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Abstract: In this work we construct some irreducible components of the space of
two-dimensional holomorphic foliations on P™ associated to some algebraic represen-
tations of the affine Lie algebra aff(C). We give a description of the generalized Kupka
components, obtaining a classification of them in terms of the degree of the foliations,
in both cases n = 3 and n = 4.
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1. Introduction

We consider a holomorphic foliation of dimension k and degree d on
the projective space P, n > 3. Recall that the degree of such a fo-
liation F is the degree of the locus of tangency of F with a generic
linear subspace P"~* C P". The set of those foliations, which we de-
note by Fi(d,n), has a natural structure of quasi-projective variety.
In fact, such foliations are defined by an integrable (n — k)-form §2
on C"*!, whose coefficients are homogeneous polynomials of degree d +
1 satisfying ig,,,2 = 0, where R, ; denotes the radial vector field
on C"*1. The (n — k)-form € is defined up to multiplication by a non-
zero scalar, giving rise to a projective space, and the integrability con-
dition imposes polynomial relations on that space. Finally, from the
condition codim(Sing ) > 2, where Sing(€2) denotes the singular set
of Q, we identify Fi(d,n) with a Zariski open subset of a projective
variety. A very interesting question is to describe the irreducible com-
ponents of Fi(d,n). The known results are mostly concentrated in the
codimension one case (k = n — 1). Some of the irreducible components
of F,—1(d,n) have been described: linear pull-back [3], rational [11],
logarithmic [1], generic pull-back [5], associated to the affine Lie alge-
bra [2], rigid [9], and more recently branched pull-back [6]. A complete
description of the irreducible components of F,,_1(d,n) is known only
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in low degrees. In [12] it has been shown that F,,_1(0,n) has only one
irreducible component, while F,,_1(1,n) consists of two irreducible com-
ponents. The classification of F,,_1(2,n) was achieved by Cerveau and
Lins Neto in [4], where they show that F,_1(2,n) has six irreducible
components. The literature on the irreducible components of Fy(d,n)
for 1 <k < mn —1is not as extensive in comparison with the codimen-
sion one case. Some results in this direction can be found in [7] and [9].
The classification of F(0,n) was given in [10, Theorem 3.8], while a
complete description of Fj(1,n) was obtained in [17, Theorem 6.2 and
Corollary 6.3].

In this paper we construct and classify certain components of Fa(d, n)
associated to the affine Lie Algebra aff(C) = (e1, e2), where [e1, e2] = es.
These components include those described in [2]. Let py > pa > -+ >
pn > 1 be relatively prime positive integers and S the diagonal vector
field of C™ defined by

S = xi—&- xi—i— + xi
=D1 1(91’1 b2 28.’E2 Pn naxn

Let X be another polynomial vector field on C™ such that [S, X] =
AX for some A\ € Z. Note that if A # 0, .S and X give a representation
of aff(C) in the algebra of polynomial vector fields of C™. In addition,
if {p € C™ | S(p) A X(p) = 0} has codimension at least two, they give
rise to a dimension two algebraic foliation F = F(S, X) on C", which is
defined by the following integrable (n — 2)-form

w=1igix(dry Ndxg A\ -+ ANdzy,).
Deﬁnem: (p17p27"'7pn) and
F(B, A\ d+1)={F € Fa(d+1,n) | F=F(S,X) in some affine chart}.

Remark 1.1. The polynomial vector field X on C"™ appearing in the
definition of F € F(B, A, d + 1) extends to a one dimensional foliation
on P denoted by Gx. As we show in Lemma 2.5, we can additionally
assume that the degree of Gx is one less than the degree of the foliation F
(see also Remark 2.4). Furthermore, denoting by d the degree of Gx helps
in writing down some parameters that we will need to introduce later
on and results in more transparent computations. This is the reason we
have adopted the notation F(B, A, d + 1), with d 4+ 1 standing for the
degree of the two dimensional foliation.

It turns out that F (B, A\, d + 1), the Zariski closure of F(P, A, d+ 1),
is an irreducible subvariety of F5(d + 1,n) (see Proposition 2.6). In the
cases n = 3 and n = 4, we use F(p,q,r; A\, d+1) and F(p,q,r, s; A\, d+1),
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respectively. Next we present some conditions that entail the existence
of irreducible components F (P, A, d + 1) of Fo(d + 1, n).

Let w be a germ of integrable (n — 2)-form defined at p € C"*, with
p € Sing(w) and n > 3.

Definition 1.2. We say that p is a weakly generalized Kupka (WGK)
singularity of w if codim(Sing(dw)) > 3, where by convention codim () =
n+ 1. In addition, if codim(Sing(dw)) > n we say that p is a generalized
Kupka (GK) singularity.

Definition 1.3. A dimension two holomorphic foliation F on P" is
WGK (respectively GK) if all the singularities of 7 are WGK (respec-
tively GK).

The following result was proved in [2].

Theorem 1.4. Suppose that F(p,q,r; A\, d + 1) contains some GK foli-
ation, where A # 0 and p > q > r are relatively prime positive integers.
Then F(p,q,r; X\, d+ 1) is an irreducible component of Fo(d + 1, 3).

The irreducible components F (B, A\, d + 1) C Fa(d + 1, n) containing
GK foliations will be called GK components.

Corollary 1.5. Ford > 1, F(d*+d+1,d+1,1;-1,d+ 1) is an ir-
reducible component of Fo(d + 1,3) of dimension N, where N = 13 if
d=1and N =14 if d > 1. Moreover, this component is the closure of
a PGL(4,C) orbit on Fo(d+ 1,3).

Note that these families extend the so-called exceptional component
(d = 1), that appears originally in [4], and they consist of the only
general families of GK components provided by Theorem 1.4 that are
known so far.

Even when p; > py > --- > p,, the construction of F(B, \,d + 1)
makes sense. Recently, the latter case was treated in [16]. Our first result
extends Theorem 1.4 to higher dimensional projective spaces. Thinking
of S as defined in an affine chart (E=C", (z1,...,2,)), denote by go € P"
the point corresponding to 0 € F.

Theorem A. Let n, d, \ be integers, with n >3 and d>1. If A >0
and F (B, N\, d+1) contains some WGK foliation F, where qo is a GK sin-
gularity of F, then F(PB, A, d + 1) is an irreducible component of Fo(d +
1,n). In particular, if F(P,\,d+ 1) contains some GK foliation where
A #0, then F(B, A\, d+ 1) is an irreducible component of Fo(d + 1,n).

Remark 1.6. It is worth pointing out that there are irreducible compo-

nents of F5(d + 1,n) provided by Theorem A that are not GK. We give
an example of this situation in Remark 3.8.
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The proof of Theorem A has much in common with the proof of
Theorem 1.4. The main difference is related to recent results on quasi-
homogeneous singularities, previously restricted to the case of dimen-
sion 3.

Next we give a description of the components F (B, A, d + 1) C Fa(d+
1,n) provided by the second part of Theorem A. Loosely speaking,
F(PB,\,d + 1) contains a GK foliation if and only if gy is a GK sin-
gularity of some F € F(PB,A\,d+ 1) and p1,...,pn, A, d satisfy certain
arithmetic relations.

Throughout the text, several parameters will appear. We take the op-
portunity to define most of them now. Given py,...,p,, A, d, by conven-
tion set pp+1 = 0. Define Ay, ..., A\, 7, 71, ..., Tn, Dy, .- ., D, as follows

A1 :pl(d—l)—)\, )\i:)\_pi(d_l), 1=2,...,n,

T=A+ 201 Phs
nn=piln+d) —7, 7 =7—pi(n+d), i=2,...,n,

(1.1)

Pj =DP1 — Pn—j+2, j=1,...,n.

Fori=1,...,n—1,j=1,...,n denote by c;; the following condition

o JPiTA=Piad, i<
Y pjrr + A =pigad, if >

Before stating the next result, it is worth mentioning that F (3, A, d+
1) = F(PB, A\1,d + 1), where P = (p;,...,D,) (see Proposition 2.10).

Theorem B. Letl; > --- > 1, be relatively prime positive integers, p €
Z and d > 1. Then F(L,u,d+ 1) is a GK component of Fo(d + 1,n) if
and only if it can be written in the form F(L,u,d+ 1) = F(P, A\, d + 1),
such that p1 > -+ > py, are relatively prime positive integers, A € Z~g,
satisfying

(a) qo is a GK singularity of some F € F(P, A\, d+ 1),
and p1,...,0n, A\, d satisfy either

(b.1) e c11,C22, -+, Ciiy Cit1,i425 Cit2,i435 - - - s Cn—1,n, for some 0 < i <
n—1
|55,

o 7; #0,5=2,3,...,n,

or

(b-2) ® C11,C22,...,Ci—2,-2, A= pi(d - 1)7 Ciit+15Cit1,i4+25 -+ Cn—1,n,

for some 2 <i < L";ﬂj,

® T 7&07.76{2737””}\{1}
Moreover, if £# B or u# \, then £ =% and u = ;.
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For each d > 1, we have at least one irreducible component
of Fo(d+ 1,n) described by Theorem B. As we will see in Corollary 4.5,
for

C=d" '+ F1,d" 41, d+1,1),

the family F(£,—1,d+ 1) is an irreducible component of Fa(d + 1, n),
extending the irreducible components of Corollary 1.5. Moreover, when
d = 1 it is the only GK irreducible component F(PB, A,2) C Fz(2,n).
This is the reason we sometimes focus on the case d > 2. We point out
that for d = 1 this irreducible component was established in [9]. For
d > 2 it is new.

For the cases n = 3 and n = 4, we can exhibit the GK components in
a more explicit way, as follows.

Theorem B.1. Let p > q > r be relative prime positive integers. Then
F(p,q,m; A, d+ 1) is a GK component of Fo(d+1,3), d > 2, if and only if
eitherp, q, v, A\, d, orp, q, ¥, \1, d satisfy one of the following relations:

(a) p>qg=m(d+1) >7r=md, \ =md? ged(p,m) = 1, p divides
either d* or d* + d + 1.

(b)) p=d>q=r+1>r, A\=dr.

(c) p=kd>q=md+k >r =md, \=md?, ged(k,m)=1, k divides d+
1.

(d)p>qg=md>r=m(d-1), \ = m(d?® - d), ged(p,m) = 1,
p divides either d*> — d, or d2, or d* — 1.

We make some comments about Theorem B.1. It provides a classifica-
tion of the irreducible components given by Theorem 1.4 in terms of the
degree of foliations. In fact, for each d > 2, we can find (in an algorith-
mic fashion) all the GK components F(p,q,r; A, d+ 1) of Fa(d + 1,3).
For example, we do so in Corollary 4.8 for the cases d = 2 and d = 3, ob-
taining irreducible components of F5(3,3) and F2(4, 3) which have been
unknown until now. Corollary 4.9 gives a negative answer to Problem 1
of [2], which asks whether, given three positive integers p > ¢ > r > 1,
we can find (X, d) such that F(p,q,r;\,d + 1) is a GK family. Finally,
we describe in Corollary 4.10 new families of irreducible components like
those of Corollary 1.5.

For the case n = 4, we have an equivalent result.
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Theorem B.2. Let p > q > r > s be relatively prime positive integers.
Then F(p,q,r,s;\,d+1) is a GK component of Fo(d+ 1,4), d > 2, if
and only if either p, q, v, s, \,d orp, q, T, S, A1, d satisfy one of the
following relations:
(@) p>qg=m(d®+d+1) >r=m(d>+d) >s=md* \ =md,
ged(p,m) = 1, p divides either d* or d® + d? +d + 1.
b)yp=kd >qg=md+k>r=m(d+1) >s=md, \=md?,
ged(k,m) = 1, either k divides d, or kd divides m(d*> + d) + k
(which implies k = jd where j divides d + 1), or d divides m and
k divides d*> +d + 1, or k divides d + 1 and gcd(%,d) =1.
() p>qg=md*>r=m(d*—1) >s=m(d*> —d), \ = m(d® — d?),
ged(p,m) = 1, p divides either d> — d?, or d3, or d® — 1.
(d) p=kd >qg=m(d-1)+k >r =md > s =m(d—1), A = m(d*>—d),
ged(k,m) = 1, either k divides d — 1, or k divides d, or d divides
m and k divides d* — 1.

The same comments on Theorem B.1 apply to Theorem B.2. We ex-
hibit in Corollary 4.11, for example, new irreducible components
of fFQ (3, 4)

The paper is organized as follows. In Section 2 we list some basic prop-
erties of the foliations in F(, A, d + 1) which will be used throughout.
For the sake of completeness, we determine the tangent sheaf of their
foliations and the dimension of these subvarieties as well. In Section 3
we recall basic facts concerning the stability of quasi-homogeneous sin-
gularities, settling a key result to obtain Theorem B. Theorem A is also
proved in this section. Finally, Section 4 is dedicated to the proofs of
Theorems B, B.1, B.2, and some consequences.

2. Preliminaries

Throughout this paper, given a polynomial vector field Z on C",
we denote by Z = Zo+ Zy + -+ + Zi, deg(Z;) = i, i = 0,...,k, its
decomposition into homogeneous polynomial vector fields. In parallel,
we write w = &g + - - - + &y, for a polynomial (n — 2)-form w on C”.

2.1. Quasi-homogeneous vector fields. Consider the diagonal vec-
tor field

S 0 + 0 + 0
=p1r]— To—+ - Ty,
b1 al’l b2 anQ Pn naxn
where p1 > po > --- > p,, are not necessarily positive integers.
The next result is an adapted version of Proposition 4.2.1 of [14]. The

proof of the original proposition still holds.
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Proposition 2.1. Let X # 0 be a holomorphic vector field on C™, where
[S, X] =AX. Then
(a) A e Z.
(b) Ld(S,X) = {z € C" | S(2) and X(2) are linearly dependent} is a
union of orbits of the action induced by the vector field S.
Additionally, if p, > 1, then
(¢) A > —p1 and X is a polynomial vector field.
(d) If 0 € C™ is an isolated singularity of X, then the Milnor number
of X at 0 is given by
I1;_1(pj + )
H?:l pi
By Proposition 2.1(a), there is no loss of generality in assuming that

P1,...,pn are relatively prime in the definition of F(P, A\,d + 1). The
relation [S, X] = AX can be given in some equivalent ways, as follows.

Proposition 2.2. Let X = > 7, X;(2)0/0z; be a holomorphic vector
field on C™. Then the following are equivalent:
(a) [S,X] = AX.
(b) X;(tPrzy, ... tPrz,) = tPiTAX (21, .., 20), for all 1 < j < n and
all t € C.
(c) Write X; = 3,,aj027, 1 < j < n, where ajo € C and for o =
(01,..,00), 27 =274+ 20" Ifaj, #0, then Y 1_, POk = pj+A.
For example, if p; = 1, 1 < j < n, then S = R, is the radial
vector field on C™ and the equality [S, X] = AX implies that X is a
homogeneous polynomial vector field of degree A\ + 1.

m(X,0) =

Remark 2.3. Let X be a holomorphic vector field on C", satisfying
[S, X] = AX. Assume that p, > 1. If 0 € C™ is an isolated singular-
ity of X, then A > 0. If X(0) # 0, then A < 0. This is an immediate
consequence of Propositions 2.1 and 2.2 above.

2.2. Some facts about foliations in F(P, A, d + 1). Hereafter we
assume that
pr>p2 > >pp > 1
Let F be some foliation of F(P, A, d + 1). By definition, F is given
by the following (n — 2)-form
w=igix(vn), [S,X]=AX, and v, =dry AdxaA---Adx,

in some affine coordinate system (Ey, (z1,...,2,)) that for now we as-
sume
Eo={(zy: - :2y:1)€P" | (x1,...,2,) €C"}.
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As dw is a (n — 1)-form, there exists a vector field Y such that dw =
iy (vn). The latter is called the rotational of w, and denoted by Y =
rot(w). Using Cartan’s formulas, we get

Y =rot(w) =7- X —div(X) - S,
where 7=A+) 1" | p; and writing X = >""" | X,;0/0x;, we have div(X) =
D e %f:‘

By Proposition 2.1(c), we see that 7 > 0. Using the above expression

for Y, one verifies that

(2.1) [S, Y=Y, w= 1z'siy(l/n)7 and div(Y) = 0.
T

Remark 2.4. Recall that a foliation F of dimension k and degree [ on P™
is defined, on affine coordinate system E = C", by an integrable poly-
nomial (n — k)-form
w=wo+w+ -+ Wi,

where ig, (0+1) = 0, and if @;41 = 0, then ig, (@) # 0. On the other
hand, a one dimensional foliation G of degree [ on P™ is defined on E by
a polynomial vector field

X =Xo+ X1+ + Xip1,

with Xl+1 = g; - R, where g; is a homogeneous polynomial of degree (.
If X;41 = 0, then X; # 0 and is not of the form X; = g;_1 - R,,, where
gi—1 is a homogeneous polynomial of degree [ — 1.

Lemma 2.5. Let F be a foliation in F(P,\,d + 1), given by w
igix (vn) on Eg. Then X can be chosen in such a way that deg(Gx) = d,
where Gx denotes the one dimensional foliation on P™ defined by X
on Ey.

Proof: As deg(F) = d+ 1, we can write on Ej

. 1. . . . N . .
w=1gix(Vp) = ;st(vn) =Wy + @1+ +Way2, iR, (Way2) =0.

Therefore, Y = rot(w) = Yy+Yi+ - -+Yy41. Therelationip, (Gg40) =
0 implies that iRniSi}?d+l(Vn) = 0. Since Sing(igir, (v)) is a union of
lines, and in particular it has codimension greater than two, it follows
from the last equality and Hartog’s Theorem that there exist holomor-
phic functions f and g on Eq such that Yy.1 = f-S+g- R,. As Y1,
R,, S are homogeneous, we can assume that f = f; and g = g4 are
homogeneous polynomials of degree d.

Finally, define X = w Note that w = igiy(vn) and deg(Gx) =
d. O
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Denote by P,, the space of polynomial vector fields on C". Consider
the following finite-dimensional vector space over C

Wo={Y € P, |[S,Y] =Y, div(Y) =0, deg(Y) < d+1,
Z.RniSif/dH (Vn) = 0}.

From (2.1) and the proof of Lemma 2.5, if w = igix (v,) defines some
foliation F € F(PB, \,d+1) on Fy, then Y = rot(w) € Wy. Reciprocally,
given Y € Wy, setting wy = Ligiy (1) we have that ¥ = rot(wy).

In other words, Wy is nothing more than the ambient space of Y =
rot(wy ) whenever wy defines a foliation F € F (B, \,d + 1) on Ey. For
example, if Theorem B(a) holds true, there exists some Y € Wy such
that 0 is a GK singularity of Y.

Denote by Vo = P(Wy) = {[Y] | Y € Wy, Y # 0} the projectivization
of Wy and Aut(P™) the group of automorphisms of P". By definition
of F(*B, A, d + 1), there is a rational map

(2.2) O: Vo x Aut(P") --»Fa(d + 1,n)

given by ®([Y],T) = T*F(S,Y), where F(S,Y) € Fa(d + 1,n) is the
foliation defined by wy on Ey and Image(®) = F(P,A\,d + 1). As the
domain of ® is irreducible, we have the following result:

Proposition 2.6. F(P, A\, d + 1) is an irreducible subvariety of Fa(d +
1,m).

Proposition 2.7. Given F € F(B, A, d+1), then the tangent sheaf of F
splits as TF =0 ® O(1 —d).

Proof: Let Q be a homogeneous (n — 2)-form of degree d + 2 defining F
in homogeneous coordinates, whose restriction to Fy is w = igix (vy),
where deg(Gx) = d.

Let Z be a homogeneous vector field of degree d on C"*! defining Gx
in homogeneous coordinates. Set 1 = ig,  isiz(Vny1), Where in the
definition of €1 we consider S as a vector field on C*t!. We have Q; B, =
pw for some p € C* (see Proposition 4.1.2 of [14]). Since deg(21) = d+2,
Q1 also defines F in homogeneous coordinates. This concludes the proof
(see §2.2 of [9]). O

Next we will obtain expressions for F € F (B, A, d + 1) in other affine
coordinate systems. For example, on
Er={(1:up:tp_q:-:u1)]| (u,...,u,) € C"},

S is given by —S; = —Z?Zl pjuj0/0uj, where p; = p1 — pn—ji2, j =
1,...,n.
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Observe that 7, = p1 > Py > -+ > P,,. If deg(Gx) = d, X has a pole
of order d—1 at u; = 0 and we can write X = %, where X; defines Gx

on Fy. The vector field S; = —S on E; has pcl)sitive eigenvalues and it
will be considered on this chart. Hence
[S1, X1] = [-S,ud™! - X] = M\ Xy,

where \y = p1(d—1)— X and wy = ig,ix, (du; Adug A- - - Aduy,) defines F
on Fy. If Y = rot(w), we can write in F; similar expressions as (2.1).

We can proceed equally in other charts, as summarized in the follow-
ing proposition (recall the parameters (1.1)).

Proposition 2.8. Given F € F(B, A, d+1), there exist affine coordinate
systems (Fy, (x1,...,2,)),1=0,...,n, such that P"* = EgU---UE,, and
(a) On E;, i = 0,...,n, F is defined by w; = ig,ix,(Vn), [Si, Xi] =
AiXi (Ao =A). If Y; = rot(w;), then
Yi =7 Xi —div(Xy) - Si,  [Si,Yi] = NYs,  Twi = is, iy, (Va)-
Since 1o = 1, 11 # 0, it follows that div(Y;) =0, i =0, 1.
(b) So =S, S1 =p1210/0x1 + -+ + D,,x,0/0xy, and fori=2,...,n,
writing S; = Z?:1 p;x;0/0x;, we have
PL=pP1—Dpi> > pic1 =pPi—1—Pi > 0> pi =pix1—pi >+ > Pn-1
=Pn —Di > Pn = —Di-

(¢) Up to a linear automorphism of P, we can assume that

Ey={(x1: - :1xp:1) | (x1,...,2,) €C"},
Ei={(1:2p:zp_1::21) ]| (x1,...,2,) € C"}, and
Ei={(zxy: a1 lim:iay) | (X1,...,2n) € CM}

fori=23,...,n.

Remark 2.9. We sort the singularities qqg, ..., ¢, of S, thought of as a
global vector field on P", as the points corresponding to 0 € FE;, i =
0,...,n, respectively.

From now on, we think of the foliations in F (B, \,d + 1) endowed
with the parameters of Proposition 2.8.

Proposition 2.10. Assume that py > -+ > pp, 1 > -+ > 1, are
relatively prime positive integers, \,u € Z. Then F(P,\,d+1) =
F(L,p,d+ 1) if and only if either £ =P, =X or £ =P, u = A\,
where B = (D1, ..., D,)-
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Proof: Tt follows from Proposition 2.8 that F(B, \,d+1) = F(P, A1, d+
1), which immediately ensures the backward direction of the proposition.
For the other direction, let ag: C™ — P™ be the affine coordinate chart
given by ag(z1,...,2,) = (X1 : --+ : 2, : 1). Recall that there exists a
one-to-one correspondence between Aut(P™) and the set of affine coor-
dinate charts C, which associates T' € Aut(P™) to T oag € C. For a € C,
denote by T, the element of Aut(P") inducing a.

Given F € F(B, A\, d+ 1) and Q a homogeneous form defining F, by
definition and Lemma 2.5 there is some 8 € C such that 8*Q = w =
isix(vn), [S, X] = AX, and deg(Gx) = d. We use the following results:

(1) Denote by V the set of holomorphic vector fields on P, D, the
set of diagonal vector fields W = kjx10/0x1 + - -+ + kpx,0/0x,
on C", where k; > -+ > k, are relatively prime positive integers,
and D =D, U{-W | W € D4 }. Suppose that Z € V is such that
ayZ = 8S. If a € C satisfies a*Z = W € D, then either W = S and
T, is given by a diagonal element of Aut(P") = PGL(n + 1,C),
or W = —5; and T, is given by a secondary diagonal element
of Aut(P™), where S} is as in Proposition 2.8(b).

(2) If w = igig(vy), with [S, X] = AX, then A = A,

(3) For @ € C and W € D, denote by W,, the element of V such that
W, =W. Given W € Dy and £ € Z, suppose that a € C is such
that o*Q = iwig(vy), W, X] = €X, and W, = +S5. If W,, =
Sg, then W =S and £ = A, while if W, = —Sg, then W = 5
and £ = Ay. In fact, it suffices to check this for 8 = «g, and it
follows from (1) and (2).

As F(B, N\, d+ 1)=F(L, u,d+ 1), we can assume that F € F (B, A, d+
1) is generic and F € F(£, u, d+1). By definition there is v € C such that
Y =igig(vn), [S,X] = uX, where S = 11210/0x1 + - - - + 1w 0/ 02y

From now on we assume that § = ag. We claim that if d =1 and A =
0 or d > 2, then 5&, = +5,,, therefore by (3) the proposition follows in
both cases. In fact, if d = 1 and A = 0, it follows from Proposition 2.2(c)
that X = ¢;210/0x1+- - -+¢nrp,d/0x,, where cq, ..., ¢, € C. Since Sl, is
tangent to F, there are a,b € C such that a6§7 = aS+bX is a diagonal
vector field. For X generic, we have that a = +1 and b = 0, then
5&, =+£5,,. If d > 2, we prove that Gg is the unique foliation by curves
of degree one tangent to F, which implies that 5‘7 = £5,,. We assume
that Q = iR, i5i7(Vns1) is as in the proof of Proposition 2.7. If Z; is a
homogeneous vector field of degree 1 in C"*! such that iz, Q = 0, there
are holomorphic functions f, g, h on C"*! such that Z; = f- R,41 +¢-
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S+h-Z. Sinceir, , isiz, (Vnt1) = h€Q, it follows that A = 0. In addition,
f = f(0) and g = g(0) are constant functions. Then the foliation defined
in homogeneous coordinates by Z; = f(0) - Ry41 + g(0) - S is Gg, and
the result follows.

Finally, suppose that d =1 and A # 0. As A+ \; = p1(d—1) =0 and
F(B, A, 2) = F(B,—\,2), we can assume that A < 0. It follows from
Proposition 2.2(c) that X = Xo + X1, where X is a linear vector field
given by a strictly upper triangular matrix. Since S'v is tangent to F,
there are a,b € C such that af‘)gﬂ, =V :=aS +bX. Clearly a # 0.
Note that there is a unique zg € C" such that V(zo) = 0. One can
show that there is an invertible affine map ¢: C* — C", (0) = o,
such that ¥*V = aS; hence a = 1. If a = 1, as w = iyix(vn),
[V, X] = AX, we can write ¥*w = igiy(vp), [S,U] = AU. This implies
the existence of 1) € C such that 7*Q = igiy (vp), [S,U] = AU, and S, =
S,. From (3), it follows that 4 = X\ and S = S. If a = —1, a similar
argument shows that © = A\; = —\ and S = S;. This concludes the
proof of the proposition. O

The proposition below provides the dimension of a general family
F(B, N\ d+1).

Proposition 2.11. Assume that p1 > --- > p, are relatively prime
positive integers, X € Z. Then
dim Vp +n? +n, d>2,
dim (f(ap,A,d+ 1)) ={dimVo+n2+n—1, d=1 and X #0,
n?+2n — 2, d=1and A =0.

Proof: We compute the dimension k of a generic fibre of the map (2.2)
O: Vo x Aut(P™) --» F(P,\, d+1).

Then dim (m) = dimVp + dim Aut(P") — k = dimVp +
n? 4+ 2n — k. We use the notation of the previous proposition. Given
F € F(B, A\, d+ 1) defined in homogeneous coordinates by (2, there is
f € C such that f*Q = wy = %isiy(un), [S,Y] = AY. We can assume
that ,8 = Q.

For Y € Wy, let Qy be the homogeneous (n — 2)-form of degree d + 2
satisfying ojQy = wy.

Claim 2.12. The linear map Y € Wy — Qy is injective.
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Proof: If Qy = 0, then wy also vanishes. So, there exists a polynomial f
such that Y = f-S. Since [S,Y] = AY, we have S(f) = A\f. This implies
0=div(Y) = 7f and we get f = 0. Therefore, Y = 0 and this finishes
the proof. O

Note that ([Y],T) € ®~(F) if and only if there exists £ € C* such
that o (T*Qy) = £ - wy=. By taking a scalar multiple of T instead of T,
we can assume that & = 1. Then

(2.3) apfly = wy and (T o ag)*Qy = wy.

Ifd>2ord=1and XA =0, it follows by (2.3) that Sroa, = £Sa,-
By (1) of the previous proposition, if Steq, = Sa, then T is an element
of the subgroup D(n 4+ 1) C PGL(n + 1,C) of diagonal matrices. On
the other hand, if Stoa, = —Sa,, then S = S; and T belongs to the
subgroup A(n + 1) C PGL(n + 1,C) of secondary diagonal matrices.

Assume that T € D(n + 1) and set T = ag' o T 0 ag. From (2.3)
we have T*wy = wy. Since T*S = S it follows from Claim 2.12 that
[Y] = [I.Y] € Vy. Thus @ Y(F) = {(T.Y,T) | T € D(n + 1)} as long
as P £ Por A# AN, Ifd>2 P =D, and A = )y, it follows from a
similar argument that ®~*(F) has two irreducible components

&N (F) = {(L.Y.T) | T € D(n+ )} U{(T.Y1, T) | T € A(n + 1)},

where oy € C is given by ai(z1,...,2n) = (1 : @y 2 -+ 1 21), T =
agtoT o, and Y, = rot(aif). In any case k = dimD(n + 1) =
dim A(n+1) =n. If d =1 and A = 0, we have that Wy = {¢1210/0z1 +
o4 cpxn0/0Ty | €1 + -+ + ¢, = 0}, hence dim Vy =n — 2.

Finally, if d = 1 and X # 0, then the dimension k of a generic fibre is
one more. This implies the proposition. O

Example 2.13. For S = F(4,2,1;3,3), Wy ={—2azyz0/0x+bxz0/dy+
(ayz®+ci1ox+c2y?)0/0z | a,b,c1,co € C}. Hence dim S = 3+32+3 = 15.

3. Quasi-homogeneous singularities

In this section we recall a recent result concerning stability of quasi-
homogeneous singularities.

Definition 3.1. Let w be a germ of an integrable (n — 2)-form defined
at p € C", with p € Sing(w) and n > 3. We say that p € C™ is a quasi-
homogeneous singularity of w if p is an isolated singularity of Y = rot(w)
and DY (p) is nilpotent.

The next theorem was recently proved ([15]). A stronger version for
the case n = 3 was already known ([13]).
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Theorem 3.2. Assume that 0 € C™ is a quasi-homogeneous singu-
larity of w. Then there exists a holomorphic coordinate system w =
(w1, ...,wy) around 0 € C™ where w has polynomial coefficients. More
precisely, there exist two polynomial vector fields Z and Y in C™ such
that
(a) Z = S+ N, where S = Y1, pjw;d/dw; is linear semi-simple
with eigenvalues p1,...,pn € Zsg, DN(0) is linear nilpotent, and
[S,N]=0.
(b) [N,Y] =0 and [S,Y] =AY, where A\ € Z~o. In other words, Y is
quasi-homogeneous with respect to S with weight .
(¢) In this coordinate system we have w = miziy (dwiA---Adwy,)
and Ly (w) = (A +tr(9))w.

Definition 3.3. In the situation of Theorem 3.2, S = Z?=1 pjw;0/0w;
and [S,Y] = \Y, we say that the quasi-homogeneous singularity is of
type (p1s-- -, Pni A).

We are mainly interested in the following consequence of Theorem 3.2.

Corollary 3.4. Assume that w = iziy(v,),dw =iy (vy), and 0 € C™ is
a quasi-homogeneous singularity of the integrable (n — 2)-form w. Then
the eigenvalues of DZ(0) are all positive rational numbers.

The main ingredient of the proof of Theorem B is Proposition 3.6
below, which in turn is based on the following lemma (see Lemma 4.1
of [15]).

Lemma 3.5. Let A and L be linear vector fields on C™ such that [L, A] =
uA, where p# 0. Then A is nilpotent.

Proposition 3.6. Suppose that F € F(P, A\, d+ 1), where A € Z~o and
d>1.

(a) If the singularity qo € Eq is GK, then it is quasi-homogeneous.
(b) If ¢; € E;, i = 2,3,...,n, is a non-Kupka GK singularity, then
A= pl(d - 1).

Proof: Assume that F is defined on Ey by w = igix(vn). As A > 0
and [S,Y] = AY, where Y = rot(w), it follows by Remark 2.3 that 0
is an isolated singularity of Y. Also, since [S,Y] = AY we have that
[S, DY (0)] = ADY(0). Then (a) follows from Lemma 3.5 with L = S,
A=DY(0), p=\> 0.

For (b), suppose that there is some ¢ € {2,3,...,n} such that ¢; is a
non-Kupka singularity and A # p;(d — 1), i.e., \; = A —p;(d — 1) # 0.
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By Proposition 2.8(a), w; defines F on E; and
Tiwi = 15,0y, (Vn), [Si,Yi] = \iY5, Y = rot(w;),

which implies [S;, DY;(0)] = A;DY;(0). It follows from Lemma 3.5, with
L=3S8;, A= DY;(0), and = \; # 0, that DY;(0) is nilpotent.

If 7, # 0, we get a contradiction from Corollary 3.4, since by Propo-
sition 2.8(b) the eigenvalues of f— are not all positive. If 7; = 0, there
exists a polynomial f such that Y; = f-S;. Set I = f(0). Since ¢; is
GK, we have that [ # 0. Then we obtain a contradiction since DY;(0) is
nilpotent. U

In the next result (see [15, Theorem 3]) we will consider the problem
of deformation of two dimensional foliations with a quasi-homogeneous
singularity. Consider a holomorphic family of (n — 2)-forms, (w;)iev,
defined on a polydisc @ of C", where the space of parameters U is an
open set of C* with 0 € U. Let us assume that

e For each t € U the form w; defines a two dimensional foliation F;
on Q. Let (Y})ieuy be the family of holomorphic vector fields on @
such that dwy = iy, ().

e 0 € C" is a quasi-homogeneous singularity of Fy.

Theorem 3.7. In the above situation there exist a neighbourhood 0 €
V CU, a polydisc 0 € P C Q, and a holomorphic map P:V — P C C"
such that P(0) = 0 and for any t € V then P(t) is the unique quasi-
homogeneous singularity of Fy in P. Moreover, P(t) is of the same type
as P(0), in the sense that if 0 is a quasi-homogeneous singularity of
type (p1,---,Pn; \) of Fo, then P(t) is a quasi-homogeneous singularity
of type (p1,-..,0n;A) of Fi for allt € V.

Proof of Theorem A: Let F € F(B, \,d+ 1) be the required WGK foli-
ation. By Proposition 3.6(a), qo is a quasi-homogeneous singularity of F.

Let (Fi)tex be a holomorphic family of foliations in Fa(d + 1,n),
parametrized in a open set 0 € ¥ C C, where Fy = F, and let ()5 be
a holomorphic family of respective homogeneous (n — 2)-forms on C"**
that defines F;. It suffices to prove that F; € F(P, A, d+ 1) for small [¢].

Next we show that F; is WGK for small |¢|. Define w;; = €
1=0,...,n, where Fy, ..., E, are defined as in Proposition 2.8. Set

Si,t = {[Z} S El | wi,t(z) = O} and ﬂ,t = {[Z] S E7 ‘ dw,;7t(z) = 0}

E;>

Denote by Q;: and R;: the union of the components of codimen-
sion > 3 and the union of the components of codimension < 2 of 7,
respectively. By definition, that F; is WGK on E; means S;; NR;; = 0.
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For each p € P", take an open set V,, C P" with compact closure such
that p € V, C V,, C E;, for some i = i(p) € {0,...,n}. As Fy is WGK,
there exists €, > 0 such that S;; N R;; NV, = 0 if [t| < ¢,. By the
compactness of P, we can assume that there exists a finite number of
points p1, ..., pm such that

m

=J W,
j=1

Then F; is WGK if [t| < €, where e = {r}lin }epj.
J€L,....om
Hereafter, the proof of Theorem A is close to that of Theorem 1.4
that can be found in [2], if we take into account the following three

observations:

(1) As in the case of GK singularities, if py is a WGK singularity of
a germ of foliation G defined by the integrable (n — 2)-form 7, the
sheaf of germs of vector fields at py tangent to G is locally free
and has two generators. Indeed, let z = (21,...,2,), 2(po) = 0,
be a coordinate system around pg, and Y = rot(n). It suffices
to show that there exists a holomorphic vector field X such that
n =ixiy(dz1 A--- Adzy) (see the proof of Corollary 2 of [2]). On
the other hand, as codim(Sing(Y")) > 3, the latter is a consequence
of Proposition 1 of [15].

(2) The tangent sheaf of F splits as TF = O @ O(1 — d).

(3) In the proof of Theorem A, Theorem 3.7 plays the same role that
Proposition 1 of [2] does in the proof of Theorem 1.4. O

Remark 3.8. Let us show that F(10,8,6,1;2,3) C F2(3,4) is an irre-
ducible component provided by Theorem A that is not GK. We use the
notation of Proposition 2.8. In fact, up to a change of coordinates, a
generic foliation F € F(10,8,6,1;2,3) can be defined on

FEo={(z1:20:25:24:1) €P| (x1, 22, 23,24) € C*}

by w = igix(v4), where

0
+ 63’33

+8.’L‘2 8 a

5—101‘1 9 3

921 + 24—

aﬂ’] 4
and

0 0 0 0
X = (xlxi—i—x%)a—xl —|—(x2x4—|—x1)a s (xgaci—i—xg)a + a3 HEE

with [9, X] = 2X. Tt is straightforward to check the following facts:
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e 0 € C*is an isolated singularity of Y = rot(w). Then ¢ is a GK
singularity of F.

e The singularities ¢; and ¢o of F are WGK (but not GK). In fact,
the singular set of both Y7 = rot(w;) and Y2 = rot(ws) consists of
a line through the origin of C*.

e The singularities ¢3 and g4 of F are Kupka.

Indeed, all the singularities of F are Kupka, with exception to gy and
the line of P* through ¢; and ¢, that are WGK, where ¢q is the only GK
singularity of F.

4. Depicting GK components

In this section we prove Theorems B, B.1, and B.2.

Proof of Theorem B: If F(£, p,d + 1) is a GK component of Fa(d+1,n),
we begin by showing that there exist pi,...,p,, A satisfying the condi-
tions of Theorem B such that F(£,pu,d+ 1) = F(B, A, d+1). In this
case, by Proposition 2.10, either £ =, p= X or £="P, u = ;.
The main idea of the proof is to look at the singularities of S. This
is obviously observed in part (a) of Theorem B. Part (b) of the theo-
rem relates to the fact that the singularities go,qs, ..., g, are also GK
singularities of F € F(P, A\, d + 1).
We consider that a GK foliation F € F(P, A\, d + 1) is equipped with
the parameters of Proposition 2.8. By Proposition 3.6(b), if d > 2, as
P1,---,Pn are pairwise distinct, the singularities g9, g3, - . . , g, are Kupka,
with at most one exception. If d = 1, since \; = X\ —p;(d — 1) = X\ # 0,
42, - . -, qn are Kupka singularities of F (the case where d =1 and A =0
will be treated in Corollary 4.5).
We have the following useful observations easily verified by the reader.
(i) For each i € {2,...,n}, if the j-th entry of ¥;(0) is not 0, then
it follows from [S;,Y;] = A\;Y; and Proposition 2.2(c) that condi-
tion ¢;_1; is satisfied.

(ii) If ¢;; and ¢, 4, hold at the same time, 1 < 4,43 <n—1,1 < j,j; <n,
then 43 > ¢ implies that j; > j.

(iii) Denote by ¢;; the same condition as ¢;; substituting py, by p;, and A
by Ai,i=1,...,n—1,j=1,...,n. It follows that

¢;j holds <= €,_;p—jy1 holds, i=1,...,n—-1,j=1,...,n.

(iv) Assume that A = p;(d — 1), for some ¢ € {2,...,n}. If ¢;,;, holds,
it follows that i +1 < j; < nifiy >i—land 1 < j; <i—2if
11 <1 — 1.
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It is clear that the condition of Theorem B(a) must be satisfied. Sup-
pose first that the singularities ¢o, . .., g, are all of Kupka type. Thanks
to (i) and (ii), p1,...,Pn, A, d must satisfy the conditions

C11,€225 - - -, Ciiy Cit1,i425 Cit2,i4+35 - - - s Cn—1,n,

where 0 < 4 < n — 1. From Proposition 2.10 and (iii), we can assume
that 0 < i < VT_lJ In addition, for each j € {2,...,n}, since Tjw; =
is;iy;(vn) and Y;(0) # 0, we have that 7; # 0. Thus we are in the
situation of Theorem B(b.1).

Now suppose that the singularities go, ..., g, are of Kupka type, ex-
cept g;. Thanks to (i), (ii), (iv), and Proposition 3.6(b), p1,...,Pn, A, d
must satisfy

C11,€225 -+ Ci—2,i—2, A =Pi(d — 1), Ciit1,Cit1,i42, -+ Cn—1,n-

From Proposition 2.10, (iii), and the equivalence A = p;(d — 1) <=
Al = Ppyo_i(d —1), we can assume that 2 < i < L%HJ As in the
previous case we have 7; # 0, j € {2,...,n} \ {¢}. Thus we are in the
situation of Theorem B(b.2).

Therefore the conditions of Theorem B are needed to the existence
of GK foliations in F (P, A\,d + 1). Next we show that the conditions of
Theorem B are also sufficient. The proof follows immediately from the
next two lemmas.

Lemma 4.1. A foliation F € F(P,\,d+ 1) is GK if and only if the
singularities qo,q2,q3, - -,qn of F are GK.

Proof: Of course, if F is GK, then the singularities qq, ¢o, - . . , ¢, are GK.
Conversely, assume that they are GK singularities of F. Suppose that
there exists a singularity p that is not GK.

Assume that p # ¢q;. The orbit of the global vector field S through
any point z ¢ Sing(S) accumulates at two points of Sing(S), say gi, ¢;,
i # j and ¢ # 1. Since [S;,Y;] = \;Y;, it follows from Proposition 2.1(b)
that the orbit of S through p is contained in Sing(Y;). We obtain a
contradiction, since ¢; is GK.

Next, suppose that p = ¢1. It is not difficult to see that there is a non-
GK singularity of F on E; other than ¢;. Once again this contradicts
40,92, - - -, qn being GK. O

Recall the parameters Wy, Vj, wy introduced before Proposition 2.6.
For Y € Wy, set Y;, i = 1,...,n, as in Proposition 2.8 (computed in the
same way as wy = wy provides a foliation of degree d 4 1).
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Lemma 4.2. Under any situation of Theorem B, there exists a proper
algebraic subset A C Vi such that if [Y] € Vo \ A, then the singularities
40, G2, 93, - - -y qn Of the foliation F(S,Y) € F(P,\,d+ 1) defined by wy
on Ey are GK.

Proof: Consider the following subsets of V[, where i is given by Theo-
rem B.

I' = {[Y] € Vb | wy does not define a foliation of degree d + 1 on P"},
Y ={[Y] € Vo | qo is a non-isolated singularity of Y},
Li ={[Y] € Vo [ det(DY;(a:)) = 0},

[

H;={Y]eW|Y(g)=0},7i=23,....,n

Note that if [Y] € T, then either wy gives rise to a foliation on P" of
degree less than d+1 or codim(Sing(wy)) < 1. We proceed in the follow-
ing way. We start by observing that I', 3, L;, and the H;’s are algebraic
subsets of Vp. Note that if Y;(g;) = 0 and [Y] ¢ L;, then ¢; is an isolated
singularity of Y;. Under any situation of Theorem B, I" and ¥ are proper
subsets of V. In the situation of Theorem B(b.2), we show additionally
that L;, H;, j€{2,3,...,n}\{i}, are proper subsets of Vj, so we can take

A=TUXUL; U UHk'
k=2
ki
Analogously, in the situation of Theorem B(b.1), the H,’s are proper
subsets of Vj and then we take

A:FUEUOHk.

k=2
It is easy to see that I', L;, and the H;’s are algebraic. For ¥, by
Proposition 2.2(c), the change (z1,...,2,) — (z]*,...,2E") turns the

entries of Y € W} into homogeneous polynomials. Thus we can use the
multipolynomial resultant for n homogeneous polynomials to conclude
that 3 is algebraic (see [8] for example).

Since condition ¢,_1,, holds in any situation of Theorem B, we have
A = ppd > 0. It follows from Remark 2.3 and Theorem B(a) that ¥ C V;
is proper. We claim that I' C V} is also proper. In fact, with the exception
of very few cases, condition ¢,_2 1 is also satisfied, i.e., p,+X = pp_1d.
As also A = p,d, we have that

X =120 R,
+ xn 1 az"
is such that [S, X] = AX. Then the singular set of @ = igis(1;,) has no
divisorial components, and [Y] ¢ T', where Y = rot(@). Likewise one can

check that I' is proper in the other cases.
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Next assume that we are in the situation of Theorem B(b.2). We
show that L; C Vj is proper. In fact, let w; = ig,ix, (V) be a polynomial
(n — 2)-form defining some foliation of F(P, A\, d + 1) on E;, like in
Proposition 2.8(a). Since A; = 0, in this case we have [S;, X;] = 0. By
the parametrization ® (2.2), if ¥; = rot(w;) = 7;- X; —div(X;) - S; is such
that det(DY;(q;)) # 0, then we are done. Otherwise, let €1,¢€a,... €,
denote n arbitrary non-real complex numbers satisfying

n

> e Z—{0}.
k=1
Set w; = isiz')zi(yn), where X; = X; + e(zzzl ekxka%k), ee C. We
have [Sl-,Xi] =0andY; = rot(@;) =Y; + €Z, where

Z =1 <Z ekxkaik> — <Z ek> S;.
k=1 k=1

Since Z is a diagonal vector field satisfying det(DZ(g;)) # 0, if we
take |e| sufficiently large we have det(DY;(g;)) # 0. This finishes the
proof that L; C Vj is proper.

Finally, in both situations of Theorem B, H; C V; is proper, j =
2,...,n. Infact, let w; = ig,ix,(vn) be a polynomial (n—2)-form defining
some foliation of F(P, A, d+1) on E;, where [S;, X;] = \;X,;. As1; #0
and c¢j_1 -1 or ¢j_1; is verified, if necessary we can redefine w; by
adding to X either ¢-0/0z; in the former case or ¢-0/0z ;41 in the latter
case, where ¢ € C*, in order to obtain Y;(g;) # 0. Once again by the
parametrization ® it is sufficient to conclude that H; C Vj is proper. [J

Remark 4.3. In any situation of Theorem B, there is some k € {1,...,n}
such that p; divides px + A. In fact, if 0 is an isolated singularity of
some Y € Wy, there must exist m € Zs¢ and k € {1,...,n} such
that z7"0/0x), € Wy, for otherwise we would have {(x1,...,z,) | T2 =
x3 =--- =x, = 0} C Sing(Y), a contradiction. By Proposition 2.2(c),
m - p1 = pr + A, which implies the result.

Remark 4.4. If A=p,d, one can show that for Y € Wy there is p € C such
that Yy = px? (1R, —(n+d)S) = pad (—71210/0x1+ Y}y Tk O/ Oxy,).
This happens in Theorem B, since condition ¢,_1 , is always valid.
Corollary 4.5. Let £ = (d" 1+ -+1,d" 2+ -+1,...,d+1,1). Then
for every d > 1, F(£,—-1,d+ 1) is an irreducible component of Fa(d +
1,n) of dimension k(n,d), where k(n,d) = n? +2n —1 if d > 2 and
k(n,1) = n? + 2n — 2. This component is the closure of a PGL(n +
1,C) orbit on Fo(d + 1,n). Furthermore, if d = 1 this is the unique GK
component of Fo(2,n) of the form F(PB, A, 2).
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Proof: For i = 1,...,n, set r; = Z;l;l_l &, p = d*!, and R =
(r1,...,7y). We show first that F(R, u,d + 1) satisfy the conditions of
Theorem B. By Proposition 2.10 we have F(R, u, d+1) = F(£,—1,d+1),
and the result follows. It is straightforward the verification that the con-

ditions ¢19, co3, . . ., Cn—1,,, in Theorem B(b.1), i = 0, are verified, i.e., for

PL=T1y---,Pn =Tn, A = we have

(4.1)  ps+A=pad,ps+A=p3d,....,pp + A =pp1d, \=pud.
Since 79, ...,7, are multiple of d and r; is not, we have that 7; =

T—rin+d)#0,j=2,...,n. We assert that

= 0
WOZ :u‘rgL(TRn - (Tl + d)S) + Z a’k—lxz—li; a1y .., 0p-1 eC;.
k2 8mk

In fact, by Proposition 2.2(c), this is due to Remark 4.4 and the
following result.

Claim 4.6. Givenk € {1,...,n}, the system by-r1+--+by, -1, = rg+A,
bi+---+b, <dandby,..., b, € Z>o has no solution if k =1. Ifk #1,
thenb; =0, j #k —1, by_1 = d is the unique solution.

Proof: The above equality means

n—1 i+1
(4.2) SUD b | d=ar+dat 4 d
i=0 \j=1

If by + -+ 4+ b, < d, we have that both sides of (4.2) provide the repre-
sentation of rp + A in the base d system, and since the term d” would
not appear on the left-hand side we obtain a contradiction. Assume that
bi+ - +by =d If k=1, from (4.2) we have 3.5, b; = d, for any
k=2,...,nand by = d+ 1, and we get a contradiction. If £k > 1, a
similar argument shows that by_1 =d and b; =0, j # k — 1. O

Setting p = a1 = -+ = ap,—1 = 1 in the definition of Wy, by Re-
mark 4.4 it follows that 0 is an isolated singularity of

Y = —ma220/0x, + ;2(Tkxkxi + 95%4)%7
and then Theorem B(a) holds (recall that 71 # 0). Moreover, since
dim Vy = n — 1, it follows from Proposition 2.11 that F(fR, u,d + 1) has
dimension k(n,d). Of course the action of Aut(P") = PGL(n + 1,C) on
Fa(d+1,n) leaves F (£, —1,d+1) invariant, and by the description of Wy
it is easy to see that this action is transitive.
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Next we show that of all components F(*B, A, d + 1) described by The-
orem B, F(R, u,d + 1) is the only one where A; < 0. In fact, with the
exception of the situation of Theorem B(b.1), ¢ = 0, condition c¢;; holds,
ie., p1 + A = pad, which implies Ay = p,,d > 0. In the situation of
Theorem B(b.1), i = 0, p1,...,pn, A, d satisfy (4.1) and there exists a
positive integer m such that

mn—1
P2 = Mry,P3 = MT3,...,Pp = Mry, X =md .

Assume, by Remark 4.3, that p; divides po + A. This means that p;
divides d"~' 4 --- +d + 1. Since p; > ps, we have that m < d and

M=pi(d=1)=A>(pa+1)(d—1)—md" ' =d—(m+1)>-1.

Moreover, if \; = —1, then m =d and p; = d" ' +d" 2+ - +d+1,
and we obtain F (R, u,d + 1). In an analogous way, one can show that
if p; divides p; + A, for [ # 2, then A; > 0.

Finally, we consider d = 1. In this case A + A\; = p1(d — 1) = 0.
Suppose first that A\, A\; # 0. By Proposition 2.10, we can assume that
A1 < 0, and we obtain F(R, u,d+ 1) with d = 1. Now suppose that
A = A = 0. Take some F € F(,0,2) defined by w = Ligiy(v,)
on Ey, Y = rot(w). Since qp is is an isolated singularity of Y, there
are c¢1,...,¢, € C* such that Y = Zk 1 ckxkaa . Thus n = n “In is
a logarlthmlc form defining F, and one can deform F to a 1ogar1thmic
foliation that does not belong to F(*B,0,2). Consequently, F (5,0, 2) is
not an irreducible component of Fo(2,n). O

Remark 4.7. As a consequence of the proof of Corollary 4.5, F(£,—1,d+1),
d > 1, are the only irreducible components of the form F(P, A\, d + 1)
whose generic element has exactly one non-Kupka singularity (quasi-ho-
mogeneous), namely ¢j.

Proof of Theorem B.2: We will give an explicit form to the components
described by Theorem B. In the case n = 4, we have four different
situations: Theorem B(b.1), i = 0, and ¢ = 1, Theorem B(b.2), i = 2,
and ¢ = 3. These, combined with the possibilities of Remark 4.3, give
rise to what we call cases. There are, therefore, 16 cases to consider. We
begin by showing the three cases where the families F(p, q,r, s; A, d+ 1)
never contain GK foliations.

In the sequel, given two integers a and b, when a divides b we some-
times denote this by a | b. We also define

_ NN+ N (s +N)
pqrs '
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(1) Theorem B(b.1), i = 0, p divides r + .
The conditions c19, co3, and c34 are satisfied, i.e., r+\ = qd, s+ = rd,
A = sd. An easy verification shows that there exists m € Z~ such that

(4.3) p>qg=m(d*+d+1)>r=m(d*+d) >s=md* \=md.

Hence ged(p, q,7, ) =1 <= ged(p,m) = 1. As A > 0, by Remark 2.3
and Proposition 2.1(d) it suffices to show that m; ¢ Z. Suppose, by
contradiction, that m; € Z. By (4.3), this means that p | d®(d® + d® +
d 4+ 1). On the other hand, since p | » + X and p > ¢, we have that
ged(p, d? +d+1) # 1. Clearly a common prime factor of p and d? +d+1
cannot divide neither d® nor d + d? + d + 1, which is a contradiction.

(2) Theorem B(b.1), i = 0, p divides s + .
Once again p, ¢, r, s, A are given as in (4.3). We cannot proceed as
before, because now mq € Z. Let us write

0 0 0 0
Y —A1% +A267y +A3£ +A4%,

for Y € Wy. We claim that A;(z,y,2,0) = 0 and As(z,y,2,0) = 0,
which clearly implies that 0 is a non-isolated singularity of Y.

We check that A;(z,y,z,0) = 0. Suppose this is not true. Then a
monomial term x%y’2¢ must appear in the expansion of A;. By Propo-
sition 2.2(c), p+ A = ap + bq + re, that is
(4.4) pla—1)=m(d® —b(d* +d+ 1) — c(d* + d)).

As p | s+ )\, we have that p | d® + d* = d?(d + 1), so we can write
p = j1j2, where j1 | d* and jo | d + 1. Since j; divides the right-hand
side of (4.4), ged(ji,m) = 1 and j; divides d?, it follows that

Jilbd+1)+ed=db+c)+b = ji|d(d(b+c)+b)
= j1 | bd
= ji| (d(b+c)+b) —bd=cd+b
— j1 | b* = b(cd +b) — cbd
= g1 | d* —b* = (d—b)(d+D).

Since jo divides the right-hand side of (4.4), ged(jz,m) = 1 and jo
divides d + 1, it follows that

Gold®—b=d*>+1-(b+1) = jo|b+1
— jold—b=(d+1)—(b+1).
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As ged(j1, j2) = 1 and both ji, jo divide d? — b? = (d — b)(d + b), we
conclude that p = j1ja | d? — b2. Since b < d, we have p < d? — b? < d>.
As p > g, we obtain a contradiction. Therefore, A;(x,y,z,0) =0.

Analogously, if we suppose As(z,y,2,0) # 0, writing p = ji1jo as
above, it is possible to show that j; | d*> — (b—1)? and jo | d + 1 — b,
which implies p | d®> — (b — 1)2. Once again since p > ¢ we obtain a
contradiction.

(3) Theorem B(b.2), i = 2, p divides s + .
In this case, A = q(d — 1), ca3, and c34 are satisfied, i.e., s + X = rd,
A=g¢q(d—1) =sd. So

(45) p>qg=md* >r=m(d*~1) >s=m(d*—d), \=m(d®—d?),

for some m € Z~o. Hence ged(p, q,7,8) =1 <= ged(p,m) = 1.

We show that m1 ¢ Z. In fact, if mq € Z by (4.5) p | d®*(d—1)(d*+d+
1). On the other hand, p | s + A means that p | d® —d = d(d+1)(d — 1).
Then p | d(d — 1)(d® + d + 1) = d* — d. This implies

pld*—d—d(d®—d)y=d*—d<q,

and we obtain a contradiction.

It remains to consider the cases which provide GK irreducible com-
ponents, corresponding to the situations of Theorem B.2. In all cases,
D, ¢, T, S, A, d satisfy certain c;;’s and we show, in a very similar way,
that the other conditions of Theorem B also hold. Therefore, we do so
only for two cases which contain the main aspects.

(4) Theorem B(b.1), i = 1, p divides s + .
The conditions cy1, c23, and c34 are satisfied, i.e., p+A=gqd, s+ X =
rd, A = sd. Thus

p=kd>q=md+k>r=m(d+1)>s=md, X\=md?,

for some m € Z~o. Hence ged(p, ¢,7,8) =1 <= ged(k,m) =1 and the
fact that p divides s + A\ means that k divides d + 1.

o 75, 73,74 7# 0.

In this case, m =r+s—3¢ < 0and 74y = p+qg+r—3s > 0. Suppose
that 73 = p+ ¢ — 3r = 0. This implies k(d 4+ 1) = m(2d + 3). Since the
pairs k, m and d+1, 2d+ 3 are relatively prime, it follows that m = d+1
and k = 2d + 3. We obtain a contradiction since k divides d + 1.
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e Theorem B(a) holds true.
We claim that Theorem B(a) is satisfied if and only if

(4.6) ged (”M;U,d) =1.

Note that we are in the situation of Theorem B.2(b), where additionally
k divides d + 1.

Assume that Theorem B(a) holds, i.e., 0 is an isolated singularity of
some Y € Wy. Write Y € Wy as in case (2). We claim that A;(x,0, z,0) =
0 and As(z,0,2,0) = 0. Let us check that A;(x,0,2,0) = 0. If this is not
true, then a monomial term 2%2® must appear in the expansion of A;. It
follows that p+\ = ap+br or, equivalently, kd(a—1) = m(d? —b(d+1)).

Hence k divides d? — b(d + 1), which implies that k& = 1 since also k
divides d + 1. We get p = d < ¢ = md + k, which is a contradiction.
Proceeding in an analogous way, we obtain As(z,0, z,0) = 0.

As both A;(x,0,2,0) and As(x,0,z,0) vanish, it is necessary that a
monomial term 2% appears in the expansion of Ay. Thus g+ = ap+br,
that is, ad — 1 = mj(d —b), where j = % € Z~o. Hence ged(myj,d) =1
and we have (4.6).

Conversely, assume that (4.6) holds and set j as above. As ged(myj,d) =
1, there exists a integer b such that d | mjb — 1. We can assume that
0 < b<d. Thus

d | mjd — (mjb—1) =mj(d —b) + 1.
mj(d—b)+1

If we define a = ———="—= € Z>, then ¢ + A = ap + br. One can
check that a +b < d. Set | = #£2 < d and

0 0 0
_(_ d dy 9 d a by 9 a9
Y = (—nzw —|—y)ax+(7'2yw +acz)8y+7'32w %

0
d+1 l d
T4W X z)—.

We have that Y € Wy and 0 is an isolated singularity of Y. Then
Theorem B(a) holds.

(5) Theorem B(b.2), i = 2, p divides p + .
Besides A = ¢(d — 1), conditions ca3 and ¢34 are satisfied, i.e., s+ X =
rd, A\ =q(d — 1) = sd. Thus

p>qg=md*>r=m(d*—1)>s=m(d>—d), \=m(d®—d*),
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for some m € Z¢. Hence ged(p,q,7,8) =1 <= ged(p,m) = 1 and
p divides p + A means that p divides d®> — d?. So we are in the situation
of Theorem B.2(c), where p divides d® — d>.

o 73,74 # 0.

In this case 173 = p+q¢—3r and 74 = p+q+r—3s > 0. Suppose that 75 =
0. This implies that p = m(2d? — 3). Since ged(p, m) = 1 it follows that
m=1 Thenp=2d>-3,q=d*, r=d*~1,5s=d?>—d,and \ = d> —d>.
Using polynomial division, we have 2(p + A\) = p(d + 1) + 3(d — 1). As
p divides p + X it follows that 2d% — 3 divides 3(d — 1), and we obtain a
contradiction since d > 2.

e Theorem B(a) holds true.
Setlz%zl—i—%dez We have 1 <l < d+ 1. Take

0

)
V=a(-nw’ + a2’ + a0 4 y(row’ + b 4 blyd_l)@

1o}
+Z(T3wd+cxl_1—i—clyd_l)@—i—(w(mwd—i—exl_l—i—elyd_l)—i—zd)%.
Then Y € Wy aslongasla+b+c+e=0and a; +dby +c1 +e; =0.
Furthermore, 0 is an isolated singularity of Y if and only if

—71 a a1 —71 a ai - a o a
b b |#£0, | 7w b bi|£0, |t Yo, [0 Yo,
T3 C T4 €
T3 cC C T4 e €1
T bl g T g T M g 20, and b #£0
5 ) el ) b b1 ) a ) n 1 )
where | - | stands for the determinant. After making the substitutions

e=—(la+b+c) and e; = —(a; + dby + ¢1), we see that the conditions
above are given by a non-empty Zariski open set on C® with coordi-
nates (a,a1,b,by, ¢, c1), which shows that 0 is an isolated singularity of
generic Y € Wj.

The case (4) is the only one where a further condition is required in
order to ensure that the families contain GK foliations. In all other cases,
the verification that the 7;’s are not zero is either immediate, as 75 # 0
in case (4), or it can obtained with the aid of polynomial division, as
73 # 0 in case (5). Moreover, since A = sd in all cases, we have 7y =
p+q+r—3s > 0. The verification that Theorem B(a) holds is very close
to what we did in cases (4) and (5). By symmetry, in Theorem B(b.2),
1 = 3, the families given by the case p divides g + A coincide with those
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given by the case p divides s + \. We summarize in the following table
the correspondence between Theorem B and Theorem B.2.

Case

plp+A

plg+A

plr+ A

pls+A

Theorem B(b.1)
i=0

Theorem B.2(a)
p divides d*

p divides @ +d*> +d + 1

Theorem B.2(a)

Theorem B(a)
not satisfied
my €7

Theorem B(a)
not satisfied

Theorem B(b.1)
i=1

Theorem B.2(b)
k divides d

kd divides m(d? + d) + k

Theorem B.2(b)
k

Theorem B.2(b)
d divides m and
divides d? +d + 1

and gcd(%,d) =1

Theorem B.2(b)
k divides d + 1

Theorem B(b.2)
=2

Theorem B.2(c)
p divides d® — d?

Theorem B.2(c)
p divides d®

Theorem B.2(c)
p divides d°® — 1

Theorem B(a)
not satisfied
my €7

Theorem B(b.2)

Theorem B.2(d)

Same as case p

Theorem B.2(d)

Theorem B.2(d)
d divides m and

i=3 k divides d — 1 divides s + A k divides d k divides d — 1

O

Proof of Theorem B.1: The proof is very similar to that of Theorem B.2.
In Theorem B, n=3, there are three different situations: Theorem B(b.1),
i =0, ¢ =1, and Theorem B(b.2), i = 2. These, combined with the pos-
sibilities of Remark 4.3, give rise to nine cases to consider. There is only
one case in which we do not have GK foliations, namely Theorem B(b.1),
1 =0, p divides 7 + A. In fact, the proof that

(ERNCERVCRDNIS
par

is similar to that of case (1) of the proof of Theorem B.2.

All the other eight cases provide families containing GK foliations,
and we can proceed as in the previous proof to verify that the conditions
of Theorem B are satisfied. By symmetry, the cases corresponding to
Theorem B(b.1), i« = 1, p divides ¢ + A and p divides r + X, generate
the same families of foliations. We summarize in the following table the
correspondence between the two theorems.

Case plp+A pla+ A plr+A

Theorem B(b.1) | Theorem B.1(a) | Theorem B.1(a) | Theorem B(a) not satisfied
i=0 p divides d? p divides d? +d + 1 my €7

Theor'em B(b1) Theorem B.1(b) Sa.m.e as case p Theorem B.1(c)
=1 divides r + A

Theorem B(b.2) | Theorem B.1(d) | Theorem B.1(d) Theorem B.1(d)
i=2 p divides d*® — d p divides d? p divides d? — 1

O

From Theorem B.1, for instance, we display the GK components
of F5(3,3) and F2(4, 3) given by Theorem 1.4.
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Corollary 4.8. For each p, q, r, A in the table below, F(p,q,r; A, 3) is
an irreducible component of Fa(3,3):

p[7]716[4[4]3
q1[613[5]3[2]2
rlal2]22]11
N84 al4a]2]2

For each p, q, v, X in the table below, F(p,q,; X, 4) is an irreducible
component of F2(4,3):

pl13(13]|13|112| 9|9 (|9(9|8[6|6|4|3
gl|12| 8 | 4| 7|86 |4(3|3|5[3|3]2
T 9163|364 |3|2{2]3[]2]|2]|1
A27]181 9|9 |18[12]9|6]6|9|6|6]|3

Corollary 4.9. If ¢ > 3, there are no A # 0 and d > 1 such that
Flg+1,¢,1;N,d+1)

contains some GK foliation.

Proof: A simple verification shows that p=¢g + 1, ¢, r=1 do not satisfy
any of the four relations of Theorem B.1, regardless of the choices for A #
0 and d > 2. The result follows, since p=p, g =g¢q, and 7 = r. O

Corollary 4.10. For d > 2, F(p,q,rm;\,d+ 1) is an irreducible compo-
nent of Fo(d + 1, 3) for the following values of p, q, r, A:

L r | o | r | x|
P +d+1| d+1 1 -1
P+d+1| d+1 d d?
d+d |2d+1] d d?
d? d+1 d d?
d? d 1 0

d2 d |d-1|a?-d

d? -1 d |d—1|d®-d

Proof: In Theorem B.1, just make the following substitutions: in (a),
m = d, p = d> +d+ 1, and apply Proposition 2.10; in (a), m = 1
and p = d>+d+1;in (c), k =d+1and m = 1; in (a), m = 1
and p = d?; in (a), m = d — 1, p = d?, and apply Proposition 2.10;
in (d), m=1and p=d>? in (d), m=1and p=d> — 1. O
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Similar results can be established from Theorem B.2. For instance,
we have:

Corollary 4.11. For eachp, q, r, s, A in the table below, F(p,q,r, s; A, 3)

is an irreducible component of Fo(3,4):
pl15(15 |14 |12 |8 |8|7|6|6|4
q[14[ 7 [11]8 |7|4|4|5]5]3
r|12|6 | 6 |3 [6]3|3|4]3]|2
s|| 84|42 (422|221
Al16| 8 | 8 | 4 (844|442
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