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Abstract: We provide an explicit technical framework for proving very general two-
weight commutator estimates in arbitrary parameters. The aim is to both clarify
existing literature, which often explicitly focuses on two parameters only, and to
extend very recent results to the full generality of arbitrary parameters. More specif-
ically, we study two-weight commutator estimates — Bloom type estimates — in the
multi-parameter setting involving weighted product BMO and little BMO spaces,
and their combinations.
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1. Introduction

Singular integral operators (SIOs) T" have the general form

Tf(x)= y K(z,y)f(y)dy.

Varying the assumptions on the underlying kernel K gives us many fun-
damental linear transformations arising naturally in pure and applied
analysis. One-parameter kernels are singular when z = y, while the
multi-parameter theory deals with kernels with singularities on all hy-
perplanes of the form z; = y;, where z,y € R? are written in the form
r=(;)™, € R4 x ... x R¥m for a given partition d = dy + -+ + dp,.
Compare, for example, the one-parameter Cauchy kernel 1/(z — y)? to
the bi-parameter kernel

1
(21 = y1)(z2 — y2)’
which is the product of Hilbert kernels in both coordinate directions of
R x R = R? = C. General multi-parameter kernels do not need to be
of the product or convolution form, however. The paper by Fefferman—
Stein ([12]) deals with the convolution case, while Journé ([24]) devel-
ops more general theory. However, we will be relying on the much more
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recent dyadic-probabilistic methodology — see Martikainen [37] for the
original bi-parameter theory and Ou [39] for the multi-parameter exten-
sions.

Commutator estimates are a key part of modern harmonic analysis.
Coifman-Rochberg—Weiss ([6]) showed that

(L.1) [[bllsymo SHb; Tl e —2r < [IbllB7MO, Where [b, T]f := bT'f=T(bf),

for pe (1, 00) and for some non-degenerate enough one-parameter SIOs T'.
In general, commutator estimates, e.g. yield by duality factorizations
for Hardy functions, imply various div-curl lemmas relevant for com-
pensated compactness and have connections to recent developments of
the Jacobian problem Ju = f in LP — for the latter see Hytonen [23].
The field of multi-parameter commutator estimates has recently also
been very active. For evidence of the activity, see, for example, the pa-
per Duong—Li-Ou—Pipher—Wick [10], which studies the commutators of
multi-parameter flag singular integrals. We get to other recent multi-
parameter commutator estimates momentarily.

Let p and A be two general Radon measures in R%. A two-weight prob-
lem asks for a characterisation of the boundedness T: LP(u) — LP(\),
where T can be an SIO. For the two-weight characterisation for the
Hilbert transform T'= H, where K (z,y) = 1/(x —y), see Lacey [26] and
Lacey, Sawyer, Shen, and Uriarte-Tuero [30] (see also Hyténen [22]).
The general higher dimensional theory has serious challenges, and there
is no characterisation yet in the Riesz transform case. However, re-
cently the corresponding two-weight question in the commutator set-
ting has seen a lot of attention and progress. In these so-called Bloom
type variants of the two-weight question we require that p and A are
Muckenhoupt A, weights and that the problem involves a function b.
The theory then concerns the triple (u, A,b), and the function b will lie
in some appropriate weighted BMO space BMO(v) formed using the
Bloom weight v := p'/PA=1/P ¢ A,. Therefore, this means that for an
operator A®, depending naturally on some function b, the Bloom type
questions concern the estimate

1A° | o )= 2o (6) Spday a, [10lIBMOE)-
In the natural commutator setting the corresponding lower bound
1bllBMOw) Sitay Na, 116 Tl e (- e

is also of interest. For the Hilbert transform T'= H Bloom ([3]) proved
such a two-sided estimate — hence the name of the theory.
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In the much more recent works of Holmes-Lacey-Wick [16, 17]
Bloom’s upper bound was proved for general bounded SIOs in all di-
mensions R¢. The lower bound was proved in the Riesz case. Lerner—
Ombrosi-Rivera-Rios ([31]) refined these results — this time the proofs
employed sparse domination methods. An iterated commutator of the
form [b, [b, T'] is studied by Holmes-Wick [19], when b€ BMO NBMO(v).
This iterated case also follows from the so-called Cauchy integral trick of
Coifman—Rochberg—Weiss [6]; see Hytonen [21]. This trick only works,
though, as it is assumed that b € BMO. However, this assumption
is not valid in the optimal case — a fundamentally improved iterated
case is by Lerner-Ombrosi-Rivera-Rios [32], where b € BMO(v/2) D
BMONBMO(v). This is optimal: a lower bound is also proved in [32].
In the already mentioned paper [23] by Hytonen lower bounds with very
weak non-degeneracy assumptions were shown. Multilinear Bloom type
inequalities are studied in the paper Kunwar-Ou [25].

We now get into bi-parameter and multi-parameter theory. Here the
recent progress is most often based on the so-called representation the-
orems as sparse domination methods essentially currently work in one-
parameter only (although see Barron—Pipher [2]). In fact, Barron—Conde-
Alonso-Ou-Rey ([1]) show that one of the simplest bi-parameter model
operators — the dyadic bi-parameter maximal function — cannot satisfy
the most natural or useful candidate for bi-parameter sparse domina-
tion. A representation theorem represents SIOs by some dyadic model
operators (DMOs). To understand the upcoming discussion, we need
to discuss some details regarding this. The proofs of representation
theorems are based on very careful refinements of various 7’1 theorems
(for the original one see David and Journé [9]) and dyadic-probabilistic
methods (see Nazarov—Treil-Volberg [38]). Indeed, T'1 theorems essen-
tially exhibit a decomposition of a standard SIO into its cancellative
part and the so-called paraproducts. The one-parameter dyadic repre-
sentation theorem of Hytonen [20] (extending e.g. Petermichl [41]) then
provides a further decomposition of the cancellative part into so-called
dyadic shifts, which are generalisations of the Haar multipliers

= (fhodhg = Y Xl ha)hg, Mol S1.

QEeD QeD

On the other hand, a paraproduct refers to an expression obtained by
expanding both factors of the usual pointwise product b - f in some
resolution of the identity, and dropping some of the terms in the resulting
double expansion (so that it is not the full product). The T1 € BMO
assumptions in 71 theorems specifically deal with these paraproducts.
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The T'1 theorems follow from representation theorems, but the real point
is that the structural information of representation theorems is key for
proofs of many other results.

In the bi-parameter case we have paraproducts and cancellative shifts,
but also their hybrid combinations. The latter are new in this setting,
and are called partial paraproducts due to their hybrid nature. The pure
bi-parameter paraproducts are called full paraproducts. This leads to
the following terminology: free of paraproducts (all paraproducts vanish)
and free of full paraproducts (the partial paraproducts need not vanish
but the full paraproducts do). These can all be phrased with checkable
T1 = 0 type conditions. Such conditions always hold in the convolution
case, and in some works these types of assumptions are made if the
technology to handle the various paraproducts is not yet in place. See
Martikainen [37] for the bi-parameter representation and Ou [39] for the
multi-parameter extension. The following terminology is also convenient:
the term SIO refers just to the kernel structure of our operators, while
a Calder6n—Zygmund operator (CZO) is an SIO satisfying appropriate
T1 type conditions (and is thus bounded).

We are now ready to start our discussion of bi-parameter and multi-
parameter commutators. If T is a bi-parameter CZO in R4 %% the right
thing for [b,T] is that b € bmo(R%+92) — this means that b(-, x5) and
b(x1,+) are uniformly in the usual BMO (this is one of the many equiv-
alent ways to state this). This so-called little BMO is a certain type of
bounded mean oscillation space in bi-parameter, and it arises in com-
mutators of this type, but in many other cases the so-called product
BMO (denoted e.g. by BMOp,0q) of Chang and Fefferman [4, 5] involv-
ing general open sets is more fundamental. If T, and T, are linear
one-parameter CZOs in R% and R?, respectively, then for

(Ta,, 0. TLNS = Ty, (0T, f) — Ty, T, (0f ) — 0T34, Ty, f + T3, (bTy, f),

where T} f () =Ta,(f (-, x2)) (1), the right object is b€ BMOproa (R T42).
In the Hilbert transform T = H case references for these commutators
include Ferguson—Sadosky [14] and Ferguson—Lacey [13]. We note that
the paper by Ferguson—Lacey ([13]) contains the deep lower bound

Bl BMO,oa r2) S INHY, [0, H])| L2 12

See also Lacey—Petermichl-Pipher-Wick [27, 28, 29] for the higher di-
mensional Riesz setting and div-curl lemmas.

By bounding commutators of bi-parameter shifts Ou, Petermichl, and
Strouse ([40]) proved that

(1.2) 116 Tl 22 22 < [[bllbmos
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when T is a general bi-parameter CZO as in [37] and is free of para-
products. This is a very special case of their theorem — we get to the
full case later. Holmes—Petermichl-Wick ([18]) removed the paraprod-
uct free assumption of [40] and proved the first bi-parameter Bloom type
estimate

1[0, Tl o ()= Lo (3) Stula, Na, 1Bllbmog)-

Here A, stands for bi-parameter weights (replace cubes by rectangles
in the usual definition) and bmo(v) is the weighted little BMO space
defined using the norm

1
bmoyzzsu—/b—b ,
(1Bl bmo ) R R| (0)

where the supremum is over all rectangles R = I} x I, C R% x R,
(b)r = |—11%|be7 and v(R) = [, v.

Recently, Li-Martikainen—Vuorinen ([34]) reproved the result of [18]
using a short proof based on some improved bi-parameter commuta-
tor decompositions from their bilinear bi-parameter theory [35]. Impor-
tantly, the new proof also allowed them to handle the iterated little BMO
commutator by showing that

k
Bk - - b2 101, TN - W Lo o= 2o3) Siay Ay | 10illbmourrs)-

i=1

They also recently showed the corresponding lower bound in [36] using
the median method. In [8] Dalenc and Ou extended [12] by proving that
for all one-parameter CZOs

T2, 16, Ta,Mlzr e < [bllBMO,rea-

The two-weight version of this was recently proved in [36]:

(13) T3, b TE Lr 2oy Siday My 1BIBMOoa()-

This is the first two-weight Bloom estimate involving the most delicate
(and important) bi-parameter BMO space — the product BMO. In the
weighted setting it can be defined by using the norm

1 2
(14) blovoyan) =m0 (S 2 10 AR PR

ReD
RCQ

where €) is an open set, D is a given cartesian product of some dyadic
grids in R% and R%, respectively, and the non-dyadic variant is a supre-
mum over all such norms.
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Our goal in this paper is to provide a careful proof of the analog of the
estimate (1.3) in the case that the appearing singular integrals are multi-
parameter, and in the case that we allow more singular integrals in the
iteration. We want to provide an explicit proof in the multi-parameter
setting, as they are very rare in the literature — often bi-parameter results
are proved and the corresponding multi-parameter results are implicitly
or explicitly claimed. This practice makes those results available only for
a very few experts as often the details of the multi-parameter extensions
are actually very challenging — both technically and notationally. The
underlying general philosophies can be hard to understand from just
the bi-parameter results. So our focus is both on the explicit method-
ology unveiling the general principles, and also on extending the recent
result (1.3) as much as we possibly can.

In [40] the estimate (1.2) is used implicitly as a base case for more
complicated multi-parameter commutator estimates. For example, sup-
pose that T7 and Ty are paraproduct free linear bi-parameter singular
integrals satisfying the assumptions of the representation theorem [37]
in R% x R9% and R% x R% respectively. Then, according to [40], we
have the estimate

T3, o, Tl e sy S max(sup 1B, 2, 21) B30

Z2,T4

sup ||b(7 2,3, ')”BMOWMU
r2,T3

sup Hb(xl? R x4)||BMOpr0d7
T,

sup ||b(£L’1, 55 L3, ')”BMOpmd) ”fHLz(]_[i*:1 R%i)

x1,T3
involving both the product BMO and little BMO philosophies. The para-
product free assumption can be removed according to [18]. We prove
results of this type in the two-weight Bloom case generalising [36] and
(1.3). As a byproduct, we get explicit proof of unweighted multi-param-
eter estimates of [40]. The full methodology is included, which is key.

Statement of the main results. A small restriction in our theorems
concerns the fact that the way we handle the hybrid paraproducts (par-
tial paraproducts) requires sparse domination methods in one-parameter.
This requires that when our CZOs are not paraproduct free, they are
at most bi-parameter — otherwise the partial paraproducts would not
be amenable to sparse domination methods. This restriction comes from
the methods of [34, 36|, which we adapt here. We have not found a
way to estimate certain terms without relying on these methods. How-
ever, if our CZOs are paraproduct free, they can be CZOs of arbitrarily
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many parameters. This recovers multipliers, convolution form CZOs,
and others.

Theorem 1.1. We work in R? with m-parameters, i.e., d = di+- - -+d,,.
For a given k < m we want to have k multi-parameter CZ0s so that their
parameters add up exactly to m. Thus, let T = {I;}¥_, be a partition of
{1,...,m}, and for each i = 1,...,k let us be given an #I;-parameter
CZO T; in HjeL- R% . Suppose, in addition, that for alli =1,...,k at
least one of the following conditions holds:

(1) the CZO T; is paraproduct free, or

(2) #L; < 2.

Let v = /ﬁ)f%, where p, A € Ap(RU x --- x R¥m) (m-parameter
Ay, weights in R?) and 1 < p < co. Then for b: R* — C we have

||[T1, [T27 v [b, Tkm||L1’(u)—>LP()\) S Hb”bmoz(u)v

where we understand that in this formula T; acts on the whole space R?
—i.e, Ty=TF (see Subsection 2.1 for this notation). Moreover, 10l bmoz (1)
is the suitable little product BMO - see (2.2).

The structure of this paper is the following. In the beginning of
Section 2 we give the notation which we are going to use in the entire
paper. Then we give the definitions and recall some standard estimates.

In Section 3 we introduce expansions of function products and para-
product operators. The main result of this section is to prove Bloom
type upper bounds for these multi-parameter paraproduct operators.

Then we split the study of our main Theorem 1.1. In Section 4 we
consider the paraproduct free CZOs by first proving the results for multi-
parameter shifts. Then using the representation theorem we get the result
for paraproduct free CZOs.

In Section 5 we begin with four parameter product spaces. We prove
the case of the main theorem with two bi-parameter CZOs. The strategy
of the proof is to use a representation theorem such that it is enough
to study commutators with DMOs. We illustrate how to prove Bloom
type upper bounds for these commutators by a careful study of a certain
special case. Then by iterating previous results and combining with the
results of Section 4 we get our main Theorem 1.1.
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2. Definitions and preliminaries

2.1. Basic notation. We are working with the multi-parameter setting
in R x ... x RI¥m. We set dy +ds + -+ + d,, = d. To avoid confusion
we need consistent notation. For example, every z € R% x - .- x R is a
tuple (z1, 22, ...,2,), where z; € R%. Similarly, every rectangle I1 x I x
coox I, C R x. .. xR consists of cubes I; € R%. Rather than writing
each cube separately, we let I, where m denotes the vector (1,2,...,m),
be a rectangle in R? = R% x ... x R% and also for functions we can
write 15, ® 17, ® --- ® 15, = 11, x...x1,, =: 1r,. Since it really does
not matter what order tensor form functions are written, we do not
distinguish between 1;, ® 17, and 1, ® 1,.

We often need operators to be defined only for some of the variables
—e.g. for f: R4t +dn 5 C and for some operator U in R%, U2f is
defined as

U2f(l') = (Uf(‘rlv Sy L3y ,(Em))(.’EQ)

Notice that, for example, for g: R4 +42 — C we would also have
U?g(a1,x2) = (Ug(x1,-))(w2).

Since it is clear from the context we do not make notational differences
between these two. Additionally, we always write to the subscript the
parameters where the operator is defined. For example, an operator U
is defined in R%.

Similarly, for integral pairings:

<fv g>1(2) = <f(5 Z)ag>17

where f: RAtdetFdn  C g: R4 — C, and z € ReEtdsttdm,
Although for (f, g), where f: R? — C and g: RY — C, it makes sense to
leave out the parameters since in this case, the output of the pairing is a
constant. For example, for f: Rat+d2t+dm _ C we allow the notation
<f, 1[2/|IQ| ® 111/|Il|>2,1 and understand it as <f, 111/|Il| ® 1]2/|12|>1,2.
In addition, if V1?2 is an operator in R4 +dvat+duvn for some
subsequence v = (v;)?; of (1,2,...,m), then we simply write U?f =
Uvrvz-vn f - For example, for brevity and clarity reasons, the opera-
tor U%? is understood as the operator U2 defined in R41+92,
Moreover, assume that Z = {Z;,Z,} is a partition of {1,2,...,m},
that is, U, Z; = {1,2,...,m}, the sets Z; are disjoint, and Z; # 0 #
Ty. Let 0 = (i)iez,, 5 € [[;e7, R, and let ¢ be a function on R?. Then
we write ¢, as the obvious function defined on [[;c, R%  where z; has
been fixed. For example, let f: R+ — C and fix (2q,22) € RA+dz,
Then fy, (y2)= f (21, y2) and fo, (y1) = f(y1, 22) for all (y1,y2) € R+
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We denote dyadic grids in R% by D% and D = pdisdz,dm = D1
D% x ... x D4m If I, € D%, then IZ-(ki) denotes the unique dyadic
cube Q; € D% so that I; C Q; and £(Q;) = 2*4(1;), where £(J;) denotes
side length of a cube J;. Similarly, for rectangles: if I; € D, then
IY(TI:) = Il(kl) X I§k2) x -+ x I In addition, for I; € D% we define
ch(l;) = {Qs € D% : I, = QMY

For I; € D% we denote by hi, a cancellative L? normalised Haar func-
tion. Here we suppressed the presence of € {0,1}% \ {0}. In particular,
when we write hr, by, it can really stand for h}’: h?f for two different 77, 72
— however, this causes no problems as we only ever use the following size
property |hyhr,| = 11, /|1;|. We recall some basic properties: [ hy, =0,
(RJ B2) = 61,,5,00, o> and B, =17, /|1;] 2 = |hy,

Martingale representation. Let D% be some dyadic grid in R% and
suppose that f is an appropriate function defined on R?. Let 2 = (x4, ...,
Tm) € RY and @; = (§)jeq1,2,....mp\ (i} hence za, = (25)jeq1,2,...mp\{i} €
eqiz,.mp gy RY-

For ¢ defined on R and a rectangle Q; C R% we denote the integral

average
1

P
Qsl Jq,
by (¢)q,, where ¥ is a subsequence of (1,2,...,m). In addition, let

{Z1,Z>} be a partition of {1,2,...m} such that Z; # 0 # Z,. We define
(fo,5: R% — C as

1
Pawslvn) = 57 /Q o)y

where yy € R% | 0 = (i)iez,, and 0 = (4)iez,-
For all i = 1,2,...,m and I; € D% define the one-parameter martin-
gale difference

@) = (AL fea ) @) = Y (fea)@e = (foa, ) 1) 1au (@0)-
Qi€ch (I;)

The multi-parameter martingale difference is defined as iterated one-
parameter martingale differences

Lf@) = A7 (AF, @) = = AF (- (A7 D)(@).

where ¥ = (v;)_, is a subsequence of m, Iy = I, X ---x I, € D% o} is
the sequence without the parameter i, and the order of the one-parameter
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martingale differences is arbitrary. Notice that we have the following
equality

AL f = Z (f,hl)i@hi, = (f,h1,)i ® hr,,
n€{0,1}4i\{0}

where I; € D% . Naturally, in the multi-parameter situation, we have
Zf:(Az{ 7 thi>’U¢® hlvi == (f, h1u1® e® hlun>hl'zrl® - ®@hy,,
=(f,h1,)s ® hr,,

where 0 = (v;); is a subsequence of m, and o} is the sequence without
the parameter i. Notice that, if © = m, then

<f7 hI@>17 ® hIa = <f’ h1m>hlm'
Define the one-parameter martingale block
kol = Y ALS

I,eD%
=k,

and the multi-parameter martingale block
6K67k‘f7 f = Z A}jﬁ f7

I;eDd
Iéki ) :I(5

where v is a subsequence of m.
Square functions. Define the one-parameter square function

et = (X 18E) = (X |<f,hu>z-|2®|15>%'

I;€D% I,€D%

Since we will work on fixed dyadic grids, we abbreviate S%di by S%. In
addition, by the same reasoning, we abbreviate ) ; ., by >, if there
is no reason to emphasize the dyadic grid where the sum is taken over.

Let ¥ be a subsequence of (1,2,...,m). Define the multi-parameter

square function
1
v _ v r12)2
Baod = (Y0 1857
I; €D
If ¥ is a genuine subsequence, then we have

(X 18507) = (X Khnhl o )’

I;E€D% I; €D
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and obviously, for © = M we have

(X 8nsR) = (X (k)"

ImeDm I €Dim

N

Maximal functions. Define the one-parameter dyadic maximal func-
tion

. ) 1
%dif(x) = Mp., fzai (v;)) = sup =
Qi€Dy, |Qz| Qi
Qidx;

= sup lg, (1"1)<|fﬂiaZ |>QL
Q;€D%i

| fa, (vi)|dys

Similarly, as with the square functions, we suppress the dyadic grid if
there is no reason to specify it.

Let Z = {Z;,Z>} be a partition of {1,2,...,m} and we require that
Ty # 0. Let v = (i)jer, and @ = (i)sez,. Define the strong multi-
parameter dyadic maximal function

MUf(z) = M"f, (v5) = sup

1
A | [ fea(We)ldys
Q5:Qz3x3 |QTJ| Qs

= 86121}) 1, (o) (| fzul) Qs

where the supremum is taken over the dyadic rectangles in D% . If
Zo =0, then f,, is understood as just f.
Observe that the strong maximal function is dominated by the iter-

ated one-parameter maximal functions. For example, in the bi-parameter
case we have

1

1
T s = o [ 070

1
< — [ M'f(x1,y2)dy:
2| Ji,
S MZle(l'l,xQ)
for all (z1,z2) € I1 x I,. Hence, the boundedness of the strong maxi-

mal function follows directly from the boundedness of the one-parameter
maximal function.
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Weights. A weight w (w € L (R?) and 0 < w(z) < oo a.e.) belongs
to the multi-parameter A,(R% x --- x R¥m) 1 < p < oo, if

[w]a, := sup(w){w' PP~ < oo,
I
where the supremum is taken over I = Iy x Iy X - - - X I,,,, where I; C R%
are cubes with sides parallel to the axes. We have w € A, (R% x- - - xR%m )
if and only if, for all i =1,2,...,m,
esssupliy, |, (i) < 00,
Ta;

where the supremum is taken over

Ta, = (Tj)jeq1,2,...mN\{i} € H R%,
je{1,2,...m}\{i}
and furthermore, we have

max  esssuplwz, |4, mai) < [W]a,®a)-

i=1,2,....m Ta,

We say that a weight w belongs to one-parameter A, (R%) if

1 1
[w] 4y = sup(—/ w) exp(—/ logw_l) < 00,
Ao (R) I; ‘I7| I; |I’| I;

where the supremum is taken over the cubes in R%. Recall that in the
one-parameter setting a weight w belongs to Ao (R%) if w € A,(R%)
for some p < oo.

Hence, we say that a weight w belongs to multi-parameter A, (R9) if
Wy, belongs to As (R%) uniformly for every parameter i € {1,2,...,m}.

2.2. Standard estimates. We record some standard estimates. These
estimates and some estimates that follow from these are used implicitly
in this paper.

First, we record an A,.-extrapolation result from Cruz-Uribe-Mar-
tell-Pérez [7].

Lemma 2.1. Let (f,g) be a pair of positive functions defined on RY.
Suppose that there exists some 0 < py < oo such that for every w €
A (RY) we have

(2.1) / fPow < C([w]Am,po)/ gPow.
Rd R
Then, for all 0 < p < 0o and w € A (R?) we have

| 1<l [ o

Rd
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In addition, let {(f;,9;)}; be a sequence of pairs of positive functions
defined on RY.  Suppose that for some 0 < pg < oo the pair (f;,g;)
satisfies inequality (2.1) for every j. Then, for all 0 < p,q < co and
w € Ax(RY) we have

1

H(? ) () Stuia. H(;w)q

where {(fj,95)}; is a sequence of pairs of positive functions defined
on RY.

Le(w)

Lemma 2.2. Forp € (1,00) and w € A,(R?) we have
||f||LP(w) ~wla, ||Sﬁf||LP(w)’
where U is any subsequence of (1,2,...,m).

Remark 2.3. In what follows we often assume that the appearing func-
tions are nice — a specific choice that works throughout the paper is that
this is understood to mean bounded and compactly supported functions.

Lemma 2.4. Let v be a subsequence of (1,2,...,m) and @ be a subse-
quence of U. Letp € (0,00) and w € Aso(R?). Then for a nice function f
defined on R% we have

1F e o) Stwja 19%FllLrw) Stwjar 157 FllLew)-

For completeness we record the proof.

Proof: Suppose © = (v1,v2) and @ = (v1). Let (f;); be a sequence of
nice functions defined on R¢. Recall the one-parameter result

[ faallL2. ) Swiag 15 fou 2w, )

where Ta = (2i)icf1,2,....m}\{v,}- Using this result we get

/. (Z\f] w—Z/ P
S Z,Z/R A, £
[ (STt

for all w € A (R?). Here we abbreviated the fixed z;.
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Now, by the A —extrapolation Lemma 2.1 we have that

(1) S (S S 5)°

for all w € A (R?) and 0 < p < oo. Using this for f; = AP f we have

1
v 5
1£r) Stuan [[(185,77) 7,0
Ty

S | (X 1872, 02)°

vy sdvug

Lr(w)

Lr(w)
for all w € Ao (R?) and 0 < p < oo. It is clear that we can iterate the
previous estimations for any number of parameters. O

Next, we record the multi-parameter Fefferman—Stein inequality,
which follows from the classical one-parameter Fefferman—Stein inequal-
ity [11] combined with the fact that strong maximal functions can be
bounded with iterated one-parameter maximal functions.

Lemma 2.5 (Fefferman-Stein inequality). Let © be a subsequence of
(1,2,...,m). For p,q € (1,00) we have

(S resie)” (Sisr)’

Combining previous results we get the following:

N[w]Ap

LP (w) L (w)

Lemma 2.6. Let T = {Z;,Z>} be a partition of {1,2,...,m} such that
Iy # 0 # Iy Let v = (i)ier, ond 4 = (i)iez,- For p € (1,00) and
w € Ap(R?) we have

1
2

| S a8, e ol @
Ky

o™ (;Mﬁ’[<f, el )

Stwla, 1fllzew),

Lr(w)

where @ is a subsequence of 1.

As explained earlier, we do not specify in the notation the underlying
space of the function that M" is operating on.

Proof: Notice that

S (AU i) ) = (M7 5l )

Ky K5
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Hence by Lemma 2.2 we get the first conclusion

v (S A

HZMWW: hi,)s]®hK,
K

L (w)

Then using Lemma 2.5 at the right-hand side of the previous estimate
we get

H(;M Y b o2 |1;<<; 5

L \b
L)~ H(;W’ )o@ 1)

v Lr(w)
= 15" fllLr(w)
S fllzew)s
where at the last step we use again Lemma 2.2. O

2.3. Product BMO? spaces. Let v = (v;)"; be a subsequence of
(1,2,...,m), let w be a multi-parameter A, weight on R% and b €
Ll (R?). Also let D? =[]/, D be a product of dyadic grids. We say
that b € BMO” (w; D?) if for all nice functions ¢ such that || S @[ 11 (w) <
oo we have

10, o) < CollSpell L1 (w)-
Then we denote the best constant Cj, by ||b]|gmo? (w;pe)-

In addition, if b € BMO?(w;D?) for all D?, then we say that b €
BMO® (w).

Furthermore, let us define the little product BMO. Let & < m and
let Z = {Z; : i < k} be a partition of {1,2,...,m} such that Z; # ) for
i=1,2...,k. We say that b € bmo” (w) if for all 7 = (vj);?:l such that
v; € Z;, we have b € BMO”(w). Then we set

(2.2) 18l bmo? (w) = max [[b]|Bpo? (w),

where the maximum is taken over v = (vj);?:l such that v; € Z;.
For example, let m = 3, w = 1, 7y = {1,2}, and Z = {3}. Then
b € bmotH2H 81 if p € BMO™) and b € BMO*?).

Remark 2.7. We prefer this more direct square function definition over
the typical square sum definition as in the introduction (1.4).

Remark 2.8. If k = 1, we have the standard multi-parameter little BMO
space. For more details in the bi-parameter framework see e.g. [18, 34].
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Proposition 2.9. Let Z = {Z1,Z>} be a partition of {1,2,...,m} such
that Ty # 0 # Iy. Let © = (i)iez,, @ = (1)iez,, W be a multi-parameter
Ay weight on R, and b € L _(RY). Then b E BMO@(w) if and only if
be, € BMO”(w,,) uniformly on x4 € ]_LGI2 , that is, we have

(2.3) (e, F) < CollS" fll 2w

for almost every xz € HlEIz 4 and for every nice f defined on HZEI1

Proof: First, suppose that b,,€ BMO® (w,, ) uniformly on x5 € [];c7, R%.

Let ¢ be a nice function defined on R?. Hence, we have

(Bl < [ bassor)ldes

(2) ,
<o IS,

= C[|SY 0l L1 (w)

Lt (Wag )dxﬁ

as desired. i
Suppose, conversely, that b € BMO"(w). Let ¢ = ¢1®¢2 be a function
defined on [[;c7, R% x [Licz, R%. Then we have

{0, 01)5, 02)| = 10, D) Siibllsaton wy 157N L1 w)
-/ ||S%1||L1<wyﬁ>¢2<ya>dyﬁ.

Let @1 = f: [[;cz, R% — C and for fixed 24 € []

(2.4)

ieT, di and r > 0 let

. 1B(Iﬁ,7")(yﬂ)
902(111’17«)_ |B(l‘ﬁ,’r‘)‘ .

By Lebesgue’s differentiation theorem, the left-hand side of (2.4) con-
verges to [(b,., f)| for almost every x;.

By the same argument, the right-hand side of (2.4) converges to
1S? fll L1 (w,, ) for almost every z;. Hence, we have

(g, )] < bllBmor () 1S Fll 22 (w0 )
for almost every zz and for every nice function f defined on R%. O

We record the following BMO embedding result and we use this fact
implicitly later on.

Lemma 2.10. Let u be a subsequence of (1,2,...,m) and v be a subse-
quence of 4. Suppose b € BMOY(w). Then we have

(b, )] Spwlac, 10IIBMOw () 5™ FllLr ()
that is, BMO" (w) C BMO"(w).
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Proof: The claim follows from the definition and Lemma 2.4, namely
[, )] < 1bllemos (@) 1S f1 Lt (w)
S[“’]Aoo ||bHBMOT’(w)Hsuf”Ll(w)' O

2.4. Singular integral operators. We define multi-parameter SIOs.
For brevity, we give an explicit definition only in the bi-parameter set-
ting. A general m-parameter definition can be found in Journé [24], but
in a different operator-valued language. Our definition is as in [37] and
is, in fact, equivalent to that given by Journé as proved by Grau de
la Herrdn [15]. An m-parameter definition using our partial kernel/full
kernel language is explicitly given in Ou [39].

Let a € (0,1]. We say that T is a bi-parameter singular integral
operator (SIO) if the kernel representations below are satisfied.

Furthermore, if, in addition to kernel representations, 7T satisfies
also some certain boundedness and cancellation assumptions, T'1 as-
sumptions, we say that T is a Calderén—Zygmund operator (CZO). These
boundedness and cancellation assumptions are equivalent to L2-bound-
edness of T' and its partial adjoint defined below.

For Calderéon—Zygmund operators, we have the representation theo-
rems [37, 39] using the dyadic model operators, namely paraproducts
and shifts. The definitions of these model operators are presented later.
We say that CZO T is a paraproduct free Calderén-Zygmund operator
if it can be represented using only the dyadic shifts.

2.4.1. Full kernel representation. If f = fi® f and g = g1 ®¢go with
f1,91: RT = C, fa,92: R — C, spt f1Nspt g1 = 0, and spt foNspt go =
(), then we have the kernel representation

wra= [, [ K@iy
Rd1+d2 JRA1+d2
The so-called full kernel

K (ROARRUFTE)N Lz, y) eRETE xRIFE gy =y or 29 = yo} = C

is assumed to satisfy the size condition
1 1

|21 — y1|D |22 — o

K (e.y)| < C &

the Holder condition
‘K(I, y) - K(l’, (y17 yIQ)) - K(SE, (yi7 yQ)) - K(I, y/)|

<C v — 1™y — v
T oy =y my — gy d2te

‘ [e%
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whenever |y, — yi| < |z1 — v1|/2 and |y2 — yh| < |z2 — y2|/2, and the
mixed Holder and size condition

y1 —Yi1° 1
K(z,y) — K(x, (y], <o
|K(z,y) (@, (¥, 92))| < |21 — y1 [T |z — yo| @

whenever |y; — y1| < |z1 — y1l/2.

Notice that this implies the kernel representation for T*, T*, and
T% =(T"*)*, where T* is the usual adjoint and T* is the partial adjoint
defined by

(T™ (1 ® f2), 91 ® g2) = (T(91 @ fa), 1 ® g2).

Say that K*, K'*, and K?* are the respective kernels of these, then we
can write
K*((z1,22), (y1,92)) = K((y1,92), (z1,22)),

Kl*((xhx?)a (ylva)) = K((y1,$2), (731; y2))a
K*((21,22), (y1,92)) = K((x1,92), (41, %2))-

We assume the above size and Hélder conditions also for K*, K'*,
and K?2*.

2.4.2. Partial kernel representation. If f = f1® fo and g = g1 ® g2
with spt fi Nspt g; = 0, then we assume the kernel representation

(T'f,9) = /W1 /Rd1 Kfy go(x1,91) f1(y1) g1 (z1)dw1dy;.

The kernel
Ky gt {(x1,1) €RY xRY 2y £y} = C

is assumed to satisfy the size condition

| Kty .90 (21, 91)] < C(f2,92)

and the Holder conditions

|Kf2,92(x17y1) - Kf2792(m/17y1>| < C(f2a92)

|931 -

[Ty — gDt
whenever |z1 — 2| < |x1 — 11]/2 and

ly1 —

(K fa9:(@1,91) = Ky ga (21,1)] < C(fz,gz)m

whenever |y; —y)| < |x1 —y1|/2. We require the following control on the
constant C(fa, g2). For every cube Iy C R% we assume that C(1z,,17,)+
Cl¢r:11,) +C(1n,, ¢1,) S 12|, where ¢y, is supported on Io, [ @1, =0,
and |(p]2‘ < 1.

Analogously, we assume similar presentation and properties with
Ky, 4, whenever spt fo Nsptgs = 0.
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3. Paraproduct operators and martingale difference
expansions of products

We assume that operators in this section are defined in some fixed
dyadic grids D? = [~ D%.
Define the one-parameter paraproduct operators

Ai(b,f)= Y ApDbALL

I,€D%

Ab(b, f)= Y ALDE] S,
1,€D%
Ay(b. f) = Y EpbALf,
I,€D%

where Ey, ¢ = (@), ;15,. We call the last term the “illegal” paraproduct.

Then we define the multi-parameter paraproduct operators as iterated
one-parameter paraproducts — e.g. for ¥ = (v;)".;, n < m and i =
(41,92, ...,9n) with 41 = 2 and 4; = 3 for all j # 1 we have

AL(b, f) = AJLAY LAY (b, f) = ) AP AD(AT b, B )

I,
_ v3 Un vl Vo U1 Vo
= Y AP A(AY B b EP AP f)
Iv171v2
— ~/
J— _ U1 v U1 v
== E Ajl EYOET AT,
1 v 1 v
TS S

o,
where 0" = (v;)ic(2,3,....n}-
We write

3
bf = A0, 1),
i=1
and we say that this is the one-parameter expansion of the product bf
in the parameter j. Then the multi-parameter expansion is obtained by
iterating the previous one-parameter expansion. For example, let v =
(vi); be a subsequence of m. Then the expansion in the parameters @

is
3

bf= D, A= D AVAZ.ATO.f),
i€{1,2,3}" 11,02, 050n =1
where the “illegal” paraproduct is the one with i = {3}". We want to
emphasize that the paraproducts are directly bounded with some BMO
assumption if ¢ # {3}", as we are going to show next, hence the name
“illegal”.
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Lemma 3.1. Let J be a subset of {1,2,...,m} with n < m elements.
Let 0 = (vj)veq, @ = (i1,02,...,1n) € {1,2,3}"\ {3}", and u = (u;),
uj €{keJ iy #3}. Alsoletv = ,u%/\fi, where i, A € Ap(R4 x -+ x
Rém) and 1 < p < co. Then
14T (0, ) zr (L) Siuta, Aa, 1PllBMO# ()

Proof: Since we have three different type of one-parameter paraproducts,
let Z = {Z;}3_; be a partition of J such that Z, = {j € J : i; = k}.
Notice we require in the statement that Z; U Zy # (. We set ok =
(”?)ufezk- If some set 7, = 0 or J = {1,2,...,m}, it is fairly obvious
what steps are not necessary and we omit the details. By the partition,
we are considering the term

v 1I 3 1 b
Ai (ba f) = Z <b hl 1®h1 2 ‘I’U | >v1 52 713<‘f’ hlﬁl@ |IT)2 ‘ ®h[f’3 >ﬁl’1’)27f)3

Ij1,152,153

Begin the estimation with the dual form

/JRd / Z b hI 1®h1 ’ |I 3|> L U2,173<f, hIal |Iv |®h1 3> 102,08

FERY Y

X (g, hr  hr, @Dy, @hyg)e1 52,08

where o' = (7)je(1,2,....m}\ - Then we fix the variable x5 in R%’ and
consider the sum inside the integral. For now, in this proof, we do not
write zy to the subscript of the functions, i.e. b means b, , and so on.
Thus we are estimating

b h h L1 hy i o
> (e 1@’-’®|153|><f’ ®|1r2|® )

IS PR B o

X (g,hg by, @hy, @by )

«)

X <g7 hI@l hlﬁl ® h‘Iﬁg ® h[,53>d1‘173

1152
Z <bx53 ) h]@l ® hl'ﬁz ) <f’ hIDl © ‘sz|

R%3

1I,3 (37175) ol 52
d_3 Z v73<bxf;3 ) A[{)’;‘ (fa g)>d5€{)3 9
I
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where

Av ’v (f9)= Y <f,h151

Ij1,152

v

)

17
II\

701

X (g hrhr, @hr, @by )hr, @hy,.

By Proposition 2.9 it is enough to show the boundedness of
[ ZL’U ol 52 ot 52
(3.1) / Z |31 IS AL (R oy s

Note that v, _, actually is vy, o -
First, observe that

1 - 5l 5 1 2
SRS ) = (X (b @ 5 @)

[N~}
,T‘ —
-

T2

Using the previous inequality we get

1]773 (.’131—)3) ol 52 51 52
> W”S AL (F 9Dl )

I3
1[ 3 J}vd M52 h h 9 11{;1
Rés1 g2 Z | T3] (Z[ (fih1y @hrg)e ws]” @ I

. )é

N

) V;E’T)B

I3 I
o o A1
< (DM g by © By oo s © 2
- | L2 |
—2 117 117 (1‘53) %
< o 2 ol 53 )
= [R dytd, 2( Z [M <fa hI,U1 ®h1173>111,113] & |IT)1| & |I1—,3|

51:153

1]732 ® ].[773 (1’,73

X ( Z [M’Dl<97 h’1172 ® h]63>52753]2 ®
I2,1;3

v

|52 |53

)\ 3
.
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= 1 7 1 L (T3 1
< H( [MU2 <f, h/[{/l ® h]{)3>1jl){;3]2 ® Ivl IUB( )) 2
I, | 1 | | I3 Lr(pe_5)
51,153 o
1[ 1]7 ($53) %
hi ,®h 2 g 2 g fu ) .
H( g’ To2 ®h, 3> ] |I 2‘ ® |I@3| LP/()\}E?;/)
Iy2,153 Bl

Putting this estimate back to (3.1) and applying Holder’s inequality we
get

_ 1 1 3
(3.1) < H( Z [MUZ <f7 hlil ® h1773>51,1§3]2 ® I;1 I3 ) 2

Lol ‘I@1| ‘[@3| Lr(p)
1172 1173 %
Mg bt ® b)) © 22 @ )|
H (1 7, 2 o 7] |Ip2| — |Igs|/ llLe (-9

S I llzellgll o iy
where at the last step we apply Lemma 2.6.
Lastly, recall that we fixed 23 € R%’ and the previous bound actually
is
(F [ ey
However, by applying Holder’s inequality once more to the integral
over R% we get

(A7 (6, 1), 91 S Ibllmmon () L F Il Loy gl Lo iy,

where @ = (j)jez,0z,- =

4. Paraproduct free commutators

We assume that operators in this section are defined in some fixed
dyadic grids D? = [[[~, D%.
Let © be a subsequence of m. Define the multi-parameter shift

Sﬁfzs%’“ Z Z Z Ky 15,05 (fy Por ) @ hu

Kz €Div I cpv Js cpv
Iékl’;):Kﬁ J,L—()LD):K;,

Here k,,,l,, > 0, only finitely many of the coefficients a1, s, are non-
zero, and
L[ 2] o2

|Ks|

First, we record here a standard equality as a lemma, since the nota-
tion in the multi-parameter setting needs some explaining.

lak,, 15,05 <
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Lemma 4.1. Let ¢ be a locally integrable function defined on R® , where
U = (v;)_, is a subsequence of m, and let k,,, L, be non-negative integers

fori=1,2,....n. Also let I, J;, Kz € D% such that L(f i) =K,, =
) foralli=1,2,...,n. We have

n lvi kvi
(A1) (P = (@) = 2 (DA% Do xay = D (AP, <0y ):
i=1 t=1 i s=1 ‘

L,
where U; = (vj) jef1,2,...,n}\i> and

Ly, X oo X Ly ) X Jy g XXy, ifl<i<mn,

Vi41
Qo = Ly, x - x 1L, _, if i = n,
Jvzx---van ifi=1.
Proof: The case n = 1 follows easily from the telescoping nature of

the sum. The case n = 2 follows from this as follows. For notational
simplicity only, let v; = 1 and vy = 2. Observe that

<<P>J1 XJ2 T <90>11><12 = <(,0>J1><J2 - <30>11><J2 + <90>11 XJ2 T <<P>I1 X1z
Since K is some parent cube for both I; and J;, we can use the one-pa-
rameter expansion {(¢)g, . — () k;,i = Zi:l(AiQ@ ©)Q, i, Where Ql(’h) =
K. Thus, we have /

Iy k1
ETRPE A STVREIES S LRI
t=1 s=1
Iy ko
+Z<A2JQ(t)SO>Il><J2 - Z<A?és)(p>11><[2,
t=1 s=1

as claimed.
We can continue as follows. If the claim holds for a fixed n, we have

n+1 v7
(p)1, Zl(zl J(t)‘p Jo; XQur Z<A?E‘j)(p>lvixQﬂ§)
i t s=1
for v = (vz)"Jrl Indeed, for notational simplicity let again v; = i for all
i =1,2,...,n+ 1, and notice that we may write
<<p>Ja - <§0>15 = <<)0>J1><Ja - <()0>11><J11 + <<p>11 xJg <<)0>I1 xIg

=: A+ B,

where @ = (i)}, For the term A we use the one-parameter expansion

and for the term B we use the assumption that the claim holds for
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n parameters. Hence, we get
1 k1

()5 Z J(f)<P JixJg Z<A}§s><ﬁ>11>dﬁ
t=1 s=1

n+1 i

l;
(Z (t)w LixJixQu — Z<A;§S)<P>leli><Qﬁ;>
=2 t=1 s=1
= Z(Z J<f)90 JiXQyr Z<Nl<s>90>lixc2@;)a

i=1 t=1 s=1 ’
where Qz/ and Qy; are defined as in the statement. O

The main result of this section is to show the boundedness of the
commutators with paraproduct free Calderén-Zygmund operators. By
the representation theorem, it is enough to consider the commutators of
dyadic shifts (Theorem 4.4). The strategy is to expand the commutator
using martingale differences. This leaves us with terms that are composi-
tions of shifts and paraproducts, legal or illegal ones. In the case of illegal
paraproducts, we combine some terms together and apply Lemma 4.1.
This leads to terms which all fall under the general term (4.2). Before we
show in detail how to expand the commutators, we present the general
term and show its boundedness.

Assume that Z = {Z; : i = 1,2,3,4,5} is a partition of {1,2,...,m}.
We set 0 = (vé)v§ ez,- The general term is defined as

> X s B

K ED ot Iﬁq,qu ED b
Kw”ED o5 I(k”i)_Kii
S 1
(4.2) o =Ko <th<>®‘] |®hJ<t>®u @ i, 2)
1k 4
X <f7 hlﬁl ® h152 ®h1173 ® h154 ® |K71: >

Xhy, @hy, ®hy, @h;, @ hg,,,
where ¢ = 1,2,3,4, k,i,l,i >0for j €Z;, s; <k, for j € Zy, t; <lgs
J J J J
for j € I3, and

1 1

|I'UJ| |J1)J 2

|aK1,'L; Uu ,U'L| — I | |K | ?
o

1Br.10.4] < |1;f =573,
hol < 1Q 10
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Moreover, if for example Z; = (), then the related terms are understood
as 1 and we require that (J;_, 3 5 Z; # 0.

In addition, similar to the proof of Lemma 3.1, we omit the details if
some Z; = ().

Lemma 4.2. We have
||<P||Lp \) N ||b||BMO“ V)Hf”LP
where @ is the term (4.2) deﬁned above and u = (uj), uj € Uiz 35T

Proof: We begin by using the size conditions of o and § for the dual
form. Hence, we have

IaxJ,
‘Z Z QK i Loi T 6117']3<bhI()XJ(t)®%®hKﬁ5>

54
Ky, Kys E?ﬂ7)_Kil
(15i)
JﬁiUZ :Kii'

Ik s
ol b bl B
X<f7hlv XIUQXIU3><IU4 |K |><97hJ1®hJ3®hJ2><J4><K5>
’U

4
v7| ‘Jv| -1 _1
Z H P T I I e x

IN

1k .
<f7 h‘151 XIEQ XIT;B ><Iﬁ4 ® |K,;15‘ >’

X/ |:|<b7 h[(§)><']({)®hK55>1jl,537{)5‘
I oXJ_ 4 ol 53
x |<g7h']51 ® h‘]{;3 ® h‘]fzzx‘]fﬁl XKv5>:|

DD / A (a5 50)darge 0,
I{/QXJ54
K

Ky2,Ka IE’;—,z)_K ) J(lv4)
v
where
b
A% (zg2 5a) == E E E E E
s (k. 1—5 5 ke ~
Kﬁl,Kﬁs,Kf,oP< g, 1 gs>_P1]< g, i g,

_ 0] z 5
Q(l t) —K 5 J 3_Q 3 J( 1) =K, J( ”2)—K,52

I3 2 | Jg 1 1 _
H' "K' o 4 1Qusl A s (b B s O )

X ‘<fa h’I{/1 ><I172 ><I53 XIE4 ® - >‘|<g)h‘¢]i1 ® hJﬁg, ® hJ62XJ54 XK55>|'

K
| Ks |
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Then we proceed by replacing f and g with suitable multi-parameter
martingale blocks, i.e.

Ab(%?,ﬁ‘*) = Z Z Z Z Z

K517K537Kﬁ5 P(k,ﬂl—g)_K 1 I
1 =K _

s |2 w2 s -
H |K | |P_ | 2|Qv3| |IT)2><J174| 1‘<b$52,ﬁ4a hPf,l XQﬁ3®hKﬁ5>|
oI

% ot,92,9% 0t fih 1K 5
K,T,lXK{,ZXK53XK647(k,ﬁ_7’)j:1,2,3,4 ’ 161X162XI173><I{;4 |K’U5‘

©2,0%,0° T 7
‘<AK w2 XK a XK 5,(ly2,l4, 0) gahJﬁ1 ®hJ53 ®hJ{)2><J;J4><K55>|

< Z Z Z |R71|%‘Q'T)3|%‘KTJ5

_ , _ k_1-—5 13—t
K;1,K3,K5 P( 51 ):Kgl Q(§’3 ”:K,g

1

o}

T

X [(bryz as PP xQus © ks )|

4
02,0%0
<|AK AXK 2 XK 3xK_ a,(k 6j)j:1,2,3,4f|>Pf)1XI#XK@3><K54><K@5

<|Ail}( ZXQIJ( a X K5,(l52,0; 4,0)g|>K/51><K172XQ53><JD4><KE5’

where we summed up rectangles of levels 5, t, kg3, l51, kg4, lg2 after the
modulus is taken inside of the pairings of martingale blocks of f and g.
Now, using Proposition 2.9 for A® with fixed T2 g4 We get

bl < a (
e S [ (D

K;1,K53
ob,53,5% A0, 02,00, 5% 2 2
X [M <| K1—11><K1—)2><K1—,3><K54’(k,7j)_7:1‘2,3,4f‘>152><K547772754] 1K171K173)
158 55 4 =5 3
v , 07,0 2
( [Mv v <|AK XK axK_5,(ly2,0, 470)g‘>Kﬁ2 XJ174’7_’2x1_’4] 1K55> Vaiizjzu

K5

where again we summed over the rectangles Py1, Qgs, and @ = (u;j), u; €
Ui—1 3.5 Zi- Notice that here we needed the requirement that J,_, - Z; #
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Hence, we can conclude that

ol Sltmos [ X X (2

_ _ k_ l_ = —
K"’27Kv4 IEQUZ):K{,Q JE4U4):K*4 Kv17Kv3
T T

1
ob,93,55 ) A 0,502,050 2 2
X[M <|AKﬁ1><K52><K53><K54,(k5j)j=1,213‘4f|>152><K7—,4,1727174] 1K,—,1><Kf,3>

1
=1 =3 =5 =2 =4 =5 3
E v,0°,0 v, 2
X ( [M <|AK52><K,54><K55,(1,527l54,6)g‘>K172><‘]6471727174] 1K55> 1152><J174V
K5

o}

= [[bllmos () x 1.
Using standard estimates we get
mA T ,02,5% 0t 2
I,S/( Z [M K XK 2xKy3 XKD47(k17j )j:1721374f] 1K61 X K2 x K3 ><K,,74>

KK,
K3 ,Kya

. =2 -4 -5
m AU,V 2
x ( E : (M AK# ><K774><Kﬂ5,(l52,l,74,())g] 1K52XK7—,4XK1—,5) v
Ko, Kz4,K 5

S ||f||LP(,u)||g||LPl()\1*P/)' O

M

Nl

For simplicity, we begin with the case of two iterations.

Theorem 4.3. Let T = {Z1,Z>} be some partition of {1,2,...,m} such
that Ty # 0 # Ty. Let v = ,u%/\fi, where j, A € Ay(R4 x - x Rdm),
= (ui)iez,, and 0 = (v;);ez,. We have

(1S, 16, SNl Lr (y—rLrny S l0lBMOT (1)
for1 <p<oo.

Before the proof, we make a small remark. We can begin with the
commutator [b, S™]. However, in this case, b is in the little BMO space.
In [34] this is proved for bi-parameter operators, i.e. the case m = 2.
The method used there can be applied to the multi-parameter case.
Hence, the result of [34] regarding the first order shift case extends to
the multi-parameter framework. We omit the details.

Proof: We say that the number of parameters in Z; is n. We begin by
expanding appearing products in all of the parameters. Hence, we have

[SUb, S?||f = SY(bS”f) — SESV(bf) — bS"S”f + S”(bS™f)
= > SYUALAL(b,Sf) - S“SU(AL AV (b, )

iz€{1,2,3}"

ipe{1,2,3y"" " - I _
SBETT AT AT (5,8787f) + ST(AL AT (b, ST ).
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Now, if iz # {3}™ and iz # {3} ", then each individual term is
bounded by combining boundedness of the multi-parameter shifts with
Lemma 3.1. Hence, it is enough to consider terms in the following sums

(4.3) > + > + >
ig={3}" in€{1,2,3}"\{3}"  iz={3}"
i5€{1,2,3}" T "\{3}"" " ip={3}""" ip={3}"""

The terms in the first two sums are similar. Hence, considering the
first sum, we are essentially handling the second one simultaneously and
we choose to deal with the first one.

Fixig = {3}", i € {1,2,3}™ "\ {3}"". We pair S"(A} A} (b,5"f))
with Af A7 (b,S"S?f) and SY(A}. A} (b,S"[f)) with S*S” (A} A7 (b, f)).
It is enough to study

A7 A7 (b, 8™ f) — S"(AY, AT (b, f)),
since S%S? = §YS% and S? is bounded.

We remark that when considering the second sum in (4.3), the terms
need to be paired in the other order and then S% can be left out by a
similar argument. Generally, we pair the terms so that we get rid of the
shifts on the parameters where the paraproduct operator is a legal one.

Let us recall the definition of the paraproduct operator Afﬁ. Let Js =
{j <m-—n:i, =s} for s =1,2,3, 0" = (v;)jez, V> = (v))jemn, and
2% = (vj)jez,- Thus

b} 1K773
Az (b, f) = Z <b7 Mtz ® | K5 >731 92,73
KiuKﬁz,K,ﬁ v v
X<fth,ﬁ1 |K 2|®hK >v1 " 63®hK51hK51®hK,52®hK,Uaa

where K12 denotes the rectangle K1 x Ky2. Also recall the definition
of multi-parameter shift

U
SUf = E E E UKy 15,05 (fshrg)a @ hy, .
Ka plkw) =g g =K,
Hence, we have

AL AT (b, S"f)—SU(AL AL (b, )= > oY akas.

Ki1, K2, K53 I(_kﬂ):Kﬂ J(_"ﬁ):[(12

1k 17 1k, 17
4.4 3 Ja _ 53 Iz
R [ R IR (s e ]

1x
% <f’ hK51 |K 2|
1 52

where o', 72, #°, and K12 are defined as above.

@ iy @ by Vi iy @ o @ iy @ D,
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By Lemma 4.1, we can write (4.4) as

E E , E , UKy,1q,Jq

Ki1,K2,K3 I(ku) —K- JUa) g
I’ a Jy a

a

Ko ;

lu
n ] J
) SO FCVATSIRRTES wevATS IS
j=1 t= s=

X <f’ hr, ® ®hk 5 @ hi, >hK51 hi, ®@hx , @hk s @hy,,

1x
|Kv2|

where b, = <b, hKﬂ1,2®1K53/|K173 ‘>51’f}27{)3 and Qﬁ;ZI(ui)ISin J(ui)j<i§n'

Now these terms are expanded to a desired form, i.e. there is a can-
cellative Haar function on some parameter in Z; and Zy paired with the
function b. For example, the first term in the above pair with j = 2
equals to

lug

> > aka it (P o),

t=1 K;1,K;2,K;3 I(’Cu) Ky J(ﬁlﬂ):Kﬂ

v ol

Ka

1k ., 17
b, h L h
(o © TGO Ty © )
1x
><<f7hK,;1 e |®hK3®th>hK1hK1®hK2®hK3®hJu,

where @' = (u;)%_5 and \(hjigf;)JuJ 17| =%, Hence, these terms are
bounded by Lemma 4.2.
Let us also expand the last term of (4.3). Here we can not do any

reductions and we sum everything together. Hence, the term equals to

: E E aK'E'7I’DwJ17aKﬂ7I’ﬁ7J'E

Kg,Kyp ngﬁ)zKﬂ Iékf’)zK@

(45) le/ﬂ>:Kﬂ J,élﬁ)ZKﬁ
X [<b>111><J17 - <b>1ﬁ><117 - <b>Jﬂ><J17 +<b>Jﬁ><I{;]

X <fa hIra 02y hIﬁ>h/Jﬁ ® h’Jﬁ'

Here we proceed similarly, as with the previous terms, but now expand-
ing on both parameter sets Z; and Z,.
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First, we apply Lemma 4.1 in the parameters Z;. Hence, we have
<b>I'z7,><J'E - <b>1ﬁ><l'ﬁ - <b>Jﬂ><J'D + <b>Jﬂ><I'5

= (<b>Jﬂ><If; - <b>Iﬂ><Iﬂ) - (<b>Jﬂ,><J'E' - <b>I11><Jf;)

l kun
Ujy
(4.6) - § § (tl) o) o, XQgr T § (A (Sl)bli>1u,- XQgr
Ju 71 J1 I J1 J1
ji=1 t1=1 s1=1 71
n l“j1 k”jl
_ <Auj1 b > _ <A“J‘1 b >
g YJs Juj XQqr JRCACE Tu; XQqr |
: U J1 U J1
71=1 t1=1 J1 s1=1 J1

where b[5 = <b>[i’f), bJﬁ = <b>Jﬁj, and Qﬂ;1 = I(uj)1§j<j1 X J(Uj)j1<j§n‘
Then we pair these terms in the other order and apply Lemma 4.1 in the
parameters Z,. Then, for example, the pair of the first and third term
on the right—hand side of (4.6) equals to

u u
Z (Z ](11) XQE;'l - <A ﬁl>blﬁ>'1“j1 *Qa, )

J1

Ji=1 ti=1 i1
—ZZ ) ()10 = (B)a0,0)
J(f1> v J,0 ']“'jleﬂ’A
Ji=1t1=1 J1
(4.7)
.71 m—n

E:E:E:E: “le“]é b
( TV X132 >J“j1XI”jz XQuy X Qo

Ji=1t1=1jo=1 s2=1

u v
_ Z J(il)JzJ(ﬂ) >J 1><J1,j2 XQgr XQyr )7
to=1 ’
where QT1}2 = I(vj)1§j<j2 X J(vj)jg<j§m—n'
Thus, for example, the first term on the right-hand side of (4.7) with
j1 =2 and jy = 2 related to (4.5) equals to

luy Koy
YD > Y k10,000 gty (B )y (B )1,
ug vo

t1=1 =1 . = ka kg
1=182=1Kq,Ko (ko) _pe, 10) _pc,
(4.8) J00 =y SOV =K,

|Jv">

17
7] © T © i ©

X (f,hi, @hr)hy, @ hy,,

1z,
><<b |I'u. ‘ ®h/](t1)®
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where @' = (u;)7?_5 and 9" = (v;)7;". Hence, the boundedness of these
terms follows from Lemma 4.2. O

Theorem 4.4. Let k < m be an integer and let v = ,uix\fé, where
A € Ap(R™ x -« x R%) and 1 < p < co. For all partitions T = {Z; :
1 <k} of{1,2,...,m} we have

—1 =2 =k
18" (8" [0, 8" MLrgy—rLrn) S Nbllbmor )

where ¥ = (U;")U;eL'

Proof: We consider here the case k = 3. The aim is to show that the
strategy and techniques used in the case & = 2 work here also. The
general case follows similarly.

Let ny + ny + n3 = m and say the number of parameters in v
and so on. By definition

Lis g

1

(7187, 0, 8" ) = 7 ST (bS8 f) — ST S S (bf)
~ ST (bSTST f) + 87 S (bST' f)
~ ST (ST ST f) + 8T ST (bSV f)
0SSV ST f — 8T (08T S ).

As in the case k = 2, we expand in all of the parameters
—1 ~2 ~3 8
[STSTLSTIN = > Y o
i1€{1,2,3}™ j=1

i2€{1,2,3}"2
i13€{1,2,3}"3

where, for example,
! op? ol 452 53 53
O’lﬁl 752,53 = S S (Ail AE2 A{3 (b7 8 f))

Again, Lemma 3.1 combined with boundedness of the shifts yields that
each individual term of

8
PR DL EENA
i1€{1,2,3}"1\{3}™ j=1

i€{1,2,3}"2\{3}"2
i3€{1,2,3}"3\{3}"3
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is directly bounded. Hence, we need to consider terms in the sum

>

O h={3m
2€{1,2,3}72\{3}"2
is€{1,2,3}73\{3}"3

+

+

>

71€{1,2,3}"1\ {3}
 ={3)m2
i5€{1,2,3}73\{3}"3

>

hi={3)"
C ={3)m2
ig€{1,2,3}"3\{3}"3

>

he{1,2,3}"1\ {3}
B={3}"2
is={3}"3

(4.9)

+

+

>

11€{1,2,3}"1\{3}™
i2€{1,2,3}"2\{3}"2
iz={3}"3

>

=M
i2€{1,2,3}"2\{3}"2
ia={3}"3

+ 0>
?1:{3}711
i={3}"2
is={3}"3

+

In the first three sums we can reduce to cases of one shift by pairing
two terms. For example, let iy = {3}™, iy € {1,2,3}" \ {3}", and
iz € {1,2,3}" \ {3}"3. Then the first pair of terms is
1—]1 1—)2 1—]1 ’L_)2 1—)3 1—]3 1—]2 ’L_)l 1—}2 1—]3 1—]3 ’L_)l
S” SV (A7 AT ATV (b,87 f)) — S” (AY AL AT (b,S” SV f)).
Here it is enough to study
1—}1 ’Dl 1—)2 1—)3 1—}1 1—)2 1—)3 1—)1
SY (A7 A7 A7 (b, f) — (A7 A7 A7 (6,87 f))

since 87 and 87 are bounded and order of the shifts is interchangeable.

Then the following three sums reduces to cases of two shifts by sum-
ming four terms. For example, let i3 = {3}, iy = {3}"2, and i3 €
{1,2,3}™3 \ {3}"2. Then the first sum of four terms is

Tt QT2 AT T2 4T 73 Tt ATt 472 pT° 3 ov?
SV SV (A7 AT AT (6,87 f)) — S (A7 A7 A, (0,8 SV f))
2 -1 -2 -3 -3 -1 -1 -2 -3 73 ot opl
- S" (47 A7 AL (0,8 S )+ A7 A7 A7 (b, S8V S8 SV f).
By similar arguments as before, it is enough to consider
5l o ol 452 A3 o1 ol 452 453 52
SV SV (A7 AT AT (b, f) — S (A7 A7 AT (0,87 f))
52 AT AT 4T ot ol 452 4 72 oot
— 8" (A7 A7 Af, (b,8" )+ A] A7 A7 (b,8" S f).
Notice that this type of terms is similar to terms in the case k = 2.
In the latter example there is an additional legal paraproduct in the
parameters Z3 compared to the last term in the previous proof. However,
we have already taken this into account in the general term (4.2) and

the boundedness follows by a similar expansion as in the case k = 2.
In the last term in (4.9) we need to expand

(4 10) <b>11—,1 XIz2 X Jy3 ™ <b>1,—)1 XIz2 XT3 ™ <b>11—,1 X Jp2 X Jy3 +<b>11—,1 X g2 X1y3
. - <b>J,31 XIy2 X Jy3 +<b>J{,1 X Iy2 XT3 +<b>J{,1 X Jg2 X Jy3 T <b>J1—,1 X Jp2 XT3+
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Now, we apply Lemma 4.1 three times. First, we apply the lemma in
parameters Z; — e.g. the sum of the first and the fifth terms equals to

k vl l vl
ni Vi1 Vi1
E ( E <Al(bl'1)b>lvl_ XQﬂl/ ><IT)2 ><J173 - E <AJ(’511)b>JU1_ XQ;,I_/ ><IT72><J173)7
j1:1 81:1 'ujl J1 J1 t1:1 vjl J1 J1

where Qle = I(v1)1<u<J1 X ‘](vi)jl@gm' Then we switch pairs such that

we can apply the lemma in parameters Z,. For example, the sum of
related terms of the first and the third terms in (4.10) equals to

k. 1 k 2
Z Z Z (Z I(gl)Al(qz)b>I 1 xI 2 XQ 17 XQ 2/ X J_ 53
ji=1lja=1s1=1 s2=1 Vi1 92 n
L2
J2
- g (A, (mA <t2)b>1 1 Xz XQur XQuar X Ty 3.)
t2=1 U]l U7.2 Jl 32 J1

Finally, we pair terms such that we apply Lemma 4.1 in parameters Zs.
Hence, for example, the sum of the related terms of the first and the
second terms in (4.10) equals to

k1 k2
]1 J2

IDIDIDIDY

J1=1j2=1j3=1s1=1s2=1

l,3
iz

(4.11) (Z<A1(51>AI<32>AJ<t3>b>I 1 XDy XJya XQu1r XQuz X Qg

Yia vj
ts=1 i1 Yia Vi 3

v

i3
- E (A, <51>A <52>A (sg>b>1 1 X1, XT3 XQu1r X Quar X Qy 3,).
Vi Vi3
33

1 Vi1 Yiz i

sz3=1 11 J2
Now, each appearing term is fully expanded. For example, for fixed s1,
so, tz and j; = 1, jo = 1, j3 = 1, the term to be estimated related to the
first term in (4.11) equals

Z Z Z Z aKﬁl*Iﬁl’JﬂlaKT;QJqGQ’Jﬁ2aK537Iﬂ3gJ53

k_ k_ k_
K51,K,52,K,Esl;1v1) Ko I( 2)_K I( 3)_K@3

i l 1
JélUl)*KflJ( UQ),K 2J( 53)

X <h15i1'1) >Iu% <h1£“%2>>11,§ <hJ1(é3) >Ju§

_K,;S

1(]17%/ XJTJ%’XJT;%' >

X <b,h (51) o, 7(s2) , ;(t3) @
I,U% lef XJUL;: |J’Di, X J’D%’ X J,ai%/‘

X <f) hfal ><If)2 ><I173>hJ51 ><Jf)2 ><J173a
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where 77{’ = ()", for j = 1,2,3. It is easy see that these terms have

the form of the general term. Hence, by Lemma 4.2 these terms are
bounded assuming b € bmo?. O

By the representation theorem of the multi-parameter singular inte-
grals [39] we get the following result:

1

Corollary 4.5. Let k < m be an integer and let v = /ﬁ)fp, where
A € Ap(RE x - x R¥m) and 1 < p < co. For all partitions T = {Z; :
i <k} of{1,2,...,m} we have

51 52 —k
I [ 10, T e oy—reony S 1Blbmoz vy

where 7° = (v;:)vl;ez, and T s are paraproduct free multi-parameter
7 7
Calderén—Zygmund operators.

5. Commutators involving paraproducts

In this section we consider the space R% = Ré1+d2+ds+da and operators
which are defined in some fixed grids D% .

Next, we define the other two bi-parameter dyadic model operators:
partial and full paraproducts.

Partial paraproduct. Let k1,l; > 0. We define

1,2,(k1,l 1x
PLQg = PDd1ffD1d21)g = Z Z <aK17117J17hK2>hJ1 ® =

. . | Ko
K€D I,,J, €D
KpeDi2 [0 g,

T — ¢,
' ® (g, hr, @ hrey)1,2-
Here only finitely many of the coefficients (ak, 1,,J,, PK,) are non-zero,

and ) 1
[1]2|J1]2
HG'K1J1,J1HBMO(D<12) > W

Also we have partial paraproducts of the form

1,2,(k2,l lKl
PLZg = PD’d1fD2d22)g = Z Z <aK27I27J27hK1>7 ® th

d d |K1|
K1€D I5,Jo€D2
KyeD92 1§ =K,

J(lz):K
’ ’ ® (9, hi, @ hry)1,2,

where ko, lo > 0 and

|52 | To =
HaKz,IQ,Jz HBMO(’Ddl) S W



TwoO-WEIGHT COMMUTATOR ESTIMATES 715

Full paraproduct. We define

1 1
I 2f HDdl Ddzf - Z <a7hK1><K2>A® =< ®<f7 hk, ®hK2>1,2
. (K| K|
K€D
KyeD%2

Here only finitely many of the coefficients {a, hk, x k,) are non-zero, and

lallgpmoi xpaay < 1.

Also IT*, II'*, TI%* are full paraproducts, where e.g.

1k 1k
Hl*f: <aa hKl K. >hK1 — <fa - ® hk >
K1€Z'Dd1 o |K | |K | ’ 1,2

KyeD?2
is the partial adjoint in the first parameter of the above II*2. Later on,

we abbreviate (a, hi, xk,) by ar, K,-

Theorem 5.1. Let v = N%A_%, where p, A € A,,(Rd1 X oo X Rd4) and
1 <p<oo. We have

T2, [0, T Nl Lo ()= e 3) S Ibllomot 2212433 (1,

where TY2 and T3* are bi-parameter Calderén—Zygmund operators in
R4tz gnd R¥stda  respectively.

Proof: By the representation theorem [37], we are considering the fol-
lowing collection of commutators:

($22, 0,55 | (S22, PP | 8V, TP
P12, [6,8%4) | (P26, PP | [PY2 [ 11
2 (b 84 | 2, P | [, 11

By definition, for all model operators we have
[Ul’Q, [b, V374]]f — U172bV374f _ Ul,Qv3,4bf _ bv3,4U1,2f + V3,4bU1,2f
=I-I-II+1V.

Now, the forms of U and V determine how we expand the terms. We
expand the products in the parameters where a cancellative Haar func-
tion is paired with b. In the parameters where b is paired with a non-
cancellative Haar function we do not expand at all.

As explained earlier, by Lemma 3.1 the terms where b is paired with
the cancellative Haar functions on parameters 1 or 2, and 3 or 4, are
directly bounded with the correct BMO condition. For the other terms,
we need to pair them depending on the expansion.
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We only demonstrate the general strategy with a case involving both
full and partial paraproducts.
We are considering model operators of the following form

1 1
2 f = h @ h h %
f Z <a7 K1><K2>|K1| & K2®<f7 K1 & ‘K2|>1,2)

Ki,K>

1k
Z Z <aK3,137J3’hK4><ga hIs ®hK4>3,4 ®hJ3 ® ﬁ'
Ka,Ka (%) _ g, 4

I3 =K

Here only finitely many of the coefficients (a, hx, x k, ) and {ax,, 15,75, hic,)
are non-zero, and these coefficients have the following bounds

Ha”BMO(Ddl xpi2y < 1,

HGK Is,J. HBM D 7|13|2| 3|2
4 .
3,13,J3 O( ) |K3|

As explained earlier, we expand the appearing terms in the following
way:

I= Z 2 A7 A3 (b, P3Af), 1T Z mh2p3aal A3 (b, f),

13,24
i1,13=1 11,13,84=1

13,%4

I = ZAQ (0, TIP3 f), TV = Z P3AAZ ADY (b, 11V ).

i2,13=1 12,13,14=1

Boundedness of the model operators combined with Lemma 3.1 im-
plies that each term is directly bounded whenever we do not have the
“illegal” paraproducts in the parameters 1 or 2 and 3 or 4. For the rest
of the terms, we group them as follows

2
Z Hl 2A3 b P3 4f) ;’;’)3 (b, H1,2P374f)]
iz=1
2
+ Z Hl 2A1 A3 P3,4f) Hl 2P3 4A1 A3 4(b f)]
11:1
G+ D [PMARATS (0, I )TN EPAALATE (b, f)]

(i3,i4)€{1,2,3}2\{3}2
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2
3PP AT, T ) - A2 A0, TP )]

ia=1
+ (T2 AL A3 (b, P24 f) — T2 P34 AL AT (0, )
— AZAR (b, TI2POA f) 4+ PO AZAT (0,119 ).

We begin with the first pair. Since P3* is bounded, it is enough to
consider the boundedness of IT"? A3 A? (b, f)— A3A3 (b, I1"? f). We show
the case 73 = 1, and the other case can be handled similarly.

First, notice that by the one-parameter expansion 1CK, A}lgo =

(90 - <90>K1,1)1K17 we have

(P 11— (P Ko 2) Ky x s
= (P11 — (P K x Ky 1,2 + (P) Ky x K12 — (9) K ,2) 1K x K

1k 1x
- h > hy, — < h > hy..
Z< |K‘® I 1’2® I Z P Il®|K2‘ 1’2® I

I;CK> I,CKy

Using the previous observation, we have

H2ALAT (b, f) — AZAT (6,112 )

Z UK, ,K> |:<<bK3>K1,1<f7 hi, ®hK3>1,3>K272
Ki1,K2,K3

1k 1k
—® < h 2 o h >
<K3>K2,2 f K1®|K2| 123:| |K1|

1k
> akk <(<bK3>K1,1 —(brs) Ko2) L iy ko hK1®hK3>l,3’ﬁ>
Ki,K2,K3 2|72

® hishi,

X ‘K11| ® th th
1
— -1 K
= Z aKhKZ{ Z | 52| <b’ |K11| ® hK3>1,2,3
Ki,K>,K3 Q2CK>
X (fihi, ® hg, ® hiy)1,23
1k
- Z<b hg, ® hK3> (f hic, @725 @ hie, )1,2,3@ ho,
| 1,2,3 K]
Q1CK:y

K
L hi.,h
X ‘K1| ® Ksl'Ks»
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where bg, = (b,1k,/|K3|)s. These terms are similar to handle and we
deal with the first one. By the LP duality, we have

K| ! <T, ho, © h >
[R% Z aK17K2| 2|~ Z 4 ‘K|® Q2 ® Nk 123

Ki,K2,K3 Q2C K>
X (fras h, @ hg, ® hiy)1,23

1k,
X <g-”£47 w & hK2 & thhK3>1’273dx4 .

Fix x4 € R%. By Proposition 2.9 we need to show the boundedness of

1,
Z ‘a’Kl,K2|
R K|

dy+da+d3 K1 Ko
s

X(Z<fw4’hKl@hQ2®hK3>2<|<gw47hK2> |>K1><K3|QQ2|®|K3|) |K2|Vz4
Q2,K3 3 2

S fuish (M3 h )
</ s 25 A Z|aK1,K2||K| (Mg, i) v,
We begin by writing

<M3<gx47 hK2> >

G= > lan ilhs, @

I,K> | ‘

Hence, by standard estimates we get

1%
2,3 1
Ad1+d2+d3 ;S <f$47hK1>1<G,hK1>l |K1‘V£4

<o (E 5 o ) (S ) o

S ‘|51’273f$4 ||Lz)(Nm4 ||SlG||Lp’(A1*:D')

[M]Ap,[/\ ||fHLp(Mm4)HgHLp ()\1 »’ )

and applying Holder’s inequality once more to the integral on R% we
have the desired bound.
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Next, we deal with the second term in (5.1) with iy = 2. More pre-
cisely, it is enough to consider the term

Z Z <a’K37137J37hK4>h’K1 ® [<bK1>J373 - <bK1>13><K4,374]

Kl,Kg,K4 I?(’kS):K
I8 = kg

1k
h h h 4
<f’ |K1| @ @ K“>1,374® 5 & | K4l

= Z Z aKS;I37J3’hK4>hK1

Kl,Kg,K4 I:gkg):K

J(l3):
|: Z AQ4 bKl J3,3 + Z (fg)bKl J3xX K4,3,4
Q4CKy t3=1
- Z g‘5)()1(1 I3 x K4,3, 4]
S3= 1
><<f1£®h ®h > R h ®1£:'0' + 09 —0
; |K1| I3 Ky 1,34 J3 |K4| t01 ) 3,
where by, := (b, hi,)1. Terms oy and o3 are handled similarly. There-

fore, we show the boundedness of o; and o2. We begin with the dual
form of the first one

/ Z Z AK3,I3,J35 hK4>‘K4| ! Z <<b7 h’Kl ® hQ4>1,4>J373
Rd2

Ka,Ka k) _ g,
Q4CK4
(52) J(l3) Ks

<f, 7| L ® hr, ®hK4>1 4<g7hK1 ® hy, ®hg,)1,3.4]

19y

Fix x5 € R%. By Proposition 2.9 it is enough to estimate

2
h ( <z hy. & h >
/RMM% N Y kst b)) KE fes Ie |® 1;® hi,

P K3,K, Iék3)=K3 1,Q4
J§13>=K

21}(1 1Q4 )% 1J3 1K4

X Jhi, ®hy, @ h ® Vg -
(Gous ity @ Py @ hou )" 721 € 10.1) 171 © TR 7
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First, we estimate

3,4 1 1
‘<f12’ |K | ®h13 ®hK4>’ < <M AK3><K47(]€370)J[902>13><K4’ s |2‘Kv4|2

1
=t (Foy Ko, Ko ) Tax Ka,3,4 I3 2 [ K| 2

Hence, we can estimate

1 1 3
( Z <gﬂczth1 ® hJ3 ® hQ4>2 " ® > ) 2
P 7l 7 Qs

1
3 1
S( E <M3AK1XK3><Q47(0,Z3,0)912>§(1XQ41K1®1Q4> | J3]2
K1,Qq

1
= Gwz,Ka‘J?)IQ .

Using these estimates we get

1K1 2
Adl+d3+d4 Z Z |<aK3,I3,J37hK4>|( Z <f:r27 |K | ®h[3 &® hK4>

K3,K4 I§k3):K3 K1,Qa
I =K
1k 1qg 31y 1k
% (goas hie, ® hy, @ ho,)? K @ ) J2 g
oo s €y & R0 ] 1) Tl © il
1
S/ YD Ll
Ré1+dg I§k3):K3 |J3|2
I =K
1
x Z |<aK3,I3,J37hK4>|<F12,K3,K4>13><K4,3,4<GI27K3VI2>K4|K4|2
Ky

/ Z|K3| lM Ga, K3V12)
Ré1+dg-+dg G ’

X Z (Zu?) L27K37K4>13><K4,34®1K4) ® 1J3

Iékg):K K4

[SIE

I =K

‘ <Z<<Z<FI2,K37K4>%(4’4 & 1K4)é>j{3 ® 1[{3)%

K; Ky
<[(2 M4<Gm,KS%>zf
K3

S[H]AP[A]AP HfZQ ”Lp(/tmz) Hgﬂ?2 ||Lp/()\:1£;p/)7

—~

*)
S

LP(Aay)

LY’ (AL;7)
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where in step (x), along with obvious Holder’s inequalities, we used the
following application of Kahane—Khintchine’s inequality

KT (S 1Pe0d) ~ 1K1 Y B[ alrlie]

IR =K 7 Ik =K %
:|K|71 EZGZ/% dx
1) =
<|K|! Z /‘Zﬁz% ‘dz
I =K

(),

After applying Holder’s inequality to the integral on R%, we get the
desired bound for 7.

Then take oo with fixed t3 € [1,13]. By duality and Proposition 2.9,
the term that we are estimating equals to

L

P(137t31):K3

[z Sl 1|1 e ) |
I(ka) —Ks ‘ | »9s
J(t3)

1
1k 1k, 17 1k 1p, \ 2
x‘<,hl®h.® > ‘@ } ® 2L g D
SRS EIR J1aal T KGR TP
Begin by fixing #, € R?%. Then by sparse domination of bilinear
paraproducts (see e.g. Lemma 6.7 in [33]) we can deduce

/ Zl a’Kg,Ig,JguhK4 |‘<f:v27 ®h13 ®hK4>‘
Ris 4 K |

1x 1x
< |(goas ey @ By @ Y| e,
' 9z MK, J3 |K4| |K4‘ 2
[Is]2| J5| =
s W Rd <fm’ | K| ®hls> 3M4<g"c2’hK1 ® My )1,3Vas
4

< |I3]]Js|| K |2 A3 AAALS
= W ]Rd§ K37k‘3fx2>Kl><137173< K17K37(0713)g$2>K1 xJ3,1,3Vy-
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Using the previous estimates and A,,-extrapolation we get that our term
is bounded by

2 : 2 : 4 2
( <M AKg k3f£2>K1><K3,1,3
K Rd1+d3+dg
3

K1
Pélrm):K

1
41,3 2 2
<M A[(1)}<3)((),l3)ga:2>K1><P3,1,3 ® 1K1 ® 1P3) Vg,

1,4 A3 9
= /Rdl‘*'dz’»"'dz; (Z<M AKSvkst2>K3,3 ® 1K3)

K3

1
2

[N

1,3
x ( E (M 4AK1 K3, (0,l3)g$2>§<1,173 ® 1K1) Vas
K1,K3

Stdap Ny 122Gy 19l por a1ty

Apply Hélder’s inequality to the integral on R%? to get the desired bound-
edness.
The third and fourth terms in (5.1) are similar. Thus, we only need
to take care of the last term
1k

1x
b
Z Z aK,, K> <aK37137J3 ) hK4>A{(1,K2,13,J3,K4|K | ®hK2®hJ3 |K:| )

Kq,K2 I(ks) —K.
K3, K4 (L ) 3
Jg 3 =K,

b
AL e fagaes = (B hie, ® by @ hie,)13.4) ka2

B = (b) k%7513 = () Ky xIsx K134 — (0) KyxJ5,2,3 1 (0) oy x Iy x K64,2,3,4-

We write
= Y Aguxeub) K1x13,1,3+§ > Ay g OV KixKa1,4) 75,3
Q2CK> t3= 1Q2CK2
QaCKy
- g g A g, O Kix K140 15,3 E AQixQa(b)Ksx 15,23
s3=1Q2CK> Q1CK;y

QuCKy
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- g E A g, (0) Ky x K4,2,4) 5,3

t3=1 QlCKl

+Z D (Do, D) Kaxki24) 158

s3=1Q1CK1

6
i=1

We consider the terms associated to By and Bs since the rest can be
estimated similarly.
The dual form of the term associated to By equals to

‘ Z Z aK17K2<a’Ka7137J37hK4>|K2| 1|K4|7

K17K2 I(ks)

37 Ky (l3>—K

1 1y
X Z < == ®hQ2 ®hQ4><f7hK1®hQ2®h13®hK4>
o= VK [J3]
QaCKy

1k,
, hy. @h > .
X <g |K1| ® Js3 ® Qa4 ‘

By Proposition 2.9 it is enough to estimate the following term

1 1
/ ( Z Z |aK1»K2|| AK3,I3, JaahK4>‘ - - S?
5] T

Ky K 1)~ k.
K3, K4 i) 3
J88) Z Ky

1J3 1K4 4 1K1
Ut @ by i hsa @ @ e S (o b ), )

First, we write

lo
G = Z lag, k2 |hq, ® ‘K | ®hQ3 ®S4< |Ql|
Q1,K2,Q3 !

h > .
®hQa 1,2,3
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Thus we get

1k, 1,
/R > 2 K%

dy+do+d
1+d2+d3 K1,K3 I§k3)=K3

J§l3):KS

Y ks 1yt hic ) SHF, hie, @, @hie, 1 3.4 ((G hie, @)13V)k,
Ky

/ 3 Z Lic, o 1s |I5] 2| 3|2
R K1,K3 I(ks) |K1| ‘J3| |K3‘
J(13>

1k, \ 3
x (; S*(f, b, @ hy @ b, )T 5 4((G i, © hJ3>1,31/>12r<4,4ﬁ) :
4

Next, we estimate
1 1
(G i, @ b )rav) ksl < M4[<M3A}<?xx3,(o 13)G>1’<1’1V]|JB|2 | K

and

1 3
(%4:52 fihr, ® Ay, ®hK4>1 34 ® |I?4|)

1 1
SSARL s o i<, 131T 2 [ Ko |2

Hence, we have

4rar3/A1,3
/ Z MM AleKg,(ozg)G>K1,1V]
RY K

x (8% 4A}(‘?XK3’(O,,€3)J£>K1 xKs31,3 @ 1r, @ 1k,

Nl=

1,3
< H( S MUMEAL e oin @il @ 1K3)
Ki,K3

LY (ut=")

=

x H( > (AR ey 0k DEix e © 1 © 1K3)

L
Ki1,K3 (k)

<[H]Ap7 ||g||LP (AL-» )Hf”LP
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Next, fix the integer t3 € [1,l3] and consider the dual form of the
term B

’ Z Z aK1,K2<a'K3J3,J37hK4>

Kl,KQIUVS) =K.
Koo o) _ ’

x Z ol 7151 (b

Q2CK2

®hJ<t3>® K |>

1
®th®hJ3 K4>‘.

x <f,hK1®hQ2®h13®hK4>< X

IK |
Thus, by Proposition 2.9 we are estimating the following term

1g 1K
lar, ko |l ’
/R Z ' 2\K| | |

KK

_1 2 ].Q 1P %
><< Z ( Z |P3\ 27r4(fK1,Q2,13,gKl’Kz’J_g)) @@, |P33|) v,

Q2 I(’cs)
Pyl Tk, Jm
where
4
T (fKy ,Qards» 9K K2, T5)

= 77}1{3,13,J3 (<f’ hK1 ® th ® hI3>172,37 <ga |K ‘ ® th ® hJ3>1 9 3)

is a bilinear one-parameter paraproduct where ag, (p, hi,){®) K, is re-
placed by |ax, (@, hx,){®)k,|.- As previously, by sparse domination and
A o-extrapolation we get

1 1
/ Z |aK17K2| ‘ K1| ‘ K2|
Ko

_1 21Q 1p 3
X( Z ( Z | Ps] 27T4(fK1,Q2»1379K1,K2113)) @® ‘P33|)2V

Q2 1(k3) g
P{l T~k Jsug):P
1k 3,4
/ Z lax,, K2| 21 ® 1rs (M™ A1<2><K3_ (0, 13)9>K1><K212
K1,Ko 1‘2 |K2‘

K3

1,2,3 2
x (Z< AK1><Q2><Kg,,(O,O,lcg,)f>K1 XQa2xK3,1,2,3 @ 1Q2) v
Q2

[N
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3,4 A 2,3 2
DTG DELLUS SR
K3

Ki,K2
MAAY?? x 1 2 Lo, @11,)
x Z< K1><Q2><K3,(0,0,k3)f>K1><Q2><K3,1,2,3® Q2 VK1><K2 19 K1® 1K,
Q2 o
1
1,34 A 2,3 2 2 2
< (X 0rat g ke ta) (5 M
K2,K3 Ki,K3
1
MAAL2S 2 1 3 \2 1 2
% Z< K1 xQax K5,(0,0,k3) d VK1 xQax 5,123 ® 1@y ) v rey 1 LK% K
Q2 ’
S[N]Apa[/\]Ap ||9||Lp’(>\1—p’)||fHLP(;¢)- O

We return to consider the space R = R4 x R% x ... x R,

Theorem 5.2. Let v = u%)f%, where p, A € A,(R4 x ... x Rdm)
inRY) and 1 < p < co. In addition, let T = {Z;}}_, be a partition of
{1,2,...,m}. Given CZO T", where v; = (j);ecz,, suppose that at least
one of the following conditions holds:

(1) the CZO T; is paraproduct free, or

(2) #I; <2
foralli=1,... k. Then we have

||[TT)1’ [T@27 cee [b’ TﬁkaLP(#)%LP(A) 5 HbemoI(u)'

Here, even with the case kK = 3 with bi-parameter operators, we have
a collection 27 commutators. Actually, even more, when counting dif-
ferent forms of paraproducts. We can use the same strategy as in the
case k = 2 also here and essentially nothing really changes. Clearly, the
number of paraproduct coefficients increase but techniques used in the
case k = 2 also apply to these situations. The previous theorem is not
stated for paraproduct free CZOs. However, if we combine techniques of
Theorem 4.4, we can allow paraproduct free CZOs of arbitrary parame-
ters. We omit the details. Furthermore, we remark that the case k =1
is proven in [34] for the bi-parameter CZOs.
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