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MULTIFRACTIONAL PROCESSES WITH RANDOM
EXPONENT

ANTOINE AYACHE AND MURAD S. TAQQU

Abstract

Multifractional Processes with Random Exponent (MPRE) are
obtained by replacing the Hurst parameter of Fractional Brownian
Motion (FBM) with a stochastic process. This process need not
be independent of the white noise generating the FBM. MPREs
can be conveniently represented as random wavelet series. We will
use this type of representation to study their Holder regularity and
their self-similarity.

1. Introduction

Fractional Brownian Motion (FBM) with Hurst parameter H € (0, 1),
will be denoted {Bg(t)}icjo,)- It is well known that, up to a multi-
plicative constant which only depends on H, By (t) can be represented
through the Wiener integral

(1.1) Bg(t) = /R((t - Jj)f*l/Q _ (_x)fﬂm) dW (z),

where uy = max(u,0), which is called the moving-average representa-
tion of FBM. The measure W is Gaussian and independently scattered.
Another well-known integral representation of FBM is its harmonizable
representation,

it -
(1.2) Bu(t) = [ s M ©).
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The random measures dW and dW satisfy a Parseval type relation,
namely for any function f € L?(R) one has almost surely,

(1.3) / f() dW () = / f(6) div (¢),
where

(1.4) f(6) = / 6 f () du

is the Fourier transform of f. The complex-valued random measure aw
can therefore be viewed as the Fourier transform of the real-valued ran-
dom measure dW. Observe that dW is completely determined by the
Relation (1.3).

FBM was introduced in 1940 by Kolmogorov as a way to generate
Gaussian “spirals” in Hilbert space [9] and it was made popular by
Mandelbrot and Van Ness [12] in 1968. This process has turned out
to be very useful in both theory and applications. It has been used to
model phenomena in hydrology, economics, finance, physics and telecom-
munications. For example, Leland, Taqqu, Willinger and Wilson have
provided experimental evidence that computer traffic data exhibit long
range dependence [10] and since then FBM has been applied with some
success as a model in telecommunications (see for instance [15]). The
monograph of Doukhan, Oppenheim and Taqqu [6] offers a systematic
treatment of FBM, as well as an overview of different areas of applica-
tions.

One of the main interests of the FBM in modeling is that its Holder
regularity can be prescribed via its Hurst parameter. Actually, app (1),
the pointwise Holder exponent of the FBM at any point ¢, satisfies almost
surely

(15) aFBM(t,w) :H,

and Brpa (J), its uniform Holder exponent over an arbitrary non-degen-
erate interval .J, satisfies almost surely

(1.6) ﬂFBM(J,w) :H.

The higher the Holder exponents, the smoother the process.

The exponents « and 3 are defined as follows. Let {X(t)}ier be
a random field with continuous and nowhere differentiable trajectories,
defined over a rectangle T’ of R (that is a set of the form szl[’yk, Ok])-
The local Holder regularity of {X(¢)}ier in a neighbourhood of each
point ¢ can be measured through its pointwise Holder exponent, namely
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the stochastic process {ax(t)}ter defined for every ¢t and w as,

(1.7) ax(t,w) = sup {a, lim sup X+ h7rijz)|a_ X(t,w)| = 0} .
h—0

The global Holder regularity of {X (¢)}:er over a non-degenerate rectan-
gle J C T can be measured through its uniform Holder exponent over J,
namely the random variable Gx (J) defined for every w as

(1.8) Bx (J,w) = sup {5, sup [X(s,w) = X(s', )] < oo} .
s,s’eJ |S - 8,|B

Observe that one always has
. < i )
(1.9) Bx (J,w) < igf,o‘X(t’w)

The pointwise and uniform Holder exponents of the FBM are con-
stant, since they do not depend on the location (i.e. the point ¢ or the
interval J) nor w. This may be undesirable in some situations. For
example, FBM is not well adapted to the modeling of non-homogenous
materials. Or consider the field of image synthesis: FBM has been fre-
quently used for generating artificial mountains [4], but one obtains in
this way mountains whose irregularity is the same everywhere. This is
not realistic, since it does not take into account erosion or other mete-
orological phenomena which smooth some parts of the mountains more
than others. The Multifractional Brownian Motion (MBM) has been in-
troduced, independently in [16] and [5], to overcome such limitations of
the FBM. Recall that this Gaussian process can be obtained by substitut-
ing to the Hurst parameter of the FBM, a function H(-) with values in an
arbitrary compact interval [a,b] C (0,1). Because of the Relation (1.3)
this substitution can be made in the integrals (1.1) or (1.2). Thus the
MBM {Bp 1) (t) }ref0,1] has the following integral representations:

(L10) Bu(t) = [ (=910 = (1O aw(y

and
ettt -1~

As in the case of FBM, these representations are respectively called the
moving average and the harmonizable representation of the MBM. It
has been shown in [16] and in [5], that when Sg([0,1]), the uniform
Holder exponent over the interval [0, 1] of the function H (), satisfies the
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condition,

(1.12) sup H(t) < Bu([0,1]),

t€(0,1]
then the Holder regularity of the MBM can be prescribed via H ().
Namely, the pointwise Holder exponent of the MBM at any point ¢,
satisfies almost surely,

(1.13) ampm (t,w) = H(t),

and the uniform Holder exponent of the MBM over any non-degenerate
interval J C [0, 1] verifies almost surely,

(1.14) Bupm (J,w) = gg(f}H(t)

Papanicolaou and Sglna [14] have observed that the deterministic func-
tional parameter H(-) of the MBM can be replaced by a stochastic pro-
cess {S(t)}+ef0,1). They suppose, for example, that {S(t)}iecp,1) is a
stationary process with smooth paths and decaying correlation function
that is independent on the white noise, i.e. the Wiener process {W(x) }cr
which appears for example in Relation (1.1) (see [14, Subsection 4.1,
p. 484]). We will call such extensions of the MBM, Multifractional Pro-
cesses with Random Ezxponent (MPRE). To define an MPRE we need
the following ingredients:

o {Bu(t)}w,m)e0,1)x[a,5], & Gaussian field with integral representa-
tions (1.1) and (1.2). Contrarily to FBM this field depends both
on t and H. It is defined over [0,1] X [a,b] where [a,b] C (0,1) is
an arbitrary fixed compact interval.

e {S(t)}+ef0,1), a stochastic process with values in [a, b].

Convention. We suppose throughout this paper that 0 < a <b < 1.

Definition 1.1. The Multifractional Process with Random FExponent
(MPRE) with parameter {S(t) };e[o,1] is the stochastic process {Z (1) }e[o,1)
defined as follows: any trajectory ¢ — Z(t,w) is the composition of the
function f1: [0,1] — [0,1] x [a,b], t — (¢, S(t,w)) and f3: [0,1] X [a, b] —
R, (t,H) — Bp(t,w). Thus, for any ¢ € [0, 1] and w, one has

(L.15) Z(t,w) = fo(f1(t)) = Bs(t.w) (t,w).

Observe that we do not necessarily suppose that the stochastic pa-
rameter {S(t)}se[o,1) in the MPRE is independent of the white noise W
in (1.10), nor that it is stationary. When {S(t) }+¢[0,1) is independent on
the white noise W, the main results on MBM can be extended readily
to the MPRE. The more general case, where it can be dependent on
the white noise, is more tricky. Actually, in that case, for any non-zero
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fixed t, the process {(t — s)i(t’w)_l/2 - (—s)f_(t’w)_l/Q}seR (which de-
pends on the variable s) is no longer adapted to the natural filtration
of {W(s)}ser and the MPRE cannot therefore be represented as a usual
It6 integral. On the other hand, it is possible to adopt the approach of
Definition 1.1 because S(t,w) does not involve the variable s. By using
the series representation (2.3) for By (t), we will, in fact, be working
only with sums.

The paper is organized as follows. In Section 2, we introduce a wavelet
decomposition of the field { By (t)}(t,H)E[O,l]x[a,b] and give some proper-
ties of this field that will simplify the study of MPREs. Using this
wavelet decomposition, we show in Section 3, that the pointwise and
uniform Hélder exponents of the MPRE can be prescribed by its ran-
dom parameter {S(t)}¢cjo,1- Finally, in Section 4, we give sufficient
conditions for the MPRE to be self-similar (in the sense of marginal
distributions) or have stationary increments.

A word about notation. We will be using non-random as well as
random constants. To ease the distinction, we use small letters (e.g. ¢)
to denote non-random constants and capital letters (e.g. C = C(w))
to denote random constants. Moreover, for the sake of simplicity, the
stochastic processes considered here are real-valued and often defined
on the interval [0,1]. Our results remain true when the interval [0,1] is
replaced by a compact cube of R%.

2. Some useful properties of the random field
{Bu(t)}t,H)c0,1]x[ab]

We obtain, in this section, some properties of the field
{BH (t)}(t,H)e[O,l]x[a,b] that will Simplify the Study of the MPRE
{Z(t)}ie0,1- Recall that {Bu ()}, myepo,1)xab and {Z(t)}iepo,1) are
related through Relation (1.15).

We first provide a wavelet decomposition of the field
{Bu(t)}t,H)e0,1)x[a,p]- Let {1 ()} k)ez2 be a Lemarié-Meyer wavelet
basis of the Hilbert space L?(R). Recall that such basis has the following
properties.

(P1) The functions v, ;, are generated by dilations and translations of a
unique function ¢ called a mother wavelet. Namely, for every j € Z,
k € Z and x € R, one has

(2.1) Yie(x) = 272920 — k),
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or equivalently Jj,kv the Fourier transform of v; 1, satisfies for ev-
ery £ € R,

(2.2) Di(€) = 279278 (27¢).
In addition, the functions %); ., and consequently the functions 1@7 ks
belong to the Schwartz class S(R). Recall that S(R) is the space
of all infinitely differentiable functions u whose derivatives u(™ of
any order n > 0 satisfy for all integer m,
lim ¢™u(™(t) = 0.

|t] =00
Observe that the tails of u(™) decrease faster than any polynomial.
(P2) For any integers j and k the support of sz,k is contained in the

domain {5 € R, 2];1” < g < 2j;3”}.

(P3) Up to a multiplicative factor 1/v/27 that we will neglect,
{{b\j,k(_g)}(]‘,k)eZZ forms an orthonormal basis of L?(R).

To obtain a random wavelets series representation of the field
{Bu(t) }(t,1)€[0,1)x[a,p]> One€ fixes (¢, H) € [0, 1] x[a, b], and decomposes its
kernel, namely the function f: £— 15&[2%}/2 in the basis {@,k(—g)}mez.
Then one applies the integral [, f() dW to this decomposition. Since,
this integral is an isometry from the Hilbert space L?(R) into the Hilbert

space L2(f) of the square integrable and mean-zero random variables,
one obtains, in view of (1.2), that for every (¢, H) € [0,1] x [a, b],

(2.3) Bu(t) =" a;k(t, H)e;x,
JEZL kEL

where {€; 1 }; kez is a sequence of N'(0, 1) Gaussian random variables and
where the non-random coefficients a; 1 (¢, H) are given by

ettt —1

(2.4 wuultB) = [ Sl de

We will show later that the series (2.3) is, with probability 1, uniformly
convergent in (¢, H). If we define, for every (z,H) € R X [a,b], the
function

(2.5) U(z, H) :4eixfm?fpm de,

then by setting n = 277¢ in the integral (2.4) and using (2.2), one gets
(2.6) a;p(t, H) = 2790 (W (29t — |, H) — U (—k, H)).
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Observe that the integral (2.5) converges since ¥ belongs to S (R) and
vanishes in a neighbourhood of the origin. We now give some useful
properties of the function V.

Lemma 2.1. ¥ is a C* function over Rx[a,b] and its partial derivatives
of any order are localized in the variable x uniformly in the variable H.
As a consequence, for all integers m and n there is a constant ¢ > 0 (that
only depends on m, n, a and b) such that for every (z,H) € R x [a, ]
one has,

am+n

@7 @) (BH)"

Uz, H)| < c(2+ |z)) 72
Proof: First we will suppose that > 0. Let K be the integrand in (2.5),
namely the function defined for any (z,H,{) € Ry X [a,b] x R, as

K(z,H,§) = e”‘fig‘gﬁ‘ﬁ,gigjl/z. K is an infinitely differentiable function

in (z, H), whose partial derivatives of any order are bounded uniformly
in (x, H) by a ¢ integrable function. It follows that for every integers m,
n and (z, H) € Ry X [a,b], one has

aern

aern
@zy(amy ) = / @) (BH)"

K(z, H,)d¢,

which implies that

8m+n

)

/R ei(2+a:)§ (E(f) dg

“W(x’H)’ B i€le]T-172

‘ (9x)™(OH)"

where ¢ is the function of S(R) defined for every real £ by (E(f) =
e~ 28¢m (log [£])™1h(€). Then integrating twice by parts, one obtains that

/eiwg %O el < (24 )2 /<|¢?"<§>| +om +1) €
R R

e 7172 s
+ (H+ 1/2)(H+3/2)|§|q§2/2> dg

<c2+ )77,

where the constant c:5<fR(Z;2):O @(2_1)) (§)|( ‘£‘a+11/2+:n + |€|b+1/2+p ))) dg.
The case where z < 0 can be treated similarly. O
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Let {By (t)} ¢, myerx(ay and {Bu(t)}t, m)erx|ap be respectively the
low frequency and the high frequency components of the wavelet rep-
resentation of {Bg(t)}«,m)erx(ab). These fields are defined for every
(t,H) € R x [a,] as,

Bu(t) = i > 27 (U(2t — k, H) — U(—k, H))

j=—o00 kEZ

(2.8) e

=33 YHe W (U2t —k,H) — U(—k, H)),

J=1keZ

and

(2.9) Bu(t) =YY 27Me; (W(2t — k, H) — U(~k, H)).
j=0k€EZ

Clearly, one has

(2.10) Bu(t) = Bu(t) + Bu(t).

We now provide some properties of {BH () }(t,Fr)erx[a,p) and
{BH(t)}(t,H)eRx[a,b]- The proofs of the following propositions will be
given at the end of this section.

Proposition 2.1. The trajectories of the field {BH(t)}(t,H)eRx[a,b] are
with probability 1, C*° functions over R x [a, b].

Proposition 2.2. There is an event Q] of probability 1, satisfying the
following properties:

(a) For any w € Qf, the function (t,H) — Bp(t,w) is continuous
over [0, 1] X [a, b].

(b) For all w € Q% and all reals m and M such that a < m < M <,
the uniform Hoélder exponent of the function (t,H) — Bpg(t,w)
over the rectangle [0, 1]x[m, M] is equal to m (see Relation (1.8) for
the definition of this exponent). This means that for any arbitrarily

small e > 0, there is a random variable C; > 0 (which only depends
onm, M and €) such that the inequality

(211) ‘BH/(t/,w) — BHH(tN,w)| S Cl(w)(|tl - t//| + ‘H/ - Hl/‘)m—57

holds for all w € Qf, (t',H') € [0,1] x [m,M] and (t",H") €
[0,1] x [m, M].
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(¢) For all w € O, the function H — By (t,w) is Lipschitz over [a, b]
uniformly in t € [0,1]. More precisely, there is a random vari-
able Cy > 0 (which only depends on a and b) such that for all H' €
[a,b] and H" € [a,b] one has

(212) sup |BH/(t,w) — BH//(t,w)| S CQ(W)|H/ — H”|.
te(0,1]
The following theorem is a straightforward consequence of Proposi-
tions 2.1 and 2.2.

Theorem 2.1. Proposition 2.2 remains true when the high-frequency
field {Br ()} (¢, m)e[0,1)x[a,b) 18 Teplaced by the field {Bu (t)} (¢, m)e0,1)x [a,b]-

We now state two lemmas that we need in the proofs of Proposi-
tions 2.1 and 2.2. The first lemma follows from the Borel-Cantelli lemma
and one may refer to [13] or [3] for example for its proof. The second
lemma is a reformulation of a strong version of Kolmogorov-Centsov cri-
terion (see Chapter 2 of [8]). The proof of that lemma can be found in
e.g. [2].

Lemma 2.2. There is a random variable Cs > 0 with finite moments
of any order and there is an event Q3 of probability 1, such that for
any w €825, j €Z and k € Z one has

(2.13) lej k()] < Ca(w)V/10g(2 + [5]) V/1og (2 + [K]).

Lemma 2.3. Let {X(7)}-er be a Gaussian field with continuous trajec-
tories defined on a rectangle T of R? (i.e. a set of the form szl[%, 0x]).
Suppose that for some constants p € (0,1) and cq > 0, the inequality
(2.14) E(1X (1) = X(7")]%) < ealr" — 7",

holds for every 7', 7" € T, where | -| is an arbitrary norm on R%. Then,
the uniform Hdlder exponent over T of the field {X(7)}rer is almost
surely greater than . This means that there is Qf, an event of proba-
bility 1, that only depends on T', such that for every w € ) and every
arbitrarily small real € > 0, the inequality

(X (', w) = X(r",w)| < Cuy(w)|r" = 7",

holds for all 7/ € T and 7" € T (observe that the random variable Cy
only depends on €).

Proof of Proposition 2.1: In view of Lemma 2.1, it is sufficient to show
that the series (2.8) and all the series obtained by differentiating it
term by term are, with probability 1, uniformly convergent in the vari-
able (t,H) on each compact set of the form [—d,d] X [a,b] where the
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real d > 0 is arbitrary. From now on we will suppose that w € Qf (the
probability 1 event introduced in Lemma 2.2) and to simplify our nota-
tions we will set d = 1 without loss of generality. Let us first study the
series

(2.15) A, (t,H,w ZZQJ €k

j=1keZ

o 4 o
U2 7t—k H)— U(—k, H
" <<6H>n (3= b ) = G () ).
where the integer n > 0 is arbitrary. Applying the Mean Value Theorem
one gets that for any integer j > 1, k € Z and (¢, H) € [-1,1] X [a, b]
there is a real v € (—1,1) (depending on j, k and (¢, H)) such that

o o
(216) 75 W2 = by H) = (i Uk H)
i anJrl

Then it follows from Relations (2.7), (2.13), (2.15) and (2.16) that for
every (t, H) € [-1,1] X [a, b], one has

2770=H) | flog(2 + j)+/log( 2+|k:\)
NERED»> (1+ )2 ’

j=1keZ

where ¢ > 0 is a constant that does not depend on (¢, H). This proves
the uniform convergence of the series (2.15). Using a similar method one
can show that for any integer m > 1 and n > 0, the series

e . gm+n )
oI m=H)¢ (W)= W(27t — k, H)
; é POy (OH )"
is uniformly convergent. O

Proof of Proposition 2.2: Let us first prove (a) and (c¢). Using techniques
similar to those of Section 3 of [3], it follows from the inequalities (2.7)
and (2.13) that for all w € Qf (the probability 1 event introduced in
Lemma 2.2) and any n € {0,1} the series

(2.17) D,(t,H 222 e (w (,3{) W(27t — k, H),

j=0 kezZ

is uniformly convergent in (¢, H) € [0,1] x [a,b]. Then as the general
term of this series is a continuous function in (¢, H), it follows that the
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sum of this series, (t, H) — D, (t, H,w) is itself a continuous function
over [0, 1] x [a,b]. Thus proves Part (a).

Part (c) can be obtained as follows. Applying the Mean Value The-
orem one gets that, for any ¢ € [0,1], H',H" € [a,b], there is a real
€ (a,b) such that

0

B (t.0) B (t.0) = (5

> B,(t,w)(H — H")
and this inequality implies that
|Brrr(tw) — Buo (t,w)| < Co(w)| B — H|

where the random variable C5 is defined for every w as

(air) Bu(tw)

Observe that this random variable is almost surely finite because of the
continuity of the function (¢, H) — D; (¢, H,w) for almost all w.

Ca(w) = sup
(t,H)€[0,1] X [a,b]

= sup ‘Dl(thvw”
(t,H)€[0,1] X [a,b]

Let us now prove Part (b). It follows from Relations (2.8), (2.9),
(2.10), (1.2) and from the formula (u + v)? < 2(u? + v?) that for any
(t',H'") € [0,1] x [m, M] and (¢, H") € [0,1] x [m, M] one has

E(| B (t') = B (t")*) < E(| By ()~ Brr (t")?)

ett'e 1 ett’e 1 2
< _
_/R |g|Hrz g/

it —t")E _
'e e
TR
+ 2/ e 1" ( L1 )2 de.

r €] 17 1EH
We shall now provide an upper bound of each integral in this last inequal-
ity. There is no restriction to suppose that t' # t”. Setting n = (' —t")¢

in the first integral and using the inequalities m < H’ < M, one obtains
that

|eZ(t — )f d€ _ |e ll‘z |tl _ t”lel
(2 19) |£|2H +1 |2H +1

< Cl|t/ _ t"|2m,

dg

(2.18)
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where the constant ¢; = fR \n%"ﬂ dn + fR ‘T:]szﬂ dn. Applying the
Mean Value Theorem to the function H — |¢|~H~1/2 = ¢=(H+1/2)log¢]
and using the inequalities m < H' < M, m < H” < M and 0 <"’ <1,
one obtains that

|6“”5—1|2< 1 1 )2
— d
L (e @)

+o0 |ezt”£ _ 1‘2 )
(2.20) <2 /1 W(loé‘;@ dg§
|elt//5 — 1|2 2 / "2
+ w(logﬁ) d¢ | |H — H"|
0
< CQ|H’ _ H//|2

where the constant co = 8 f;roo é‘;%i? d¢ + 2 fol é‘;gbif d¢. Tt follows from
Lemma 2.3 that there is Qj(m, M) an event of probability 1 (that de-
pends on m and M) such that for any w € Q}(m, M), the uniform Holder
exponent of the function (¢, H) — By (t,w) over the rectangle [0, 1] x
[m, M] is greater than m. Finally, we set Qf = Q3N (N, ar)er 2 (m, M))
with I ={(m,M) e QxQ;0<m < M < 1}. O

3. On the global and the local regularity of the MPRE

We study in this section how the random parameter {S(t)}¢cjo,1) af-
fects the regularity of the MPRE {Z(t)}c[0,1). First we will deal with
the continuity of {Z(t)}+c[o,1), then we will determine its pointwise and
uniform Holder exponent. Let x4 denote the indicator function of the
set A.

Proposition 3.1. (a) If the trajectories of {S(t)}ieo,1) are continu-
ous then those of the MPRE {Z(t)}+c(0,1) are continuous as well.

(b) Suppose that the process {S(t) }+e(0,1) is for allt and w of the form

(3.1) S(t,w) = gr(t)xa, (W)
k=1

where the functions g, are determinitic and the events Ay form
a partition of the probability space. Then the trajectories of the
MPRE {Z(t)}se[0,1] are continuous only when those of {S(t) }+e[0,1]
are continuous. More precisely, if a function g, is discontinuous
at some point to, then the trajectories of {Z(t)}icjo,1) are discon-
tinuous at to with probability P(Ag,).
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Proof: Since a trajectory ¢t — Z(t,w) of the MPRE has been defined
as the composition of the functions fi: ¢ — (¢,S(¢t,w)), fo: (¢, H) —
By (t,w), to prove (a) it is sufficient to show that these functions are
continuous. The continuity of f; follows from that of ¢t — S(¢,w) and
the continuity of fs follows from Theorem 2.1.

Let us now prove (b). The function g, being bounded and discon-
tinuous at tp, there is a sequence (x,) converging to to and such that
i gy, (2) 7 gro(to)- Set yo = gi,(to) and y1 = lim gy, (25). As
for any w € Ay, and t € [0,1], Z(t,w) = By, (1)(t), it follows from the
continuity of the function (¢, H) — By (t,w) at (to,y1) that for almost
all w e Ay,

(3.2) lim Z(z,,w) = lim By, (z,)(2n,w) = By, (to,w).

n—oo n—0oo

Since By, (to) — By, (to) is a non-degenerate Gaussian random variable,
it can vanish only on a negligible event and therefore one has for almost
all w € Ay,

(3.3) Z(to,w) = By, (to,w) # By, (to,w).

Relations (3.2) and (3.3) imply that with probability P(Ag,) the func-
tion ¢ — Z(t,w) is discontinuous at . O

As in the case of MBM (see Relation (1.12)), in order to be able to
determine the Holder regularity of the MPRE one needs to impose a
technical condition on B5([0, 1]), the uniform Hélder exponent over [0, 1]
of its parameter {S(t)}.ep0,1]- We suppose that with probability 1:

(C) t:l[épl] S(tv w) < ﬁS([O’ 1]7 w)'

The following theorems describe the Holder regularity of the MPRE.

Theorem 3.1. Let {Z(t)}e[o,1) be an MPRE whose parameter {S(t)}eo,1]
satisfies the condition (C). Then {az(t)}ie(0,1), the pointwise Holder ex-
ponent of {Z(t) }+e(0,1) (see Relation (1.7) for the definition of this expo-
nent), can be characterized via {S(t)}+c(0,1). Namely for any to € (0,1)
one has almost surely

(34) az(to,w) = S(to,w).
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Theorem 3.2. Let {Z(t)}e[o,1) be an MPRE whose parameter {S(t)}e0,1]
satisfies the condition (C). Then Bz(J), the uniform Hélder exponent
of {Z(t) }+ef0,1) over an arbitrary non-degenerate interval J C [0,1] (see
Relation (1.8) for the definition of this exponent), can be characterized
via {S(t) }iepo,1)- Namely, one has almost surely

(3.5) Pz(J,w) = inf 5(¢,w).
To prove Theorems 3.1 and 3.2 we need the following lemma.

Lemma 3.1. Let {Z(t) }e[o,1) be an MPRE whose parameter {S(t) }ie0,1]
satisfies the condition (C). Then Bz(J), the uniform Hélder exponent
of {Z(t) }ref0,1] over an arbitrary non-degenerate interval J C [0,1], sat-
1sfies almost surely

(3.6) tuelf] S(t,w) < Bz(J,w).

To prove Lemma 3.1 we need some preliminary results.

Definition 3.1. The processes {Z(t)}te[o,l] and {Z(t)}te[o,l] will be
respectively the low and high frequency components of the MPRE of
parameter {S(t)};cp0,1]. They are defined as {Z(t)}¢cjo,1) but by re-
placing the field {Br(t)}, m)ecjo,1)x[a,5] TesPectively by its low and high
frequency components, namely the fields {BH(t)}(t7H)e[071}x[a,b} and
{BH(t)}(t,H)E[OJ]X[%b] that have been introduced in (2.8) and (2.9).

Remark 3.1. {Z(t)}te[o,1} is more regular than {S(t)};cp0,1]- Actually
the uniform Hélder exponents of these processes over [0, 1] satisfy almost
surely

3.7) Bs([0,1]) < B5([0,1]).

Proof of Remark 3.1: 1t follows from Proposition 2.1 that (¢,H) —
By (t,w) is with probability 1 a Lipschitz function over [0,1] X [a, b].
Therefore one has for every arbitrarily small ¢ > 0, ¢ € [0,1] and
t" €10,1]

|Z(t/aw) - Z(t//7w)| = |BS(t’,w)(t7w) - BS(t”,w)(t//aW”
< Cw)(|t' ="+ 1S, w) = S, w)|)
< C' (W)t — t|Ps 0 w)—e

where the random variable C only depends on e. This implies the in-
equality (3.7). 0
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Remark 3.2. To prove Lemma 3.1 and Theorems 3.1 and 3.2 one
can replace the process {Z(t)}c[0,1) by its high frequency component

{Z(t)}te[o,u .

Proof of Remark 3.2: Remark 3.2 follqws from Remark 3.1 because for
every ¢ € [0,1] one has Z(t) = Z(t) + Z(¢). O

We can now prove Lemma 3.1.

Proof of Lemma 3.1: It follows from Remark 3.2 that we may replace
{Z(t)}eeqo,n) by {Z(t)}te[(u]- Suppose that w € QF, the event of prob-
ability 1, that has been introduced in Proposition 2.2 and let m(w) =
inf;c ;7 S(t,w) and M(w) = sup,ec; S(t,w). Setting H' = H" = S(t',w)
in (2.11), we obtain that

(3.8) 1B (tr ) (t',w) — Bs(pr o) (t" w)| < Cr(w)[t! — "™,

where the real € > 0 is arbitrarily small and C1 is a random variable that
depends on €. Now setting H' = S(#',w) and H” = S(t",w) in (2.12),
we obtain

59) |Bs(ir o) (t" w) = By, (t",w)| < Co(w)[S(H',w) — S, w)]

< Chw)lt —tPel0n

where Sg([0,1],w) denotes the uniform Hélder exponent of the func-
tion ¢t — S(t,w) over [0,1]. Since we assumed that {S(t)}ic[o,1] satisfies
the condition (C), one has

(3.10) m(w) < Bs((0,1],w),

and therefore (3.9) continues to hold if one replaces 8 by m(w). The
inequalities (3.8) and (3.9) then imply
1Z(t',w) = Z(t",w)| = |Bs(pr w)(t',w) = B ) (", w)|
< B,y (', @) = By, (¢, )]
+ B,y (t",w) = B0 (1", 0)]

< Cé/(w)ﬁl _tll|m(w)—€. O

To prove Theorem 3.1 we need some additional results.
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Lemma 3.2. Fiz ty € [0,1] and w € Qf, the event of probability 1
introduced in Lemma 2.2. Then the series

(3.11) Ty, (t,w) ZZQ I9to@) e 1 (W)W (27t — k, S(tog,w)),

§=0 kezZ

18 uniformly convergent in t on every compact of R. In addition, there
is a random variable Cs > 0 such that for every t € R and w € Q3, one
has

(3.12) [T (t,w)| < Cs(w)/log(2 + [¢]).-

Proof of Lemma 3.2: To show that the series (3.11) is uniformly conver-
gent in ¢ on every compact of R one uses the inequalities (2.7) and (2.13)
and the same techniques as in Section 3 in [3]. Let us now prove that
the inequality (3.12) holds. Using again the inequalities (2.7) and (2.13)
one obtains that for every ¢t € R

log"/*(2 + | l)

_ < 38 (tow) 1ogl/2 : :
(3.13) |T3, (t,w)] < C(w Zz log"/?(2+5) ) @1t )2

Jj=0 kEZ

Let [27t] denote the integer part of 27t. Using the sub-additivity of
the function z — log'/?(2 + z) (see Lemma 3.5 of [3]) and the inequal-
ity a + b < ab which holds for all reals a > 2 and b > 2, we have that

3 log'*(2+ |K) _ 3 log!%(9 + [k + [271]])

22+ |20 — k) T 4 (24 271 — [271] — K])?

log'?(9 + [k])
< 2+ 20t — 21 — H|)?

kEZ
(3.14) s log!/?(9 + 27)
£ 2+ [t — (2] — K])?

B g uk Chd )
(2 + |27t — [27t] — k)2

kEZ
< ¢log"?(9 +27) log'/2(9 + 1)),
where the constant ¢’ = 2sup,¢(o (Zkez %%). Thus (3.12)
follows from (3.13) and (3.14).
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Lemma 3.3. Fix ty € (0,1) and let {O‘Tto (t) }ter and {a;(t) breo,1) be

respectively the pointwise Holder exponents of the processes {Ty, (t)}ier
and {Z(t) }1e(0,1)- Then for any w € QF, the event with probability 1 that
has been introduced in Proposition 2.2, one has

(3.15)  ay(to,w) < S(to,w) if and only if g, (to,w) < S(tg,w).
Proof of Lemma 3.3: Since §5([0, 1]), the uniform Holder exponent over
[0, 1] of the process {S(t)}+[0,1), satisfies the condition (C), it is sufficient

to prove that for any w € Qf and any « in the interval (O,ﬂs([O, 1],w))
one has

b |Tt0 (to + h,w) — Tto (to,w)|

3.16 lim su =0
( ) h—0 ‘h|a

if and only if

(3.17) lim sup 12t +1:w) = Z{to, W) _

h—0 |h|®

It follows from Definition 3.1 that for any to + h € [0, 1], one has
|Bs (10,0 (to + hyw) — B tg,w) (to, w)]

- |BS(to+h,w)(t0 + ha w)fBS(to,w) (tO + ha W)|

(3.18) < |Z(to + h,w) — Z(to,w)|
< |Bs(to.0) (to + hyw) — Bs(s,0) (to, w)|

+ [Bs(to+-hw) (to + hyw) = By ) (to + h,w)|.

On the one hand, using the Relation (2.12) and the definition of the
uniform Hoélder exponent we obtain that

|BS(t0+h,w)(t0 + hyw) — BS(to,w)(tO + h,w)|
< sup |By(ighw) (t,w) = Bsrow) (t:w)]
(3.19) relo.1]
< Co(w)|S(to + hyw) — S(to, )|
< C(w)|p)s (0@,

where the real ¢ > 0 is arbitrarily small. On the other hand, Rela-
tions (2.9) and (3.11) imply that

(320) |Tt0 (t0+h,w)—Tt0(to,w)| = |BS(t0,w)(tO+haw)_BS(tO,w)(tmw)‘-
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Thus, it follows from (3.18), (3.19) and (3.20) that
|Tt0 (to + h,w> - Tto (th UJ)|
_ C(w)|h|ﬁs([071]7“’)76
< |Z(to + hyw) — Z(to,w)|
< |Tt0 (tO + h7w) - Tto (to,&))‘

+ C(w)|h|55([0’1]v“’)_5,

which proves that the Relations (3.16) and (3.17) are equivalent. O
Lemma 3.4. Let U be a function defined for every (z, H) € R x [a, b]
as
(3.21) U H) = [ 06 de.

R

This function has the following properties:

(i) U is localized in the variable © uniformly in the variable H. More
precisely, there is a constant ¢ > 0 (that only depends on a and b)
such that for any (z,H) € R x [a,b] one has

(3.22) (e, H)| < (24 Ja]) 2
(ii) For any H € [a,b], the first moment of the function W (., H) van-

ishes, that is,

(3.23) / U(z, H)dz = 0.

(iii) Let U be the function introduced in (2.5). For any H € [a,b], the
system of functions {27/ (29t — k,H); j € N and k € Z} and
{292W(27t — k,H); j € N and k € Z} is biorthogonal. This means
that for any j €N, j' €N, k € Z and k' € Z, one has

(3.24) 2<j+j/>/2/ (2t — k, H)U (20"t — k', H) dt = 6(j, k; ', k'),

R

where §(4, k; 7' K') =1 if (4, k) = (§', k') and O otherwise.

Proof of Lemma 3.4: Part (i) can be shown as in Lemma 2.1. To prove
Parts (ii) and (iii) let us first observe that for every H € [a,b] the
Fourier transforms of the functions x — ¥(z,H) and = — Y (z, H)

are respectively the functions ¢ mgﬁfigf)l/? and € — i€|€/H1/2¢(¢).
As £ — i§|§|H_1/21$(§) vanishes in a neighbourhood of the origin one
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gets (ii). Part (iii) can be obtained as follows. Using Parseval Formula
we have that

2<j+j/>/2/ (2t — k, H)U(2't — k', H) dt
R

g2 [ itk 2T o e
R 277|172

= U3 (H+1/2) 2—U+J">/2/Re—“k/?"”yl)%(2—%)@(2 7€) dg

_ 9U=i)HH1/2) o o(i+)/2 / (2t — B)PTE = W) dt
R

=0(j, k' k).
Observe that the last equality follows from the orthonormality of the
functions 27/24)(27t — k) (see the beginning of Section 2). O

Now we are able to prove Theorems 3.1 and 3.2.

Proof of Theorem 3.1: Since the function ¢ — S(t,w) is continuous over
the interval [0, 1] with probability 1, there is, for any ¢y € (0,1) and any
arbitrarily small € > 0, an n > 0, such that

in S(t,w) > S(tp,w) — €.
e (t,w) = S(to, w)

Lemma 3.1 and inequality (1.9) thus imply that almost surely
az(to,w) > S(to,w) — €.
Letting e — 0 we obtain that, with probability 1,
az(to,w) > S(tg,w).

Let us now show that, almost surely, az(to,w) < S(to,w). It follows
from Remark 3.2 and Lemma 3.3 that one can prove instead

(3.25) g, (to,w) < S(tg,w).

To establish this last inequality, suppose ad absurdum that there is a
non-negligible event A such that for any w € A one has

(3.26) g, (to,w) > S(tg,w).

We will use a method which allowed Jaffard [7] to obtain a wavelet
characterization of the pointwise Holder exponent. Let Qf be the event
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of probability 1 that has been introduced in Lemma 2.2. Relations (3.12)
and (3.22) imply that for any j € N, k € Z and w € Q5 N A, the integral

(3.27) I (w) =27 / Ty, (£, w) W (29t — k, S(to,w)) dt,
R

is convergent and Relations (3.11) and (3.24) imply that

(3.28) I p(w) = 279500 e ().

Choose n > 0 such that

(3.29) S(to,w) +n < min(aTtO (to,w), 1).

Using the definition of the pointwise Holder exponent, namely Rela-
tion (1.7) one obtains that for any |t — #| small enough

(3.30) Ty, (£, w) — Ty, (to, w)| < C(w)|t — to|3to)+n

and thanks to Relation (3.12) this inequality remains true for any ¢t € R.
Then it follows from Relations (3.22), (3.23), (3.27) and (3.30) that for
any j € N, k€ Z and w € Q5 N A, one has

1 i (w)| =27

/]R (T (b, w) — Ty (o)) (29t — F, S(to, ) dt
<9 /R (7 (1) — T (to, )| B(27¢ — k, S(to,w))| dt

<o [ I
- r (2429t — k)2

Setting u = 2/t — k in this last integral yields
277 (u + k) — to| o)+
<C'(w | du.
) @+ u)? ‘

Since 277 (u 4 k) — to|5( to,w)+n < |27 9| Stow) 0 |ty — 27T | S (o),
one obtains

(331) Wk@ﬂﬁcw)Tﬂﬂm@ﬂwﬂﬂwm—HﬂWMM%
w S W)+n .
where C”(w) = (fR | é2+?u|)2 + Jp (2+|u‘)2> Relations (3.28)
and (3.31) 1mply
(332 lealo)] < CM@)2 (1 + [Pt — kfSCoo4)

forallw e Q5N A, j € Nand k € Z. Suppose now that n — (jn, kn)
is a sequence with values in N x Z satisfying for all n € N, j, > n
and |277ty — k,| < 1. To simplify our notations we set €, = €;, , for
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every n € N. Observe that the inequality (3.32) entails that for alln € N
and w € Q5N A,
(3.33) len ()| < C"(w)27 ™1+

On the other hand, since for each n, €, is a standard random Gaussian
variable, one has P(le,| > 1) > 0 and thus Y~ P(le,| > 1) = oc.
Since the random variables €, are independent, the Borel-Cantelli lemma
implies that there is €f, an event of probability 1, with the following
property: for any w € €§ there is a subsequence [ — n; such that for
every [,
(3.34) l€n, (W)] > 1.

Taken together, Relations (3.33) and (3.34) imply that for any [ € N
and w € Q5NANQE one has 1 < C”(w)2~™+1 which is a contradiction.

O
Proof of Theorem 3.2: This theorem follows from Theorem 3.1, Rela-
tion (1.9) and Lemma 3.1. O

Proposition 3.2. If S is a non-degenerate random process, then the
resulting MPRE is a non-Gaussian stochastic process.

This follows from Theorem 3.1 and the following lemma.

Lemma 3.5. If {X(t)}ic[0,1) 75 a Gaussian process with continuous and
nowhere differentiable trajectories, then ax(t), its pointwise Holder ex-
ponent at an arbitrary t, is almost surely deterministic.

Proof of Lemma 3.5: Let 0 < s7 < s9 be such that
(3.35) P(s;1 <ax(t)) >0 and P(ax(t) <sz) >0,
and for k € {1,2}, let {Y; x(u)}ucjo,1) be the Gaussian process defined
as
0, ifu=t
(3.36) Yir(u) =4 X(u) — X(t)

| e otherwise.
u—

7

It follows from Relation (1.7) and the continuity of the process
{X()}tepp.1) that one has P(sup,epq)|Yz1(u)] < o00) > 0 and
P(sup,eoq |Yt,2(u)| = 00) > 0. Then using Proposition 1, p. 211 of [11]
one gets that P(sup,e(o17|Y:,1(u)| < 00) =1 and P(sup,ejo 1) |V2,2(u)| =
00) = 1. This means that P(s; < ax(t)) =1 and P(ax(t) < s3) = 1.
Set now

(3.37) h(t) = sup{s1 > 0; P(s1 < ax(t)) = 1}.
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Then for every s > h(t) one has P(ax (t) < s2) = 1 and hence
(3.38) h(t) = inf{s2; Plax(t) < s9) =1}.

Relations (3.37) and (3.38) imply that with probability 1, ax () = h(t).
O

4. Self-similarity and stationarity of the increments of
some classes of MPRE

In this section, we give sufficient conditions for the MPRE to be self-
similar (in the sense of marginal distributions) or have stationary in-
crements. In the following theorem we suppose for convenience that the
MPRE is defined on the whole real line and not only on the interval [0, 1].

Theorem 4.1. Let {Z(t)}:er be an MPRE whose parameter {S(t) }+er
s a stationary stochastic process independent of the white noise. Then
{Z(t)}ier satisfies the following self-similarity property. For any re-
als a > 0 and t, one has

(4.1) Z(at) Y 5O Z(1),

d
where (@) means equality of the marginal distributions.

To prove this theorem we use Auscher’s wavelet bases [1]. Namely,
wavelet bases with rational dilation factor that share the same properties
as Lemarié-Meyer wavelet bases. Auscher has shown in [1] that the
following result holds.

Lemma 4.1 (Auscher). Consider an arbitrary rationalp/q > 1, where p
and q being relatively prime integers. Then there are functions
Y1, Yp—q i S(R) whose Fourier transforms are compactly
supported and wvanish in a mneighbourhood of the origin, such that
{(p/ay*¥i((p/a)’x — kq); j.k € Z, 1 <1 < p—q} is an orthonor-
mal basis of L*(R).

We now introduce a wavelet decomposition with rational dilation
factor for the random field {By(t)} m)crx[a,p) and for the MPRE

{Z(#) }rer = {Bs() (t) }rer-
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Proposition 4.1. Consider an arbitrary rational p/q > 1, where p and q
being relatively prime. Then the field {Bu(t)} (s, m)erx[a,p) can be ex-
pressed as the random series

o0

i: > /o)

k=—o00

(4.2) BH t UJ =

||M|

% (Wul(p/a)'t = ka, H) = Wi(—kg, H) ) et (@),

where {€; j} is a sequence of N'(0,1) Gaussian random variables and
where for every 1 <1 <p—gq and (z,H) € R x [a, D]

_ [ e 01O
(4.3) U (z,H) = /Re e dg,
Y1,...,Yp—q being Auscher mother wavelets that generate a basis of di-

lation factor p/q. Then ¥1,...,¥,_, are C* functions over R x [a, D]
and their partial derivatives of any order are localized in x uniformly
in H. Thus the series (4.2) is with probability 1, uniformly convergent
in (t, H) on every compact of R X [a, b)].

Proof of Proposition 4.1: This proposition can be proved by using the
same techniques as in Section 2. O

Remark 4.1. The MPRE {Z(t)}ier with parameter {S(t)}.er can be
expressed as the random series

p—q 00

44) Z(tw)=d_ > > (p/q) 75"

I=1 j=—00 k=—00

x (Wi((p/aY't—ka, S(t,w)) = Wil ~ka, S(tw)) )1, (w),

which is, with probability 1, uniformly convergent in ¢ on every compact
of R.

Proof of Remark 4.1: This remark is a straightforward consequence of
Definition 1.1 and Proposition 4.1. O

Now we are able to prove Theorem 4.1.

Proof of Theorem 4.1: First we will suppose that a is a rational number
greater than 1. We therefore have a = p/q, p > ¢ > 0 being relatively
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prime integers. As the stochastic process {S(¢)}ier is stationary and
independent of the white noise it follows that for every x € R,

@5 (S@), Z(2) =) (S(2), Bsw (@) ‘2 (5(0), By(o) (@)

Then Relations (4.2), (4.4) and (4.5) imply that for every ¢ € R,

= (p/q)~75©

% (Wil(p/ay 1t = ka, S(0)) = Wi(—ka, S(0)) et

(a.s) (d1) (a.s)

= (p/0)° O Bso)(t) 2 (0/9)* " Bsiy (1) "= (/9)* M 2(2).
Now suppose that a is a positive rational number lower than 1. We
therefore have a = ¢/p, p > ¢ > 0 being relatively prime integers. It
follows from Relations (4.2), (4.4) and (4.5) that for every t € R,

< (W(p/aV ™'t~ ha, 5(0)) — Wi(—kq, S(0)) et

(as) (d1) (a.s)
=" (a/p)*VBso)(t) = (a/p)° Bsy(t) =" (a/p)*VZ(2).
Finally suppose that a is a positive irrational number. Let (a,) be a

sequence of positive rationals converging to a. One has almost surely for
every real t,

(4.6) W Z(t) = lim a5V Z(t)
n—oo

and

(4.7) Z(at) = lim Z(apt),

n—oo
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because of the continuity of the process {Z(t)}+¢[0,1). Since our previous
results imply that for every n,

(4.8) Z(ant) ‘& eSO Z(1),
it follows from (4.6), (4.7) and (4.8) that Z(at) (@) aS®Z(t). O

We now give a sufficient condition for the MPRE to have stationary
increments.

Theorem 4.2. Let {Z(t)}icjo,1) be an MPRE whose parameter S is a
random variable independent of the white noise. Then the increments
of {Z(t)}+ejo,] are stationary. Namely, for anyt € (0,1), one has

49)  {Z(t+h) — ZO)hepa—y L {Z(h) — Z(0)}nepo.1—1»

d
where @ means equality of the finite-dimensional distributions.

Proof of Theorem 4.2: Suppose first that the random variable S takes
a finite number of values aq,...,a,. Since for any ¢ = 1,...,n, the
process { By, () }+c[0,1) has stationary increments and is independent of S,
it follows from Definition 1.1 that for any integer K > 1, reals 64, ..., 0k,
te[0,1],t+ hy €1]0,1], k=1,..., K, and for any Borel set D,

P> (0u(Z(t+ i) = Z(t) € D) N (S = ai)}

Lk=1

MK
=P (0k (B, (t + h) — By, (t)) € D)N (S = ai)]

=
I
—

[ K

=P | 0k(Ba,(t+hi) — Ba,(t)) € D| P(S = a;)
Lk=1

=P | 0k(Ba,(hi) = Ba,(0)) € D| P(S = o)
Lk=1

1|U
] >

(0% (Ba: (hr) = B, (0)) € D)N (S = ai)]

=
I
—

l‘u
M=

(0x(Z (i) — 2(0)) € D) N (S = O‘i)] :

el
Il
=
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Since {(S = ;) }1<i<n partitions the probability space, we get

P

K

> 0u(Z(t+hi) — Z(t) € D]

(4.10) =
=P

K
" 042 (k) — 2(0)) € D] .
k=1

We want to show that Relation (4.9) holds for general S. Approximate S
by a sequence of random variables (S, ),>1 that take a finite number of
values and are independent of the white noise. For every n > 1, define S,,
as

ST
(411) Sn = Z <a + k‘T X[a+(k—1)ﬁ7®,a+k@)(s) + X{b}(S),
k=1

where x 4 denotes the indicator function of the set A. It is clear that the
sequence (S,) converges to S almost surely. Let {Z,(t)}+c[o,1) denote
the sequence of MPREs whose parameters are the random variables S,,.
It follows from Theorem 2.1 (and Relation (2.12)) that almost surely for
any t € [0,1],

|Z(t) = Zn(t)| = |Bs(t) = Bs, ()| < s |Bs(z) — Bs, (z)| < C|S—Snl,

zc|0,1

and hence

(4.12) lim Z,(t,w) = Z(t,w).

Finally, since for every integer n, ¢t € (0,1), one has {Z,(t + h) —

Z () nepoa—t) 2 {Zn(h) = Z0(0)}ncios—g» Relation (4.12) implies that
d

{20+ 1) = ZO)}netonn 2 {Z(h) — Z(0)}neo.1—o- 0
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