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A NOTE ON 2-DIMENSIONAL ARITHMETIC SYMBOLS
ON Gl(n,Xs)

FERNANDO PABLOS ROMO

Abstract
The aim of this note is to offer a summary of the definitions
and properties of arithmetic symbols on the linear group Gl(n, F)
—F being an arbitrary discrete valuation field—, and to show
that the natural generalizations of the Parshin symbol on an al-
gebraic surface S to the linear group Gl(n,Xgs) do not allow us to
define new 2-dimensional symbols on S.
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1. Introduction

In 1968, J. Tate [11] introduced the notion of commensurability on
vector spaces and gave a definition of the residues of differentials on
curves in terms of traces of certain linear operators on infinite-dimen-
sional vector spaces. Furthermore, he proved the residue theorem
(the additive reciprocity law) from the finiteness of the cohomology
groups H°(C,O¢) and H'(C,O¢) when C is a complete curve.

In 1989, a definition of the tame symbol of an algebraic curve from
the commutator of a certain central extension of groups was given by
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E. Arbarello, C. De Concini and V. G. Kac [1] when the ground field
is algebraically closed, and this has been given by the author [9] when
it is perfect. In both cases, the reciprocity law of this symbol for com-
plete curves (the “Weil Reciprocity Law”) can be also deduced from the
finiteness of the cohomology groups H°(C,O¢) and H'(C, O¢).

During the last few years, several arithmetic symbols have been stud-
ied from commutators of central extensions of groups in different ways,
e.g.: in 2002, A. Beilinson, S. Bloch and H. Esnault [2] proved a reci-
procity law for the Contou-Carrére symbol [4] from the commutator of
a central super-extension of groups defined by using the Gauss-Manin
determinant.

The goal of this work is to study, using iterated commutators of central
extensions of groups, the possibility of generalizing the Parshin symbol
on an algebraic surface [10] to the linear group Gl(n,Xg), where Xg is
the function field of the surface S. In this context, we shall offer a
summary of the definitions and properties of arithmetic symbols on the
linear group Gl(n, F) —F being an arbitrary discrete valuation field—,
and we shall show that the natural generalizations of the Parshin symbol
on an algebraic surface S to the linear group Gl(n,Xg) do not allow us
to define new 2-dimensional symbols on S.

The organization of the paper is as follows:

Section 2 is devoted to familiarizing readers with the notion of the
Parshin symbol on an algebraic surface. Accordingly, its definition and
its characterizations as iterated commutators of central extension of
groups are given, and the reciprocity laws that this symbol satisfies are
written.

Section 3 contains a summary of the definitions and properties of
arithmetic symbols on the linear group. Thus, the definition of commen-

surability on valuation rings, the central extension G%, the commutator
pairing { , }}2, the arithmetic symbols on Gl(n,F) —F being an ar-
bitrary discrete valuation field—, and the reciprocity laws on Gl(n, X¢)
—where Gl(n,X¢) is the function field of a complete, irreducible and
non-singular algebraic curve— are briefly introduced.

Finally, Section 4 deals with the main aim of this note: to study the
natural generalizations of the Parshin symbol on an algebraic surface
to the linear group Gl(n,Xgs), and to show that we do not obtain new
arithmetic symbols from them.

We remark that the proofs of the results offered in Section 3 can be
found in [6] and [8].
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2. Preliminaries

2.1. The Parshin symbol on an algebraic surface. In 1985,
A. N. Parshin [10] introduced a symbol associated with a sequence
x € C C S, where C is a curve on an algebraic surface S over an alge-
braically closed field k, and = is a closed point of C. If f, g and h are
three invertible functions on S, the expression of the symbol is:

(f:9, M) @,y = (=1)*@ - {f, g, h}(2,0) € K,

where

(2.1)
fre(a)vi(n)—ve (h)-vi(e)

{90} o) = (gvcm-u;(h)vc<h>-v;<f>

.hvc<f>-v;<g>—vc<g>»v;<f>) ),
o

and
az,0) = vc(f) - vel(g) - vi(h) +ve(f) -ve(h) -vi(g)
+vel(g) -ve(h) - vi(f) +vc(f) - vilg) - vi(h)
+ve(g) - vi(f) - vi(h) +ve(h) - vi(f) - vi(g),

ve being the discrete valuation induced by C (a codimension-one sub-
variety of S), and vZ(y) is the valuation vs(p) introduced in [3], which
is the order of (¢ - z*”C(“’))w at = in C, for a function z on S such
that ve(z) = 1.

It should be noted that this explicit expression is not completely due
to A. N. Parshin: i.e., the higher dimensional tame symbol was defined
by Parshin up to the sign, and the full definition, including the sign, was
given by I. B. Fesenko in his thesis in 1986 and was published in 1988 [5]
(for the English translation, see [12]).

This symbol is independent of the choice of z, and it satisfies the
reciprocity laws:

(22) H<f797h>(z,()) =1,

x

c

where C' is a complete, irreducible and non-singular curve in (2.2), and
the second reciprocity law is the product over all irreducible curves con-
taining a fixed point x € S.

If X5 is the function field of S, it is a discrete valuation field with the
valuation ve, whose residue class field is ¢ (the function field of C).
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Thus, it follows from the characterization of the tame symbol [7] that
there exists a central extension of groups:

1—>22~—>§§—>2§—>1,

such that the value of its commutator is:
ve(g)
{f, 938 = (%% € 3¢,
C
for each f,g € X%.

If {, }IA% is the commutator of the central extension studied in [1]
and [9] that coincides, up to the sign, with the tame symbol associ-
ated with the closed point = € C; z is again a function z on S such
that ve(z) = 1, and ¢ is a function on C such that v, (¢t) = 1, then we
can interpret the map (, , )(z,c) as iterated commutators in a double
way:

o If {f, g, h}i,c = [{{/, z}g, {g, z}é}f:]_vc(h), one has that:
(24) {f7 g, h}(zC) = {f7 g, h};,c : {gu h7 f};,C : {h7 fa g};,C'

o If {f, g, h};tc = [{{f,g}g,t}fz]”;(h), one has also that:
(25) {fu 9, h}(zC) = {fu 9, h}itc ’ {97 h, f};:tC ’ {h7 f7 g}itc
3. Arithmetic symbols on the linear group Gl(n,F)

3.1. Commensurability on valuation rings. In this subsection, do-
main refers to an integral commutative with unit element ring. Let
F be a discrete valuation field and let IC(v) be its residue class field.
The valuation ring associated with v is again denoted by O,, and m,, is
its maximal ideal.

Let V be an O,-module and let M, N be two O,-submodules of V.
Note that O, is a local principal ideal domain.

Definition 3.1. M and N are said to be commensurable if M+N/MNN
is a torsion finitely generated O,-module. We shall use the symbol M ~
N to denote commensurable submodules.
Similar to [1], one has that:
(1) EM~N and N ~ P, then M+ N +P/MNNNP is a torsion
finitely generated O,-module.
(2) Commensurability is an equivalence relation.

(3) Let M, N, M’', N’ be submodules of V and let us assume that M ~
M and N ~ N’. Then, M+N ~ M'+N" and MNN ~ M'NN.
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Moreover, if W is a O,-module, we use Gn, (W) to denote its graded
K(v)-module induced by the m,-filtration {m”W},,>0. Given commen-
surable submodules M and N of V, we set

[./\/l | va = dim;c(v) Gm, (./\/l/./\/l ﬂ./\/') — dim;((v) QmU(J\//M ﬂ./\/')

Remark 3.2. Let M, N/ and P be pairwise commensurable submodules
of V. Thus,
(M [ Nlw, + NV | Plm, = M| P, -

3.2. The central extension é;\i Let V again be an O,-module and
let V. be a fixed O,-submodule of V.
Definition 3.3. Define the group G¥+ C Autp, (V) by

GY, = {7 € Auto, (V) such that 7(Vy) ~ Vi and 71 (V) ~ Vi }.

To keep the notations of [9], if 7 € G5+ and A is the maximal exterior
power, we set

DetCPy, = AGwm, (V4/ViNTV;) K@(g) A[Gu, (V4 / Ve N7V,

TV

which is a K(v)-vector space of dimension one.

If 7V} =V, then Det C?y, = K(v)*.

Moreover, from the computations made in [1], [7] and [9] one deduces
the existence of a map

DetCly, @ DetCly, 5 Det Cyy,

o

that we shall write as ¢7(s1 ® s2) = s1-7(s2), where T(sz) is an element
of

AGm, (TV4 [TV NTOVy) /C(%) AlGm, (ToVy/TViNTOVL)] .

Let us now consider the set
G% ={(r,s) with 7 € GBM 0#s€DetCy, },
together with the operation
(1,81) - (0,82) = (10,81 - T(82)).

It follows from the statements of [1], [7] and [9] that G%, with this
operation, forms a group and there exists a central extension of groups:

(3.1) 1 — K@) -5 Gy, 7 6Y, — 1,

where i(A\) = (Id, \) and 7 (7,s) = 7.



198 F. PABLOS RoMmo

Definition 3.4. Given an element 7 € G}Z, we shall call the integer
number

i) (T, V4) = Vi | TV4]m,
the “index of 7 over V,”.

Remark 3.5. Note that:

k(o) (75 Vi) = dim (o) G, (Vi /TV NV ) =dimg (o) G, (Vi /77 VOV,
Moreover, if M ~ V., then ix () (T, M) = i) (T, V).

3.3. The commutator pairing { , }\\j-r If 7 and o are two commut-

ing elements of G¥+ and 7,0 € G% are elements such that =(7) = 7
and m(0) = o, then one has a commutator pairing:

(o}, =7-5-7 -5 eK(v)".

Fix elements o,0’, 7,7 € G% such that the ¢’s commute with the 7’s.

(But we need assume neither that oo’ = o’ nor that 77/ = 7/7.) Hence,
from the definition of the commutator pairing, from the construction of

the central extension G}L or from the statements of [8], the following
relations hold:

e {0, 0’}¥+ =1

{o. 71, = ({r.ol,)
{oo', 7}y, ={o. 71y, {o". 7}V, -
{07 TTI}5+ = {07T}]‘j+{0’7 T/}\\j+'

oVi =V =7V = {o, T}\\j+ =1.

If Vi = {0} or V4 =V, then {0',7'}5+ =1

{o, 7'}5+ depends only on the commensurability class of V.

Suppose V is equipped with a direct sum decomposition V =V, @
Vi. Put Vip .=V, NV, for i = 0,1 and assume that V. = Vo @
Vi+. Let commuting elements 0g, 01 € G% be given such that

UilVo € GVD

Vo 0i|V1 = 1

for ¢ = 0,1. Then we have

{0lve, a1lve b, = {00,011},
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e Again suppose V is equipped with a direct sum decomposition ¥V =
Vo @& V1, put Vi := V; NV, for ¢ = 0,1 and assume that V, =
Vot @B Vi+. Let 09,01 € G}L be given such that

V,
oily; € sz+, oily,_, =1

for i = 0,1. (Necessarily o9 and o7 commute.) Then we have
{0_070_1}\\j+ — (_1)aoo¢1

where

@i =i () (ilv;, Vie) = ik (0i, V1)
for ¢ =0, 1.

o If V =Vy®Vy and V4 = Vot @ Viy, such that Vy and V; are
invariant by the action of two commuting elements 7,0 € G% and

7l olv; € Gy, , then

{roly, = (=D {rlve. ol b, - {rlv ol B,
with a@ = iK(U)(T|V0,V0+) . iK(U)(U|y1,V1+) + iK(U)(T|V1,V1+) .
i) (0lvo, Vot )-

e If M and N are two O,-submodules of V, for all commuting el-
ements 7,0 € GVM N GK/, one has that 7,0 € GX/HN N GVMQN
and:

{r,o} {3 = (=17 - {m o gn - {1 0t e
where
B = i) (M, T) iy (0, N) +ik ) (T, N) iy (0, M)
+ i) (T, M+ N) “ic ) (0, MNN)
+i;c(v)(T,MﬂN)-i;c(v)(U,M-i-N).

3.4. Arithmetic symbols on Gl(n,F). With the above notations,
for a positive integer number, n, let us consider the O,-modules:

If we denote by Gl(n,F) the linear group of rank n (that is, the
group of invertible n X n matrices with entries in F), it is clear that
Gl(n,F) C G}jg
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Thus, from the extension (3.1) one has a central extension of groups:

(3.2) 1 — K@) == Gl(n, F) ™ Gl(n, F) — 1,

and if 7 and o are two commuting elements of Gl(n,F) and 7,0 €

Gl(n, F) are elements such that 7(7) = 7 and 7(d) = o, then one has a
commutator pairing:

{rolp=7-0-7 -5 ' eK(v)"

Example 1. Let us consider the commuting matrices 7y, , 74, € Gl(n, F),
where:

fi .. 0 g ... 0
s O T

0 ... fn 0 ... gn

i

with fiugj e F*.
It follows from the properties of the commutator pairing and the state-
ments of [7] that:

{Tfi77-gj }EE = (_1)Ei¢j vlfi)vle) . H{fsags}v S IC(’U)*,

s=1
where {, },: F* x F* — k(v)* is the 2-cocycle:
fo9
{fug}’u = W (mod mv).

According to the statements of [8], one has that:
Lemma 3.6. If 7 € Gl(n,F), then
ixc(v) (T, V) = v(det 7).

Moreover, regarding F* as a subgroup of Gl(n,F) by means of the
diagonal embedding

f ... 0
freop=11 0
0 ... f
one has that 7* = Z(Gl(n, F)) and, therefore, there exists a commutator
map

{, Wt F* % Gl(n, F) — k(v)"

The explicit expression of this commutator map is:
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Proposition 3.7. For all f € F* and 7 € Gl(n,F), one has that
{oF, T}y = (=)D (et ),

fv(dct T)
[det 7]v(£)

_ (_1)(77,71)-1)(‘)().1)((10‘77) . ( (mod m,U)> .

Remark 3.8. When n = 1, the above expression is the commutator { , },
that determines the tame symbol on an arbitrary discrete valuation
field F [7], and, when n = 2, if X is an algebraic curve over an al-
gebraically closed field k, z € X is a closed point, F = X x (the function
field of X), and v = v, (the discrete valuation induced by the point x),
the statement of Proposition 3.7 coincides with the characterization of

the commutator map { , }ZE: Y% x Gl(2,Xx) — k* obtained in [6].

We can now define a generalization of the tame symbol from the
commutator { , }5;

Definition 3.9. With the previous notations, we shall use the term
“tame symbol” on Gl(n, F) associated with v to refer to the assignment:

(7,9)y = (=)t wldete) (7 o} € K(v)",
where 7, ¢ are two commuting matrices of Gl(n, F).

Example 2. Let us consider a non-singular and irreducible curve C
over an algebraically closed field k and a closed point z € C. If 3¢ is
the function field of C' and v, is the discrete valuation on X associated
with x, by using the above method we can define the “tame symbol
on Gl(n, X¢) associated with 2”7, whose explicit expression is:

(7—7 U)Z = (—1)Um(det‘r)'vz(det0) . {T7 g}fg c k*7

where 7,0 € Gl(n, X¢) are commuting matrices, (/9; is the completion of
the local ring O, ((/9;)0 is the field of fractions of (/9;, A= @@. 2z .69(/9;
and K7 = (0,)0 @ .. = .. @ (Oy).

Note that if n = 1, for all f, g € % one has that {f,g}f; = g::—((fg;(:v)
and, therefore,
fr=(9)

T () e k*

— (_ vz(f)~vz(g) .

is the tame symbol associated with the closed point z € C.
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Moreover, let us consider an abelian group G and a morphism of
groups ¢: K(v)* — G. The central extension (3.2) induces another
central extension of groups:

(3.3) 1 — G5 Gl(n, F)y = Gl(n, F) — 1,

whose commutator is

n ~ ~ ~__ o~
{T’U}Ei,w:T'U'T 1,0— 1,

7,0 € Gl(n, F) being two commuting matrices, 7, € Gl(n, F)y, 7(T)=7
and 7(d) = 0. It is clear that { , }V;w =of, }5;

Definition 3.10. With the above notation, given an abelian group G
and a morphism of groups ¢: K(v)* — G, we shall use the term “tame

symbol on Gl(n,F) associated with v and the morphism %" to refer to
the assignment:

(1, )y = YU=1)" ] {7 0}, € G,
where 7, ¢ are two commuting matrices of Gl(n, F).

3.5. Reciprocity laws on Gl(n,X¢). Let C be a non-singular and
irreducible curve over an algebraically closed field k. For each closed
point z € C we consider the k-vector spaces A, = (5; and K, = ((7);)0,
and the ring of adeles A¢ is:

Ao =[] K.
zeC

={f = (f:) such that f, € K, and f, € A, for almost all x}.

If AL = [ As, we can consider the k-vector spaces V = AZ
zcC

[1'K? and Vi = (A5)" = [] AZ, and it is clear that Gl(n,Ac)

x

zeC zeC

G?Aﬂ)n. It therefore follows from extension (3.1) that there exists a
C

central extension of groups:

N

(3.4) 1— k" — Gl(n,Ac) — Gl(n,A¢) — 1.

Thus, the “Abstract Reciprocity Law” proved in [6] shows that the
central extension of groups

(3.5) 1 — k" — Gl(n,2¢),, — Gl(n,Xc) — 1

induced, through the diagonal immersion 6: Gl(n,X¢) — Gl(n,A¢), by
the central extension (3.4) is trivial.
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Again according to the statements of [8], one has that:

Theorem 3.11 (Reciprocity Law). If C' is a complete, non-singular
and irreducible curve over an algebraically closed field k, G is an abelian
group and ¢: k* — G is a morphism of groups, given two commuting
matrices 7,0 € Gl(n,X¢) one has that:

H (T, U)Z)w =1,

zeC

where (-, )7, is the “tame symbol” on Gl(n,X¢) associated with the
closed point x and the morphism .

4. Parshin symbol on Gl(n, Xg)

Let C be an irreducible and non-singular algebraic curve on a smooth,
proper, geometrically irreducible surface S over an algebraically closed
field k. If Xg is the function field of S, the curve C defines a discrete
valuation

ve: X — Z,

whose residue class field is ¢ (the function field of C).
Thus, it follows from the central extension (3.2) that there exists a
central extension of groups:

(4.1) 1 — %5 —5 Gl(n, 25) = Gl(n, Bs) — 1,

and its commutator will be denoted by {, }7_.
Now setting an element z € ¥§ with vo(z) = 1, we denote
v t(7) = ({7, 07 0, Ae) = va({T, 07} ) € Z
for a matrix 7 € Gl(n, Xg).
If we consider another element 2’ € X%, with ve(2") = 1, there exists
a transformation:

’
n,z
T

with A = —v,({2,2'},.) € Z.

Using the two interpretations of the Parshin symbol on ¥g as iter-
ated tame symbols (Subsection 2.1), we shall now study two different
generalizations of the Parshin symbol to the group Gl(n,Xg).

vt = ot 4+ A ve,
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4.1. First approach to a Parshin symbol on Gl(n,Xg). If
{, }a" is the commutator referred to in Example 2, we define the
map:

{,, % Gl(n,Bs) x Gl(n,Xs) x Gl(n,Tg) — k*
by the expression:
{ri. 72, mstpe = [{H{m, 02}, {2 UZ}SC}Z:]—UC(deth)

_ (_1)(n—1)-[vc(det 71)+ve (det 72)]ve (det 73)

(det Tl)*vc (det T3)- v (12)

: ()|

(det 7o) —veo(detms)-vz ™ (1)

for all matrices 71,72, 73 € Gl(n, Xg).
Thus, analogously to (2.4), we can consider the map:

{r, 12, Y0 = {72, b6 A, 13,16 {8, T, T} G

[(det Tl)vc(dct T2)- v % (T3)—vo (det 73) v * (T2)
. (det Tz)vc(dct 73)-vp*(T1)—ve(det T1) vy *(73)
- (det r3)ve (et )0 (ra) —ve (det ma) 01 % (m)] ()

= {det my,det 72, det T3} ¢,

for all matrices 7,72, 73 € Gl(n,Xs), {, , }z,c being the map referred
to in Subsection 2.1. Hence, {-,-,-}7 - is independent of the choice of
the parameter z.

If we consider the symbol:

{(,, >Z,C5 Gl(n,Xs) x Gl(n,Xs) x Gl(n,Xg) — k*,

defined as:

a(Tl sT2,T3

(11,72, 73)7.c = (1) URRCTE Iy S
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with
a(T1,72,73) = vo(det 1) - vo(det 7o) - vI*(73)

’Uc(det 7'3) (7’2)
(Y6 (det Tg) (Tl)

+ ve(det ) -
+ve(det ) -
+ve(det ) - 0™ () - Un@(Tg)
+ ve(det m2) - vy % (1) - vy 7 (73)
( ) vgt(T1) - (72),

we have that this symbol generalizes the Parshin symbol on Xg.
However, since the integer number v!#(7) coincides with the valua-
tion vZ(det 7) referred to in Subsection 2.1, there exists a commutative
diagram

+ ve(det 3

< R >;l
Gl(n,Xg) x Gl(n, Xg) x Gl(n, Xg) <

3 ) k* )

S x T x O

where dAe/t(Tl, To,T3) = (det 7y, det 7o, det 73) and (, , )4 ¢ is the Parshin
symbol associated with the sequence x € C' C S. Hence, the sym-
bol (, , )i ¢ is not a new symbol, and it follows from the properties of
the Parshin symbol on an algebraic surface that

(42) H<7’1,7'2,7'3>27C = 1,

x

(43) H<7‘1,7’2,7’3>27C = 1,

C

where C' is a complete, irreducible and non-singular curve in (4.2), and
the second reciprocity law is the product over all irreducible curves con-
taining a fixed point x € S.

4.2. Second approach to a Parshin symbol on Gl(n,Xg). If z is
again a function z on S such that vo(z) = 1, and ¢ is a function on C such
that v, (t) = 1, given three commuting matrices 71, 72, 73 € Gl(n, Xg) we
can define the assignment:

{rmmlrd’ = {nmli, 1] ") e k7,
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and, similar to (2.5), we write:

{7—377—177_2}n ' t-

n,z,t

{{T1772,T3}}" 2t = {71772773}"’2’ {7_277_377'1}

Bearing in mind that the commutator of a central extension is a bi-

multiplicative map, one has that {{ , , }}}" 5" is multiplicative in each

argument:

{0 )0 e = Um0 ol d" - im0, 0 0d!
{{r.o1 o0, 01}08" = ({r, o 03108 - {02, 0} 0

{r,0,01-e2}}08" = Un oo - {{r 002308

for commuting matrices 7;, 0, ; € Gl(n, Xg).

Moreover, since the commutator of a central extension is skew-sym-
n,z,t

metric, the map {{, , }},'5" satisfies the property:

{{rnohipe ={{rome =Honhne =1

for all commuting matrices 7,0 € Gl(n, Xg).
Furthermore, from the definition of {{, , }}7 Z', one also has that:

{rs0), 5@ Te) Hod' = [{{m, ma, s} g oen 7

for any permutation &, and commuting matrices 7; € Gl(n, Xg).

Remark 4.1. If f, g, h € X%, one has that

{{vaagvah}}nZt [{f=g7h}ac C] ’

The map {{ e e " does not therefore factorize through the determi-
nant map det.
However,

Proposition 4.2. The map {{-,-,-}}}’ 5" depends on the parameter t.

Proof: If we consider three diagonal matrices 7y,,7y,, 7, € Gl(n,Xs),
where

5= : ST = and 73, =
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it follows from Example 1 that the explicit expression of the map is:

{{TfﬂquvThk}}nZt H vc(‘])v *(Thy ) —vo (he) v (74,)

) gvc(hs)'vg’z(ffi)*vc(fs)'vg’z(fh,k)
' his)c(fs)wg’z(ng)*vc(gs)'vg’z(Tfi)

. tﬁs(z,‘rfi Taj Thy, )} (JJ)

with
ﬁS(ZvangjvThk) [

(fs)ve(gs) — vi(gs)ve(fs)lve® (Thy,)
+ [03(9s)ve(hs) — vz (hs)ve(gs) vy (T4,)
[U ( )UC(fS) -0 (fS)UC(hS)]U ’Z(ng)v

and v*(1p,) = 341 vi(ea)-
Bearing in mind that

268(27 Tfis Tgys Thi) = Z[[U;(fS)UC(QS) = vz(gs)ve(fs)vz (hr)

s=1 SF#T

+ [U;(gs)vc(hs) - ’U;(hs)vc(gs)]/u;(fr)
+ [U;(hs)vc(fs) - U;(fs)vc(hs)]vi(grﬂ 7é 0,

the statement is proved. O

Corollary 4.3. The map {{-,-, }}n” does not allow us to define a
generalization of the Parshin symbol to the linear group Gl(n,Xg).

Remark 4.4. A remaining problem is to characterize the explicit ex-
pression of the commutator {7, a}% for all commuting matrices 7,0 €

Gl(n,F). This explicit expression will be a basic tool for determining
a possible 2-dimensional symbol on Gl(n,Xg) generalizing the Parshin
symbol on an algebraic surface.
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