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GENERALIZATION OF VELU’S FORMULAE FOR
ISOGENIES BETWEEN ELLIPTIC CURVES

Josep M. MIRET, RAMIRO MORENO AND ANNA RiIO

Abstract

Given an elliptic curve E and a finite subgroup G, Vélu’s formu-
lae concern to a separable isogeny Zg: E — E’ with kernel G. In
particular, for a point P € E these formulae express the first el-
ementary symmetric polynomial on the abscissas of the points in
the set P+ G as the difference between the abscissa of Zg(P) and
the first elementary symmetric polynomial on the abscissas of the
nontrivial points of the kernel G. On the other hand, they express
Weierstraf coefficients of E’ as polynomials in the coefficients of E
and two additional parameters: wo = ¢t and w; = w. We gener-
alize this by defining parameters wy, for all n > 0 and giving
analogous formulae for all the elementary symmetric polynomials
and the power sums on the abscissas of the points in P+G. Simul-
taneously, we obtain an efficient way of performing computations
concerning the isogeny when G is a rational group.

1. Vélu’s formulae

An elliptic curve E over a field K is a smooth projective curve over K
of genus one with a distinguished K-rational point. If E/K is an elliptic
curve then it has a plane model given by an affine Weierstrafl equation

y2 + a1y +asy = 3+ a2x2 + a4 + ag

such that the coefficients a; € K and the distinguished point is the point
at infinity O = (0:1:0) € E(K).
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As usual (see [3]), we define the following quantities associated with
the above equation

by = a% + 4das, by = ajasz + 2a4, bg = a§ +4ag, bg = (babs — bi)/‘l,
A = 9bobybg — babg — 8bF — 27b2,  j = (b3 — 24bs)%/A.

The equation defines an elliptic curve if and only if A is nonzero. And
such equations define elliptic curves which are isomorphic over K if and
only if they give the same quantity j.

An elliptic curve F/K has a natural structure of a commutative alge-
braic group with the distinguished K-rational point as the identity ele-
ment. Using the above Weierstrafl model, the addition law is as follows.
Let P = (x1,11), @ = (z2,y2). If x1 = z9 and y1 + y2 + a122 + a3 =0,
then P; + P, = O. Otherwise, let

Y2 — Y1

if X }é Zo,
T2 — T1
A= )
3z7 + 2a2x1 + a4 — a1y1 .
otherwise
2y1 +ayxy +as
Y12 — Y21 .
e if T
To9 — I ! 7& z
v P+ agry +2
—x asT ag — a
L 471 6 341 otherwise.
2y1 +ayxy + a3

Then, P+ Q = (A2 + a1\ — az — x1 — 22, — (A + a1)x3 — v — a3).

An isogeny between elliptic curves E; and FEy over K is a mor-
phism Z: E; — E5 such that Z(Og,) = Op,. Its equations are of the
form

I(z,y) = (R(x), S(x,y))
where R(x), S(z,y) are rational functions, R(z) € K(x) and S(z,y) €
K(x,y).

An isogeny is a group morphism, and if it is non constant, namely
T # Op,, then it is surjective (finite morphism). It induces a field
immersion Z*: K(FE2) — K(E;) between the corresponding function
fields. The degree of the isogeny is the degree of the field extension
and if this extension is separable then it is Galois with Galois group
isomorphic to kerZ.

Given an elliptic curve F and a finite subgroup G there exists a unique,
up to K-isomorphism, elliptic curve E’ and a separable isogeny Zg: E —
E’ (defined up to Aut(E")) such that kerZg = G (see [3, I11.4.12]). This
elliptic curve is denoted by the quotient E/G. If E is defined over K
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and G is Gal(K/K) invariant, then the curve E/G and the isogeny Zg
are defined over K. For example, if Q € E(K) is a point of order m
and G = (Q) then

I:E— E/(Q)

is a degree m isogeny defined over K.

If F is an elliptic curve over K, when we look at the local ring K[FE]o
and take the completion at its maximal ideal, we get a power series
ring in one variable, say K|[[z]], for some uniformizer z at @. We can
take z = x/y and then the expression of the Weierstrafl coordinate x as
formal Laurent power series in z is

xz(z) = % —all — g — a3z — g2’ — a5z —agzt — -,
z z
where a1 = a1, ag = a9, ag = a3, a4 = ajaz+ay, a5 = a2a3+a%a3+a1a4
and ag = alay+---+ag. Wehavey = —x/2 = —2 3+ a1z 2+ gzt +
ag + agz + - -+, and the function field K (F) is isomorphic to K (z,y).
For a finite subgroup G of E, Vélu defines

XPP)=z(P)+ Y (2(P+Q)-x(Q))

QeG—{0}

. Z t(T) n u(T;

T _
TePG—{0}

where PG is a system of representatives of the orbits of G under the
action of {£1}, u(T) = 4x(T)3 +box(T)?+2byx(T) + b, t(T) = 62(T)*+
box(T) + by if 2T # O and ¢(T) = 3z(T)? + 2a22(T) + as — a1y(T) if
2T =0. A function Y (P) is defined analogously:

Y(P)=y(P)+ >  (uP+Q) —y@).

QeG—{0}

The functions X,Y € K(FE) are invariant under the action of G (by
translation), the function field K(E/G) is isomorphic to K(X,Y) and
the isogeny Z¢ is identified with the transformation (z,y) — (X,Y)
(see [4, §2]).

From the second equality for X (P) we get on one hand the expression
of X as rational function of x, which gives the equation of the isogeny

Ig: (z,y) — (X = R(z),Y)
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and on the other hand the expression of X as formal Laurent power
series in z

1 «
X(z) = i 71 —ay — a3z — (ag —wp)2? — (a5 — woay)z

3

— (a6 — wo(af + ag) — wy) 2*

— (a7 —wo(ad + 20na3 + az) — 2wioy) 25 — -

which determines Weierstrass coefficients for E/G
al=a h= b= h=as—5 6 =as—bowy—7
1 — o1, a2 = a2, a3 = asg, a4 = Q4 Wo, aﬁ = Q¢ 2Wo Wi,

where wo = Y e pe H(T) and w1 = 3 e pe(u(T) + z(T)H(T)).

Looking over all these formulae, we see that in order to make explicit
computations concerning the isogeny, we have to operate with the ab-
scissas of the points in the kernel G. As we mentioned above, if this
group is Gal(K/K) invariant, then the curve E/G and the isogeny Zg
are defined over K. But the computations to obtain equations, for the
curve or the isogeny, may involve non K-rational abscissas.

The Galois invariance of the subgroup G is equivalent to the fact that
the polynomial

ve) =[] @-2Q)
QeG-{o}

has coefficients in K (see [2]), namely that the elementary symmetric
polynomials in the abscissas of G — {O} lie in K. The efficiency of
computations would then be improved if we can perform them in terms
of these symmetric polynomials.

2. Generalization
The above equality
X(P)=> 2(P+Q)~ Y =@
QeG QReG—{0O}
can be rewritten in the form
S1 =X+ 51,

showing that the first elementary symmetric polynomial in the abscissas
of P+ G is expressed as the sum of the abscissa of Zg(P) and the
first elementary symmetrical polynomial in the abscissas of the points

in G—{0}.
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Our goal is to obtain analogous formulas for S, the r-th elementary
symmetric polynomial in the abscissas of P 4+ G and for S, the r-th
power sum of these abscissas, for all r such that 1 <r < degZg = |G|.

2.1. Symmetric polynomials.

The first goal is achieved if we are able to determine the coefficients
of the polynomial

[[@-2P+Q)=al— (X +8)al"" +...
QeqG

attached to the preimage of the point Zg(P) € E’. But this polynomial
is obtained from the equality

e t(T) u(T)
X = R(x) = o(P) + TGPGZ{O} r—a(l) (@ a(D)

and becomes of the form Rj(z) 4+ (z — X)a(z) when we express the
rational function R(z) as = + Ry (z)/va(x).

Theorem 1. Let E be an elliptic curve and G a nontrivial finite sub-
group of E. If P is a point of E, then

H(m—x(P—i—Q)):xIGI — (X + Sl)x\G\—l
QeqG

|G| r—2
+Z(_1)T<Sr1X+ST+Z(_1)11U18T12> {E‘G‘7T
r=2

i=0
where X is the abscissa of the isogenous point Zg(P), S; is the j-th

elementary symmetric polynomial in the abscissas of the points in G —
{O} (ZUZth S\G\ = 0) and

wi= Y (HD)x(T) +u(T)iz(T)"),
TePG—{0O}

with PG a system of representatives of the orbits of G under the action
of {1} and

62(T)% + box(T) + by, if T € G\ E[2],
62(T)? + box(T) + by
5 ;
w(T) = 42(T)? + box(T)? + 2b42(T) + bg, for all T € G — {0},
where E[2] denotes the 2-torsion subgroup of E.

H(T) =

if T € GNE[2),
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Therefore, if 1 < r < |G|, for the r-th elementary symmetric polyno-
maal in the abscissas of the points in P + G we have
r—2
Sr = Srfl X+ S’I" + Z(_l)z w; ST‘*’L‘*Q'
i=0
Proof: As we said above, we begin with the expression of the abscissa
of Z;(P) as rational function of the abscissa of P:

5 LC e N 21 C)

A= 2@ T e @E T @)

TePG—{0}

Note that the formulae for ¢(T') given in the theorem agree with the
definition previously given.

Taking into account that z(Q) = z(—Q) for all @ € G\ E[2] and
u(T) =0 for all T € E[2], we have

11 @-oT) [ @-2m)= ] @@-=2@Q)
TePGNE[2\{O} TePG\E[2] QReG—{0O}

|Gl -1
and this is the polynomial Y (z) = > (=1)"S, z/Gl=r=1,

As for the numerator,

= Y D) D (1) ST )alCl

TePG—-{O} r=0

|Gl -3

+ Z u(T) Z (=1)"S.(T, u)x‘c‘_r_?’

TePG—{0O} r=0

where we have denoted S,.(T,t) the r-th elementary symmetric poly-
nomial in the abscissas of the points in G — {O,T} and S,.(T,u) the
r-th elementary symmetric polynomial in the abscissas of the points
in G—{0O,+T}. These polynomials can be expressed in terms of the S,
using the following recurrences

S (T,t) =S, — z(T)S,_1(T, 1)
S (T,u) = S, — 22(T) S, _1(T,u) — x(T)?S, _o(T,u),
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with So(T,*) = 1 and S_1(¢,*) = 0. We have

T

Sp(T,t) = (—1)'S, (T,

=0

T

Se(Tyu) =Y (=1)'(i + 1)Sr—s(T)’

=0

and

On the other hand, for 0 < r < |G| the coefficient of z!¢I=" in (z —
X)e(x) is (=1)"(Sy + X S,_1). Now we have computed the coefficients
of the polynomial R;(z) + (z — X)1g(z) and the result follows. O

We call the

w; = Z t(T)a(T)" 4 w(T)iz(T) "
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generalized Vélu parameters. They appear when we consider further
terms of X as formal Laurent power series in z:

1 «
X(P) = Z—z—71—042—0432—(044—wo)22—(a5—woa1)z

3

— (a6 — wo(af + ag) —wy) 2*
— (a7 —wo(a? + 20103 + az) — 2wioy) 2°
— (ag —wo(aj + 30202 + 2a103 + )
—wi(3a? + 200) —wo) 28 — - -
— (ag — wo(oz?—l— 40[?0[24— 304%043—0— 2cia003+ 304104%—0— 20104+ )

— 2wy (207 4 3aias + as) — 3aws) 21—

More precisely, the power series X (P)—x(P) = Y A; 27 has coefficients
Jj=>2

_ (hi+-+hs+i) 4, B

A = 2 Il hglil  Cmfne
n1<-<ng

hini4-+hong+2i=j—2

Remark 1. The theorem gives the first equation of the isogeny in terms

of the elementary symmetric polynomials in the abscissas of the points

in G — {O} and the generalized Vélu parameters.

Rl(l')
X=z+
Ye(z)
|G| r—2 )
2l — S 2lGI=1 4 ST (—1)” <ST +3 (—1)1w1-3”2> zlGl=r
r=2 =0

Ya(z)

For the efficiency of computations we would like to obtain these pa-
rameters w; without computing the abscissas of the points in G. We seek
an expression for them which is directly computable from the symmetric
polynomials S;. Plugging the formulae for ¢(T') and «(7T') in the formula
giving the w; we get an alternative expression
(1 + 1)by §G+1) (20 + 1)by S0 4 ibg

2 2 2
where SU) indicates the j-th power sum of the abscissas of the points
in G — {O}. Now, the Newton formulae allow us to obtain these power
sums, and the w;, from the symmetric polynomials S;.

w; = (20 +3)S0+2) 4 gi—1)
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2.2. Power sums.

The formula S; = X + 57 admits yet another generalization, since
S, is also the first power sum in the abscissas of the points in P 4+ G.
We denote SO the r-th power sum of these abscissas, for all r such
that 1 < r < |G|, and S() the r-th power sum of the abscissas of the
points in G — {O}.

Proposition 1. Let E/K be an elliptic curve and G a nontrivial finite
subgroup of E. If x, X denote Weierstrafi coordinates of points P, I (P),
respectively, and z is a uniformizer at O, then for all r such that 2 <
r < |G| there exist elements Bor, B1,r,- -, Pr—2,r € K such that

fr(2) = 2(2)" = X(2)" - Z Bi2s X (2)" ™

belongs to the mazimal ideal of K|[[z]]. Namely, as an element of the
function field of E, the function f, vanishes at the infinite point O.

Proof: We denote v the valuation of K((z))*. Since v(z) = —2, all
nonzero rational functions in z have valuations in the ideal 2Z. There-
fore, all nonzero polynomial expressions in z and X have valuation in
this ideal. Since

oy o Lo (ad ras - 2(man + (o
- 227‘ ZQT—I Z2r—2 227‘—3
_rag — (5) (a3 + 20n03) + 3(§)a%a2 - (})at
227‘—4
+ Oz~ 20,
1 rag raz— (5o raz—2(5)oaas + (3)ad
X(2)" = S ar—1 Z2r—22 - 2227‘—3 :

(o —wo) — (3)(03 + 2a1a3) +3(3) afan — (J)ai
227“74

+ O(Z_(2T_5)),

we have that v(z" — X") > —(2r — 4) (with equality if wo # 0). Since
X772 has valuation —(2r — 4), there exists 3y, € K (concretely, 3o, =
—rwyp) such that v(z" — X" — B, X""2) > —(2r —5). If 2" — X" —
ﬁO)TXT_2 = 0, we take all the remaining (’s equal to zero and we have
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finished. If not, v(2” — X" — (X" "2) is even and > —(2r — 6). We
continue with X" =3 and iterate the process until we get v(f.(z)) > 0. O

For r fixed, the computation of 5o 5, Bi,r, ..., Br—2, amounts to solv-
ing an homogenous linear system. In this way, we obtain

Bo,r = —Two,
61,7“ = —Trwy,
r—3
Boyr =1 (-wz + TUJ%) ,

B3, =1 (—ws + (r —4)wowr) ,
(r—4)(r —5) 3)

r—2>5
Bar=r (—w4 + TU’% + (r — 5)wows —

(r=5)r—6) , )

Bsr =1 (—w5 + (r — 6)wows + (r — 6)wiws —

Proposition 2. With the hypothesis and notations of the previous propo-
sition, for all v such that 2 < r < |G|, let S") be the r-th power sum of
the abscissas of the points in G — {O} and S the r-th power sum of
the abscissas of the points in P+ G. Then,

ST -8 = X"+ B ar X"

i=2
Proof: Let us denote

pr=a(P)+ > (@(P+Q) —w(Q)) =S — 50

QeG—{0}

p2=X(P)"+ > Biar X(P)"".

Both functions belong to the function field of the isogenous curve £’ =
E/G. In K(E') lies also its difference, which can be written in the
following way:

1 — 2 = fr+ Z (z(P+Q)" —z(Q)").
QeG-{o}

It is a function without poles, therefore constant, which vanishes at the
infinite point. We conclude that ¢1 — 2 = 0 as we claimed. O
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2.3. Newton formulae.

At this point we have obtained formulae for symmetric polynomials
involving the w; and formulae for the power sums involving the Gy .
The classical link between them are the Newton formulae (for r» < |G])

r—1
1 ) .
.= - 1 r+i—1 q(r—1i) ;
S " E (-1) S S,

i=0
which will provide some kind of link between w’s and ’s, and hopefully
an efficient way to compute the g’s.

Direct computations that we have already shown give the initial val-
ues fo, = —rwo and f1, = —rw;. This is all we need if |G| is 2
or 3. For |G| > 4 we would have to compute G, for 4 < r < |G|
and 2 <k <r-—2.

Proposition 3. With the hypothesis and notations of the previous propo-
sitions, assume that |G| > 4. For 4 <r < |G| and 2 < k <r —2 we
have

k2
Bry = Bryr—1 — Wi — Zwiﬁkfiflrfz'f}

i=0
For the last one, we have
r—4
Br—2,r = —TWr_2 — ijﬁr—j—zl,r—j—z-
§=0
Example 1. If |G| =5, we have 8y 2 =—2wy, So,3=—3wo, 1,3 = —3wi,
Bo,a = —4wp and By 4 = —4w;. Now, using the second formula,
Ba.4 = —dwy — wofo 2 = —4wy + 2wy,
We also know 3y 5 = —5wp, B1,5 = —5w;, and from the first formula we
compute
Bas = P24 — w2 — wofo,3 = —Dwa + Hwy.
Finally, 835 = —bws — (wof1,3 + w100,2) = —bws + Swow; and we have

the whole family of §’s.

Proof of Proposition 3: We plug the above formulae for symmetric poly-
nomials and power sums into the Newton formula to obtain an equal-
ity F(X) = 0 which is polynomial in X. Since X is transcendental
over K, the coefficients must be zero. The degree of F, is a priori r, but
we see that the coefficient of X" is Sg — S and the coefficient of X7—!
is —S; + S1. On the other hand, the coefficients of X"2 and X"3

are Bo,r — Bo,r—1 +wo =0 and By, — B1,r—1 + w1 = 0, respectively.
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r—2
We have then F,.(X) = Y F,,X""27% with
k=2

k—2
Fiw = > (=1VSjmjrg, for 2<k<r—4,
5=0
k—2 ) r—1 ) _
Frgr=3 (1S jrj— D (178077 Ds;,
=0 i=0
Frgr =Y (-1)"778,_;3; +Z 1)1 §r=a)g;
j=4
r—2 1
j=0 i= O
where
k—2
Vir = B = Brr—1 + wi + Zwiﬁk—i—zr—i—z, for2 <k <r-—1,
i=0
j—4
§j = Bj-2,j + jwj—2 + szﬂjﬂ;&jﬂ;z, ford <j<r.
i=0

Using the Newton formulae, now considering that the variables are the
abscissas of the points in G — {O}, we see that all the summations
containing power sums vanish and

F,M_Zk 17 Sjve—jr—j, for2<k<r-—3,

Fr—2,r = Z(—l)r_jST_jéj.
=4
Let us begin with F,._o, = 0. If r = 4, it gives that d4 = 0 (namely,

that B24 = —4dws — wofo2). Let us assume that r > 4 and §; = 0 for
all j between 4 and » — 1. Then,

r—1 )

0=F_2,= Z(—l)T*JST_jéj + 9,
j=4
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and we get 0, = 0, that is,
r—4
Br—2,r + rwr—o + ijﬁr—j—4,r—j—2 =0.
=0
Now we proceed with Fj, = 0 and use induction on k. If k = 2,
it gives 0 = Iy, = 2., = B2,r — B2r—1 + w2 + wofo,—2 for all r > 5.
Let us assume k& > 2 and <, s = 0 for all h between 2 and k£ — 1 and
all s> h+3. If r— 3 > k, then

k—2

O—Fkr—ﬂ)/kr‘kz JSJ'Yk J,r—j
j=1

and the induction hypothesis gives 7, = 0, namely

k—2
Brr = Bryr—1 — Wk — g Wi Br—i—2,r—i—2
i=0
and we are done. O

The recurrences given in the above proposition show that By, €
Q[wg, w1, ..., wg] and provide an efficient way to compute them. For
the sake of completeness we give also their explicit expression as poly-
nomials in the generalized Vélu parameters:

L5)

) r—k+j5—2
1
Br,r :7”23(—1)JJr ' Bjk,
J=0 J
where _
B — Z J! h1 hs
ik = 7]7,' h|wn1"'wns'
Ny ecn, 1'... gt
1 s
hidths=j+1
hini+--+hsns=k—2j
3. Example

We take the example from Vélu’s paper, namely the elliptic curve E/Q
defined by the equation

E/Q:y’*+axy+y=2®—2°—32+3,

and the subgroup G of order 7 generated by the point @ = (1,0). Its
elements are the infinite point O and the points

Q= (1,0), 2Q = (_17 _2)7 3Q = (3a _G)a
4Q = (3,2), 5Q =(-1,2), 6Q = (1,-2).
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First of all we compute the symmetric polynomials in the abscissas of
these points and the generalized Vélu parameters. Since in this case all
the points in G are rational, these parameters can be easily computed
from the defining formula.

] 0 1 2 3 4 ) 6

Si 1 6 7| —12| -—-17 619
w; || 42 1 198 | 722 | 2862 | 10106 | 35734

Using the formula of Theorem 1, we compute the symmetric polyno-
mials in the abscissas of the points in P + G:

i Si

X+6

6X +49

7X +42
—12X — 189
—17X — 414
6X — 341
9X —178

N O Ot s W N

where X is the abscissa of the isogenous point Zg(P).
In order to compute the power sums, we need the elements 3 ., that
we obtain from the recurrences of the last proposition:

Nkl 0 1 2 3 4 5

-84
—126 | —594
—-168 | —792 640
—210 | =990 | 5210 | 27270
—252 | —1188 | 11544 | 82620 | 90744
—294 | —1386 | 19642 | 154602 | 109606 | —852922

N S Ot e W N
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Finally, using the formula of Proposition 2 we can get the power sums
of the abscissas of the points in P + G:

i |l s®

1| X+6

2| X% -62

3| X3 —126X — 540

4| X4 —168X2 — 792X + 806

5 X5 —210X3 —990X? + 5210X + 27756

6 || X6 —252X% —1198X3 — 11544X2 + 82620X + 92206

71 X7—294X°—1386X*+19642X3+154602X2+109606 X — 848548

The elliptic curve of this example is the curve 26bl in Cremona’s
tables (see [1]). The isogenous curve, given by Vélu, is

(1) E'/Q:y* +ay+y=a>— 2% — 213z — 1257,

Its 7-division polynomial has irreducible factor z3 + 1522 — 942
The polynomial

_ 7237
=

2 2
Yo (z) = <x3 + 152% — 942 — g)
=25 + 302° + 372%

34214 5 155258 , 1360556 52374169
— xr° — T° + T+
7 7 7 49

has roots the abscissas of the nontrivial points of an order 7 subgroup G’
of E’. Tts coefficients provide the new S;, the elementary symmetric
polynomials in these six abscissas. Now that we deal with non rational
points, to compute the generalized Vélu’s parameters we make use of the
formula in terms of power sums.
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In the following table we provide the values of S;, S and w; which
we need to compute the equation of the isogeny Zg.

) S; S w;

0 1 6 1248
1 —30 —30 —304278/7
2 37 826 4100837/7
3 34214/7 —63048/7 —128722659/7
4 —155258/7 1272118/7 14574593267/49
5| —1360556/7 —19030520/7 | —328941344849/49
6 || 52374169/49 | 2378979868/49

7 —5571494602/7

The isogenous curve, obtained from wy and ws, is
E"/Q: 9?4+ axy+y=2® — 2% — 64532 + 306765
and the abscissa of Zg/ (z,y), computed with the formula in the remark

above, is

492™414702%4629652°— 5348842 3401670323~ 408060457x°— 228844056 72— 6221341698
4926+ 147025 + 181321 —23949823 — 108680622 +95238922+ 52374169 :
The isomorphism o = (u,r, s,t) = (7,—12,3,177) (see [3]) transforms
E" into the original elliptic curve E and o o Zg/ is the dual isogeny Zg.

Acknowledgement. We are grateful to the referee for her/his helpful
comments to the manuscript.
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