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TRACE FUNCTIONS AND GALOIS INVARIANT
p-ADIC MEASURES

MARIAN VAJAITU AND ALEXANDRU ZAHARESCU

Abstract

Let p be a prime number, Qp the field of p-adic numbers, @p a
fixed algebraic closure of Q;, and C;, the completion of @p with re-
spect to the p-adic valuation. We study trace functions associated
to p-adic measures defined on compact subsets of C, which are in-
variant under the action of the Galois group G = Galcont(Cp/Qp).

1. Introduction

Let p be a prime number, Q, the field of p-adic numbers, @p a fixed
algebraic closure of Q,, and C, the completion of @p with respect to the
p-adic valuation. The notion of a trace function associated to an element
T from C, was introduced and investigated in [APZ3]. If T is algebraic
over Qp, and L is a finite field extension of @, contained in @p such that
T lies in L, then the p-adic number

_ Trie,(T)

(1) TrT: T 0,

depends on T only, and not on L. The significance of Tr T is that of
the average value of the conjugates of T" over ;. This idea of taking the
average value rather than the sum of conjugates, may also be applied,
as shown in [APZ3], to a rich class of elements T' from C, which are
transcendental over Q,. Given an element 7" of C,, one takes its Galois
orbit C(T') = {o(T) : 0 € Galeont(Cp/Qp)}, which is a compact subset of
C,, and one considers the p-adic Haar distribution 77 defined on C(T').
Then, by analogy with the case when T is algebraic and Tr T is given
by the average value of the conjugates of T" over QQ,,, one defines Tr T
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for a general T' € C,, by the equality

(2) TrT = /C(T) xdrr(x),

provided that the integral on the right side of (2) is well defined. This
is the case, for example, when the distribution 7 is bounded, that
is, when 7 is a measure. The integral is also well defined when 7' is a
Lipschitzian element, in the sense of [APZ3]. The trace function F(T, z)
is defined by

3) PT,2) = /C

for all those z € C, for which the integral is well defined. In the present
paper we introduce and study some natural generalizations of the above
objects. Let G denote the group of continuous automorphisms of C,, over
Qp. A compact subset M of C, is G-invariant provided that o(z) € M
for any x € M and 0 € G. If M is a G-invariant compact subset of
C, and p is a distribution on M with values in ), we say that p is
G-invariant if p(B) = p(o(B)) for any ball B and any 0 € G. By a
probability measure (or distribution) we mean a measure (respectively
distribution) p on M for which p(M) = 1. If M is a G-invariant compact
subset of C, and p is a G-invariant probability distribution on M, we
define the trace of u by the formula

(4) Trp = /M rdp(z),

provided that the integral on the right side of (4) is well defined. We
further associate a trace function F'(u, z) to u by letting

(5) F(pz) = /M L ),

1—zx

1
(T) 1—2zx

dﬂ'T(,T),

for all z in C, for which the integral is well defined. This is an ana-
lytic object that embodies a significant amount of algebraic data. For
instance, recall that by Galois theory in C, (see [T], [S], [A]), closed
subgroups of G are in one-to-one correspondence with the closed sub-
fields of C,,. If E is a closed subfield of C,, on which the trace map 1T'r
is defined and continuous, and if 7" is a generating element of E over Q,
(see [IZ], [APZ1], [APZ2]), then the trace map on the entire field E
is determined by the Taylor series expansion F(T,z) = Y~ Tr T" 2".
Naturally, if M and p are G-invariant, one would like to be able to use
the action of the Galois group G to express and compute the above in-
tegrals. We achieve this goal in Theorems 1 and 2 from Section 4 below.
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2. Preliminaries

Let M be a compact subset of C,, and let Q(M) be the set of all
open compact subsets of M. By a distribution on M we mean a map
w: (M) — C, that is finitely additive. If the set {u(B) : B € Q(M)} is
bounded in C,, p is said to be a measure. Denote by G = Galcont (C,/Q)p)
the group of all continuous automorphisms of C, over Q,. Any T' € C,
has a G-orbit C(T) = {o(T) : 0 € G}, which is a compact subset of
C,. Denote by N(T,e) the number of open balls of C, of radius ¢,
any two disjoint, which cover C(T). If ¢ < ¢’ then N(T,&') divides
N(T,e). An element T € C, is called Lipschitzian if lim._.q ] = 0
where | | stands for the p-adic absolute value of the integer N(T,¢).
A compact subset M of C, is G-invariant provided that o(z) € M for
any x € M and 0 € G. If M is a G-invariant compact subset of C,,
given a distribution p: Q(M) — C,, we say that p is G-invariant if
w(D) = p(o(D)) for any D € Q(M) and any 0 € G. If (M) = 1 we
call 1 a probability distribution on M. For any T € C,, the p-adic Haar
distribution 77 : Q(C(T)) — Q, is the unique probability distribution
on C(T') with values in Q, which is G-invariant. For more details and
more general types of p-adic spaces and measures see [Man], [Ka], [Ko],
[Vi]. Any continuous function f: M — C, is integrable with respect to
any measure p on M, where the notion of integrability is defined as
usual in terms of Riemann sums (see [Ko] the case M = C(T), with
T € C, Lipschitzian, any Lipschitzian function f: C(T') — C,, is inte-
grable (see [APZ3]).

3. The case M = U}_,C(T})

In this section we briefly discuss the case when M is a finite union
of distinet Galois orbits, M = C(Ty) U --- U C(T,) say. Our first ob-
jective is to obtain a characterization of all the G-invariant probability
distributions on M with values in @, in terms of the Haar distribu-
tions 7y, ..., 7. defined on the Galois orbits C(TY),...,C(T}). Let
p: QM) — Qp be finitely additive, satisfying u(M)=1, and G-invari-
ant. Write any D € Q(M) as D = D1U---UD,, where D; = DNC(Tj).
Clearly each D; belongs to Q(M). Thus u(D) = 375, u(D;). Let
o1, ...,a, € Qp be given by

(6) wlCT) =«aj, j=1,...,r
Note that
(7) a1+ -+ a = 1.
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Also,

(8) w(D) =" aymr,(D;) = > aymr, (DN CO(T)))

Jj=1 j=1
for any D € Q(M). This expresses y in terms of 7p,,...,7p.. Con-
versely, for any ai,...,q, of Q, satisfying (7), formula (8) defines a
G-invariant probability distribution on M. If 7r,, ..., 77, are bounded,
so is . Then any continuous function f: M — C, is integrable with
respect to u, and

9) /M fdp = ilaj /C(Tj) fdrr,.

The equality (9) also holds if 71, ..., T, are Lipschitzian, provided f is
Lipschitzian. Applying (9) with f(z) = z gives a formula for the trace
of . Similarly, (9) and (5) give an expression for the trace function
associated to p. We collect the results in the following proposition.

Proposition 1. Let M = U;zlc(Tj) with Ty, ..., T, Lipschitzian ele-
ments of C, for which the Galois orbits C(T1),...,C(T,) are distinct.
Let p be a G-invariant probability on M with values in Qp, and let
a1,...,ap be given by (6). Then (i) Tr p is well defined, and satis-
fies the equality

Tru= Z a;jTr Tj.
j=1
(i1) The trace series F(u,Z) is well defined, and is given by

F(p,Z) =Y o;F(T},2).
j=1

As a consequence, it follows by [APZ3] that under the hypothesis
from Proposition 1, the function z — F'(u, z) is well defined and rigid
analytic on P*(C,)\{u € P}(C,) : L € M} (see also [E], [Ko], [Kr], [B]).
This is its maximal domain of rigid analyticity if a;, ..., o, are nonzero.
Returning to (9), we may view its right side as an iterated integral, if
we introduce an appropriate measure on the finite set 7 = {71, ..., T} }.
Specifically, for any T' € C,,, denote by v the normalized Dirac measure
on C, concentrated at T. Next, with aq,...,a, given by (6), consider
the measure v on 7 defined as the linear combination

(10) v= Z ajvr;.
j=1
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Thus [, gdy = ET L o;9(T;) for any g: T — (C If now f and g are re-

lated by g(T fC(T) f(y)drr(y), then ng dv(T) = Z;Zl a;jg(Ty),
provided the two sides are well defined. We deduce that

(11) // y)drr(y)dv(T Zoz]/ y)dmr; (y),
c(T)

which, to simplify the notation, we also write as

(12) / / ded’TdI/ = ZO&j/ fd7TTj.
/o) = ey

Applying (12) to the function f from (9) gives [,, fdu as an iterated
integral. We state the result in the following proposition.

Proposition 2. Let M = U;_,C(T}) with Ty, ..., T, Lipschitzian ele-
ments of C, for which the Galois orbits C(T1),...,C(T,) are distinct.
Let 11 be a G-invariant probability distribution on M with values in Qp,
and define the measure v on T = {Ty,..., T} by (10) and (6). Then,
for any Lipschitzian function f: M — C,,

(13) /M fdu = /T /C . fdmrdy.

Corollary 1. Let M, p, T and v be as in Proposition 2. Then
(1) Trp= / Tr Tdv(T),
T
and

(1) (i) F(u2) = [ FET2)n()
T
for any z € PY(C,,) for which both sides of (14) are well defined.

4. The general case

Proposition 2 above expresses the integral [ a Jdp as an iterated in-
tegral. We achieved this result by an ad-hoc construction, which made
use of a set 7 that is not intrinsically needed in our problem. We took
advantage of the initial appearance of the elements T7i,...,7T; in the
definition of the set M, but they do not have any special significance
to the problem, and the set 7 may be replaced by any set of the form
{o1(Th),...,0.(T})}, with o1,...,0, € G. Thus, rather than to insist
that 7 be a subset of C,,, it is more natural to define this set to be a set



48 M. VAJAITU, A. ZAHARESCU

of Galois orbits. On C,, we have a natural equivalence relation: two ele-
ments 77 and 75 of C,, are equivalent if and only if there exists o € G such
that To = o(T}). Denote by @p the set of equivalence classes. Thus an el-
ement ¢ of ((A:p is a Galois orbit. Let ¥: C, — ((A:p the canonical map, which
sends each element of C, to its Galois orbit. On ((A:p we introduce a dis-
tance function d, by d(t1,t2) = inf{|z —y| : 2 € U1(t1), y € U 1(¢2)}.
We state some of the basic properties of @p and its compact opens in
the following lemma.

Lemma 1. With the above notations, ((Ajp is a complete ultrametric space,
and the map ¥ : C, — C,, is 1-Lipschitzian. Moreover, for any D € Q(M)
and E € Q(M), we have ¥(D) € Q(M) and ¥V~Y(E) € Q(M).

To any G-invariant probability distribution p» on M with values in Q,
we now associate a probability distribution fi on M by A(E)=pn(Y~1(E)),
for any F € Q(]\/Z) If £ e Q(]\/Z) is written as a disjoint union F =
E\UE,U---UE,,, with Ey,. .., E,, € Q(M), then fi(E) = u(¥~Y(E)) =
S (UNE)) = S (), so fi s finitely additive. Also, fi(M) =
uw(M) = 1, so i is a probability distribution on M. We claim that
the map from the set of G-invariant probability distributions on M
with values in @Q, to the set of probability distributions on M with
values in Q,, given by u — [, is bijective. We first show that this
map is injective. Assume that g1 # pe and i3 = fis. Choose D in
Q(M) for which py1(D) # pe(D). Write D as a disjoint union of closed
balls in M, D = By UBy U---UBy,. Then > | i1 (B;) = p1(D) #
pa(D) = Y0 u2(B;). Choose a B; for which i (B;) # pe(B;). One
has i (U 1(W(B,)) = i (W(B:)) = i (W(By)) = pia(¥ 1 ((B;))). Let
01,...,0Nn € G be such that \If_l(\IJ(Bl)) = Uévzldj (Bi), with 0 (Bl) dis-
joint. Then 377, pa(o;(Bi)) = m(¥~H(U(By))) = po (W~ (¥(By))) =
Ejvzl p2(o;j(B;)). Since w1 and po are G-invariant, Zjvzl wi(oj(By)) =
Npi(B;), and SN pia(0(Bi)) = Npa(Bi). Hence pu1(By) = pa(By),
and we obtain a contradiction. This shows that the map p +— [ is in-
jective. The surjectivity is proved by similar reasonings. We collect the
results in the following theorem.

Theorem 1. Let M be a G-invariant compact subset of C,. Then the
G-invariant probability distributions on M with values in Q, are in one-
to-one correspondence with the probability distributions on M with values
in Qp, via the map p— L.
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We note that i may be bounded even if p is not bounded. For in-
stance, if M is a finite union of Galois orbits, then ji is bounded, re-
gardless of whether p is bounded or not. Note also that even if y and
& are both bounded, we might not be able to obtain (13). For instance,
if M = U;_,C(T}), with 77, bounded for all j with the exception of
j =1, then any G-invariant probability distribution p on M with values
in Q, for which the corresponding «; defined as in (6) vanishes, will be
bounded. In that case the left side of (13) will be well defined, for any
continuous function f: M — C,. On the other hand, depending on f
and 7, , the right side of (13) might be undefined, as the inner integral
in (13) may be undefined at the point T'= Tj. In what follows we will
avoid such situations by restricting to the case when i and the Haar
distributions 77, are bounded.

We return to the more general case of a G-invariant compact subset
M of C, and make the following assumption: there exists a positive
real number A, depending on M, such that for any T € M and any
D e Q(C(T)), one has

(15) |7 (D)| < A.

Here the absolute value on the left side of (15) is the p-adic absolute value
on Q,. The condition, in other words, says that the Haar distributions
7w, with T € M, are uniformly bounded. We remark that, although M is
compact, it is not enough to assume that each 7w with T in M is bounded
in order to conclude that these distributions are uniformly bounded.
As an example, choose a sequence (v, )nen Of algebraic elements over
Qp, which is convergent to an algebraic element «, and such that the
exponent of p in the degree dega,, of oy, over Q, tends to infinity as
n — oo. Set M = C(a) UUpenC(ay,). Then M is compact and G-
invariant. Also, 7, and m,, are bounded. On the other hand, for any
point U in C(aw,), 7o, ({U}) = @. Since the exponent of p in deg o,
tends to infinity as m — oo, the Haar distributions are not uniformly
bounded.

We now return to the case of a general G-invariant compact set M for
which the Haar distributions 7p, with T in M, are uniformly bounded.
Let p be a G-invariant probability distribution on M for which z is
bounded. Then g will also be bounded. We are interested to see whether
an analogue of formula (13) still holds in this generality. For any ¢ € M
we denote by C; the Galois orbit in C, which defines ¢, and by m; the
Haar distribution on C;. Let f: M — C,, f continuous. The analogue
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of (13) reads

(16) | gan= [ [ samdp

Since f is continuous and g is bounded, the left side of (16) is well
defined. On the right side of (16), the outer integral, over M , is with
respect to the variable ¢. For each fixed ¢ € M , the inner integral is well
defined, as one integrates on C; the restriction of f, which is continuous
with respect to m;, which is bounded. In order to show that the right
side of (16) is well defined, it will be enough to prove that the function
defined on M by t — fCr fdmy is continuous. Then, since 1 is bounded,
the outer integral, and then also the entire right side of (16) will be well
defined. -

To show that the above function is continuous, fix tg € M. We need
to show that [ fdm — fCto fdmy,, as t — to. Fix € > 0. Since f is
continuous and M compact, from uniform continuity, there is a § > 0
such that, for any =,y € M with |y — z| < J, one has |f(y) — f(z)]| <e.
Let ¢ in M with d(t,to) < 6. Write M as a disjoint union of closed
balls of radius §. Some of them intersect Cy,. Denote these balls by
B, Bs,...,By. Since d(t,ty) < 6, each ball B;, with 1 <j < N, has a
nonempty intersection with Cy. Let z; € Cy; N B; and y; € C, N By, for
i=12...,N.

Let S1 = Y00, f(@)m, (Ciy N By) and Sy = Y00, f(y;)m(Cy N By).
The sums S; and S; are Riemann sums for the integrals fCtD fdm, and

respectively [ e, fdm:. We need to show that these two integrals are close
to each other, provided that € is small enough, and for this it is enough
to show that S; and Ss are close to these integrals, and that S; and S
are close to each other. The balls B; being conjugate, m,(Cy, N B;) =

m(Cy N B;j) = %, hence S1 = %E;VZI f(z;), and Sy = %Z;VZI f(yj)-
Therefore, [S1 -S| = | S (£ (25)~ F(57))| < iy maxi <y 1S ()

f(yj)|. Here j,y; € B;, |x; —y;| < 6, so |f(z;) — fy;)| < ¢, and
consequently |S; — Sa| < ﬁ By (15), the p-power in N is bounded in
terms of M only. It follows that

(17) |S1 —S2| =0, as e—0.

Next, with € and ¢ fixed, take a small & > 0 and write each closed
ball B; of radius  as a disjoint union of closed balls of radius §’, B; =
Ui_, Bji;. The balls B; being conjugate, each of them is a disjoint union of
the same number r of closed balls of radius ¢’. For any j € {1,..., N},
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out of the r balls Bj;, 1 < i < r , the same number of them, 7" say,
have a nonempty intersection with Cy,. After redenoting the balls if
necessary, assume that the balls which intersect Cy, are Bj;, 1 <i <1/,
1 < j < N. Choose z;; in Bj; N Cy,, and consider the Riemann sum

St =30 Yoy f i) mee (Bji 0 Cay).

Let ¢’ be small enough so that for any choice of x;, <e.

Si—fcto fdﬂ'to
The sets Bj; N Cy, are conjugate, and S} = < Zjvzl Z:lzl f(z;i). By

our assumptions,

Tty (Bjs ﬂCtO)‘ = }ﬁ‘ is bounded by a number which
depends on M only. Using the fact that |f(z;) — f(z;:)| < e, since

xj, x;; € Bj for all i and j, we have |51 — 51| < }ﬁ max 1<n |f(z;)—
1<i<r’

flzi)| < ‘ﬁ g, 80 |S1 — Si| — 0, as ¢ — 0. We deduce that

(18) S1 — fdm,, as e€—0,

Cig

regardless of the choice of the parameters appearing in the definition
of Sp. Similarly,

(19) }32— /C fdn,

By (17), (18), and (19), we conclude that [, fdm — fCtO fdmy,, as
t — tg, which proves the continuity of the map ¢ — fCt fdmy.

It remains to show that the two sides of formula (16) are equal. We
first reduce to the case of step functions. Fix a continuous function
f: M — C,. By the uniform continuity of f, for any ¢ > 0, there is a
0 > 0 such that |f(z)— f(y)| < efor any x,y € M with |z —y| < §. Write
M as a disjoint union of closed balls of radius §, M = UL, B;. Choose z;
in Bj, and let g = ZT:1 f(2j)xB,, where xp; denotes the characteristic
function of the ball B;. Denote h = f—g. Then |h(2)| = |f(2)—g(2)| <¢,
for any z € M. It follows that for any Riemann sum S associated with
the integral [\, hdp, S = 31, h(z;)u(D;), where Dy, ..., Dy, € Q(M)
form a partition of M, and z; € D; for 1 < i < L, one has

(20) |8 = max [h(zi)n(Di)] < eAu),

—0, as e—0.

where A(u) = suppeqry [#(D)| < co. By applying (20) to a sequence
of Riemann sums converging to | a hdp, we obtain

(21) \ /M hdu‘ < cA(p).
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Similarly, the sup norm of h on C;, with ¢t € M , is bounded by ¢, and
| [, hdﬂ't| <eA(m;), where A(m;) =sup peqar |7¢(D)|. Define H: M—C,
by H(t) := [, hdm:. Then sup, 57 [H(t)| < esup, 57 A(m). By our
assurnpmon sup, 37 A(m) < oo. We find as before that

(22) | / / namdi| = | [ H ()R] < 2A@) sup A(m),
]’\Z Cy ﬁ tG]/W\

where A(f1) = SUD o (77) |[i(D)| < co. Assuming that (16) holds for all
the step functions defined on M, we have

(23) / gdp = /A / gdmydji.
M M JCy

Combining (21), (22) and (23) we derive the inequality
‘/ fdup — /A/ fdwtdﬁ‘ < smax{A(u),A(ﬁ) sup A(wt)}.
M M JCy teM

We now let ¢ — 0 and conclude that formula (16) holds true for f.
So we are done provided we show that formula (16) holds true for step
functions. Clearly both sides of (16) are linear operators. Therefore it is
enough to prove (16) in the particular case when f is the characteristic
functions of a closed ball B in M. In this case, the left side of (16)
reduces to

(24) / xsdi = u(B),

while the right side of (16) equals

(25) //C xpdmdfi = /m(BmOt)du

Let us denote F = ¥(B). We know that

(26) A(E) = p(T™H(E) = n(T~1(2(B))).

We also know that ¥~(¥(B)) can be written as a finite disjoint union
of closed balls of the form

1) v (W(B)) = UY,0:(B),
where 01, 03,...,0n € G. By (24), (26) and (27) we obtain
@) [ xedn=u(B) = (v WB)) = A
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On the other hand, it is easy to see that m(B N C;) = + for any t € E,

while for t € M \ E one has m(B N C;) = 0. Combining this with (25)
we find that

N " 1 1.
(29) /A/ xpdmdp = /Am(B NCy)di =/ —dji = —H(E).
M JC, M E N N

Finally, by (28) and (29) we see that formula (16) holds true for xpz. We
collect the results in the following theorem.

Theorem 2. Let M be a G-invariant compact subset of C, and let ;1 be
a G-invariant probability distribution on M with values in Q,. Assume

that ji is bounded, and that the Haar distributions m;, with t € J/\/[\, are
uniformly bounded. Then for any continuous function f: M — C,,

/fd,u:/A fdmdp.
M M JC:

As a corollary we obtain an expression for the trace of p and the trace
function associated to p in terms of the trace T'r ¢ and respectively the
trace function F(t,z) associated to the Galois orbits Cy, with ¢ in M.

Corollary 2. Let M and p be as in the statement of Theorem 2. Then

(1) Tru= / Tr tdp,

M
and
(30) (i) P)= [ P27,

for any z € PY(C,,) for which both sides of (30) are well defined.
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