| = 0. Suppose that Sat(A) N Sat(B) = 0 (mod HY) and SAT(A) N
SAT(B) # 0. Then O SAT(A) NdSAT(B) # 0.

Under the assumptions of the lemma, the condition SAT(A)N
SAT(B) # 0 is equivalent to AN B # 0.

Proof: Since Sat(A)NSat(B) = () (mod HY) we have that int(SAT(A4))N
int(SAT(B)) = 0. Now, suppose that  SAT(A) Nint(SAT(B)) # 0. We
observe that if X = Z then 0X C 9Z. Since SAT(A) = Sat*(A), if
p € OSAT(A) Nint(SAT(B)), then p € dSat™(A) N int(SAT(B)). Let
r > 0 be such that B(p,r) C int(SAT(B)). Then B(p,r) N Sat*(A) # (.
Recall that Sat*(4) = AU U, , A" where A,, are the M-components
RN \ A of finite measure and A™ are the (open) components de RV \ A
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such that A, = U, A™ (modHY). Thus either B(p,r) N A # () or
B(p,r) N A™ # () for some n, m. Since all points of A are of density 1,
if B(p,r)N A # 0, then |B(p,7) N A] > 0. Hence, | Sat(A) N Sat(B)| >
|A N int(SAT(B))| > 0, a contradiction. If B(p,r) N A7 # 0, then
|Sat(A) N Sat(B)| > |A™ N B(p,r)| > 0. This contradiction proves
that @SAT(A) N int(SAT(B)) = 0. By symmetry, also int(SAT(A)) N
OSAT(B) = ). Therefore 9 SAT(A) NI SAT(B) = SAT(A)NSAT(B) #
0. O

Let A, B be two indecomposable sets of finite perimeter in RY such
that all its points are of density 1, |0A| = |0B| = 0, and AN B = 0.
We have the three possibilities described in Lemma 16. If SAT(A) N
SAT(B) = 0 (modHY), then we define Q(A) = dSAT(A), Q(B) =
OSAT(B). If SAT(A) C SAT(B) (mod HY), then SAT(A) is contained
in a M-hole H of B. Take a point p € H \ SAT(A) and, by an in-
version ¢, with respect to p, we map A, B to some sets p,(A), ¢,(B)
such that SAT(p,(A)) N SAT(p,(B)) = 0 (modH”Y). Then we define
SAT(B,H) = ¢, (SAT(0,(B))), SAT(A,H) = ¢ (SAT(,(4))) =
SAT(A), and Q(A) = 0SAT(A), Q(B) = 0SAT(A,H). In a similar
way, we define Q(A) and Q(B) when SAT(B) C SAT(A).

Lemma 18. Let u € WBV(Q) N C(Q). Suppose that u is constant on
a neighborhood of Q. Let X € R be such that [u > A is a set of finite
perimeter and |[u = A]| = 0. Suppose that X is a connected component
of [u > ] which is not M-connected. Then there exist Y,Y' € CCM(X),
Y #£Y', which are classically connected inside X by a continuum C C
[u=A] such that C 2 Q(Y)UQ(Y').

Proof: Using the same argument used in Lemma 13, under the assump-
tions of the present lemma, X is a set of finite perimeter in RY. Let
Z be any M-component of X with |Z| > 0. We assume that all points
of Z are of density 1 and, since 0Z C [u = A], we have that [0Z] = 0.
Observe that, if A, B are two such M-components, then AN B = (.
Suppose that AN B # 0. If Sat(A) N Sat(B) = § (mod HY), then, by
Lemma 17, we have that @ SAT(A) N dSAT(B) # () and we may take
Q(A) = 0SAT(A), Q(B) = 0SAT(B), C = Q(A) UQ(B). If Sat(A)
is contained in an M-hole H of B, then, by an inversion with respect
to a point p € H \ SAT(A), we may reduce this case to the previous
one. The case where Sat(B) is contained in an M-hole of A is similar
to the previous one. Thus, we may assume that AN B = §), for any two
M-components A, B of X.
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Let Fy be the M-component of RY \ X containing the infinity. By
the results of [2, Theorem 6], either i) there exist two M-components
X1, X5 of X such that OMX; NOMFy # 0, i = 1,2, or ii) there is only
one of them X1, in which case, there is an M-component Fy of RY \ X
and an M-component X, of X, Xy # X, such that 9M X, N oM Fy # (),
oM X, NOMEF, # (). Without loss of generality, we may assume that all
points of X; and X5 are of density 1. Moreover, since 0X; C [u = A] we
have that [0X;| = 0,47 = 1,2. Let Y, Y’ be, respectively, the closures
of X1 and X5. By Lemma 12, we know that Y, Y/ are connected. By
an inversion with respect to a point p € Fy, p € Y UY”, if necessary, we
may assume that Y, Y’ are always in the situation described in i). In
particular, we have that

(29) Sat(Y)NSat(Y') =0 (modH™).

Then, by Lemma 16, we know that SAT(Y) N SAT(Y’) = ). Since X
is connected, there exists a continuum J C X such that JNY # 0,
JNY" # (. Let us define J; = (J \ int(SAT(Y))) U dSAT(Y), and
Jy = (J1 \ int(SAT(Y"))) UISAT(Y’). Since JNSAT(Y) D JNY #
(¢, Jy is a continuum, by Lemma 15. Now, using (29), we have that
Ji NSAT(Y') 2 JNSAT(Y') 2 JNY’' # () and, therefore, Jy is a
continuum, by Lemma 15. By construction, J is disjoint to int(SAT(Y"))
and int(SAT(Y”")). Let us write K = Js.

Let A be an M-component of X with |[A| > 0. Recall that we may
assume that all its points are of density 1 and |0A| = 0. We are assuming
that ANY =0, ANY’ = . Given such an A, by Lemma 16 applied
to A, Y we have that either A C int(SAT(Y)), or Y C int(SAT(A)),
or SAT(A) N SAT(Y) = (. Note that the second possibility cannot
happen, since then OMY would not intersect ™ Fy. Similar relations
hold between A and Y’. Thus, the sets

Zop ={A: Ais an M component of X, |A| >0,

ANSAT(Y) =0, ANSAT(Y') = 0},
T = {A: Ais an M component of X, |A| >0, A C int(SAT(Y))},
Ty ={A: Ais an M component of X, |[A| >0, A C int(SAT(Y"))},

contain all M-components of X (we assume always that all points of A
are of density 1), other than Y, Y.

We observe that, if A € Zp, by Lemma 14, the set 9SAT(A) is a
continuum, which is contained in [u = A]. Let {A,} be the elements of
Ty such that SAT(A,) N K # 0. We define inductively a sequence K.
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Let Ky = K. Suppose that we have defined K; for i <n — 1. If
(30) SAT(A,) C int(SAT(A;)) for some i < n,

we define K,, = K,,_1. Thus, by Lemma 16, we may assume that, given
i < n, either SAT(A;) C SAT(A,,) or SAT(A,,) NSAT(A;) = 0. In this
case, we define K, = (K,,—1\int(SAT(4,,)))U0 SAT(A,,). In this way, we
may discard all sets A, satisfying (30). If SAT(A,,—1) C int(SAT(A,)),
then SAT(A,) NOSAT(A,—1) # 0, and, thus SAT(A,,) N K,—1 # 0. If
SAT(A,)NSAT(A,—1) =0, then SAT(A,)NK,,—1 = SAT(A,)NK,_2U
SAT(A,) N OSAT(A,—1) D SAT(A,) N K,,_3. Iteratively, we get that
either SAT(An) n Kn—i 7£ @ or SAT(An) n Kn—l :_) SAT(An) n Kn—i—l-
Since SAT(A,,) N K # ), we conclude that SAT(A,) N K,,—1 # 0 for all
n > 1. Now, by Lemma 15, we obtain that K,, are continua for all n > 1.
Moreover, for all n > 1, K,, contains 9 SAT(Y) and 0 SAT(Y”). Accord-
ing to Blaschke selection Theorem, K, has a subsequence converging in
the Hausdorff metric ([14, Theorem 3.16]). Let C be a limit of K,,. Then
C'is a continuum joining Y to Y” contained in X ([22, vol. IT, p. 111], [14,
Theorem 3.18]). Let ¢ € N. Since K, Nint(SAT(A4;)) = 0 for all n > 4,
and K, Nint(SAT(A)) = 0 for all A € Zy such that SAT(A) N K = 0,
then C'Nint(SAT(A;)) = 0 and C' Nint(SAT(A)) = 0 for all A € Z; such
that SAT(A) N K = 0. Also C Nint(SAT(Y)) = C Nint(SAT(Y")) = 0.
Since the set

X Nfu> A CUaez, int(SAT(A)) Uint(SAT(Y)) Uint(SAT(Y")),
we conclude that C C [u = )] O

Observe that if u € WBV(Q) N C(Q) is constant in a neighborhood
of 0N then [u > A] satisfies (24) for all A € R. Let D be the set of A € R
such that [u > )] is not a set of finite perimeter or |[u = A]| > 0. Then
D C R is a set of measure 0. Let A ¢ D. If A > sup,cqu(z), then
[u< A =Q, [u> A =0, \is not a critical level and the assertion of
Theorem 7 holds. If A < inf,cq u(z), then [u < A] =0, [u > ] = Q and
again our assertions hold.

Let u € WBV(2) N C(Q). Suppose that u is constant in a neigh-
borhood of 90. Let R(02) be the connected region of  containing 052
where u is a constant. Let us observe that, if X € CCM([u < \]) or
X e cCM([u > N) and J € EM(X)UIM(X), then J cC Q. Indeed,
either R(02) C X or R(Q) N X = 0. Since we have excluded 9 as
an exterior boundary, then in both cases we have that J CcC €. For
simplicity of notation, let us mention that, when we write 9™ X, for a
set X like above, we exclude 0 as being part of OM X.
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Lemma 19. Let u € WBV(Q) N C(Q). Suppose that u is constant in
a neighborhood of Q. Let A € (infq u,supgu) be such that [u > A] is
a set of finite perimeter and |[u = ]| = 0. Let Y,Y" € CCM([u > )]),
Y #£Y'. We assume that Y and Y' are the closures of sets with all
points of density 1 and |0Y| = |0Y'| = 0. Suppose that Y, Y’ are
classically connected inside [u > A by a continuum C C [u = A] such
that C 2 Q(Y)UQ(Y’). Then
(i) for e € {1/n:n > 1} small enough, Y,Y" € CCM([SI¢u > \]) and
are classically connected inside [SI°u > A]. Moreover SI¢u = A
on C.
(ii) Assume that |[[ISeu = A]| = 0 for any e € {1/n :n > 1}. Then
fore € {1/n:n > 1} small enough, Y, Y’ are not M-connected
as subsets (i.e., are contained in different indecomposable subsets)

of [IScu > A] but are classically connected there by C. Moreover
IS.u=XonC.

Proof: (i) Let e € {1/n:n > 1}, e < |Y|,|Y’]|. We know that the sets
Y, Y’ can be considered as closed sets. Since Y and Y’ are classically
connected inside [u > )], then there is a connected component X of
[u > A] containing them. Observe that X € F<(u,z), for all x € X and,
therefore, ST¢(u)(x) > A for all z € X. In particular, ¥ and Y’ are
classically connected inside [SI¢u > A].

Let us prove that Y,Y’ € CCM([SI‘u > )]). For that we prove
that MY, 0MY’ C 9M[SI°u < A] (mod HN~1). The argument in both
cases being similar, we shall only consider the case for Y in detail. For
HN~Lalmost all p € MY we have D(p, [u < A]) = D(p,[u < A]) > 0,
D(p,Y) > 0. Since ST°u < u we also have D(p,[SIu < \]) > 0 and,
we have D(p, RN\ [ST¢u < \]) > D(p, [SIu > A]) > D(p,Y) > 0. Thus
oMy C OM[SIu < A] (mod HN~1).

Observe that, since C C X, we have that SI¢(u)(z) > A forall x € C.
Now, since STy < wu and u = A on C, then SI¢u = X on C.

(ii) As in (i), let X be a connected component of [u > A] containing
Y and Y’. Observe that C' C X. Since IS.u > u and X C [u > \] we
have

(31) X C [IScu> ).

In particular, Y, Y’ are classically connected inside [IS.u > A].

Let us prove that Y, Y’ are not M-connected in [IScu > A. We
have the three obvious possibilities: either Sat(Y) N Sat(Y’) = 0, or
Sat(Y) C Sat(Y’), or Sat(Y’) C Sat(Y) (modH™). Suppose that
Sat(Y) N Sat(Y') = 0. 1In this case, it is sufficient to prove that
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OMSAT(Y) C OM[IScu < N (modHN=1). Let Z € cCM([u < )
be such that M Z N oM SAT(Y) # 0 (mod HN~1). Assume that € €
{1/n :n > 1} satisfies € < |Z|. Let Z' € CCM([u < \]) be such that
OMZ"' N oM SAT(Y) # 0 (mod HN~1). We prove that Z' C [IS.u < A].
Let N > A\, pe€ Z', and R = cc([u < N'],p). Let us observe that Z is
classically connected to Z’ inside [u < A']. Indeed, since 9™ SAT(Y) C
OSAT(Y), then 9™ Z NG SAT(Y) # 0 and M Z' NOSAT(Y) # (. Since
OSAT(Y) C 9Y C [u = ], then the set Z is classically connected
to Z' inside [u < N]. Hence Z C R, and, thus, |R| > e. We have
that R € Fe(u,p). Thus IScu(p) < X for all X > A. We obtain that
IScu(p) < A. In other words, Z’ C [[Scu < A for all Z' € CCM ([u < A])
such that OMZ' N OM SAT(Y) # 0 (modHN~1'). This implies that
OMSAT(Y) C OM[IScu < A. We conclude that Y and Y’ are not
M-connected inside [IScu > A].

Now we consider the case Sat(Y) C Sat(Y”’), the other case being
similar. Let J~(Y’) be the internal M-boundary of Y’ containing Y.
Now, to prove that Y and Y’ are not M-connected inside [IS.u > )],
it is sufficient to prove that J~(Y') C OM[IS.u < A] (mod HV~1). The
proof follows the same lines as the above one with J~(Y”) in place of
OM SAT(Y). Indeed, it can be reduced to it by an inversion in RY that
sends a point in the hole of Y’ containing Sat(Y") to infinity. Just observe
that w =X on J—(Y”).

Let us prove that IScu = A on C. First, observe that, by Propo-
sition 2, A = u(p) < IScu(p), for all p € C. Without loss of gener-
ality, by doing an inversion in R if necessary, we may assume that
Sat(Y) N Sat(Y') = 0 (modHN). Let p e C. Let Z € CCM([u < \]) be
such that 9 Z N oM SAT(Y) # () (mod HN¥~1). By Lemma 12, we may
assume that Z is closed and connected. Let € € {1/n:n > 1}, e < |Z|.
Let N > X\, R = cc(fu < N],p). Since 9™ SAT(Y) C 9SAT(Y) C C C
[u = A], then Z is connected to p inside [u < X]|. Hence, Z C R and,
thus, |R| > e. We have that R € F.(u,p). We obtain that IS.u(p) < N
and this is true for all A* > A. We have then IScu(p) < A. Then
IS.cu(p) = AforallpeC. d

Remark 8. The argument above can be repeated for a finite number of
M-boundaries of Y and Y’ but not for all the measure theoretic bound-
ary, because there may be a countable family of sets Z € CCM ([u < A])
such that 0 Z N OM SAT(Y) # 0 (mod HV 1) and € > 0 cannot work
for all of them. It may be small indecomposable sets of [u < A] bounding
Y and/or Y.



520 C. BALLESTER, V. CASELLES

Lemma 20. Let v € WBV(Q) N C(Q). Suppose that v is constant in
a neighborhood of 0. Let A\ € (infqv,supgv) be such that [v > Al
is a set of finite perimeter and |[v = A|| = [[ISev = A|| = 0 for any
ec{l/n:n>1}. Lt Y,Y' € CCM([v > \), Y # Y’ be classically
connected inside [v > N|. We assume that Y and Y’ are the closures
of sets with all points of density 1 and |0Y] = |0Y'| = 0. Suppose
that Y s classically connected to Y’ inside [v > A by a continuum
C C o=\ such that C 2 QY)UQY"'). Let w=ISw, x € C. Then
Ny (w,z,\) = X fore € {1/n:n > 1} be small enough.

Proof: Recall that the sets Y, Y’ are closed and connected and satisfy
dY, Y’ C [v = A]. Moreover, by Lemma 19, ii), [S.v = XA on C. Since
[[v=A]| =0, wehave [Y| = |{z € Y : v(2) > A}|. Let @ > X be such that
[YNv>a]| >0, Y'Nv>a]l >0and [v > «] is a set of finite perimeter.
Let Y,, Y. be (classical) components of Y N[v > o], Y N[v > q]
of > 0 measure. Note that Y,,Y, C Y and Y, = cc([v > o], Y,),
Y! =cc([v>al,Y)). Let e € {1/n:n > 1} be such that |Y,|, |YZ] > e.

Let A < p < a. Let Y, = cc([v > p,Ya), Y, = cc(fv > pl,Yy).
Observe that Y, C Y, Yé CY'. Since p <v<ISwony, UY), the sets
Ve = ce([[Scv > p],Yy), Yo' = ce([IScv > p], Y};) contain Y,,, resp. Y.,
for every A < u < a. Observe that, since Y, C Y, then also Y5 C Ylf

By symmetry, without loss of generality, we may assume that either
Sat(Y)NSat(Y’) = 0 or Sat(Y) C Sat(Y’) (mod HY). In any case Y CC
Q. Let z € C. Suppose that n4(w,x, ) > A where 74 (w,.,.) denotes
the 74, defined in Section 2, corresponding to w. Let A < pu < i <
n < np(w,z,N). Let Xy cr =cc({z € Q:w(z) € [\ ny(w,x,\)]x}, ).
Let Xx, = {2 € Xy ez : A < w(z) < n} (a connected set). Note that
{z € Xxeo:p<w(z)<fp}isanonempty set.

Since Y, C Y and Y = cc([w > p],Y,), we have that Y NYs # 0.
Hence, Y U Y is connected. Let pg € " SAT(Y), p1 € Y5, and let K
be a continuum contained in YUY joining po and p;.

Now, we claim that there is a point p € YN X} ,, such that p < w(p) <
f. Let Lo ={y € K :w(y) < u}, Ly ={y € K : w(y) > j1}. Observe
that both are open sets in K and Ly C Y. Since w(pg) = A < u, and
w(p1) > p, then pg € Lo, p1 € Lg. Then Ly is a neighborhood of pg in K.
We observe that Lo C [A < w < n]. Indeed, since Ly C K C YUY, then
w(y) > A for all y € Ly, and, on the other hand, w(y) < pu < 0, for all
y € L. Given k > 1, there is a finite sequence of points pf, p¥, ... ,p’ka
in K with p§ = po, p’ka = p1, and d(pf7p§+1) < % Let ji be the first
index such that p¥ € Ly and p¥,; & Lo. Observe that j < Nj, — 1. Since
K is a compact set, we may assume that p;?k — p as k — oo. Then,
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also p?kﬂ — p. Since w(p?k) < p and w(pfkﬂ) > p, we have that
w(p) = p. On the other hand, p € Ly C [\ < w < 7], and, being limit
of points not in Lg, then p # py. Let m > 1, and let ky > m be such
that [p¥ —p| < & for all k > ko. Recall that pf € Lo for all i < j), and
d(pf,pfﬂ) < % < i for all 4. Let x be the poligonal joining p¥ to pfﬂ
for all 0 < i < jj. Then sup,c., d(p,Lo) < . Letting m — oo, and
taking a subsequence, if necessary, we may assume that y; converges to
some continuum v C Lo C Y joining po to p ([14, Theorems 3.16 and
3.18], [22, vol. II, p. 111]). We conclude that p € Y N X} ;. In a similar
way we obtain that there is some ¢ € Y’ N X} ,, such that u < w(q) < fi.
Here we work with the M-boundary J(Y”), being J(Y') = 0M SAT(Y"),
if Sat(Y)NSat(Y') =0, or J(Y”) being the external M-boundary of the
hole of Y’ containing Y (thus, an internal boundary of Y”).
Summarizing, we have shown that the sets Y;ﬂ ={zeYNX,\,:
p<w(z) < pl} Y;; ={zeY' NnX)\,:p<w(z) <A} are non empty.
Suppose that Y;iﬂ and Y:L are classically connected inside X ¢, N
Up,plw]. Let @ be a continuum connecting Y} ; to Y:L and contained in
Xex MU, alw]. Observe that w > pon Q. Thus Q@ C {p € Q:w > A}
which is an open set in €, because IS.v is continuous in . Thus,
Y would be classically connected and also M-connected to Y inside
[IScv > A] by an open set. In contradiction with the fact that Y, Y’
are contained in two different indecomposable sets of [IS.v > A], a fact
proved in Lemma 19. Thus Y;’ﬂ and Y:; are not connected inside
X)e,z, & contradiction since this last set is a monotone section of the
topographic map of w. O

Proof of Theorem 6: By Lemma 13, we know that ST¢u € WBV(Q) N
C(9Q). Moreover, if € < |R(09)|, then ST¢u = u = constant in R(Q2). Let
A € (infq u,supg u) be such that [u > A, [ST¢u > A] are sets of finite
perimeter, for every € € {1/n:n > 1}, and |[u = A]| = |[STu = A]| =
[[ISsSI¢ = A]| =0 for every €, € {1/n :n > 1}. We have thus excluded
a set of levels of measure zero. Assume that X is a critical level of w.
By Lemma 18 there exist Y,Y’ € CCM([u > A]) which are classically
connected inside [u > A] by a continuum C' 2 Q(Y)UQ(Y'), C C [u = A].
By Lemma 19, i), Y, Y’ € CCM([ST¢u > \]) and are classically connected
in [SI4 > A] by C C [SI°¢ = }A]. Thus, for € small enough, the
assumptions of Lemma 20 are satisfied. Hence 04 (1S55I, x, A) = A
for x € C' and €,6 € {1/n : n > 1} small enough. Since these levels form
a countable set, the theorem is proved. O
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Lemma 21. Let u € WBV(Q) N C(Q). Suppose that u is constant in
a neighborhood of 00. Let A € (infq u,supg u] be such that [u > A] is a
set of finite perimeter and |[u = A]| = 0.

(i) Let X € CCM([u < N]) and let {J} = EM(X) (resp. J € TM(X)).
Suppose that J ¢ TM([u > N]) (resp. J & EM([u > N]))). Then
there exist Y,Y' € CCM([u > N]), Y # Y', which are classically
connected by a continuum C C [u = Al.

(i) Let X € CCM([u > \]) and let {J} = EM(X) (resp. J € TM(X)).
Suppose that J & T™([u < N]) (resp. J & EM([u < A])). Then
there exist Y,Y' € CCM([u > X)), Y # Y', which are classically
connected by a continuum C C [u = )|, where Z € CCM ([u < \]).

Proof: i) Let X € CCM([u < )]) and let {J} = EM(X). If J ¢
TM([u > \]) then there exist Y, Y’ € CCM ([u > \]), Y # Y’, such that
HN=1(JnoMy) >0, HN-Y(JnoMY’) > 0. Since J = 0M SAT(X) C
OSAT(X) C [u = A and 9SAT(X) is a continuum, then ¥ and Y’ are
classically connected inside [u > A]. If J € ZM(X) but J ¢ EM([u > A])
the same argument proves the result.

i) Let X € CCM(ju > \]) and {J} = EM(X). Suppose that J ¢
IM([u < A]). Then there exist Z,2Z" € CCM([u < A]) (not equal)
such that HN-Y(JnoMZ) > 0, HN-Y(JNnoMZ') > 0. Since J =
OM SAT(X) C 9SAT(X) C [u= A] and 9 SAT(X) is a continuum, then
Z and Z' are classically connected inside [u < A] by  SAT(X) cC Q. If
J e IM(X) but J € EM([u < A]) then we arrive at the same conclusion
with the same argument.

Let J(Z) be the M-boundary of the (external or internal) hole of Z,
J(Z) € EM(Z)UTM(Z) such that HN=1(J N J(Z)) > 0. If J(Z) C J,
then J(Z) = J since both are boundaries of simple sets ([2, Proposi-
tion 7]). Since HN~1(0M Z’'NJ) > 0 this would imply that H¥N~*(0M Zn
OMZ") > 0, a contradiction. Hence, J(Z) is not contained in J. Thus
there are M-connected components Y = X and Y’ of [u > )] such that
HN=YJ(Z)noMY’) > 0 (recall that also HN~1(J(Z) n oMY) > 0).
Now, observe that J(Z) = 0™ SAT(Z) if J(Z) € EM(Z), and J(Z) =
OMSAT(Z,H) if J(Z) € I (Z) coincides with the external boundary
of an M-hole H of Z, where SAT(Z, H) denotes the saturation of Z with
the hole H taken as unbounded M-component of its complement. In the
first case, we let C' = 9 SAT(Z), in the second case, C = 0SAT(Z, H).
Since C' is a continuum and J(Z) C C, then Y can be classically con-
nected to Y’ by a continuum C C [u = A]. O
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Proof of Proposition 7: Let A be the set of A € R such that [u > )],
[ST¢u > )] are sets of finite perimeter, and |[u = A]| = |[STu = \]| =
[[ISsST¢u = A)| =0, foralle,d € {1/n:n > 1}. Observe that |[R\ Aq| =
0. Let ® be the set of A € A; such that ny (15551, x, \) = X for some
x € Q and some €,5 € {1/n :n > 1}. By Theorem 2, ® is a countable
set. Thus A := Ay \ @ satisfies |R \ A| = 0. By Lemma 21, Lemma 19,
and Lemma 20, if A\ € A, we have EM([u > \]) = ZM(ju < )]) and
IM([u > A]) = EM([u < N). O

Remark 9. Looking for a connected filter which conmutes with contrast
inversion, S. Masnou [26] introduced the notion of grain filter proving
that it is a morphological filter which conmutes with contrast inversion,
i.e., with the map which associates to an image u the image —u, in case of
smooth images (indeed for N-times differentiable images defined on RV).
Since the grain filter is stable with respect to the supremum norm (indeed
it satisfies properties ii) and iv) of Proposition 2), by a limit process,
his result immediately implies that the grain filter can be extended to
continuous functions and it commutes with contrast inversion. Such
commutation result could also be deduced Theorem 7 but we shall not
pursue this here. It has also been deduced by P. Monasse [30] in a
different framework, when the filter is defined on continuous functions
using the classical notion of connectedness. By the results of this paper
both definitions of the grain filter coincide for continuous functions.
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