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ON THE TOEPLITZ CORONA PROBLEM

E. AMAR

Abstract

The aim of this note is to characterize the vectors g = (g1,. .., gx)
of bounded holomorphic functions in the unit ball or in the unit
polydisk of C” such that the Corona is true for them in terms of
the H? Corona for measures on the boundary.

Let D be a bounded domain in C™, the Corona problem is: given
functions g1, ..., gy holomorphic and bounded in D such that:

N
VzeD, > lg(z)]’ >8>0,
=1

N

find f1,..., fn still holomorphic and bounded in D such that > f;g; =1
i=1

in D. This was solved for D = D, the unit disk in C by L. Carleson [8]

and it is still open for n > 1 for the basic domains namely the unit
ball B,, and the unit polydisk D™.

We shall link this question to a question on Toéplitz operators via the
HP?(u) Corona.

1. Notations

We are interested by the basic domains, the unit ball in C*, D =B,
in fact any bounded convex domain with smooth boundary D, or the
unit polydisc D = D™.

If D = D™ we set bD = T"™, the distinguished boundary; if D is a
bounded convex domain with smooth boundary, bD = 0D the topologi-
cal boundary.

Recall that:

H*(D) := {f holomorphic in D/ || f|| ., := sup | f(2)| < oo} .
zeD
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Let M be the set of all probability measures on bD and for u € M
and 1 < p < oo let HP(u) be the closure in LP(p) of the holomorphic
polynomials.

If p € M and f € H*(D) then, with the assumption that 0 € D, for
any r < 1, f.(2) := f(rz) is such that f, € A(D) := H>*(D)NC(D).
There is a subsequence of {f,., r < 1} which converges in (L(u), L°°(p))
topology and uniformly on compact sets of D to a f € H™® (W)NH>=(D).
Hence for a fixed p € M we can assume that a f € H*(D) is in
H () N H>® (D).

Now suppose that the Corona problem is solvable, i.e.

9g1,---,9n € H®(D) are such that 3 f1,..., fy € H>®(D) with 1 =
fig1 + -+ fnvgn; we have, for any polynomial P:

P=Pfigi+ -+ Pfngn.

Let h € HP(u). Then there is a sequence {Px}ren of polynomials
such that P, — h in HP(u), hence:

N
Py = Pufig;;

Jj=1

but then Py f; — h; in HP(u), because the f; can be seen as in H*(u) N
H*>(D).
So if the Corona is true then the H?(u) Corona is also true for any

e M:

N
CHP(u) :Yhe HP(u), Tki,...,kn € HP(u) s.t. h:Zgjk:j .
j=1

The aim of this paper is to show the converse.
N
2 2
Iffi=(f1,..., fn) weset |f|" (2) := ; 15 ()[F and [IF][, = (11Ol

J_
where |-, is the LP(bD, 1) norm and ||+, is the sup norm in D.
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Theorem 1.1. Let D be a bounded convex domain D containing O and
with a smooth boundary or the unit polydisk D™ of C*, n > 1. Let:
9g1,---,9gn € H®(D) and 6 > 0. The following are equivalent:

N
(i) There exist functions f1,..., fn in H®(D) such that Y figi =1

) =1
and ||f|1%, < 3

oo = §2°

(ii) For all measures u on bD,

v he H?(u),
al 1
Jky,... ky € H(u) sit. h="_ gik; and ||k]; < 5 1|3

=1

Let g1,...,9n € H*®(D) be such that
N
VzeD, lgl(2)? =) lgi(2)]* > >0,
j=1

we already know that:

if D = B,,, p the Lebesgue’s measure on dB,, and 2 < p < oo, then
CHP(u) is true [2];

if D = D", u the Lebesgue’s measure on T" and 1 < p < oo, then
CHP(u) is true [10], [11];

if D is strictly pseudo-convex, p the Lebesgue’s measure on 0D
and 2 < p < oo, then CHP(u) is true [5];

if D is a bounded pseudo-convex domain with smooth boundary,
w the Lebesgue’s measure on 9D, then CH?(u) is true [4].

In the case n = 1, D = D the unit disc in C, p the Lebesgue’s
measure on T, then CH?(u) = CH> (D) [12], by an operator method:
the commutant lifting theorem of Nagy-Foias.

This means that the Corona theorem in one variable can be proved
this way, hence there is some hope to prove a general version of the
Corona theorem also by this way.

2. Proof of the theorem

We already seen that i) = ii); to prove that ii) = i) we shall use the
minimax theorem of Von Neuman. The minimax theorem was already
used by Berndtsson [6], [7] in order to get estimates on solutions of the
O-equation; here the situation and the method are quite different.
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We shall work with NV = 2 in order to simplify notations. Because D
is always convex containing 0, we may assume by dilation that the data
g := (g1, 92) are continuous up to the boundary, provided that the esti-
mates do not depend on it.

Let Q be an open set in D such that Q ¢ D, 0 € Q and let, for € > 0,
C. be:

Coi={(f = (f1.f2) € AD), st. 1= f-gll <€}
where || f|lq, := ilelg £

this set is clearly convex in A(D)2?. Let M be the set of probability
measures on bD and for 0 < n < 1 let M, =nm + (1 —n)M, where m
is the Lebesgue measure on bD; this is a convex weakly compact set.

Let us define N as
2 2 2
VieC,VueMy N(fiw)=IfIl, =1 illzzq + 12720

Then N is convex on C, for p fixed in M, and concave, in fact affine,
and continuous on M for f fixed in C,, hence we can apply the minimax
theorem [9]:

* sup inf N(f,u) = inf sup N(f,

(%) Jup ol (fs 1) jud s (fs 1);

by (ii) with A = 1 we have 3 k = (k1, k2) € (H2( N% g-k=1, 1%1l,,
because p1 = nm + (1 —n)v we get ||k||,, f hence k € (H?(m ))2; by

the very definition of H?(u) there is a sequence f,, € (A(D))? such that
fn — kin (H?(p))? hence also in (H?(m))? hence f,, — k uniformly on
compact sets of D; so for € < e there is a f € A(D)? with | f — k|, <
and || f — k| 2,y < €. Hence we have

1= -glog=1k-g9—1f-9gllog <llgllc lf —kllg <€

which means that f € C.. We deduce that the left side of (*) is bounded
by 5% hence for any ¢ > 0, 7 > 0, v > 0 there is a fc,~ € C with

SUPLeM, N(femq> 1) < 62 +7-
Now let @ € D and v, a representing measure for a supported by bD,
then we have with p :=nm + (1 — n)v,

0 e (0) + (1= 1) foop ()] = ’ [ fens du’ <liy

and with g =m,

e
lglloe

fomn 0 I—‘/fem '< o
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hence

1 1
| femnl(a)] < W

because this is true for any a € D we get

1+ +7)
< —>0° =
fomalle < S
Using Montel property we get that there is a f € (H*(D))? bounded
by % and such that g- f = 1 on ) hence, because 2 is open and f - g is
holomorphic in D, f-g=1in D. O

3. Operator version

We shall give an operator version of the previous result strongly in-
spired by [3], but first we need some definitions. Let D be as before and
pt € M; for any function f in L>(y) define the Toéplitz operator T4 on
the Hilbert space H?(u) by

VgeH*u), Tig:=PFufg),

where P, is the orthogonal projection from L?(p) on H?(p). We can
state:

Corollary 3.1. Let D be a bounded conver domain containing 0 and
with a smooth boundary or the unit polydisk D™ of C", n > 1. Let:
91,---,9gn € H®(D) and 6 > 0. The following are equivalent:

N
(i) There exist functions f1,..., fn in H®(D) such that Y figi =1

=1

2
and || flI5 < 5-

N
(i) For all measures p on bD, >  TI (T})* > 521.
j=1
For D = D?, this was proved in [1]; they used a method specific to
the bidisc which explicitly cannot work even for D3.
Proof: We shall prove that (ii) is equivalent to:
(iii) For all measures p on bD,
Ve H(),
al 1
2 2
T,k € H(p) st h = g;k; and [[K]l; < <5 |15,

j=1
and then we apply the theorem to be done.
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(if) = (iil) (same proof as in [1]): Let p be a probability measure
on bD and set G; :=T}; by (ii) we get that the operator @ := G1G7 +
-+ GnGYy is invertible and HQ‘IH < 5%. We can define:

F=G:;Q™', i=1,...,N;
these are bounded operators on H?(11) and clearly we get:
(1) GiFi+---+GnFy =1.
Now take k; = F;h, k := (k1,...,kn); we have
k15 = [G5Q A + - + lav@ A
but
|GiQ I = (G1Q 7R, GIQ ™ h) = (G1G1Q™'h, @ 'h)
hence
M2 = (@) < = Il
because (G1G; + -+ GNGy)Q ™' =1.

Together with equation (1) this means precisely that the H?(u) Coro-
na is true, i.e.

(iii) V h € H?(u),
al 1
Tki,... by € HX(u) s.t. h="_ g;k;, and |[k| < 5 In|?. O

j=1

(iii) = (ii): Let g € M, then by (iii) we have:

Y he H* (),
ol 1
2 2
Ik, ky € H?(u) st h =) %@mmnw2gﬁuww
j=1

N
then Sy, := {k = (k1,...,kn) € (H?*(p)) : Zl Gjkj = h} is not empty
]:

and it has elements of norm less than 55 ||h||§7 Sy is a subspace of the
Hilbert space (H?(u))" hence there is a unique element k = (ki, ..., kx)
in Sy which is orthogonal to Sy and hence of minimal norm. Then we
get: Hk||3 < 3% Hh||§ and, defining F; by Fjh :=k;, j =1,...,N, we
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have:
N 1
(2) Z |F;hl5 < 2 b5
j=1
N
(3) VheH (u), » GiFjh=h.
Jj=1

From equation (3) we get:

N
vV he H*(u), <Z G;FEjh, h> = |Inll3

j=1

N
hence V h € H2(p), S (Fjh,G5h) = ||h]5,
j=1

N
VheH(u), |hll; <D IIER]||G5h

j=1
N 2 1/2
< | 2 IEhIF >_llesnl”
j=1 j=1
Using equation (2) we get:
1/2

‘ 2

)

N

1 *

Y he H(u), HhHgSth”z > lGsh
j=1

N
hence V h € H?(u), > HG;‘hH2 > 62 ||h)|2 and the corollary. O

j=1
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