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EMBEDDINGS OF CONCAVE FUNCTIONS AND
DUALS OF LORENTZ SPACES

GORD SINNAMON

Abstract

A simple expression is presented that is equivalent to the norm of
the LY — LI embedding of the cone of quasi-concave functions in
the case 0 < ¢ < p < co. The result is extended to more general
cones and the case ¢ = 1 is used to prove a reduction principle
which shows that questions of boundedness of operators on these
cones may be reduced to the boundedness of related operators on
whole spaces. An equivalent norm for the dual of the Lorentz

space
oo 1/p
Tp(v) = f(/ (f**)”v> <o
0

is also given. The expression is simple and concrete. An applica-
tion is made to describe the weights for which the Hardy Little-
wood Maximal Function is bounded on these Lorentz spaces.

1. Introduction

The behaviour of the collection of non-negative, non-increasing func-
tions in weighted Lebesgue spaces is well understood. Since [6] and
[9] in the early 50’s, techniques involving properties of monotone func-
tions have been used effectively to address a wide variety of questions
in weighted norm inequalities, interpolation theory, and function space
theory. For a few of the many see [1], [3], [7], [8], [13], [14], [15],
[16], [17]. The study of the collection of concave functions has also had
its successes. See [4], [5], [10], [11] and references there. Concave func-
tions arise naturally in interpolation theory and much of the recent work
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shows that they are of equal importance in weighted norm inequalities
and function spaces.

Rather than working with the collection of non-increasing, concave
functions, it is common to study the cone of quasi-concave functions.
This is the set of non-negative functions f defined on (0,00) such that
f(z) is non-decreasing and f(z)/x is non-increasing. Passing between
the two collections is routine and the latter is more convenient for various
reasons. The embedding question for this cone is a key to effectively
using properties of concave functions: For which indices p and ¢ and
which weights u and v are the quasi-concave functions in L? also in L7

Various partial answers to this question are available. The case 0 <
p < g < oo in particular has been simply characterized and in [10], [11]
very tight bounds on the norm of the embedding have been given. For
the case 0 < ¢ = 1 < p < oo sufficient conditions which are similar but
not identical to the necessary ones were obtained in [17].

A complete answer to the embedding question was given in [5] but the
conditions given are complicated and difficult to apply. Our object here is
to give simple necessary and sufficient weight conditions that characterize
the embedding of the cone of quasi-concave functions from L% to LY. We
also give explicit upper and lower bounds on the norm of the embedding.
This is accomplished in Theorem 2.6 and the embedding question for
more general cones is answered in Theorem 2.7. In Section 3, the results
are applied to give a reduction principle for operators acting on such
cones. This shows the equivalence of the boundedness of an operator
on the cone with the boundedness of two related operators on related
spaces.

The dual of the Lorentz space I',(v) is characterized in Section 4.
Theorem 4.1 gives a simple expression that is equivalent to the norm
in the associate space, the Kéthe dual. As an application, in Section 5
we give weight conditions to characterize the boundedness of the Hardy-
Littlewood Maximal Function between Lorentz spaces.

To study quasi-concave functions we need an operator on non-negative
functions whose images are quasi-concave functions. Although the gener-
alized Stieltjes transformation h — [~ —Z-h(t) dt is used for this purpose

T+t
by some authors, we will adopt the equivalent operator

hH/O min(L, z/£)h(t) dt

which is also popular. The lack of smoothness in the kernel min(1,z/t)
will not bother us. It is important to note that the results we obtain



CONCAVE FUNCTIONS AND LORENTZ DUALS 491

can easily be re-cast in term of generalized Stieltjes transformations if
desired.

The weighted Lebesgue spaces already referred to are defined as fol-
lows. If v is a non-negative, Lebesgue measurable function (a weight)
on (0,00) then the weighted Lebesgue space LP is the collection of
Lebesgue measurable functions f on (0,00) for which

o 1
" {(fo |f\pv) /P’ 0<p<oo
pv =
eSS SUP 4. (x) >0} [/ (2)], p=o00

is finite. If v = 1 we drop the weight and write L? and || f]|,.

Throughout the paper, products of the form 0 - co are taken to be
zero. For an index p we define p’ by 1/p+ 1/p’ = 1. We say that the
expressions C' and A are equivalent and write C' =~ A provided there are
positive constants k and K such that kA < C < KA. The constants
depend only on the indices p and q. We keep track of the constants
in the statements of theorems but will often avoid such details in the
proofs, preferring to focus on essential features. In particular the ex-
tended Minkowski inequality for 0 < s < oo,

(1.1) min(L, 2 (| fulls + 1f2lls) < 1y + Falls
< max(1,2"° ) (|| fulls + (| flls)
will be used repeatedly in the form

(1.2) 11+ Falls = [ fills + [ f2]ls-

2. Hardy inequalities and concave functions

In this section we give necessary and sufficient conditions on indices p,
q and weights u, v for the cone of quasi-concave functions in L? to be
embedded in LI when 0 < ¢ < p < co. We also give upper and lower
bounds for the norm of this embedding. This result is in Theorem 2.6
while an analogue for more general cones may be found in Theorem 2.7.
See also Theorem 3.1. Corresponding known results for the case 0 < p <
q < oo are stated in Proposition 2.8.

We begin by looking at the embedding into LI of a smaller cone
in Ll. Known weighted Hardy inequalities are used to give a weight
characterization in this situation. From there we expand the cone to
include all quasi-concave functions and then use an invariance property
of the cone of quasi-concave functions to pass from L} to LP.

Let LT denote the collection of non-negative, measurable functions
on (0,00). We say f € LT is quasi-concave and write f € Qg1 provided
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f(z) is non-decreasing and f(z)/x is non-increasing. More generally, if
a+ >0 we write f € Q4 provided z®f(x) is non-decreasing and
7P f(x) is non-increasing.

As mentioned we begin with weighted Hardy inequalities. Define the
Hardy and dual Hardy operators H, and H” by

Hoh(z) = o—° / Pt dt and HOh(z) = 2° / =Ph(L) dt.
0 T
The sum of the two will arise frequently so for a + 8 > 0 we introduce
the operator
HPh(z) = Hyh(z) + HPh(z)
(2.1) oo
_ / min((¢/2), (z/0)°)h(t) dt, he LT,
0

Since we always suppose that a + 3 > 0, the second form for H/?
makes it clear that 2% H?h(z) is non-decreasing and = H?h(x) is non-
increasing whenever h € L*. That is, HZLT C Q, 5. It also makes it
easy to check that

(2.2) / (thl)hzz/ hi(Hghs), hi,ho € LT
0 0

Proposition 2.1. Suppose 0 < ¢ < 1 and U,V € L*. IfV is non-
increasing and Cy is the least C' for which

(/OOO (/Owh>qU(x)d;v>l/q<C/ooth7 helt,

oS] (1-q)/q
(1_q)(1—Q)/QCO < (/0 Vtz/(q—l)(HOU)q/(l—q)U) <Co/(q(1—q)).

then

If V' is non-decreasing and Cy is the least C' for which

(/OOO (Awh>qU(x)dx>l/q<C/owhu helt,

oo (1=0)/a
(1—q)' =910, < (/ V"/(q‘”(HoU)Q/““”U) <Coo/(q(1-q)).
0

then

Proof: The estimate for Cj is from [16, Theorem 3.3] and the one for C
follows from the first by inversion (z — 1/z) on the half line. O
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These weighted Hardy inequalities can be combined to give a weight
characterization for the boundedness of the L} — L% embedding of a
sub-cone of the quasi-concave functions. This sub-cone is the image L
under the map H}. Note that

/ min(1, z/t)h dm—//

is non-decreasing and concave for all h € L. In particular, Hih is
quasi-concave.

Theorem 2.2. If0< g <1 and u,v € L then

o (1-9)/q
23)  sup Wlew (/ (Hgv)q/ml)(ng)q/uq)U) _
0

feHlL+

More precisely, if the above equivalence is C =~ A then m(¢)A < C <
M(q)A where

m(q) =min(2~",2"" g1 —¢q)  and
(2.4)

M(g) = max(2/47,2)(1 — )~/

Proof: We prove only the equivalence and leave the careful tracking of
constants to the interested reader. The supremum in (2.3) above is the
least constant C' for which

(2.5) </OO°(H(}h)qu>1/q < C/OOO(th)v, helL".

Since
/ (HlR)o = / h(H)
0 0

the inequality (2.5) may be rewritten as

(/ (/h dt+x/ h(t dt) )dx)l/qgc/oooh(t)[{{)v(t)dt.

By (1.2),
(26) C=~ Co + Coo

where Cy and C are the least constants for which
1/q

(2.7) (/Om(/oth(t)dtyu(x)dx) <C’O/Oooh(t)H?v(t)dt, heL™,
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and

(2.8 (/ (/ h(t dt) )dx)l/<C h (t)Hv(t)dt, heL™,

hold, respectively. Since H{v is non-increasing, the first part of Propo-
sition 2.1, with V = HYv and U = u, applied to (2.7) shows that

0 (1-a)/q
Cy~ (/ (Hgv)q/m—l)(Hou)q/u—q)u) .
0

To estimate Cy, we replace h(t)/t by h(t) in (2.8) and apply the second
part of Proposition 2.1, with V(t) = tH{v(t) and U(z) = z%u(x). Note
that tH%v(t) is non-decreasing. We get

oo (1-q)/q
O~ </ (Hgv)q/(qn(Hqu)q/(lq)u) ,
0

Adding the last two estimates and appealing to (2.6) yields

o0 (1-9)/a
C ~ </0 (H?v)q/(ql)(ng)q/(lq)u)

which completes the proof. O

The connection between the cone of quasi-concave functions and the
sub-cone H} L™ is well understood. The next lemma sets out the features
of this relationship that we require here.

Lemma 2.3. Let f be a quasi-concave function and let f be the least
concave majorant of f. Then %f < f < f and f is the pointwise limit
of an increasing sequence of functions in HLT.

Proof: The definition of quasi-concave in [2, Definition 2.5.6] is slightly
stronger than the one we give here, requiring that f also satisfy f(z) =0
if and only if x = 0. However, it is easy to see that only the zero function
is lost by this restriction. Thus, [2, Proposmon 2.5. 10] applies and we
see that a quasi-concave function f satisfies 5 Lr<r<f.

Since f is non-negative and concave, we see that a = lim,_,o f(z) and
b =lim,;_ o f(z)/x exist and are non-negative. We may therefore write
f (z) = a+bx+g(x) where g is a non-negative, concave function satisfying
lim, o g(x) = limy o0 g(x)/z = 0. If we take h,(t) = anx(o,1/n)(t)
then Hhy(x) is a non-decreasing sequence which converges pointwise
to the constant function a as n — oo. If we take hy(t) = btx(n,ns1)(t)
then H}h,(z) is a non-decreasing sequence which converges pointwise
to the function bz as n — oo. To complete the proof it remains to
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show that g is also the pointwise limit of a non-decreasing sequence of
functions in HYL™.
The concave function g(x) has a derivative for almost every z, ¢'(z)

is non-increasing and since lim,_, g(z) = lim, . g(x)/z = 0 we have
Ty

g(x) = [, ¢'(t)dt and lim, . g'(z) = 0. Set

ha(t) = (g'(t) = g'((n + 1)t/n))/log((n + 1)/n)
and check that

o0 dt (n+1)y/n dt (n+D)y/n 4
/ hn(t)? = / 9’@)7 / 7
y y Yy

These averages of ¢’ form a non-decreasing sequence indexed by n which
converges to ¢’'(y) for almost every y. It follows that the functions

bt = [ [ dy
0 Jy

form a non-decreasing sequence in H} L™ which, by the Monotone Con-
vergence Theorem, converges to

/x g (y)dy = g(x).
0

This completes the proof. O

With this, Theorem 2.2 extends to the quasi-concave functions.

Corollary 2.4. Suppose 0 < q <1 and u,v € LT.

[1f1lq.u ~ </OO(H?U)q/(q—1)(HSU)Q/(l—q)u>
0

f€Qo1 ”f 1v

(1-q)/q

More precisely, if the above equivalence is C =~ A then m(¢)A < C <
2M(q)A where m and M are given by (2.4).

Proof: The lower bound requires only the observation that HIL* C
Qp,1. For the upper bound we apply Lemma 2.3 to choose a non-
decreasing sequence f,, of functions in Hj L™ which converges pointwise
to the least concave majorant f of f. By Theorem 2.2 and the Monotone
Convergence Theorem,

1/

The main advantage of working with g ; rather than HjL™ is this
simple observation: Suppose p > 0.

(2.9) If f(z)? = g(z) then f € Q1 if and only if g € Qg ;.

g S 1 lgu= lim || fallgw lim |l fallio=1FllLe < 20 flle. O
n—oo n—oo
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This gives us the means of introducing LP-norms into the denominator.
Lemma 2.5. Suppose p,q € (0,00) and u,v € L™. Then

11 lolame \ "
sup qu ( sup g q/p7U>

f€Q0,1 Hf”P,U B g€Qo,1 ”9”17‘/

where V' and U are defined by
(2.10) V(zP)dz? = v(x)dz and U(zP)dz? = u(z)dx.

Proof: The substitution in (2.9) yields the equivalence. We note that U
and V' have been defined so that a change of variable yields [/ f[|? , =

19llq/p,0 and [IF]I5 ., = [lg]

1,V-

Now we are ready to give our estimate of the norm of the LY — L%
embedding of the cone of quasi-concave functions.

Theorem 2.6. Suppose that 0 < ¢ < p < oo, 1/r = 1/q —1/p, and
u,v € LT. Then

S 1/r
(2.11) sup 1llex ( / (H%)W(Hq%)r/pu) |
0

refon 1o

bS]

More precisely, if the equivalence is C ~ A then m(q/p)"/PA < C <
(2M (q/p))'/? A where m and M are defined by (2.4).

Proof: Lemma 2.5 reduces the proof to an application of Corollary 2.4
with ¢ replaced by ¢/p and u and v replaced by the weights U and V
from (2.10). That is,

171 lollame \ "
sup @ _ | sup 9llq/p,U
f€Qo,1 ||f||p;v g€Q0,1 Hg LV

0o 1/r
~ ( / HYV(t)~"/PH,, U (t)/PU(t) dt> .
0

Note that (¢/p)/(1 — q/p) = r/p. We simplify this by making the sub-
stitution ¢ — t? and using (2.10) to obtain

(2.12) ( /0 h H)V (")~ /PHY), U(7) ™" /Pu(t) dt) v :
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Now we make the substitution z — 2P in the integral forms of HYV and

HJ,,U and use (2.10) again to get

HYV (tP) = /OOO min(z/t*, 1)V (z) dx

- /O h min((z/t)?, 1)v(z) dv = Hyv(t)

and

q/p

HO U(#) = /0  min((2/27)1/?, 1)U () da

_ /0 " min((e/0), u(e) de = Hou(t).

Replacing these in (2.12) completes the proof of equivalence and we omit
the tracking of constants. ]

Theorem 2.6 is readily extended to a result for more general cones than
the quasi-concave functions. Recall that €2, g is the collection of non-
negative functions f such that zf(x) is non-decreasing and =% f(z) is
non-increasing.

Theorem 2.7. Suppose that 0 < ¢ < p < oo, 1/r = 1/q — 1/p, and
w,v € L. Ifa+ 3 >0 and H? L+ CF CQyp then

1/r

gyl ([
p,v

More precisely, if the above equivalence is C= A then (1/2)m(q/p)'/PA <
C < (2M(q/p))*/? A where m and M are defined by (2.4).

Proof: Set p=1/(a+ () and for each f € F define g; by
gy () =z f(aF).
Set Fo,1 = {gf : f € F} and note that for each f € F, g¢(x) is non-

decreasing and g¢(z)/x is non-decreasing. Thus Fy1 C Qo,1. Also, if
f = HPh for some h € L then the change of variable ¢ — t* yields

g5 (@) = /Ooo min(1, z/t)[t*h(t?)pt? ] dt

so gf € HYL™. Thus H{LT C Fo1 C Q1.
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The change of variable  — x” shows that
1A llpw = llgsllpy and  [fllgu = llgslle.v
where
V(z) = a P*o(aP)pz”~ ! and U(z) = 2~ 9Pu(a”)pz’ ",

We have

o Ml _ o Dol ol
feF Hf”p,v g€Fo1 Hg p,V 9€Q0,1 Hg p,V
where the last equivalence relies on Lemma 2.3. Thus, by Theorem 2.6,

we have

q,U

~

00 1/r
sup ||f||q,u ~ (/ (Hz?v)—r/p(HgU)T/PU)
rer 1 fllpw 0

The definitions of U and V above and the changes of variable 2 — z'/#
followed by t — t!/? show that

HJV(£/7) = t7P* HEGu(t),
HJU (/%) =t HIGu(t),

and so

- 1/r
sup ||f |q,u ~ </ Hgv(t)—r/pHgU(t)T/pU(t) dt)
feF 1 £llp,v 0

o 1/r
= </ HYV(£/7)~rP HOU (/) /Pt =92 u(t) dt)
0

) 1/r
_< /O Hggv(t)’"/PHggu(t)T/Pu(t)dt> .

This completes the proof. O

Next we present a statement of the corresponding result in the case 0 <
p < g < oo. This result is taken from [10, Theorem 3] and formulated
in our notation to facilitate comparision with Theorem 2.7.

Proposition 2.8. Suppose that 0 < p < q < oo and u,v € LT. If
a+pB>0and HPLT CF CQ, 5 then

”f“q u po -1/ a 1/
sup =~ sup[HPGo(t)] YP[HIGu(t)] /1.
rer I flpw 00 77 @

More precisely, if the above equivalence is C'~ A then A < C < 2A.
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3. A reduction principle for operators acting on cones

An operator may be unbounded as a map from L to L¢ and yet
still map a cone in L? boundedly into L. Theorem 3.2 gives a result
that reduces questions of boundedness on the cones ), g to boundedness
of related operators between whole spaces. We begin by working with
the weight condition in (2.13) to give an equivalent expression in a less
compact but more convenient form.

To avoid introducing additional notation, we use the expression x~¢
in several places as a substitute for the power function f defined by
f(z) = 7. The same applies to the expression z*.

Theorem 3.1. Suppose that 0 < ¢ < p < oo, 1/r = 1/q— 1/p, and
u,v € LT. Ifa+ B3>0 and H}LT CF C Q, 3 then

[FiP ( /°° SN d\"" g
sup = H1%(t)"" T H 2o (t) "9 Hppv(t) — R T
e il \Jo v P 2= 50

o dt 1/r 8 .,
+ (/ Hq,@u(t)r/qugv(t)—r/quaU(t) _) . ||acﬁ||q, .
° v 127 |

More precisely, if the above equivalence is C =~ A then
C < 23/ max(1,7(a + )" A,
and
q 1/p q 1/q
21/P3min(21/’“W’,Q“P”T)(-) (—) min(1,7(a 4+ 8))/TA<C.
P r

Proof: By the Monotone Convergence Theorem it is enough to estab-
lish the theorem in the case that w is compactly supported in (0, 0c0).
Under this assumption we apply Theorem 2.7, break the right hand
side of (2.13) into two pieces and integrate by parts in each. Since
HlZu = Hu + Hypu we have

1/r

1/ g, * (rpa —r/p( 4%, \r/P
sup A ; (Hp5v) (Hyzu)"Pu

rer 1 fllpw

1/r

(3.1) ~ ( /0 w(Hggv)_T'/”(H‘”u)"/pu>

1/r

(3.2) + < /0 oo(Hng)r/p(Hqﬁu)r/pu>
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For (3.1) first check that

(_%> - (t_Q/quau(t))r/q = (e H () ()

dt

and

d(-pappro e —pa prpo T paa

E(t Hpﬁv(t)> =r(a+p) (t Hpﬁv(t)> PO su(t).
Then

/0 HPSo(t) /P H u(t)"/Pult) dt

:‘/‘ (fﬁmfﬁgvﬁj)iﬁp(fﬁafﬂauﬁnrﬁﬁ_qauﬁ)dt
0

o q (tfqochau(t))"'/q (tipaHgg’U(t)>_r/p

r

0
> —qa a r/q —pa Iype —r/a —pa—1
tala+8)[ (T H™ () (t P Hpﬁv(t)) POl () dt
0

_qlle G

oo lemelly,

The limit of

o dt
+qla+B) /0 HS (e TS (1) (1)

(t—anqau(t>)7"/q (t—paHggv(t)) —r/p

oo dx r/q 0o —r/p
= (/ u(x) —) (/ min(zPPt PO+ 1Py (1) dm)
t zae 0

as t — oo is zero because u is compactly supported and the limit as
t—0is 2= ./llz~*[}, by the Monotone Convergence Theorem.
For (3.2) a similar argument shows that

/O HPS0(t)~ /P Hygu(t)/Pu(t) dt

_qle?l,
Arde

e dt
+qla+B) / Hqﬁu(t)r/qugv(t)””/quo‘v(t)7.
0
Substituting the results of these two calculations into (3.1) and (3.2) and

applying (1.2) completes the proof of equivalence. As usual, we omit the
tedious tracking of constants. ]
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Now we present our reduction principle. We suppose that T is an
integral operator with non-negative kernel, that is,

Tf(y) = / f@)k(z,y) dx
0
for some non-negative k.

Theorem 3.2. Suppose that 1 <p < 0o, 1 < s < oo, and v,w € LT. If
a+pB>0and HILT CF C Q.5 then

T: FNLP — L
if and only if
(3.3) THy: LY — Ly,
(3.4) TH?: 1P — L3,
(3.5) ifx=* e LY thenT(z™%) € L;, and
(3.6) ife? € LP  then T(2%) € L3,
Here vy and vy are defined by

vi(t) = tp_lH;:gv(t)pHpgv(t)l_p and va(t) = tp_nggv(t)pHmv(t)l_p.

Moreover, if C is the norm of the embedding T: F N LY — L3, and

THa S,w THﬂ S, w T(x™“ S,w T s S,w
A= sup 1Hadlsw oy ITH s | 1T Dl | 1T
rert flpon fer+ | fllpwe Exdre [z

then C = A with constants depending only on p, q, o, and (.

Proof: The adjoint operator T" is given by

T'g(e) = [ ke p)aty) dy
so that
/ (Tf)g=/ f(T'g), f.gel®.
0 0
H,)

We also have (H,)' = H* and (H?) = Hg. It follows that (TH,)" =
HeT" and (THP) = HgT'. Also, the dual spaces of L%, LP , and

v1?

L?  with respect to Lebesgue measure on (0,00) are the spaces qu/l,s,,
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Lp;fp/, and Lp;fp,, respectively. Thus (3.3) and (3.4) are equivalent to
U1 U2
(3.7) HOT': L%, — ¥,
Y1
(3.8) HyT': L%, ., — L7,
U2

Now we set up an application of Theorem 3.1. The boundedness of
T: FNLP — L is expressed by the finiteness of
Tflls ) (T
ITflow _ 0 e (Thg

Sup ———— =
rer Mflow  rergert IFllpwllglls w-o

fOO

0

sup .
fEF,geL+ ||f||p7v||g||s/,w1*5’

(3.9)

Theorem 3.1 with w =T"¢g, ¢ = 1 and r = p’ shows that (3.9) is equiva-
lent to

dt> i ||$ O‘HLT’Q
t ||

sup [( / T4 S u(t) " Hypo()

geLt

oo 1/p
A dt
+ <A HﬁT/g(t)p Hgﬁ ( ) p Hpa ( ) t ) + || BH ]| | wl st
P,V

Since 2|\ 1g = Jy° T(z™%)g and ||2° |1,y = [;° T(27)g this last
expression is finite if and only if (3.7), (3.8), (3.5), and (3.6) all hold. O

T=|p0

The reduction principle above easily extends to operators from F N
LP — 'Y for a general Banach Function Space Y. It is simply a matter
of replacing L? by Y and Lfv/lfs, by the associate space Y’ in the proof
above.

4. Lorentz spaces

The Lorentz space I', x(v) is defined to be the collection of A-measur-
able functions such that

£y @) = 1 Mlpw < 00

Here f**(x) = % fox f* and f* is the non-increasing rearrangement of f
with respect to the measure X\. Refer to [2] for definitions and basic
results regarding rearrangements and rearrangement-invariant spaces.
We will assume that A is a resonant measure space, that is, that A
is totally o-finite and either non-atomic or completely atomic with all
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atoms having equal measure. In this case I', y(v) is a rearrangement-
invariant Banach Function Space provided p > 1 and v satisfies

i e} dx
(4.1) 0< / v(z) dm—i—tp/ ’U(.’L‘)—p < oo, for0<y<oo.
0 t T
The associate space, I', 1 (v)’, consisting of all A-measurable functions g
for which

ol sy = sup LTI
rerya) 1 lr, A

is also a rearrangement-invariant Banach Function Space. In many cases
the associate space may be identified with the usual Banach space dual.
Precise conditions for this to occur may be found in [2].

When X is Lebesgue measure on the half line we drop the measure
and write I', (v) and ', (v)’ for the Lorentz space and its associate space.

Our objective here is to give a simple expression which is equivalent
to the associate norm ||g|r, ()

In [5, Theorem 3.1], under the modest assumptions that [~ v(z) dz =
oo and [;° v(x)dz/xP = oo, a weight w is constructed so that I'y(v)’ =
I'y(w), with equivalent norms. Also, in [4] and upcoming work by
A. Gogatishvili and R. Kerman, a simple formula for such a w is given.
Our equivalent norm for T',(v)" is closely related but breaks [|g[|r, ()
into two parts corresponding to the size, g*, and the smoothness g** — g*
of g. Note that the last two terms in (4.2) below are only present in the
excluded cases, when [ v(z)dz < oo or [ v(z)dz /2P < cc.

Theorem 4.1. Suppose 1 < p < o0, (S, ) is a resonant measure space,
and v satisfies (3.1). If g is a A-measurable function on S then

(4.2) lgllr, sy = 9™l 00 + 19 = " [l v + Vollg™lloo + Veollg™ 11

where
([ @t [To0) " L [ oy
)= 1 (& [aos [T ®) " [Fu
= ([Tenwan) v ([Tewar)

The constants in the equivalence (4.2) depend only on p.

R &
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Remark. Tt is not difficult to see that V{ is non-zero if and only if L%\ C
I'p a(v) and Vo is non-zero if and only if LY® C I', z(v). This explains
the appearance of the terms involving ||g*||oo and ||g*||1 and shows that,
despite their appearance as technical byproducts of integration by parts
in Theorem 3.1, they are an essential feature of the theory.

Proof: Proving Theorem 4.1 will occupy us for the rest of this section.
There are four steps in the proof:

1. Reduction to the case that X is Lebesgue measure on (0, 00).

2. Proof in the case that g* is an integral.

3. Proof in the case that the associate norm of g is finite.

4. Elimination of the remaining case.

The first step is readily accomplished by appealing to the Luxemburg

Representation Theorem. Observe that I',(v) represents the norm I',, » (v)
in the sense of [2, Theorem 2.4.10]. That is,

£, x) = [/ lIr, ) for all f €T a(v).
It follows that the associate norm is represented in the same way so
lgllr, )y = llg" v,y forall g e Lpa(v).

In view of this is it enough to prove Theorem 4.1 in the case that A is
Lebesgue measure on (0, 00).

The second step is to prove the theorem in the case that g* is an
integral, specifically that

s = [

for some v € LT. In this case we have

oo oo
I g

lgllr, @y = sup Lo~ fq] — sup o E
ser,) Mfllr, ) et 1 lpw

oo oo

ok F

:supf fu:supfO “

feL+ ||f ||p, FeF ||F p,v

where F = {f** : f € L*}. Since zf**(x) = fo f* is non-decreasing
and f**(z) is non—increasing we see that F C ; g. On the other hand,
let h € LT and set f(y f h to see that

/ min(t/z, 1)h // t)ydtdy = f*(x).
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It follows that H?L+ C F C Q0 so we may apply Theorem 3.1 with
g=1,r=p,a=1,and =0 to get

dt Jj_l w
ol ([l VHP()PH)”t> e

[Egu P

A" 11

</ Hou pHP()pHp() ) +||||1
t 11lp,0

The terms above involving u can all be written in terms of g*.

— > dx * *
uxmmaéum—zngwmw

T

nwmz/’ m—/‘/ )% dt = / g (1) dt = g° 1.
0 0

These substitutions give the desired result in the case that ¢* is an
integral. The second step is complete.

We now pass to the third step and assume that ||g[|r, ) < co. The
first thing to establish is that lim; o, ¢*(t) = 0. For each positive inte-
ger n set f, = Lx(o,) and note that f:*(t) = min(1/n,1/t). By (4.1)
and the Dominated Convergence Theorem, || fy|r, ) — 0 as n — oo.
Since g has finite I'y(v)’-norm we see that  ["g* = [I¥ frg* also
tends to zero as n — oo. Because ¢g* is monotone this implies that
lim; o g*(t) = 0 as desired.

Now for v > 1 define

m@=@%%ﬂwmﬂmW)wd%@=lﬂM@@~

T

Note that g5 = g. The results of Step 2 apply so we have

(44) g llr, @) = 1951l 00 + 11957 = g3l 0 + Vollg5lloo + Voollg5[11-
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Using the fact that lim; .., g*(¢) = 0 we can express g, as a moving
average of g*:

)= [ @ - [TewE /[

It follows that for each ¢, g,(t) is non-decreasing as «y decreases to 1 and
that g4 (t) converges to ¢*(t) for almost every t.
By the Monotone Convergence Theorem, we have

1“}?11 (||9:||p”vo + VOHQiHOO + VOOHQE;HI) = 119" llp",v0 + Vollg™ |00+ Vaollg™[|1-
Because I'y(v)’ is a Banach Function Space we also have
i flgy e, @y = ll9"llr, @) = llgllr, wy-

In order to conclude that (4.2) holds we still need to show that

*ok *
-9 ||p’,voo~

(4.5) B A L [
It is evident that the pointwise limit of g* — g} is g** — g*. By the
Dominated Convergence Theorem, (4.5) will follow once we show that
21og(2)(gs* — g3) is in ij’;o and dominates g7* — gy for 1 <y < 2.
Since g5 < g* and ||g*||r,(v) < oo we have ||g5|r, ) < oo because
I',(v)" is a Banach Function Space. In view of (4.4) this implies that
lg5* — g5 ||p w.. < oo and hence 2log(2)(gs* — ¢3) is in Lﬁj’;o.

To see that 2log(2)(g53™ — g5) dominates g>* — g7 we calculate as
follows:

log(v)(g5"(t) — g5(t))

| N o de
=i [ roTa- [T

1t * de 1 (7", ¢ dx o de
:—/g(x) dy—+—/ g°(x) dy——/ 9" (x)—
0 €T tJi z t

z/y z/v z

— (=10 - o / " (@) do
—(1-1/y) <g**<t> SR t” g*).

t—1
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If1 <~ < 2then 1—1/y < log(y). Also, for each ¢ the moving

t o . . .
average % f: g* is a non-increasing function of . Thus

yt—
ok * 1_1/7(** 1 vt *)
95 (t) —g,(t) = g (t) = —— g9
e R U T
kK 1 2 *
<97 -5 9
t

= 2log(2)(g2"(t) — g2 (1))

This completes Step 3, showing that (4.2) holds whenever its left hand
side is finite.

If both sides are infinite then (4.2) holds trivially. Step 4 of the proof
is to eliminate the remaining case by showing that if the right hand side
of (4.2) is finite then so is the left hand side. For each positive integer n,
define g, = min(nx(o,n),g*) and note that g; = g,. The sequence g,
is non-decreasing and converges pointwise to g* as n — o0 so g, — ¢
in the Banach Function Space I',(v)’. To show that [|g|[r, () < oo we
show that the norms ||gn|r, vy are bounded independently of n. To do
this we note that (4.1) implies that

19nllr, ) < [InX(0,m)lIT, ) < 00
so the results of Step 3 apply and we have

gnllv, @y = lgnllpvo + 197" = gallpve + Vollgnlloo + Voollgnlla-
Again it is easy to handle three of the terms. Since g < g* we have
195 00 < 118% It s 19510 < N9 loos and [lgi 1 < llg° [ Therefore,
the sum of these three terms is bounded independently of n by the right
hand side of (4.2) which is assumed to be finite.

The fourth term, ||g;;* — g5 ||’ 0., is also bounded by a multiple of the
right hand side of (4.2) but a little more work is required to demonstrate
this. The function g} is non-increasing and bounded by n. Therefore
it takes the value n on an interval of the form (0,¢,) for some ¢, > 0.
When 0 < ¢ < ¢, we have ¢g**(t) — ¢;:(t) = 0. When ¢, <t < n we have
97 (t) — gn(t) = g7 (t) — g7 (t) < g™ (t) — g*(t). When t > n we have

t n
50 - g0 =g =5 [g<7 [ o =F9" ),
0 0
Thus

)k * * % * * % o dt 1/17/
lgn™ = gnlly v < N9™ = g% lpr v + 19" (1) voo(t)ty
n
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and our object is to show that the last two summands are bounded by

the right hand side of (4.2). The first is trivially so and we write the
second as

(46) nla™(0)-g () [ mvoou)f;’f)l/p#ng*(n) (f Oovooa)%,)w .

Observe that t(g**(t) — g*(t)) = Otg**(y) — g*(t) dy is non-decreasing so

g = ") ([ oergy ) v

tpP

<([ @ o-gornoar) 1 = 6

The second term in (4.6) requires some integration using (4.3).

700

N dt n’ K ° dz\ "
np/ voo(t)tp,z—? (/0 v(x)dx+tp/t v(x);)

Therefore,

n , 1 , o dr 1-p’ /p
< *(+\P —lag*IP -
< (/0 9" (1) vo(t)dt+p,|\g 1% (/O 7f(ﬂv)gcp> >

, 1 , , 1/11/
< (ng*nizvo + Sl IV ) |

Which is bounded by (a multiple of) the right hand side of (4.2). This
completes Step 4 and the proof of Theorem 4.1. O



CONCAVE FUNCTIONS AND LORENTZ DUALS 509

We remark that the term [|g** — g*||, ».. in (4.2) may be replaced by

sup (| = 7|l v -
h*<g*

Although this new term may be substantially larger than ||g** — g% || v
for example when g* is constant, the equivalence (4.2) is not affected due
to the presence of the other terms. Indeed, the proof of Theorem 4.1 is
simpler with the new term in place.

5. The Hardy-Littlewood Maximal Function

The reduction principle in Theorem 3.2 can be used to give criteria
to determine whether or not the Hardy-Littlewood Maximal Function
is bounded between Lorentz spaces. If f is a locally integrable function

on R™ we define M f to be
fldpn
al,

where the supremum is taken over all cubes ) containing x whose sides
are parallel to the axes. Here u,, denote Lebesgue measure on R”™.

M f(z) = sup Mn}

Theorem 5.1. Suppose p,q € (1,00) and u,v € L. Define V by

V(t) = l/otv(x)dx—i—/toov(m)d—x.

tp xP

Then M: T, (v) — Tqu,(u) if and only if: Fither 1 < p < q < oo,
and all of

sup ( [ o) ([ sty tvirs ) "

sup
y>0

oc 1/‘1 Yy /dt , 1/17/
sup ( u(x ) <p'/ V()P T V(y)l_p> , and
0

2\ M4
oste/n) @) 5 ) V)

y>0

sup
y>0
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are finite; or 1 < q<p<oo, 1/r=1/q—1/p, and all of

[ ([ ey} vy
[ (e Y (o [y v )/W nd
[ ([ ww )™ wrvr

are finite.

Proof: We cite [2, Theorem 3.8] for the well known equivalence (M f)* ~
f**. It implies that M: T, (v) — g, (u) if and only if

U™ (L Jg 7)) " ulz) da)?

fseuLpJr (fooo(f**)pv)l/p < Q.
That is,
(5.1) T: FNLP— L1
where T is the operator TF(z) = + fo Fand F={f"*:f€L"} As

we observed in Part 2 of the proof of Theorem 4.1, HY)LT C F C Q.
Thus, we can apply Theorem 3.2 with o« = 1, 8 =0, and L] = LI to
see that (5.1) holds if and only if

(5.2) THy: L2, — L1,
(5.3) TH: LP — L%,
if 7' € L? then T(z™') € LY, and

if1eLP  then T(1) € LY.
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Since T'(z71) = oo and T(1) = 1 the latter two conditions reduce to

> d
(5.4) u=0or /0 U(x)x—i = 00,
and
(5.5) / ’U<OO:>/ u < 00.
0 0

The conditions (5.2) and (5.3) reduce to weighted norm inequalities for
which necessary and sufficient conditions are known. Our task now is
to simplify the known conditions using the definitions of v; and vy from
Theorem 3.2. We have

w(t) = ( / ofa)dr 4 / “vm%)p ( / "o(@) d:c)lp and

In terms of V these become

(5.6) pt? v ()7 = V() i(—V(t)) and

(57) pos(t) 7 = (V) L),
The operator in (5.2) is
TH, f(x / / HF () dedy = = / log (/1)L (£) dt

so, with g(t) = ¢f(t), we see that (5.2) holds if and only if the inequality

(5.8) (/000 (/Oxlog(x/t)g(t) dt)qu(ac)i—fy/qgc (/Ooog(t)%l(t) jﬁ)l/p

holds for some C' > 0 and all g € L*. By [18, Theorems 1 and 2], (5.8)
holds if and only if: Either 1 < p < g < o0,

69 s ( / mu<x>j—f)1/q ([ aosturny e ey~ ar) R

y>0
and
[e%s} dz 1/q vy, , 1/17/
(5.10) sup (/ (log(x/y))qu(x)—> (/ tP oy (t)1 7P dt> <00
y>0 Yy x4 0
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orl<g<p<oo, l/r=1/qg—1/p,
(5.11)

and

(5.12)

/ooo</yoz)log(a:/y))%( )if> (/Oyt”’m(t)l"" dt>r/qy”'v1(y)l_p/ dy < oo.

The operator in (5.3) is

THOf( // f(t dtdy——/ f(t)dt—k/:of(t)dt

a sum of two Hardy operators. Thus (5.3) holds if and only if the two
weighted Hardy inequalities

([ ([ atw dt)qu<x>;l_§>”q <o ([ swr ft)
</ooo (/:O f(t) dt>qu(x) dx>1/q <C </0°° F(t)Poalt) dt> 1/p

hold for some constant C > 0 and all g € LT and f € LT respectively.
The conditions (see [12]) under which these hold are: Either 1 < p <
q < o0,

0o da\ 4 y , 1/p'
(5.13) sup (/ u(:lc)—) (/ tP g ()P dt) < 00,
y>0 y x4 0

and

(5.14) 21;13 </0y u(z) da:)l/q (/:o vy () dt>1/p/ < 00

orl<g<p<oo, 1l/r=1/qg—1/p,

e} e’} dx r/q vy, , 7"/‘1/ , ,
(5.15) / (/ u(x)ﬁ> (/ tPuy(t)1P dt) yP s (y) P dy < oo,
0 Yy 0

and
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and

(5.16) /O h ( /0 () dx)T/p( /, () dt)r/p/u(y) dy< oo.

Using the properties (5.4) and (5.5) and the substitutions (5.6) and
(5.7) to eliminate v; and wve, (5.9), (5.10), (5.13), and (5.14) can be
simplified to yield the four weight conditions given in the case 1 < p <
g < oco. Similarly, (5.11), (5.12), (5.15), and (5.16) simplify to yield the
four weight conditions given in the case 1 < ¢ < p < c0.

We have shown that the weight conditions given in the statement of
the theorem, together with (5.4) and (5.5), are necessary and sufficient
for the boundedness of M. All that remains is to show that (5.4) and
(5.5) are consequences of the weight conditions.

Write V(1) = [;° max(t,z) Pv(z)de to see that V(t) < V(0) =
IS v(x) da/xP. If V/(0) < oo then for any y > 0,

Y -1 1— rdt 1-p’ Y /—1dt
[ tosturer vy = vior ' [Mos/r g -
In view of this, the first weight condition in either the case 1 < p < ¢ < c©
or the case 1 < ¢ < p < oo can hold only if u is almost everywhere 0.
Thus (5.4) holds.

If fooov < oo it follows that y?V(y) is bounded above and hence
the fourth weight condition in either the case 1 < p < ¢ < oo or the
case 1 < g < p < oo would fail unless fooo u < 00. Thus (5.5) also holds.
This completes the proof. O

We would like to thank the referee for pointing out that the weight
conditions (5.4) and (5.5) follow from the others in Theorem 5.1.

Since (M f)* ~ f** the boundedness of M: T, , (v) — Ag ., (u) re-
duces to a straightforward application of Theorems 2.7 and 2.8 with
a=1and §=0. Here Ay, (v) ={f : | f*]lqu < o0}

Theorem 5.2. Let p,q € (1,00) and u,v € L*. Then M: T, (v) —
Ag ., (w) if and only if: Fither 1 <p < ¢ < 0o and

Zli% (/Oyu(x) dx+yq/yoou($)i—f)l/q (/Oyv(x) da:—l—yp/?Joov(x)Z—i)_l/p

is finite; or 1 < g<p<oo, 1/r=1/q—1/p, and

/ooo</oyu(x) dz-+y" /yoo“(“") %)ﬂp(/oyv(x) dm+yp/;,mv(x) %)_T/pu(y) "

is finite.
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