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DISCRETIZATION AND ANTI-DISCRETIZATION OF
REARRANGEMENT-INVARIANT NORMS

AMIRAN GOGATISHVILI AND LUBOS PICK

Abstract

‘We develop a new method of discretization and anti-discretization
of weighted inequalities which we apply to norms in classi-
cal Lorentz spaces and to spaces endowed with the so-called
Hilbert norm. Main applications of our results include new in-
tegral conditions characterizing embeddings I'? (v) — I'?(w) and
I'?(v) — A%(w) and an integral characterization of the associate
space to I'P(v), where p,q € (0,00), v, w are weights on [0, c0)

and
o 1/p
I fllar ) = (/ F*(6)Po(t) dt) ,
0
oo 1/p
I fllre v) = </ I (O)Pu(t) dt) .
0

1. Introduction

Let (R, i) be a totally o-finite measure space with a non-atomic mea-
sure p, and let M(R, u) be the set of all extended complex-valued p-mea-
surable functions on R. We shall throughout assume that pu(R) = oco.
For f € M(R,u), let f.(t) = p({z € R; |f(x)] > t}), t € (0,00), be
the distribution function of f. The non-increasing rearrangement of f
is defined by

(1.1) fA(@t) =inf {s > 0; fu(s) <t}, t€][0,00).
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We further set
1 t
=7 [ reds teboo).
0

When v is a non-negative measurable function on [0, 00), we say that v
is a weight.

Definition 1.1. Let p € (0,00) and let v be a weight. Then the classical
Lorentz space AP(v) is defined as

o 1/p
AP(v) = {f € M(R, 1); |1 fllar(o) = (/0 ()P (t) dt) < OO}~

Let us recall that || - [|s»(y) is not always a norm (consider, for example,
the cases when p € (0,1)), and, indeed, not even a quasinorm (cf. [8,
Corollary 2.2]).

The spaces AP(v) were introduced by Lorentz in 1951 in [21]. For ap-
propriate values of p and for appropriate weight v this space is a rearran-
gement-invariant Banach function space (for definitions and detailed
study of rearrangement-invariant Banach function spaces see e.g. [3]).

Another type of a function space is obtained by replacing in the de-
finition on [ - [|ar(y) the f* with f**. This space, denoted by I'P(v), is
defined as

oo 1/p
I'P(v) = {f € M(R,1); | fllrr ) = (/O f@)Pu(t) dt) < OO}-

The spaces I'?(v) proved to be quite useful in many branches of functional
analysis, for example in interpolation theory. They are particularly pop-
ular since 1990 when Sawyer [26] used them in order to characterize
certain duality properties of spaces AP(v), but they can be traced in
earlier works of Calderén, Hunt, O’Neil and others.

Naturally, we have seen an extensive research of classical Lorentz
spaces during the 1990’s. Above all, the authors concentrated on seek-
ing manageable and easily-verifiable necessary and sufficient conditions
for embedding theorems involving both A and I' types of spaces. Such
results have an intimate connection to other challenging problems. Let
us name some of them:

Is a given classical Lorentz space (either of type A or of type TI)
a Banach space?

Is the Hardy-Littlewood maximal operator bounded on a given clas-
sical Lorentz spaces?

What is the associate space of I'P(v)?
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All these questions could be answered if only we knew necessary and
sufficient conditions on embeddings between A and I' types of spaces.
The research brought plenty of deep results, cf. e.g. [1], [26], [8], [9],
[10], [16], [30], [31], [32], [28]. A summary of the results on embed-
dings of classical Lorentz spaces known by the end of 1990’s, as well
as some more references, can be found in [7]. For some cases of the
parameters, the characterization of the corresponding embedding is still
not known. In some other cases necessary and sufficient conditions have
been established, but formulated in a way which is not entirely satisfac-
tory, as they might be quite difficult to verify. Typical examples of such
conditions are those expressed in terms of the Halperin level function [7,
Section 7] or in terms of discretizing sequences [16].

In [16], a new approach based on discretization techniques of [25]
and [15] was applied to classical Lorentz spaces in order to obtain
necessary and sufficient conditions on parameters p,q € (0,00) and
weights v, w such that the embedding I'?(v) < T'?(w) or the embedding
I'?(v) — Al(w) hold. The former embedding is useful in interpolation
theory while a standard argument applied to the latter provides a char-
acterization of the associate space to I'Y(w). The results of [16] meant
a considerable step ahead. However, to verify the conditions formulated
through the discretizing sequences is almost impossible. After [16] was
published many authors tried to obtain more manageable conditions (ex-
pressed, if possible, in an “integral form” —such conditions have been
successfully used for example to characterize weighted Hardy inequali-
ties). As far as we know, no such results have been found so far. In this
paper we develop a new method that leads to such results.

Our approach is based on discretization and (more importantly) anti-
discretization methods combined with the blocking technique from [17].
Let us outline our approach and the structure of the paper. We start
with general discretization and anti-discretization formulae for weighted
integral norms. This is done in Section 2. Next, in Section 3, we present
a discretization of the so-called Hilbert norm. Let us recall that, in a very
general form, the Hilbert norm of a function f is the quantity

(oo ([ ) «oe)

when ¢ € (0, 00), and

oo ([ a).

Q[
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when ¢ > 0; here v and ¢ are weights satisfying certain conditions (see
Sections 2 and 3 below). Let us recall that, in a very general form, the
Hilbert norm of a function f is the quantity

([ oo ([ s i) )

when ¢ € (0, 00), and

e ([ B )

when ¢ > 0; here u and ¢ are weights satisfying certain conditions (see
Sections 2 and 3 below).

We point out three of the major applications of our results. In Sec-
tions 4 and 5 we establish integral necessary and sufficient conditions
for the embeddings I'?(v) — A?(w) and I'?(v) — T'?(w), respectively.
Finally, in Section 6, we give a precise integral characterization of the
associate space of T'?(v). The results on spaces I'?(v) can be extended
to the more general context of K-spaces (defined through the Peetre
K-functional).

Everywhere below, u, v and w are weights. We shall throughout
denote Ut fo s)ds, V(t fo s)ds and W (t fo s)ds for

e (0, oo) By A < B we mean that A < CB wrth some posrtlve C
independent of appropriate quantities. If A < B and B < A, we write
A =~ B. We say that two functions f, g are equivalent on (0, c0) if there
exists a constant C' > 0 such that

CLf(t) < g(t) < Cf(t) forall t € (0,00).

2. General anti-discretization theorems
We start with some basic definitions. We follow [15], [25] and [16].

Definition 2.1. Let {a;} be a sequence of positive real numbers. We
say that {ax} is strongly increasing or strongly decreasing and write

{ar} 17 or {ar} || when

. Ak+41 Ap+1
inf —1 >1 or sup +
ke€Z ag kez Ok

<1,

respectively.

Definition 2.2. Let ¢ be a continuous strictly increasing function on
[0,00) such that ¢(0) = 0 and lim; o ¢(t) = co. Then we say that ¢
is admissible.
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Let ¢ be an admissible function. We say that a function h is ¢-quasi-
concave if h is equivalent to a non-decreasing function on [0, c0) and % is

equivalent to a non-increasing function on (0, 00). We say that a p-qua-
siconcave function h is non-degenerate if

. Lo () ()
@1 Hm h(t) = fim gas = Jim 28 = A e =%
The family of non-degenerate p-quasiconcave functions will be denoted
by Q.

We say that h is quasiconcave when h € Q, with ¢(t) = t.
Remarks 2.3. (i) It will be useful to note that

(2.2) heQ, < 2

- €.

(ii) Some authors add the restriction h(t) = 0 if and only if ¢ = 0 to
the definition of a quasiconcave function. However, the only difference
is that our definition recognizes the zero function as quasiconcave.

(iii) Note that any non-degenerate p-quasiconcave function is neces-
sarily continuous on [0, 00).

Definition 2.4. Assume that ¢ is admissible and h € Q,. We say that
{1k }kez is a discretizing sequence for h with respect to ¢ if

(i) po =1 and @(ux) 1T;
(i) () 11 and 25 |5
(iii) there is a decomposition Z = Z; U Zs such that Z; N Zs = ) and,
for every ¢ € [pu, pr+1],

(2.3) h(u) ~ h(t) if k€ Zq,
h(pe) B
@4) o) "oy T REE

Remark 2.5. In [16], a special case ¢(t) =t is treated.

Examples 2.6. (i) Let ¢(t) = t*, a > 0. Then we recover the situa-
tion which has been in one way or another treated by several authors
(cf. e.g. [5], [22] or [4]).

(ii) When wu is a positive function on [0, 00) such that [~ u(s)ds =
oo and f is a locally integrable function, then K,(f,t) € Qu, where
K,(f,t) = fot [*(s)u(s)ds and U(t) = fg u(s)ds. The operator K, is
a particular case of the well-known Peetre K-functional.
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(iii) Recently, a considerable attention is being paid to the Hardy
operators involving suprema such as R,,, defined at a locally integrable
function f by

(R0 = s uls) | Fwdy, te (0,00,
SE[t,00) 0

where u is a given weight on (0, 00) (see for example [11], [13] or [19]).
If moreover w is such that the function ¢, defined by

o(t) = < sup u(s)) , te€(0,00),

SE[t,00)

is admissible, then, for any f, @R, f is ¢-quasiconcave. Indeed, this
follows from the readily verified relation

e R0~ s LD [, e 0,00

(iv) Let 0 < pg < p1 < 00, 0 < go < g1 < o0 and let

1 1
qo q1
Mm=7T 1
Po p1

Then the Calderén operator (cf. [3, Chapter 3, Definition 5.1])
a7 a1 [ 1y
(Sf)t)=t / sPof*(s)ds+t / s f*(s)ds
satlsﬁes for any fixed (appropriate) f, (Sf*)(t )t% € Q,, where ¢(t) =

tqo o .

Lemma 2.7. Let ¢ be an admissible function on [0,00), let h € Q, and
let a > 1. We define the sequence {ur} by po =1 and

=in ; min h(t) h(uk)W(t) =a when ;
@) pas = int i { e, SRS <o when k20

e k) h()e(pr)
(2.6) pig—1 =inf {t, mln{ h(tI; , go(t)h(u:)} = a}, when k < 0.

Then {ux} is a discretizing sequence for h with respect to .

Proof: We have to show that the properties (i), (ii), (iii) from Defini-
tion 2.4 are satisfied. Set

(2.7) Zy =4k € Z; ah(pr) = hpk+1)}s, Zo =7\ Z;.
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Then

(2.8) Plpix) = ah(ﬂk—’_l) for k € Zs.

() p(prtr)
Since h € Q, it follows from (2.5) and (2.6) that pp41 > pi for every
k € Z. Hence, using also (2.5) and (2.6), we get for every k € Z,

h () > ah(ﬂk+1) >4 h(pr)
e(ur) —  olprtr) — o(prtr)
and therefore, for k € Z,
Plomer) o o
o)
This shows that ¢(ux) 1T. Next, by (2.5) and (2.6), we have, for k € Z,
hlpra) o 0y apa k) olu) 1)
h(p)  — ’ e(prs1) h(pe) ~a 7

so h(ug) 17 and h(“’“) 1.
Finally, h € Q whence, by (2.7), for ¢ € [ug, pr+1],

h(t) < h(pgs1) = ah(ug) < ah(t) when k € Zq;

nt) W) _ Wperd) o BE
o0 = Pl “eluur) = Ty MRS
showing (iii). O

Lemma 2.8. Let ¢ be an admissible function. Then the following state-
ments are equivalent:

(i) heQy;

(i) there exists a non-increasing function v such that

t
~ [ o)), e ©.00)
0
(with the Lebesgue-Stieltjes integral on the right);
(iii) there is a non-negative Borel measure n on [0,00) such that
29) b~ [ el e [ dns). te 000,
[0,] [t,00)
Proof: (i) = (ii) Let h € Q. Then h is a non-degenerate ¢-quasiconcave

function, and so h(¢ 1) is quasi-concave with

lim h(e~Y)(t) = lim M —0.

t—0+ t—o0
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Thus, there exists a non-increasing function 6 on (0, c0) such that

h(e™)(t) %/0 0(s)ds, te(0,00).

Hence,

w(t) t
h(t) z/o 0(s) ds :/0 0(p(s)) dp(s), te (0,00).

Denoting 1 = 6 o p, we get (ii).

(ii) = (iii) Since 6 is non-increasing, it follows that 1 is non-increasing,
too. Integrating by parts, we get

h(t) ~ (0)p(t) - / p(s)dib(s), 1€ (0,00),

and, to get (iii), it suffices to denote dn = d(—).
(iii) = (i) Assume that h can be represented as in (2.9). Then, de-
noting dv(s) = ¢(s) dn(s), we have
dv(s)
2.10 h(t%gpt/ ) e (0,00).
(210 120 oy e o 10

Now, the monotonicity properties required in order to verify (i) are ob-
vious. O

Definition 2.9. Let ¢ be an admissible function and let v be a non-
negative Borel measure on [0,00). We say that the function h defined
as

dv(s)
)=o) [ S e (0.0)
0.00) P(8) T (t)

is the fundamental function of the measure v with respect to ¢. We will
also say that v is a representation measure of h with respect to .

We say that v is non-degenerate if the following conditions are satisfied
for every t € (0, 00):

dv(s) o o dv(s) _ () = 00
/[o,oo) o)+ oo 1000, /H ) /[1,oo>d” '

Remark 2.10. (i) Let ¢ be an admissible function and let v be a non-
negative non-degenerate Borel measure on [0,00). Let h be the funda-
mental function of v with respect to ¢. Then

(2.12) h(t)%/o/[ )d;((;))d@(s), t e (0,00),
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and also

dv(s)
2.1 h(t) =~ dv(s t —=
(213) W= [ oo [ T8
Moreover, h € €. In particular, by Lemma 2.7, there always exists
a discretizing sequence for h with respect to ¢.

Indeed, (2.12) follows immediately from (2.11) and the Fubini
theorem, while (2.13) is an immediate consequence of (2.11) and the
monotonicity of ¢. From (2.12) it is clear that h is non-decreasing and
also that g is non-increasing because it is an integral mean of a non-
increasing function. Finally, the non-degeneracy requirements in (2.1)
follow from (2.12) and (2.13) combined with the Monotone Convergence
Theorem.

€ (0, 0).

(ii) Conversely, if ¢ is an admissible function and h € €2, then there
exists a representation measure v. This follows from Remark 2.10 (i)
and Lemma 2.8; indeed, we can put dv = @ dn.

Theorem 2.11. Let p,q,r € (0,00). Let u be an admissible function.
Let v be a non-negative non-degenerate Borel measure on [0,00), and
let h be the fundamental function of v with respect to u?. Let 0 € Qup.
Let {ur} be a discretizing sequence for h with respect to u?. Then

MOIT )
Amomi O~ )

Proof: Let a > 2, and let Zy, Zs be defined by (2.7) (with ¢ = u?).
Then

h(t)a " B it
/[O,Oo) )7 du(t)—Z/ =D 4 =14,

keZ [Hktbkt1) O’(t)P k€Z1 k€Zs

say. For k € Z1, h(pr+1) = ah(pr), and
[ avt) S hme) S bom)
Pk skk+1)

Thus, since o is equivalent to a non-decreasing function, we get from (2.3)
-1 r_1 r
h a h q
I TILLUED D D B e
rez, Ok)7 i) nez, O(kk)? rez, O(k)?
For k € Zs, by (2.8) we have

ah(uk+1) _ D)
u(prg1)?  u(pn)?’
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and therefore

w9 dv h(pe) — h(p+1)
/[M,ukﬂ) (B)dvlt) 5 u?(pu) s ul(fips1)

Since ou? is decreasing, using (2.4) and (2.8) we obtain

r

1
m= )" / A) — du(t)
(Bk st t1) o(t)r

kE€Zo

= h(t)%fl u(t)” y
B k%z /[M’““k+1) u(t)" U(t)% dv(t)

= Z U(ukJrl)T ‘/[Hk Hht1) hit():); dV(t)

nez, O(tk+1)?

-1

h(/‘k+1)€
kEZs U(:u‘k-ﬂ-l)

1k

o) [ alt) ()
[l‘kvﬂk+1)

'!'3\” QH

<Z

kGZ

This shows the upper bound.

To prove the converse, let Ay, € [g—_1, ptx) be such that h(px) = ah(Ax)
and v € (fk, tr+1] be such that

ah(%) ~ h(p)

u(yr)?  u(pg)?

Therefore, we have (using that ou™? is equivalent to a non-increasing
function)

r_q -1
/ MO g = h(“ S ) [ uw i
[k s ikt1) ) [k, vk)

3
ot ()7 )é

and, using that o is equivalent to a non-decreasing function and (2.3),

r_q r_q
/ h) — dv(t) 2 M/ dv(t).
(k1) O()7 o(pe)? i)
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Combining the last two estimates we get

r_q
/ MO )
[te—1:1k+1) a(t)P

- /W du(t) — upr)? /[W) u(t) dv<t>]

h(ur)a ! (k) u(pr)?
2 W {h(ﬂk) - ho\k) - W]
-1
= hg(tzi); [A(pr) = 2h(p)]
_ 2 h(ﬂk)g
( a) O'(Ilk)% ’

from which we obtain

MO ) ~ h(t)i ! B(un)F
/[o,o@ o(t)F d”“)”z/ ZOEDY :

kez ” r—1,1m041) 0(05 kEZ U(:u‘k)g

proving the lower bound. O

The key problem for the application of the preceding theorem is,
given h, to find a non-negative representation measure v. A simple
sufficient condition for this to happen is formulated in the next example.

Example 2.12. Let p, ¢, 7, u and ¢ be as in Theorem 2.11 and assume
further that h > 0 is a non-decreasing function on [0, c0) such that A’
and (u?)" exist and

hl

is nonincreasing and continuous.

Set
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By differentiation,

h(t) = /0 u(s)? d®(s) + u(t)? /too d®(s), te(0,00).

Then, u?d® is a positive measure, and h € Q,q« by Remark 2.10 (i).
Furthermore, let {11} be a discretizing sequence for h with respect to u?.
Then, by Theorem 2.11,

BROT e e )
/ s IO

In the special case we get the following discretization formula for the
Lebesgue norm.

Corollary 2.13. Let g € (0,00), let u be an admissible function, let
f € Qu, let v be a non-negative non-degenerate Borel measure on [0, 00)
and let h be the fundamental function of v with respect to u?. Let {ug}
be a discretizing sequence for h with respect to u?. Then

</[o,oo> <%) d”“)) = (}% (%)%w) "

Proof: We apply Theorem 2.11 with the following parameters: r = g,

p =1, and ¢ = %. It remains to observe that, by (2.2), f € Q, is
equivalent to o € Q. O

Theorem 2.14. Let ¢ be an admissible function, let v be a non-negative
non-degenerate Borel measure on [0,00), and let h be the fundamental
function of v with respect to p. Set

e(t) Jio.q W W) Ji1.00) Cf;/((ss)
_ h3() do(t), te (0,00).

Then % is equivalent to the fundamental function of 6 with respect to .

Proof: We denote

dv(T
I= / t0(8) Jios) W) Jiso0) o de(s)
~Jo 13(s) e

do(t)

t € (0,00),

and

dv(T)

00 dv
=y t)/t o (zi(f;‘;’“) 2T) do(s), € (0,00),
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and claim that

e(t)
o) ~I+11, te(0,00).

We start with proving the lower bound. First note that, by (2.13),

o(s) /[ W) < sy, s e (0,00).

$,00) cp(y)

Therefore, for ¢t € (0, 0),

<[, foa 107 dp(s)
~Y 2
’ [f[o,sl dv(y) +9(5) s 00 d:g))}

B /t 0(s)7% Jio,q v (v) do(s)
= 2
O o) o W) + ooy B
e
h(t)
Similarly, using the estimate
dv(y) < h(s), s € (0,00),
[0,5]
which, once again, follows from (2.13), we have
o fs o d”(‘;") p(t
HS‘P@)/ [s.00) #(0) 2dap(s)=%, te(0,00).
t

dv(T)
o(7)

o @) +(5) fi, o

Thus, finally,
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Conversely, observe that, for ¢ € (0, 00),

PR Jio.q W (@)p(s) 2
Sy - ZETRA
[t,00) [ 8)71 f[O,s] dl/(y) + f[s,oo) o(T) :|

dv(t)
f[t ) (1)

. dv(r)]?
{‘P(ﬂ f[o,t] dv(y) +f[t700) 50(7')}

2

dv(T)
P Jt,00) T
h(t)? 7

~

and, similarly,

dv (1)
Jiso0) 50

de(s)
[ @) + 0(5) oy 2]

n2 o) [ dvly) /
[0,¢] ¢

t) f[O,t] dv
~ ht)?

Now, obviously,

(1) Jog W) + 00 fioo) FT < > ()
I+11> : ) olr) » P8 -y . O

Theorem 2.15. Let p,q,r € (0,00). Let u be an admissible function.
Let f € Quo. Let v be a non-negative non-degenerate Borel measure

on [0,00) and let g be the fundamental function of v with respect to ul.
Let {ur} be a discretizing sequence of g with respect to ud. Then

>

2 f(0)7 Jig.0 (8) Jip a0 uly) " dr(y) Flun)?
. ’ 5 dud)(t) ~ Y R
@ 14)/0 g(t)a*? ) ,.ﬂ%g(uk)E
Proof: Set
u(t)? V(s dv(y)
ao(ey = o 2) fuce) i d(u?)(t), t € (0,00).

g3(t)
Then, by Theorem 2.14, "7: is equivalent to the fundamental function
of # with respect to u?. Note that, by (2.2), f € Qu» is equivalent to
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“—fp € Qur. Therefore, by Theorem 2.11, applied to h = “—qq, v =0 and

p .
o= “7, we obtain

o) /Ooo [g(t) ‘ dﬁ(t)zz 9(ur) T:Zf(ﬂk)

F kezZ {“f(“’“)pr rez 9(kr)

Sk

S

=~

o~

N

Q

S [
23

|
_
—
<

I~

=

=

<

2
—_
|

3

Since the integrals on the left-hand sides of (2.14) and (2.15) coincide,
the assertion follows. O

3. Discretization of the Hilbert norm
We begin by quoting some known results. For our first lemma, see for

example [16].

Lemma 3.1. Let {ak}rez, {0k }trez, and {7k }rez be sequences of non-
negative numbers. Let p € (0,00).

(i) If o 17, then

(ml5] o fme]

k€Z Lm=k

(ii) If 7 I, then

k P ¥ >
(L2 ] 2} (g}
k€EZ Lm=—o0 meEZ

The following three lemmas are elementary and most likely well
known. For example, they can be proved by an argument similar to
that used in the proof of [16, Proposition 2.1].

Lemma 3.2. Let {ak}rez, {0k }trez, and {7 }rez be sequences of non-
negative numbers.

(i) If o 17, then

Z <Sup am> o ~ Z AmOm-

kez \mzk mezL

(ii) If 7 I, then

Z (sup am) TR RS Z AmTm-

kez \M=k meL
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Lemma 3.3. Let {ak}rez, {0k }rez, and {7k }rez be sequences of non-
negative numbers. Let p € (0,00).

(i) If o 17, then
P

sup E am, | ok = sup ab,on,.
keZ \ 1Sk meZ

(ii) If 7 I, then

P

sup E Qm | Ti & sup ab, 7.
ReZ \ 1k meZ

Lemma 3.4. Let {ag}rez, {ok}rez, and {1k }rez be sequences of non-
negative numbers.

(i) If o 17, then

sup (sup am> O /2 SUP Uy Opm-
keZ \m>k meZ

(ii) If 7 ll, then

sup (sup am> Tk R SUD Gy Trm -
keZ \m<k meZL

Next we shall prove an important lemma on an equivalence of two
discretizing sequences.

Lemma 3.5. Let p,q,r € (0,00). Let u be an admissible function. Let
h € Qud and g € Quo. Let {ur} be a discretizing sequence of h with
respect to u? and let {\;} be a discretizing sequence of g with respect
to uP. Then

and

%
w
=
o)
1 Y
%
~»
m o
NT
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Proof: Since h(p) TT and h(”’“) I, we have

5o zz’“"

kEZ g(u 0ET A <pn <At (k)

-ol%

‘EH

LeZn
For the first sum, we have by (2.3), (2.7) and (2.8)

h(pg)a 1 )
S OF TSy e X mi sy it

(et nezimeres IR)P iy 9e) T tez 9
Similarly,
D h(p) @ < Z Z h(px) h(Ae)
0€Z0 A <pp<Aeti 9w (9 )‘5); Ae<pk ulpn)" ez 9()

L

LEZ>

QI3

327

'@I% QH

1R

On replacing the roles of Ay and uy, we get the converse inequality.

As for the second assertion, observe that

h(t)s (t)
sup — =sup  sup
te(0,00) g(t)? k€L pp<t<pri1 g(t)

If now k € Zq, then, by (2.3) for h and (2.7) for g,
NGy L
mest<pers gt gl

Q=

>

D=

If k € Zo, then

wp MO b u(t) _ ()

sup

1
pe<t<pri1 g(t)»
We thus conclude that
sup
t€(0,00) g(t)
and by the same way we get
<g

h(t)s
su TS p
te(0,00) g(t)P ()\g)

U(pk) pp<t<pri g(t)% g(,uk)% .

O

Now we shall prove a discretization lemma for a Hilbert norm, a main

result of this section.

We work within the following fixed scheme: wu is an admissible func-

tion, v is a positive measure on [0, 00), ¢ € (0, 00) and

= 7111(15)(1 V(s 0.0}
}W%fémﬂwﬁ+uwﬁd(% Le (0,00).
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Recall that
W)~ [ d(s) + u(t)? / w(s)~Tdu(s), te (0,00).
[0,] [t,00)

We shall further assume that v is non-degenerate.
In this setup, we have

Lemma 3.6. Let g € (0,00), let u be an admissible function and let v
be a non-degenerate positive Borel measure. Let h be the fundamental
function of v with respect to u? and let f be a measurable function on
[0,00). Let {xy} be a discretizing sequence for h with respect to u?. Then

> /()] ’
| (/[o,oo> u() + u(y) dy) i)
/()] ’
;(/[000 wlon) £ u) )dy> h(zk)

<u-1<xk> / ")y + / |f<y>|u<y>-1dy> W)

Q

Q

Tp— T

B

€L

> ( [ u(yrldy)qh(xk)

Y ( /[ |dy)qu<xk>—qh<xk>

k€Zso
Ik+1 1 1 q
< (T ) h(y)qdy) .
kEZ
Proof: Clearly, the function g(x fo L’;fil(y) dy belongs to €2,,.

Using Corollary 2.13 with the measure u(z ) 9dy, we obtain the first
relation.
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Since

|y ate [l [l

$k)‘+’u(y) Tk

h(zg) 17 and uh(xk) 1l, we get the second relation by Lemma 3.1. The

(zk)9
converse inequality is trivial.

To prove the third equivalence, it suffices to show that

> (u%xk) / ")l dy + / |f<y>|u<y>1dy> h(zx)

keZ f— k

Y (/:M y)luy) ™! dy) ()

k

+ 2 ( / Y dy)qu(a:k)qh(xk).

k€Zs

When k — 1 € Zq, we have h(xy) = ah(zk_1). Thus,

<a Z (/w_l (y)u(y)ldy> h(zx_1)
+ Z </Ik |f(y)dy> w(xg—1)"9h(zp—_1)
k—1€Zs \’%kh-1

—o X ([ ) ar) nia

kE€Zy

+ </+ Idy>qu(xk)—qh(xk).

k€Zso
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Using the monotonicity of u, we obtain the remaining estimate

S ([ 1l @) hie

kEZ k

< ([ i dy)

keZq k

+> ( / i) dy)qu(xk)qh(xk).

k€Zso k
Finally, the last equivalence is a simple consequence of (2.3) and
(2.4). O

Lemma 3.7. Let ¢ € (0,00), let u be an admissible function and let v
be a non-degenerate positive Borel measure. Let h be the fundamental
function of v with respect to u? and let f be a measurable function on
[0,00). Let {x} be a discretizing sequence for h with respect to u?. Then

</[0»00) <yes(%,l<)>o) u(x)+u(y)> dv( ))
~ su _Fwl ! .
“%%(ye(ogo) U(IkHu(y)) h(zy)

zZ(u_l(:rk) sup  |f(y)|+ sup |f(y)|u(y)_1> h(x)

ez Tp—1<y<wyg T SY<Th41

~ S s |f(w)lTu(y) k()
kEZ, T SY<=Ti1

+ Y sup |f@)| ulwr) ()
k€Z2kay<-’I5k+1

~3 swp [f(y)|%uly) h(y).

kez Tk Sy<xp41

Proof: This follows on using Corollary 2.13 and Lemma 3.2. O
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Lemma 3.8. Let g € (0,00). Let u be an admissible function and let
@ € Qua. Let {xx} be a discretizing sequence for ¢ with respect to u?.
Let f be a measurable function on [0,00). Then

,omb ¢l (/m 0 i dy>q
=) ([ ) )

~ sup (w1 )u(e) ( [ dy>

kez et

st ([ 1wt dy)q

kez .

~ sup (o) ([ 0l dy)q

keZy k

+ s pteuton ([ 170 dy)q

kEZo Tk
Ik+1 -1 1 q
~sup ([ st o)t ay)
kEZ Tk
Proof: This follows from using Lemmas 3.3 and 3.5. O

Lemma 3.9. Let u be an admissible function and let ¢ € Q,,. Let {x}}
be a discretizing sequence for ¢ with respect to uw. Then

wp o) sup W)
2€(0,00) 0<y<oo U(x) + u(y)

~ sup p(ag) sup Wl
kez 0<y<oo U(Tk) + u(y)

~supp(zp)u(zr) ™" sup  |f(y)]
kEZ Tp—1<Y<Tk

+supp(zr)  sup |f(y)|uly) !
kEZ T <Y<Tr41

~ sup o(zg)  sup  |f(y)luly) !
kE€Zy T SY<Ti41

+ sup p(zp)u(ry)™t  sup  [f(y)|
kEZo

T <Y<Tr+1

~sup  sup  |f(y)|u(y)e(y).
kEZ xk <y<zTk41

Proof: This follows from using Lemmas 3.4 and 3.5. O
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4. Embeddings of classical Lorentz spaces, type I' — A

As our first main application we shall establish necessary and sufficient
conditions such that the inequality

(4.1) </Ooo (F* (1) w(t) dt) ‘<c (/OOO (fa™ ()" v(t) dt) ;

holds for every f € M(R, u), where f*(t) = ﬁt) fot fr(s)u(s)ds, u, v, w

are weights, U(t) = fg u(s) ds, and p, q € (0, 00).
In the proof of the necessity part of our main theorem we will need
the following version of the classical Landau resonance theorem.

Proposition 4.1. Let {wy} and {vi}, k € Z, be two (double-infinite)
sequences of positive real numbers. Let p,q € (0,00) and assume that the

imequality
1 1
P
(g aka> < (E aiwk>

keZ keZ

Q=

is satisfied for every sequence {ax} of non-negative real numbers.
(i) Ifp < q, then

aq

sup wy, * vy < oo.
kEZ

(ii) Ifp > q, then

1
(Zwkpv,j> < oo, wherer = P

p—q

This assertion is well known. For the sake of completeness, let us just
point out that a simple direct proof of (i) is seen from setting, for a given
keZ,

1
w;, *  when j =k;
a; =

0 when j # k;
while (ii) follows on putting

1

P—aq
(U—k> when k € [-N, NJ;
Al =

Wi
0 otherwise.
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This shows

< Z w;5v£> <C
k=—N

with C independent of N, and we just have to let N — oc.
Our main result reads as follows.

Theorem 4.2. Let u, v, w be locally integrable weights on [0,00). Let
p,q € (0,00). When p > q, we set r = p{q. Assume that u is such
that UP is admissible and the measure v(t)dt is non-degenerate with
respect to UP.

(i) If0<p<g< oo andl < q < oo, then (4.1) holds for some C > 0
and all f if and only if

A(l) = sup W(t)E
te(0,00) (V ft )ds)

< 00.

S=

(ii) If 1 < ¢ < p < o0, then (4.1) holds for some C > 0 and all f if
and only if

s U(t)" [supye[t o) U)Wy )5]
A2) = /O (V(t) + Ut [ U(s)-Pu(s) ds)?

1
T

<V (t) /t T U(s)Pu(s) dsdUP (1) | < oo

(iii) If0 <p < q <1, then (4.1) holds for some C > 0 and all f if and
only if

W(t)s + U(t) ( jf" W(s)ﬁw(s)U(s)*ﬂfq ds)
A(3) = sup 1
t€(0,00) (V(t) tye [SU v(s)ds)?
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(iv) If 0 < g <1 and 0 < g < p, then (4.1) holds for some C > 0 and
all f if and only if A(4) < oo, where

rl—q) 1

. [W(t)lqu U™ [CW (s) Taw(s)U(s) T ds} ’
aw=| [ S
0 (V&) +U@)P [ U(s)~Pu(s) ds)

Sk

3=

x W (t) T aw(t) dt

Moreover, A(4) = A(5), where

(V(t) + U )P [ U(s)~Po(s)ds)

3=

x V(t) /toO U(s) Pu(s)dsd(UP(t))

Proof: We start with the upper bounds (sufficiency). First, a standard
argument shows that it is enough to prove (4.1) for f satisfying f*(¢) =
[ h(s)ds, where h is some positive measurable function on (0,0c0).
That is, we only have to prove

(4.2) (/Ooo </too hs) ds)qw(t) dt)é

< ([ ([ vt ) wou)

for every h > 0.
Define
- v(s)

4.3 t:Utp/ —— ds.

Then ¢ € Qpr, and therefore there exists a discretizing sequence for ¢
with respect to UP. Let {x}} be one such sequence. Then ¢(xy) 17 and
l‘f((;:))p |l. Furthermore, there is a decomposition Z = Z1UZsy, Z1NZy = )
such that for every k € Zy and t € Ay = [xg, Tr11], ©(t) = p(zx) and
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for every k € Zs and t € Ay, l‘f((tt))p ~ U‘p((;”:))p. By Lemma 3.6, applied to

f=hU and h = ¢, we have

([ ([ i) wou)’

(4.4) ~ (kez </ #f([])()ds)pw(xk)f
~ (; ([ hopet? d)) "

For the left side of (4.2), we get

/OOO </OO h(s) ds)qw(t) dt
= Z/IW </ )ds)qw(t) dt

(4.5) - s ) s ,
Nkez; / ( / h(s) ds) w(t) dt
+kezz/ v </£k+lh(s)ds> —T4IL

Now we shall distinguish several cases. Assume first that 1 < ¢ < oc.
We shall use the Hardy inequality (cf. [24])

/;Hl (/twk+1 h(s) ds)q w(t)dt

Th41 1 q t
([T weras) sw e [ uas
T te[.’lik,:};k+1] Tk

where the constant does not depend on {x}. We obtain

X ([ i) s o0 [t

kez te€xr,Tr41] k

T
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Let p < ¢, Using (4.4) and Lemma 3.9,

1<y ( [ hee? ds)q

kez Tk

t
o o) [y
keZ te[zy,xr41] 0

S (Z ([ noet? d)) %

kEZ Tk

(4.7) X sup @(t)fﬁ/o w(y) dy

te(0,00)

() ([ oo ds)p““) dt)%

t
X sup @(t)j/ w(y) dy
te(0,00) 0

sawr (7 ([ o) o)
Finally, we also have
< (Z ( / :f‘(s) ds) pso(wkm) %iggsomm)—% / ") at

and (4.2) follows from (4.5), (4.7) and (4.8).
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Now assume that 1 < ¢ < p. Using the Holder inequality for sums

with exponents £ and £ in (4.6), we get

IS(EI(L?Hh@w@ﬁdQP>%

kEZL
e 4
r t E "
(X s e ([ wwan))
kGZte[z"”z’“"'l] Ty

Now on employing (4.4), Lemma 3.7 and Theorem 2.15 (applied to
parameters g = @, T = pg, dv(t) = v(t) dt, u? = UP), we obtain

= ([ st ) wow)

</oo Ut [supse[t,oo> U(S)_TW(S)E]
X
0

o(t)pt?

(4.9)

SIS

xvmzmvw>%@wﬁ AUP) (1)

<aer (2] oo

Similarly we obtain

Ims (Z </xk+2 h(s) ds) <P($Uk+1)> ” (Z W(.’Ek+1)§(p(xk+1>%>

kEZ k+1 kEZ

S~—
+D‘
Slw
=<~
S~—

QU
Va)
N——

3
<
—
N
QU
~
N———
s

On using (4.4), we get

(4.10) Hg(/ooo </j%ds>%(wdt>%

(St )

keZ

a
o
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As

W(xk)g < (U(xk)qt sup U(t)qW(t)> ‘7 ,

[xkvoo)

we obtain from Theorem 2.15

(4.11) T < A(2)¢ (/OOO (/Ooo (m ds>pv(t) dt> "

From (4.5), (4.9) and (4.11) we get (4.2).
Now let us assume that 0 < ¢ < 1. By a simple modification of [28,
Theorem 3.3], we have

/w + ( /t ) ds)q w(t) dt
<(/ ‘:’“%(S)@(s); ds)q ( / ( / iw<y> dyqu(t)@(t)m dt)lq

with constant independent of z;. We get

Tr+1

wiz) 1Y ([ hetoas)

kEZ k

x ( / ( / w(y) dy) T dt)

Let 0 < p < ¢ < 1, then, by (4.4) and Lemma 3.8,

1<y ( [ et ds)q

kEZ k

[ W i a)

Tk

X sup (
kEZ
(4.13) 4

([ wervem ™) o)

%) _q __a 1—q
W) + U0 (W) ™7 w(y)U(y) ™ dy)
X sup B )
te(0,00) ‘P(t) P
As A(1) < A(3), we can combine (4.5), (4.13), and (4.8) to obtain (4.2).
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Let now 0 < ¢ < 1 and ¢ < p. Using the Holder inequality in (4.12)

with exponents £ and 7 and then (4.4) and Lemma 3.6, we get

(4.14)

1< (kz (/ " he)et? d))

A ([ wors et T @)

s wwseme) o)
r—a) \ ¥

W (i) i+ (Ulwn) ™7 [ WO ™5 w(®U) ™ dt)

a
rl—q) \ r
q

T

kez plar)?

Now, combining (4.14) and (4.10) (note that (4.10) was in fact estab-
lished for every ¢q € (0,00)), we have

s ([ Ow%ds)zwf
ra-o) \ ¥

W (o) 4+ (U ™5 [ WO 00U () 7 dt)

P>

keZ @(xk)%

Applying Theorem 2.11 to the function
/ W)™ w(t) dt + U(z) ™ / W ()™ w(t)U (1) ™ dt

0 x

in place of h and ¢ in place of o, we get that the last term is bounded
above by A(4). Hence, we get (4.2). Using Theorem 2.14, we see that
A(4) ~ A(5).
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Necessity: Let {x}} be a discretizing sequence for ¢ from (4.3). By (4.4)
and (4.1),

(4.15) (Z /m + ( /t ) ds)q w(t) dt) %

kEZ

Let 1 < g < oo. For k € Z, let hi be functions that saturate the Hardy
inequality (cf. [24]), that is, functions satisfying supp hr C [k, Tk+1),
k

zht1 1
2 w(s)rhg(s)ds =1, and

Tk

Th41 Th41 q 4 t
[ meas) woaz sw et [ utan
Tr t T <t<Tpii1 Tp

Then we define the test function
h(s) = arhi(s),

where {ax} is a sequence of non-negative real numbers.
We thus have

(4.16) <Z aj  sup o(t)"r /t w(s) ds) ' < <Z aZ) ' :

keZ Tp<t<xp41

Let p < ¢. Then, by Proposition 4.1,

t
sup  sup @(t)*%/ w(s) ds < o0.
kEZ te(zk,Tht1] T
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By Lemma 3.3 (ii),

Q=

A(1)Ssup  sup (t) FW(1)

kEZ tE(Ik,Ik+1]

t
Ssup  sup  p(t)” %(/w

+sup ¢(z) ;W(xk>%
kEZ te(xk,xk+1]

o) v

1 T q

>+sup<p xp)" P / w(s)ds
keZ Th_1

¢ 3
<sup sup @(t);(/ w(s) ds) < 0.

k€L te(xy Tht1]

Ssup  sup p(t)” %(
kEZte(xk,xk+1]

Let ¢ < p. We obtain from (4.16) and Proposition 4.1

T

t a
E sup gp(t)_%/ w(s) ds < 0.
keZ T <t<Tpi41 Ty

By Theorem 2.15 (applied to px = zx, g = ¢, u? = UP and dv(t) =
v(t) dt), Lemma 3.2 and Lemma 3.1, we have by Lemma 3.7

AQ2) < (Z U(21)" SUDse gy, 00) U(S)ﬂ«w(s)g ) 1

kezZ (p(xk)i

AN

( sup (5)_%W(5)5>
kez S€[zk,Trta]

1 1
T T

W % ' L 5 Z\
(X s e ([ ua)
keZ 90( keZsE[mk,zkH] Ty
r 1
$h+1 S) dS)q
kez 951@)é

+ (Z sup  p(s)77 (/ w(y) dy) ) < o0.
kezse[mk1mk+l] Ty

A
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Let 0 < g < 1. For k € Z, define hy, so that supp hy € [Tk, Tr11],
f;kk“ hk(s)ga(s)% ds =1, and

/ (/ e ds) Cu(t)
- (/ ([ wiots) ™ eyt dt)

This is possible thanks to the saturation of the Hardy inequality and due
to a simple modification of [28, Theorem 3.3]. Let {ax} be a sequence
of non-negative real numbers. We define

h(s) = Z arhi(s).

kEZ

1—q

From (4.15) we get, using the definition of ¢, and h,

417) (> af (/:H (/xi w(s) ds) ™3 w(t)p(t) 70D dt)

keZ
p
kEZ

1—q

(4.18) sup (/I+ (/t w(s) ds) o w(t)p(t) 70D dt) < .

By Lemma 3.8 and Lemma 3.3 we get

1—q

D=

Let p < q. Then, by Proposition 4.1,

Tht1 B . 1*7‘1
A(3) < sup ( W T (t)w(t)p(t) oo dt)
veZ \Ja,
(4.19) < sup W(ack) (/ w(t)(p(t) -2 dt>
kezZ .

1—g

q 4

([ () soarea)



DISCRETIZATION AND ANTI-DISCRETIZATION 343

By (4.18), the second summand on the right hand side of (4.19) is
finite. It remains to estimate the first term, that is, to show that also

1—gq

sup W () </m+ w(t)p(t)” 7D dt> 7 <o

kez .

This is obvious when ff:“w(s) ds<W (x)). Assume that f;:“w(s) ds>

W (z), and let ty € [zg, xk+1] be such that f;: w(s)ds = W(xy). Then,
by (4.18)

-
|
)

sup o) ([ wiety T ar)

kEZ

Tk
tr . %
< sup W (xy,) (/ w(t)p(t)” 7o dt)
kEZ Zh
+ sup W () (/ w(t)p(t)” 70-2 dt)
kEZ th

< sup p(a) "W (a) @
keZ

([ () res)

Now,

1
_1 1 _1 Tk !
supp(x)” PW(xg) e ~sup (xg) ™ ? (/ w(s) ds)
kEZ k€EZ Tr—1
_af [T
<sup p(xg)” 7 /
keZ Tr_1
Tk 4 t T—q
gsup/ cp(t)_ﬂl—q)/ w(s)ds | w(t)dt|
kEZ Tp—1 Tk—1
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and

([ ([ wa) ™ et =0

q

Th+1 t T—q 4 q
< / (/ w(s) ds> w(t)p(t) »0-a dt < 0.
Tk Tk
Hence, A(3) < 0.
Let now ¢ < p, then we get, by (4.17) and Proposition 4.1,

1
A-—ar\7r
q

/J:H(/; w(s) ds>l_qu(t)80(t)_ﬁ dt) R

By Theorem 2.11 and Lemma 3.5, we get

(4200 | (

kEZ

(4.21)

Sl

d=a)r

W (i) +U ()" (J7 WO ™Tw@U () ™ dt)

A(4) ~
( ) keZ <P($k)

=3

3=

A—qr
q

Q

ke% (/:kﬂ W (t) S w(t)p(t) 700 dt)

k

3=

d-—gr

~ [ Swer ([ wteo T a)

kEZ ke

/+ (/t wls) dS) - w(t)p(t) 7D dt)

By (4.20), the second term is finite.

1
A=a)r\ =
q

+Z<

kEZ
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Next, note that

d—a)r

Wi ([ e T ar)

k

smkr%W(ka( / ( / tkw(s) ) " w(tholt) T dt)

Indeed, if f;:“ w(s)ds < W(xy), then

d—a)r

Wi ([ el 7 )

k

A—a)r
q

w(t) dt) < o) P W (ay)a.

Tr+1

< o) FW ()" ( /

k

Now assume that f;:“ w(s)ds > W(xy). Let ty € [zk,zx+1] be such
that f;: w(s) ds = W (xy). Then we have

A—q)r

W ([ wee T ar)

Ti

A—qgr

<wioy ([“wia) T ow

k
g d—ar

" ( [ (/ ws)ds)  wlthel) T dt) q

r

)

< olaw) P W (ap)

d—a)r

+ </ </ " ds) e T dt> |
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We thus have
(4.22)

1
A=g)r\ r

Swio ([ wten T )

kEZ ke

1
.

< (Z <P($k);W(£k)g>

keZ

q

s </:+1 (/Ii w(s) ds) o w(t)p(t) 7D dt) q _,

kEZ

and, using Lemma 3.1 (i),

(4.23) )
(Z W(xkﬁso(xk.)—%) T
kEZ
~ (kz ( / w(s) ds) ’ so(:ckm—%) ;
< kz(/ (/x:ww)ds)quw(t)w(t)ﬁdt)

which is finite by (4.20).
Finally, combining (4.21), (4.23) and (4.22), we obtain A(4) < co.

The proof is complete. O

5. Embeddings of classical Lorentz spaces, type I' — T’

In this section we characterize the inequality

s ([ e dt)% <o [ mrorma),

where p, ¢ € (0,00) and u, v, w are weights.
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Our main result reads as follows.

Theorem 5.1. Let p,q € (0,00) and let u, v, w be weights. Assume
that v(t) dt is a non-degenerate measure with respect to UP.

(i) Let 0 < p < g < oo. Then (5.1) holds if and only if

Q=

A(6) = sup W) + V) ), Uls) )ds) < 0.
t€(0,00) (Vt U(t)r ft (s) )ds)

(ii) Let 0 < ¢ <p < 0. Then (5.1) holds if and only if

A(T) = (/OOO UAYRLUGLN AR

(v)
(Vt)+U(t ft s) ds

)%

4
P

d
)7

< V(1) /t T U(s)Pu(s) dsd(Up)(t)> < 0,

where, again, r = P4 Moreover, A(7) ~ A(8), where

{7 o+ L )ds); () ) N
A(8)—</0 o+ J} WRVAE: dt | < oo.

Proof: Sufficiency: First, in order to prove (5.1) it is enough to show

(5.2) (/OOO </mem>qw(t)dt>é |
([ i) os)

Let ¢ be defined as in (4.3) and let {z}} be a discretizing sequence for ¢.
Recall that then p(zx) 1T, ¢(21)U P (zk) LI, and there is a decomposition
Z = 71UZs such that Z1NZy = D and for k € Zy and t € Ay, := [zg, Tpy1)
we have p(t) ~ ¢(xy), while for k € Z; and t € Ay, we have p(t)U(t) P ~
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p(zk)U(zk)"P. By (4.4),
[T _Us)h(s) \*
[ veim) o

say.

:Hl w(t) dt (/;o h(s) ds)q
x+ ( /t ) ds>q w(t) dt

z [ vy a ([ vemeas)
> / Ut () dt ( / " U()h(s) ds)q
N k% / ( / t U(s)h(s) ds)q U () (t) dt
g e[ wse)

x [ v et ([ vne i)
+z/ U) () de (/ U(s)h(s) d )

[ ([ o)

el
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Let first p < g. Then

5 [ ([ o)

ke€Zy

< (Z (/ OO h(s) ds)pm)) % sup (o) F [ wya

M=) /ml w(t) dt (/0“ U(s)h(s) ds)q

k€Zy

< (Z ([ vemeas) U<xk>-%<xk>) %

X sup cp(xk)_%U(xk)q/oo w(t)U ()~ dt,

k€Zy T
$k+1 Tr41 q
I = Z/ w(t) dt (/ U(s)h(s)ds)
keZs 0

q

- (k%z:z (/OIIM Vnts) ds)p U(xk+1)p<p(xk+1)> E

X sup plan) FUGen) [ wU®) 1 d

kE€Zs k
and
IV = o w(t)dt ( h h(s) ds)
;E;L'lik /£k+1
< ) ds) (@ 1)> p
(% (L2 o) e

g

Tr41
X sup @(mk_,_l)_F/ w(t) dt.
kE€Zo 0
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Using the fact that

o(wr) ~ p(Trr1) when k € Z,
and

o(xk)U(2) 7P = @(xpr1)U(xgr1) P when k € Zg,

we get
/000 < O°° %da’)qw(ﬂ dt
S A(6)7 (/000 </ooo m ds)pv(t) dt)q |

Now assume that ¢ < p. Using the Holder inequality with parameters

P and ;o Lemma 3.1 (i), and (4.4), we obtain

([ (] st

x (Z W($k+1)2@($k+1);>

k€Z1

([ ettt o) woa)

x (Z W(xkﬁso(xk)-%) N

kEZ
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Combining all these estimates with Theorem 2.15, we get the desired
estimate

([ ([ i) woa) |

Necessity: We still assume that {z} is a discretizing sequence for the
function ¢ from (4.3). From (5.2) we have

(5. () ) o

e [ (/ W)U (s) ds)q U () dt)

k€Zo

< (Z ( / h(s) ds)pso(:vk)

k€Zy

IA

1
q

(5.3)

1

£ ( / h(s)U (s) ds)p U(xw%(m) p

k€EZso k

Let ty € [k, k+1] be such that, for k € Z,

t Th+1
/ w(s)ds =% / w(s) ds
Tk T

and, for k € Zo,

ty Th+1
/ U(s) 9w(s)ds = 3 / U(s) ™ 9w(s) ds.
Tk Tk

Let {ax} be a sequence of non-negative real numbers. We define

ag ag
haey=S — % TH e ,
(ZIZ) Z th X[tk»$k+1](x) ftk U(S) dsx[xk’tk](x)

T _
keZq k+1 kE€Zs Jxy,
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Now, we get from (5.3)

1

(Z al /szrl t)dt + Z aj, /MJrl )dt) '

k€Zq k€Zso
%
S <Z afelze) + > GQU(Ik)%(zk))
k€Z1 kE€Zso

for every sequence {ay}.
Assume first that p < q. Then, by Lemma 3.8 and Proposition 4.1,

Th41 % 1
A(6) < sup (/ w(t) dt) olag)™?
keZ, T

1
g 1

o ( U@ o) U el <

Now, let ¢ < p. Then

(Z (/ w(t) dt)g olx)

k€Zq
+Y° </w+ ~Gw(t) dt>£ U(xk)mp(xk)—%> ' < .

kE€Zs

S

By Theorem 2.15 and Proposition 4.1,

3=

A7) = <k€ZZ <W($k) + U(xk)? /: U(t) " 9w(t) dt> : Wm—%)
~ <k§ ( / w(t) dt)g play) 7
+3 ([ veroa) so(xkr%U(xk)’“) :

hence A(7) < oco. Now, A(7) ~ A(8) by Theorem 2.11, Theorem 2.15
O

and Lemma 3.5. The proof is complete.
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6. Associate spaces of the spaces I'P(v)

Here we present a characterization of the associate space of

o= [ U@y a) " oo} ,

where u, v are weights and p € (0, c0).

() = {f € M(R, p); || f]

Theorem 6.1. Let u, v be positive weights on [0,00). Let p € (0,00).
Set X =T2(v) and let X' denote its associate space, that is,

gl x —sup{/ g @) dt; || fllx < 1}

(i) Let 0 < p < 1. Then

t *
(s)
lgllxr =~ sup fo
t(0,00) (V(¢) ty [FU )ds)

T l=

(ii) Let 1 <p < oo. Then

lgllx ~ /000 ({;“pyetoo) U(fy)p e ())Z)l Jl

.
7

x U(t)P' V() /t h U(s)"Pu(s) ds d(UP)(t)

Proof: This is just a simple application of Theorem 4.2 to ¢ = 1 and
w=g". O

In the classical situation (that is, when u = 1), the associate norm can
be characterized by a little simpler expression, which is worth pointing
out.

Theorem 6.2. Let v be a positive weight on [0,00). Let p € (0,00).
Denote X =T?(v) and X' its associate space.

(i) Let 0 <p <1. Then

t
g*(s)ds
lgllx ~ sup J =
t€(0.00) (V(t) +tp [ s7Pu(s) ds)

=
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(ii) Let 1 <p < oo. Then

1

N % i PV (t) [2° s7Pu(s) ds »
ol N</0 o (V1) + v [ s~pu(s)ds)” dt) '

Remark 6.3. Let us recall that the following special case of Theorem 6.2
was proved in [12, Theorem 2.7]:
Assume that

Vi) <t /00 s Pu(s)ds, te(0,00).

(This is satisfied for example when v is non-decreasing on (0, 00).) Then

1

Il N /°° g ()" at\ "
Te(v)) ~ T T .
(@) 0 (ftoc s7Pou(s) ds)p Lt

From Theorem 6.2 we can however also obtain a converse assertion:
Assume that

Vt) 2t /00 s7Pu(s)ds, te€ (0,00).

(This is satisfied for example when v is non-increasing on (0,00) and
moreover v(t)t <V (t) for t € (0,00).) Then

1

0o Kok t)p’ »’
)~ tP —1u .
gl e vy </0 Vi

Remark 6.4. When this paper was already written, it was brought to
our attention that G. Sinnamon has recently obtained another charac-
terization of the dual of I'?(v).
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