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Abstract: Let f: (R",0) — (RP,0) be a real analytic map germ with isolated in-
stability. We prove that if n = 2 and p = 2, 3, then f is finitely C°-determined. This
result can be seen as a weaker real counterpart of Mather—Gaffney finite determinacy
criterion.
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1. Introduction

Given an analytic map germ f: (K",0) — (KP,0) with K =R or C,
f is finitely determined if there exists & € N such that for any map
germ g with the same k-order Taylor expansion j%g(0) = j*£(0), g is
A-equivalent to f (i.e., equivalent by coordinate changes in the source
and target). In the complex case, the Mather—Gaffney finite determinacy
criterion says that a map germ is finitely determined if and only if it has
isolated instability. In the real case, finite determinacy implies isolated
instability but the converse is not true (see Examples 2.4 and 2.5).

When p = 1, a function f: (R",0) — (R,0) has isolated instabil-
ity if and only if it has an isolated singularity. A celebrated theorem of
Kuo ([3]) states that if f has an isolated singularity, then it is finitely
CO-determined, that is, there exists & € N such that for any g with
% £(0) = j%9(0), g is C°-A-equivalent to f (i.e. the coordinate changes
are homeomorphisms). Instead of CY-A-equivalence, we can also con-
sider CY-K-equivalence, where K is the contact Mather’s group. Then it
is well known that if f: (R™,0) — (RP?,0) has isolated K-instability, then
f is finitely C°-K-determined (see [10, Theorem 6.1]). In [1], the au-
thors consider C%-A-equivalence and give sufficient conditions for finite
CP-determinacy of C*°-map germs f: (R™,0) — (R?,0) in terms of some
Lojasiewicz inequalities in the multi-jet spaces. But it is not known if
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isolated instability implies finite C°-determinacy in general for analytic
map germs f: (R™,0) — (R?,0).

In this paper we consider the case of analytic map germs f: (R?,0) —
(R?,0), with p = 2,3 and we prove that isolated instability implies finite
CO-determinacy in these cases. The procedure to prove this (Sections 4
and 5) will be to construct a family of map germs F' = f+th, with h be-
ing a map germ of higher order terms and prove that F' is topologically
trivial in both cases. We will use different results, including the char-
acterization of topologically trivial families previously studied by both
authors (see [8, 9]). In fact, when p = 2, a family f;: (R2,0) — (R?,0)
is topologically trivial if it is excellent (in the sense of Gaffney [2]) and
the critical point space S(f;) is a topologically trivial family of plane
curves. For p = 3, a family f;: (R?,0) — (R?,0) is topologically trivial if
it is excellent and the double point space D?(f;) is a topologically trivial
family of curves in (R? x R?,0). Then an intensive use of the Lojasiewicz
inequalities will allow to control the degree of h in order to have such
conditions.

We adopt the notation and basic definitions that are usual in singu-
larity theory (e.g., A-equivalence, stability, finite determinacy, etc.), as
the reader can find in Wall’s survey paper [10].

Acknowledgements. The authors thank the anonymous referee for
many valuable comments and suggestions.

2. Stability and finite determinacy

In this section we state the results and basic definitions that we will
need during the paper, including the definition of stable map, finite
determinacy, and Mather—Gaffney finite determinacy criterion.

Two smooth map germs f, g: (K", S) — (KP,0), with K =R or C, are
A-equivalent if there exist diffeomorphism germs ¢: (K", S) — (K", .5),
¥: (KP,0) — (KP,0) such that g = 1o f o ¢t If ¢, 1 are homeo-
morphisms instead of diffeomorphisms, then f, g are C°-A-equivalent or
topologically equivalent.

We denote by X(f) ={x € K" : f is not submersive at x} the set of
critical points of f and by S(f)={x€K" : rank Jf(x) < min{n,p}} the
set of singular points of f. It is obvious that if n > p, then X(f) = S(f).

Let F be a 1-parameter unfolding of a smooth map germ f: (K", S) —
(KP,0), with F(x,t) = (fi(x),t).

e F is trivial (respectively, topologically trivial) if there are diffeo-
morphism germs (respectively, homeomorphism germs) ®: (K™ x
K,Sx{0}) - (K*"xK,Sx{0}), ¥: (K’ xK,0) — (KPxK,0) such
that they are unfoldings of the identity and F = Wo (f xid)o®~ 1.
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e The map germ f: (K", S) — (KP,0) is stable if any unfolding of f
is trivial.
In the case that F is origin preserving (i.e., fi(z) =0, for all z € S and
for all t), we can consider f;: (K", S) — (KP,0) as a family of germs.

Let (X,0) C (K",0) be an analytic set germ. A deformation of (X, 0)
is another analytic set germ (X, 0) C (K" x K, 0) such that 7=1(0) = X,
where 7: (X,0) — (K,0) is the projection w(x,t) = t. We say that
(X,0) is a topologically trivial deformation if there exists a homeomor-
phism @: (X,0) — (X x K,0) such that 7/ o & = 7, where 7': (X x
K,0) — (K, 0) is also the projection onto the second factor.

The map germ f: (K", S) — (KP,0) is k-determined (respectively, k—
CP-determined) if, for any map germ g with the same k-jet, we have that
g is A-equivalent to f (respectively, topologically equivalent to f). We
say that f is finitely determined (respectively, finitely C°-determined) if
it is k-determined (respectively, k—C%-determined) for some k. We term
order of determinacy (respectively, order of C°-determinacy) of f the
smallest k such that f is k-determined (respectively, k —C?-determined).

In the complex case, we have the following Mather—Gaffney finite
determinacy criterion (see [10, Theorem 2.1]).

Theorem 2.1. Let f: (C*,0) — (CP,0) be a holomorphic map germ.
Then f is finitely determined if and only if there is a representative

f: U =V, where U and V are open neighbourhoods of the origin in C™
and CP respectively, such that

(1) f7HO) N E(f) = {0},

(2) f:2(f) = f(ZE(f)) is finite (i.e., finite-to-one and proper),

(3) f:U\f10) — V' \{0} is locally stable (i.e., for eachy € V' \ {0},

f:(C™,8) — (CP,y) is stable, where S = f~1(y) N B(f)).
Coming back to the real case, if f: (R™,0) — (RP,0) is real analytic,

then we can consider its complexification f: (C",0) — (CP,0). It is well
known that f is finitely determined if and only if f is finitely determined
(see [10, Proposition 1.7]). Thus, we have the following immediate con-
sequence of the Mather—Gaffney finite determinacy criterion.
Corollary 2.2. Let : (R™,0) — (RP,0) be a finitely determined map

germ. Then there is a representative f: U — V, where U, V are open
neighbourhoods of the origin in R™ and RP respectively, such that

(1) f7H0)NE(f) = {0},
(2) f:2(f) = F(E(S)) is finite,
(3) f:UN\ f71(0) — V\ {0} is a locally stable mapping.
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Given a stable multi-germ f: (R™,S) — (RP,y), we denote by B C
(RP, y) the germ of all points y’ € f(3(f)) such that the multi-germ of f
at S’ = f~1(y') N X(f) is A-equivalent to the multi-germ of f at S. We
call B the analytic stratum of f in the target.

If dim B = d, then the multi-germ f represents a d-dimensional stable
type. In particular, when d = 0 we say that f is a O-stable type.

Let f: U — V be a representative of a map germ satisfying condi-
tions (1), (2), and (3) of Corollary 2.2. Then the O-stable points of f
in V'\ {0} are isolated. Moreover, given a 0-stable type, the analytic stra-
tum at that point will be analytic in V'\ {0} and thus cannot accumulate
at the origin, by the Curve Selection Lemma (see [6]). After shrinking
the neighbourhoods U and V if necessary, we can assume that f has no
O-stable points in V' \ {0}.

Definition 2.3. A real analytic map germ f: (R™,0) — (RP,0) has
1solated instability if there exists a representative f: U — V, where
U, V are open neighbourhoods of the origin in R” and RP respectively,
such that

(1) f7H0) N E(f) = {0},

(2) f:2(f) = f(E(F)) is finite,

(3) the restriction f: U\ f~1(0) — V' \ {0} is a locally stable mapping
with no 0-stable points.

In such a case, we say that f: U — V is a good representative of the
map germ.

By Corollary 2.2 finite determinacy implies isolated instability, but
the converse is not true in general in the real case as we can see in the
examples below.

Example 2.4. If n = p = 2, the O-stable points are the double fold
points and the cusps. Thus, f has isolated instability if f=1(0) = {0},
f: U — Vs finite, and f: U\ {0} — V' \ {0} is stable with only simple
folds. Consider the following examples:

(1) The real analytic map germ f(z,y) = (2y, 22 —4?) has singular set
S(f) = {(z,y) : 2> + y*> = 0} = {(0,0)}. Therefore, f is regular
outside of the origin and, since f~1(0) = {0}, we conclude that f
has isolated instability. However, when looking at its complexifi-
cation f, we have that S ( f) has two branches x = +iy and the
restriction of f to each branch is f(+iy,y) = (—iy?, —2y?), giving
a branch of double fold points in the target. It follows that f and
as a consequence f are not finitely determined.
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(2) Let f(z,y) = (z, (2% +y?)?), which has isolated instability. In fact,
F71(0) = {0}, S(f) is the line y = 0, and the restriction of f to this
line gives x — (x,2%), so f has no cusps or double folds outside
of the origin. However, f(S(f)) has a branch of double folds and
thus f is not finitely determined.

Example 2.5. If n = 2 and p = 3, the 0-stable points are the cross
caps and the triple points. We have that f has isolated instability if
F710) = {0}, f: U — V is finite, and f: U \ {0} — V' \ {0} is an
immersion with only transverse double points.

For instance, consider the real analytic map germ f(z,y) = (z, y? y(x*+
y%)?). We have f~1(0) = {0} and its double point curve in R? is D(f) =
{(2? 4+ y?)? = 0} = {0}. Therefore, f has isolated instability. However,
its Mond number u(D(f)) is not finite, so f is not finitely determined
(see [5] for details).

We will prove in the following sections that for n =2 and p = 2, 3, if
f: (R™,0) — (RP,0) has isolated instability, then f is finitely C°-deter-
mined. These results can be seen as a real counterpart of the Mather—
Gaffney finite determinacy criterion.

3. The Lojasiewicz inequality

The main tool to prove our result will be the Lojasiewicz inequality [4],
which is strongly connected with the concept of finite C°-determinacy
of a map germ.

Definition 3.1. Let us denote by O,, the set of real analytic function
germs f: (R",0) — R. Let I C O,, be an ideal and h € O,, be such that
V(I) CV(h). Let ¢g1,...,gs be a system of generators of I. By [4, p. 136]
we can consider the greatest lower bound of those 8 > 0 such that there
exists an open neighbourhood U of 0 in R™ and a constant C' > 0 such
that

|h(x)|” < C'sup |gi(x)]

for all x € U. We call this number the Lojasiewicz exponent of h with
respect to I and we denote it by I(h,I). If J = (h1,...,ht) C O, is any
other ideal such that V(I) C V(J), then we set I(J,I) = max;l(h;, ).
Note that everything works properly if we consider in each side of the
inequality the sum of the squares of the respective system of generators.

Using this definition we can prove the following result:
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Proposition 3.2. Let g: (R™,0) — (R, 0) be analytic such that g=1(0)=
{0}. Let G: (R™ x R,0) — (RN,0) be analytic with G(z,t) = g(z) +
th(z,t). If k > l(my,,g) and h € mEON, |, then there exist U, I open
neighborhoods of the origin in R™ and R respectively such that, for all
gi: U —= RN t I, we have g; *(0) = {0}.

Proof: Since g is analytic and g=!(0) = {0}, by Lojasiewicz inequality,
there exists U C R™ open neighborhood of 0 and constants C', 6§ > 0 such
that |lg(z)| > C||z||%. On the other hand, since h(z) € mEON, |, after
shrinking U and taking I C R an open neighborhood of 0 small enough,
there exists D > 0 such that ||h(x)| < D||z||*. Let us take k big enough

with k > 6 = I(m,, g). Then, for all z € U and [t| < 5, we have

lge(@)| = llg(@)]| = Itllla()]| = Cllz])® — [t D]j]*
_ 1
> (C — [tD)|z]*")|l2l|® = (C — |t|D)]|® > §CH$IIG~
This implies the result. O

4. Finite CY-determinacy of map germs from R? to R?

The purpose of this section is to prove that any real analytic map
germ f: (R?,0) — (R% 0) with isolated instability is finitely CY-deter-
mined (Theorem 5.7).

For each n € N we denote by O,, the local ring of analytic functions
g: (R™,0) = R and by m,, its maximal ideal.

To prove the finite C%-determinacy of f: (R%,0) — (R2,0), we will
consider a 1-parameter unfolding F': (R? x R,0) — (R? x R, 0) of f with
F(:L’,t) = (ft(f)ax)a ft(z) = f(aj) +th(l‘), h(l‘) € mgo%a and k € N big
enough and we will see that F' is topologically trivial (Theorem 4.7).

The notion of excellent unfolding is due to Gaffney [2].

Definition 4.1. An origin preserving unfolding F': (R" xR, 0) — (RP x
R,0) given gy F(x,t) = (fi(x),t) is called excellent if there exists a
representative F': U — V x I, where U, V', I are open neighbourhoods
of the origin in R"*!, RP, R respectively such that f,: U, — V is a good
representative of the map germ f; for all ¢t € I, where U; = {x € R™ :
(z,t) € U}.

Lemma 4.2. Let F be an excellent unfolding of a map germ f: (R%,0) —
(R2,0) with isolated instability. If S(F) is topologically trivial, then F is
topologically trivial.

Proof: This is just a reformulation of [8, Theorem 3.6], where we show
that F' is topologically trivial if it is excellent and the discriminant



FINITE CY-DETERMINACY OF REAL ANALYTIC MAP GERMS 569

A(F) = F(S(F)) is a topologically trivial family of plane curves. Since
F is excellent, the restriction F: S(F) — A(F) is a homeomorphism
which preserves the parameter. Hence, A(F') is topologically trivial if so

is S(F). O

In our case, we fix a representative of F of the form F: U x I — R3,
where U, I are open neighbourhoods of the origin in R?, R respectively.
To prove that F' is excellent and S(F') is topologically trivial, we need
to check the following conditions for all f,: U — R?, with t € I:

(1) The Jacobian determinant J; is regular on U \ {0}.

(2) fi'(0) = {0}.

(3) The restriction f;: S(f;) — R? is an immersion on U \ {0}.
(4) The restriction f;: S(f;) — R? is injective.

In fact, conditions (1), (2), (3), and (4) imply that f; has only simple
fold singularities on U\ {0}, so F is excellent (see [8]). On the other hand,
condition (1) also implies that S(F') is topologically trivial by Kuo’s
Theorem [3]. We prove each one of these conditions in the following
lemmas.

Lemma 4.3. For k € N big enough and after shrinking the neigh-
bourhoods U and I if necessary, the Jacobian determinant J; is regular
on U\ {0} for allt e 1.

Proof: Since f; = f+th with h € m5O32, we have J;(z) = Jo(z) +tB;(z)
for some B; € m2 ~1®3. We consider the gradient of J;:
0Jy dB; 0Jy aBt>

= B, = — - = _ -
VJt VJO+tv t ((91’1 + 6:6176562 + 3562

with 2, 88t € mi=20;.

Since f has isolated instability, we can assume V(V.Jy) = {0}. There-
fore, applying Proposition 3.2 for k; = k — 2 > 6; = l(mg, VJy), after
shrinking U and I if necessary, we have that J; is regular on U \ {0} for
allt e I. O

Lemma 4.4. For k € N big enough and after shrinking the neighbour-
hoods U and I if necessary, f; *(0) = {0} for allt € I.

Proof: We assume f~1(0) = {0} and f; = f + th with h € mkO2%. By
Proposition 3.2 for ko = k > 05 = l(mg, f) we get the desired result. 0

Lemma 4.5. For k € N big enough and after shrinking the neighbour-
hoods U and I if necessary, fi = (fir, far): S(fi) — R? is an immersion
on U\ {0} for allt e 1.
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Proof: Let Cy be the analytic subset given by the vanishing of the three
2 x 2-minors of the Jacobian matrix of (fi¢, for, J:). We have that Cy
contains the non-immersive points of f;: S(f;)\{0} — R?, so it is enough
to show that C; C {0}. We denote the three minors by My, My, My,
and My = (Mg, Mo, M3;). A simple computation shows that if f; =
f+th with h € mlg(’)g, then M; = My + tQ; for some @Q; € m§72(’)§.
Since f has isolated instability, we can assume that Cy C {0}. If
Co = 0, then C; = () for ¢ small enough and we are done. Otherwise, if
Cp = {0}, as a consequence of Proposition 3.2 for ks = k —2 > 03 =
l(mg, My) we get the desired result. O

Before stating the last lemma, we recall here the construction of the
double point space due to Mond [7]. Let f: (R™,0) — (RP,0) be an
analytic map germ with n < p. For each i = 1,...,p we can write

fily) — fi(x) = Zaij(ﬂf,y)(yj — ;)

for some functions a;; € Ogy,. In matrix notation, we can write

f(y) - f(if) = a(x,y)(y - if),
where o = (;). The ideal Io(f) is the ideal in Oy, generated by the
n X n-minors of o and by the functions f;(y) — fi(z) withi=1,...,p.
The double point space D?(f) is the analytic subset of (R™ x R™,0) given
by the vanishing of I5(f). This is equal to the set of pairs (z,y) such

that either x # y and f(z) = f(y) or x = y is a non-immersive point
of f.

Lemma 4.6. For k € N big enough and after shrinking the neighbour-
hoods U and I if necessary, f;: S(f;) — R? is injective for allt € I.

Proof: Let D; be the analytic subset of U x U given by the vanishing
of the ideal I5(f;) together with Ji;(z) = Ji(y) = 0. This includes the
double points of f;: S(f;) — R2, so it is enough to prove Dy = {0}.

In our case, f; = f + th with h € m502, which gives

fily) = fi(@) = (alz,y) + 1B(z,y))(y — ),
with 5 5
a1 +t011 i + 012
atif= <0¢21 +1f21 o2+ tﬁzz)
and f§;; € mfj*l. For simplicity, we denote the defining equations of D,
by Eit,..., Est, where F1; = det(a +tf8), Eor = f1:(y) — f1e(x), E3 =
fgt(y) — fzt(a'}), E4t = Jt($)7 E5t = Jt(y), and Et = (E1t> ey E5t>.
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Since f has isolated instability, we can assume Dy = {0}. On the other
hand, we have £ = Ey + tF; for some F; € mﬁ_log’. Hence, applying
Proposition 3.2 for ky = k—1 > 6, = l(mg, Ey), we get the desired
result. O

Theorem 4.7. Let F: (R?xR,0) — (R*xR,0) be a 1-parameter unfold-
ing of an analytic map germ with isolated instability f: (R?,0) — (R2,0),
with F(x,t) = (fi(x), ), fi(z) = f(x) +th(z), h(z) € m5O%, and k € N
big enough. Then F s topologically trivial.

Proof: If we take k big enough such that k — 2 = min{ky, ko, k3, ka} >
0 = max{0;,0s,03,04}, where kq, ko, k3, k4 and 61, 0o, 03, 0, are taken
as in the proofs of Lemmas 4.3, 4.4, 4.5, and 4.6, we have that F is
topologically trivial. O

Finally, we can state and prove the main result of this section.

Theorem 4.8. Let f: (R?,0) — (R?0) be a real analytic map germ
with isolated instability. Then f is finitely C°-determined.

Proof: Let g: (R?,0) — (R%,0) be a real analytic map germ such that
7% £(0) = j*g(0) for k € N big enough. This implies that g— f € mi 103,
Let us consider the unfolding F(xz,t) = (f(x) + th(x),z) as in Theo-
rem 4.7, with h = g — f. For each ¢y € R, the germ of F at (0,tg) is
topologically trivial, so f; is topologically equivalent to f/ for any t, '
near tg. Since R is connected, we have that f; is topologically equivalent
to f{ for any ¢,t' € R. In particular, if we take t = 0 and ¢t = 1 we have
that f and ¢ are topologically equivalent and the result is proved. [

Remark 4.9. The order of C’-determinacy of f: (R?,0) — (R2,0) is given
by the integral part of the Lojasiewicz exponent 6 plus two.

Example 4.10. If we consider the map germs studied in Example 2.4,
fla,y) = (zy,2* —y?) and f(z,y) = (, (2> + ¢*)?), applying Theo-
rem 4.8 we have that both germs are C-finitely determined. In partic-
ular, following the arguments of the proof of Theorem 4.7 we can take
as Lojasiewicz exponents § = 2 and 6 = 3, and conclude that they are
4 — C%-determined and 5 — C-determined respectively.

5. Finite C°-determinacy of map germs from R? to R3

In this last section we study the case of analytic map germs f: (R? 0) —
(R3,0) with isolated instability. We want to proof analogous results of
Theorems 4.7 and 4.8 for this case, concluding that f is finitely C°-de-
termined (Theorem 5.7).
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We proceed as in Section 3. We consider an unfolding F': (R2xR,0) —
(R? x R,0) of f with F(z) = (fi(z),z), fi(z) = f(x) + th(z), h(z) €
m503, and k € N big enough. We will see that F is topologically trivial
(Theorem 5.6). To prove this, we will use the following result:

Lemma 5.1. Let F' be an excellent unfolding of a map germ f: (R%,0) —
(R3,0) with isolated instability. If D*(F) is topologically trivial, then F
1s topologically trivial.

Proof: We showed in [9, Theorem 7.4] that F' is topologically trivial if
F is excellent and D(f;) = p1(D?(f;)) is a topologically trivial family of
plane curves, where p; : R2xR? — R? is the projection onto the first fac-
tor. Since F'is excellent, f; has no triple points and hence the restriction
p1: D2(f:) — D(f) is a homeomorphism. Thus D(f;) is topologically
trivial if so is D?(f;). O

Given f: (R?,0) — (R?,0), the ideal I5(f) which defines the double
point space D?(f) has six generators in O4: the three 2 x 2-minors
of the matrix « together with f;(y) — fi(x), i = 1,2, 3. For simplicity,
we denote these six generators by M, ..., Mg and M = (M, ..., Ms).
When f is stable and (z,y) € D?(f), the ideal I5(f) is in fact generated
by three equations and M has rank three, so that D?(f) is a regular
curve. Conversely, if M has rank three at (x,y) € D?(f), then either x =
y and the germ of f at x is A-equivalent to the Whitney umbrella or
x # y and the bi-germ of f at {z,y} is A-equivalent to a transverse
double point (see [5] for details).

Let F(x,t) = (f(x) + th(z),t) and fix a representative of F' of the
form F: U x I — R*, where U, I are open neighbourhoods of the origin
in R2, R respectively. For each t € I, we have a map f;: U — R3. To
prove that F' is excellent, we need to check the following conditions for
all fi: U — R? witht e I:

(1) M;: U x U — RS has rank 3 on U x U \ {0}.

(2) fi'(0) = {0}.

(3) f:is an immersion on U \ {0}.

(4) f: has at most double points.
By the above discussion, conditions (1), (2), (3), and (4) imply that f;
has only transverse double points on U \ {0} and hence F is excellent.

We prove at the same time condition (1) together with the fact that
D?(F) is topologically trivial.
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Lemma 5.2. For k € N big enough and after shrinking the neighbour-
hoods U and I if necessary, My: U x U — RS has rank 3 on U x U \ {0}
for all t € I. Moreover, D?(F) is topologically trivial.

Proof: We prove the two assertions at the same time. Instead of M;, we
consider the map M, = (M, p): U x U — R”, where p(z,y) = ||(z,y)||%.
We claim that it is enough to show that M; has rank 4 on U x U \ {0}.
In fact, this implies

(1) M, has rank 3 on U x U \ {0}, so that D?(f;) \ {0} is a regular
curve.

(2) The restriction p: D?(f;)\ {0} — R is regular. Hence, there exists
8o > 0 such that D?(f;) is transverse to S3 for all 0 < § < &.
But this implies that D?(F) is topologically trivial by the cone
structure of D?(f;) on the closed disk Dj .

We prove the claim. Let Cyy, ..., Cy; be the 4 x 4-minors of the Jacobian
matrix of M; and let C' = (Cit,...,Cpy). For t =0 we know that f has
isolated instability and after shrinking U if necessary we can assume that
My has rank 3 on U x U \ {0}, so that D?(f)\ {0} is a regular curve. By
the Curve Selection Lemma, the critical values of p: D?(f)\ {0} — R
cannot accumulate at the origin. There exists dp > 0 such that ¢ is not a
critical value for all 0 < § < dg. Again, after shrinking U if necessary we
can assume that p: D?(f) \ {0} — R has no critical points and hence
My has rank 4 on U x U \ {0}. In other words, we have C;*(0) = {0}.

On the other hand, we have f; = f+th with h € m§O3, which implies
that C; = Cy + tD; with D, € mi_l(’)g. Thus, applying Proposition 3.2
for ky =k — 1> 01 = l(mga, Cp) we get the desired result. O

Lemma 5.3. For k € N big enough and after shrinking the neighbour-
hoods U and I if necessary, f; *(0) = {0} for allt € I.

Proof: We follow exactly the same argument as in the proof of Lem-
ma 4.4. By Proposition 3.2 we get the desired result for ko = k > 05 =
l(m27 f) O

Lemma 5.4. For k € N big enough and after shrinking the neighbour-
hoods U and I if necessary, fi is an immersion on U \ {0} for allt € I.

Proof: Let S; be the set of non-immersive points of f;. This set is analytic
in U and is defined by the vanishing of the 2 x 2-minors of the Jacobian
matrix of f;. We proceed as in the previous lemmas. Denote by E14, Eo,
and Fs; the three minors and let E} = (Eq, Foy, Es¢). For t = 0 we can
assume that Sp = {0}.



574 J. A. Moya-PEREZ, J. J. NUNO-BALLESTEROS

On the other hand, F; = Ey + tF; with F; € mgflOg. Therefore,
by Proposition 3.2 we have the desired result for ks = k—1 > 03 =
l(mg,Eo). O

Lemma 5.5. For k € N big enough and after shrinking the neighbour-
hoods U and I if necessary, fi has at most double points for all t € I.

Proof: Here we work on U xU xU. We consider the analytic subset T; de-
fined by the vanishing of the functions M (y) — My (x), Myt (2) — M (y),
and My (x) — My (2) with ¢ = 1,...,6, where M;; are the generators of
the double point ideal I5(f:). It is clear that T; contains the triple points
of f, so it suffices to prove that Ty = {0} for all ¢ € I.

For simplicity we rewrite the equations of T} as Giy,...,G1s: and
G, = (G1y, - .. ,Gis,) and proceed as above. For t = 0 we may assume
To = {0}. On the other hand, G; = Go + tH; with H;, € mE~10Ol8.
Then, as a consequence of Proposition 3.2, we have the desired result for
k4:k71>64:l(m2,G0). O

Theorem 5.6. Let F': (R?xR,0) — (R3xR,0) be a 1-parameter unfold-
ing of an analytic map germ with isolated instability f: (R?,0) — (R3,0)
with F(z) = (fi(z),2), fi(x) = f(z) +th(z), h(z) € mO3, and k € N
big enough. Then F is topologically trivial.

Proof: We take k big enough such that k—1 = min{ky, ko, k3, ka} > 0 =
max{6,02,05,04} as in Lemmas 5.2, 5.3, 5.4, and 5.5, and we get the
desired result. O

Finally, by using the same arguments as in Theorem 4.8, we get the
main result of this section.

Theorem 5.7. Let f: (R?,0) — (R3,0) be a real analytic map germ
with isolated instability. Then f is finitely C°-determined.

Remark 5.8. The order of C%-determinacy of f: (R?,0) — (R3,0) is given
by the integral part of the Lojasiewicz exponent 6 plus one.

Example 5.9. If we consider the germ f(x,y) = (z,y?, y(2? + 3?)?) of
Example 2.5, applying Theorem 5.7 we have that f is finitely C°-deter-
mined. In particular, using the arguments of the proof of Theorem 5.6,
we can take as Lojasiewicz exponent § = 4 and conclude that f is
C0-5-determined.

Remark 5.10. No proof or counterexample are known for the converse of
Theorems 4.8 and 5.7, that is, of the statement that any finitely C°-de-
termined map germ f: (R™,0) — (RP,0) has isolated instability, even for
particular cases. This problem remains open.
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