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SOME PROBLEMS IN NUMBER THEORY THAT ARISE
FROM GROUP THEORY

ALEXANDER MORETO

Abstract

In this expository paper, we present several open problems in
number theory that have arisen while doing research in group the-
ory. These problems are on arithmetical functions or partitions.
Solving some of these problems would allow to solve some open
problem in group theory.

1. Introduction

Recently, while doing research in group theory, I have reduced some
of the problems I was considering to problems in number theory for
which I have been unable to find a solution. Similarly, there are also
many examples of problems that other group theorists have reduced
to questions in number theory. These are well-known and important
problems for group theorists, but given that their origin lies far away
from number theory, they do not seem to be as well-known as they
deserve to be among number theorists. The goal of this expository paper,
therefore, is to make some of these problems known in the number theory
community. We hope that this will eventually allow to solve at least some
of them.

The number theoretical problems that we will consider may be divided
into two types. Ome of them are problems on partitions and Young
diagrams. These problems arise naturally when studying the complex
irreducible character degrees of symmetric groups.
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The other type of problems refers to the classical arithmetical func-
tions of number theory. In the last decades there has been a strong in-
terest in the study of the so called arithmetical structure of finite groups.
Some of these questions reduce to problems on the classical arithmetical
functions.

This type of problems will be described in Section 3. In Section 2
we present the problems related to partitions and Young diagrams. For
more motivation and details on the origin of the problems we refer the
reader to the beginning of each of these sections.

I thank G. Glauberman, G. Malle and K. Ono for helpful comments
on an earlier version of this paper.

2. Partitions and Young diagrams

An (ordinary) representation of a finite group G is a group homo-
morphism X: G — GL(n,C) for some positive integer n. The charac-
ter associated to the representation X is the map x: G — C defined
by x(g) = trace X(g). The character x is érreducible if it cannot be writ-
ten as the sum of two characters. The degree of the character x is the
value x (1) which, of course, is the size of the matrices of the associated
representation. One of the basic facts in character theory is that the
number of irreducible characters of a group G coincides with the num-
ber of conjugacy classes of G. For background on character theory of
finite groups, we refer the reader to [17]. With the hope of getting a bet-
ter understanding of the ordinary characters, R. Brauer introduced the
modular characters and the p-blocks (as usual, in this paper we write p to
denote a prime number). For background on modular character theory,
we refer the reader to [28]. To understand this paper, it will suffice to
know that a group G has a p-block of defect zero if and only if it has
an irreducible character such that x(1), = |G|,. In this case, x is the
unique ordinary irreducible character of the block.

A very important class of finite groups are the symmetric groups. A
basic fact in group theory is that two elements of the symmetric group S,
belong to the same conjugacy class if and only if when we write them
as a product of disjoint cycles they have the same number of ¢-cycles for
every t. Therefore the number of conjugacy classes of .S,,, and hence the
number of irreducible characters of \S,,, is the number of partitions of n.

In the first decades of the 20th century A. Young described a very nice
correspondence between partitions of n and irreducible characters of \S,,.
Since Young’s work, the representation theory of symmetric groups has
been an active area of research. As pointed out in [20], one reason for
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this is that symmetric groups have served as a good source of inspiration
for the study of representations of other classes of groups and algebras
(see, for instance, Corollary 5.38 of [22], [8], or [20]). For a detailed
account of the most important results until 1980 we refer the reader
to [19].

For the purpose of this paper, we are interested in the degrees of the
irreducible characters of S,,. Given a partition of n, p = (a1,...,a),
with a1 > ag > -+ > a4, the Young diagram associated to p is an array
of n nodes with a; nodes in the ith row. We assign numbers to the rows
and columns and coordinates to the nodes. The hook number H(i,j)
of the node (i,j) is the number of nodes to the right and below the
node (7,7), including the node (i,75). The degree of the character x,
associated to the partition p is given by the hook length formula

1 n!
XM( ) Hi)j H(’L,_])
This description of the degrees was obtained by J. S. Frame, G. de
B. Robinson and R. M. Thrall in [12].

With this formula, it becomes clear that any problem on degrees of
irreducible characters of symmetric groups depends on results on parti-
tions. For instance, it follows from the t-core partition conjecture that
alternating groups have a p-block of defect zero for all primes p > 5.
A t-core partition of n is a partition of n in which none of the hook
numbers is divisible by ¢. The t-core partition conjecture asserts that
for every t > 4, every integer n has a t-core partition. Using the theory
of modular forms, the proof of this conjecture was completed in [14].
See the references in [14] for previous work on this conjecture. This,
in turn, allowed A. Granville and K. Ono to complete the classification
of finite simple groups with defect zero p-blocks. In fact, they proved
a stronger result in the case of alternating (or symmetric) groups: for
every prime p > 5 the number of defect zero p-blocks goes to infinity
when n goes to infinity.

One of the most important problems in representation theory of finite
groups is McKay’s conjecture, which asserts that the number of irre-
ducible characters of a group G whose degree is not divisible by p (the
so called characters of p’-degree) coincides with the number of charac-
ters of p’-degree of the normalizer of a Sylow subgroup. This description
of the character degrees of the symmetric groups allowed J. B. Olsson
to solve McKay’s conjecture for symmetric groups in [29]. Recently, a
strengthening of McKay conjecture was formulated by I. M. Isaacs and
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G. Navarro in [18]. This strong form of McKay’s conjecture was proved
for symmetric groups by P. Fong in [11].

The number of irreducible characters of a group G whose degree has a
given p-part is also interesting and it is the origin of other conjectures in
group representation theory. These numbers are known as McKay num-
bers. In the case of symmetric groups they have recently been studied
by K. Ono in [31], where he proved that the Ramanujan congruences
for the partition function modulo 5, 7, 11, 25, 49 and 121 (see [5]) de-
scend to congruences of McKay numbers. By the work of S. Ahlgren
and K. Ono [1], [2], [30] it is now known that there are Ramanujan type
congruences for every modulus M coprime to 6. A natural question (see
Question 1 of [31]) is which of these congruences descend to McKay
numbers. It would be interesting to consider whether these results may
have applications to the representation theory of symmetric groups.

Now, we will begin to describe some open problems in number theory
that have arosen from problems in the representation theory of symmet-
ric groups. In [24], we studied Brauer’s Problem 1 [6]. This problem
asks the following: What are the complex group algebras of finite groups?
A classical theorem of Wedderburn asserts that the group algebra of a
finite group G is

k
CG =P M(n;,C)
i=1

where M (n;,C) is the algebra of complex matrices of size n;, n; = x;(1)
and the set of irreducible characters of G is Irr(G) = {x1, ..., xx}. Thus,
Brauer’s Problem 1 asks for the possible sets of degrees with multiplici-
ties of finite groups. It seems that with today’s knowledge of representa-
tion theory, it is not possible to settle this question. But we think that it
should be possible to obtain some partial results. The first of these par-
tial results, which we discuss now, appears in [24]. We conjectured that
the order of a finite group is bounded in terms of the largest multiplicity
of the character degrees. The main result in [24] is that this conjecture
is true for every finite group if it holds for symmetric groups. Therefore,
this is an example of a problem where a result on partitions would allow
to obtain properties of representations of arbitrary finite groups.

So our first problem is the following. Given a group G, we write m(G)
to denote the largest multiplicity of the character degrees of G.

Conjecture 2.1. m(S,) — oo when n — oo.

Given a partition of n, we can consider the lengths of the columns of
the associated Young diagram. They form another partition of n, which
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is called the associated partition. It is easy to see that most of the times
the associated partition of a partition u does not coincide with pu, so it
yields a different irreducible character of S,,. But it is easy to see that
the degrees of these two characters coincide. In this way, one can prove
that m(S,) > 2 for n > 2. For n > 60, M. Slattery has found some
partitions that can be transformed in different partitions of n in such a
way that the degree of the associated character is preserved. This has
allowed him to show that m(S,) > 4 for n > 60. Is it possible to find
k degree preserving transformations of certain partitions on n for some k
that goes to infinity when n goes to infinity?

It would also be interesting to know more precisely the asymptotic
behavior of m(S,,). Computer calculations suggest that, perhaps, n/3 <
m(Sy) < n for large n.

One reason why we believe that it might be difficult to prove Conjec-
ture 2.1 is that m(S,,) is not monotonic. Even the following weak version
of Conjecture 2.1 would be interesting.

Conjecture 2.2. limsupm(S,,) = co.

Given a group G, we write c¢d(G) to denote the set of degrees of
the irreducible characters of G. By the classical result of Hardy and
Ramanujan [15] on the number of partitions, we have that |Irr (S, )], the
number of irreducible characters of S, is asymptotically equivalent to

(1/4nV/3) exp(m\/2n/3).

One way to prove Conjecture 2.1 would be to prove that |Irr (S,)|/
led (S,)] — oo when n — oo, but computer calculations indicate that
this is probably false. We have checked that for 5 <n < 55,

1.75 < |Irr (Sp)|/|ed (Sn)| < 2.525

so it seems likely that the asymptotic behavior of |cd (Sy,)]| is similar to
that of the number of partitions.

Question 2.3. What is the asymptotic behavior of |cd (Sy)|?

We remark that this question has recently been considered, and solved,
for the other infinite families of simple groups, i.e., for groups of Lie
type [21]. In [21] it was also asked whether or not Conjecture 2.1 is
true.

Our computer calculations also suggest that for large n if d € c¢d(Sy,)
the probability that d occurs with multiplicity 2 is bigger than 0.8 and the
probability that it occurs with multiplicity larger than 6 is less than 0.02.
Given d, we write m(d) to denote the multiplicity of d as a character
degree of S,,.
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Problem 2.4. Find reasonable values of €1 and €2 such that
P(m(d)=2|de€cd(S,)) >1—¢;
for n sufficiently large and
P(m(d) >6|de€cd(Sy)) <ez
for n sufficiently large.

We conclude this section by remarking that the first two problems
that we will consider in the next section are also related to questions
on character degrees of symmetric groups and, therefore, partitions and
Young diagrams.

3. Arithmetical functions

Let n = pi*...p;* be a positive integer written as a product of powers
of pairwise different primes. Following [16], we define

w(n) =t,
Qn)=a1 + -+ + as, and
din) = (a1 +1)...(ar + 1),

i.e., w, Q and d count, respectively, the number of different prime divi-
sors, the total number of prime factors and the total number of divisors
of n.

The problems on the arithmetical structure of finite groups ask the
following type of questions: In what way does the number of prime
divisors of the irreducible character degrees of a group (or conjugacy
class sizes, or element orders,...) restrict the structure of the group?
We refer the reader to [32] for a survey on these problems from a group
theoretical point of view.

A typical example of a problem on the arithmetical structure of finite
groups is Huppert’s p — o conjecture. Given a group G, p(G) is the set
of primes that divide the degree of some irreducible character and

0(G) = max{w(x(1)) | x € Irr(G)}.
Huppert’s p — o conjecture says the following.
(i) If G is solvable, then |p(G)| < 20(G).

(ii) There exists an integer valued function such that for arbitrary
groups |p(G)| < f(a(G))-
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Huppert’s p— o conjecture was proved for simple groups by Alvis and
Barry in [4]. In that paper, they conjecture that the following strong
form of their results hold.

Conjecture 3.1. Forn > 15, there exists an irreducible character of the

symmetric group S, whose degree is a multiple of all the prime divisors
of n!

This has been checked with computer for 15 < n < 100000. See [4]
for a more detailed discussion on this conjecture.

A question of a similar flavor, even though a different origin, is the
following.

Question 3.2. Does there exist a constant ¢ such that for every integer n
there exist x1,...,Xc € Irr(Sy) with x1(1)...xc(1)/n! an integer?

This has been proved in [25] for the remaining families of finite simple
groups with ¢ = 5. A similar result was proved in [27] for solvable groups.

An affirmative answer to Question 3.2 would allow to improve con-
siderably the bound in the main result of [25], which refers to arbitrary
finite groups. A well-known theorem of Gluck [13] asserts that every
finite group has an abelian subgroup A such that |G : A| is bounded
in terms of the largest degree of the irreducible characters of G. The
main result in [25] provides a bound for Q(|G : A]) for some abelian A
in terms of max, crr(q) 2(x(1)).

Many results and conjectures on character degrees have analogs on
conjugacy class sizes. For instance, there is also the p — ¢ problem for
conjugacy classes. Let p*(G) be the set of primes that divide the size of
some conjugacy class of G and

o* (@) = max{w(|C]) | C € CI(G)},

where CI(G) is the set of conjugacy classes of G. It is known that there
cannot be any bound better than |p*(G)| < 30*(G) for solvable groups.
The best known bound is |p*(G)| < 40*(G) (see [33]). (The coefficient 4
can be lowered to 3.5 for odd order groups by [27].) As remarked by
Zhang, the bound |p*(G)| < 30*(G) would follow from an affirmative
answer to the following question.

Question 3.3. Let my,...,m, > 1 be pairwise coprime positive integers
and qi,...,qn, ben arbitrary prime powers. Is it true that

w (ﬁ 7(1:;?__11) >n?

i=1
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Of course, it is no loss of generality to assume that the m;’s are prime
numbers.

In a celebrated paper, W. Feit and J. G. Thompson [10] proved that
odd order groups are solvable. An affirmative answer to the following
conjecture of Thompson (see Problem 4.65 of [23]), would allow to sim-
plify part of the proof.

. . q_1
Conjecture 3.4. Let p # q be two prime numbers. Then Zj never
P__
divides ‘ITll.
q
One of the infinite families of finite simple groups are the projective
special linear groups. Their order is given by the formula

qn(nfl)/Z
PSL (n,) = {——
Here ¢ is a power of a prime p. See [7] for the order formulas of the
other families of simple groups of Lie type. For the alternating groups
on n > 3 letters it is well-known that |A,| = n!/2. The asymptotic
behavior of the number of divisors of n! was found out in [9]. This result
was useful in [24]. It would be convenient to have related results for
the number of divisors of the ordesr of the remaining families of simple
groups.
In the following problems, “asymptotic behavior” has three possible
meanings, all of them interesting: as n — oo and ¢ is a prime power that
goes to oo or as |G| — 0.

(@ —1)(¢*—1)...(¢" —1).

Problem 3.5. Study the asymptotic behavior of d(|G|) when G is a
projective special linear group. The same for the other families of simple
groups of Lie type.

Similarly, it would also be convenient to know the following.

Problem 3.6. Study the asymptotic behavior of w(|G|) and Q(|G|) when
G is a projective special linear group. The same for the other families
of simple groups of Lie type. In particular, what is the relation between
w(|PSL (n, q)|,) and max? ; w(q" —1)?

It is possible that results of this type would allow to improve the
bounds in [26], where the number of prime divisors of the order of a
finite group G is bounded in terms of the maximum number of prime
divisors of the order of an element. For a somehow related theorem and
an application to group theory, see [3].
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Notes added in proof: i) Conjecture 2.1 (and hence Conjecture 2.2)

has now been proved in: D. Craven, Symmetric group character
degreees and hook numbers, preprint.

ii) Conjecture 3.1 has been proved in: M. S. Barry and M. B. Ward,

1]

[10]

[11]

On a conjecture of Alvis, J. Algebra 294 (2005), 136-155.
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