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SUMMABILITY IN A MONOMIAL FOR SOME
CLASSES OF SINGULARLY PERTURBED PARTIAL
DIFFERENTIAL EQUATIONS

SERGIO A. CARRILLO

Abstract: The aim of this paper is to continue the study of asymptotic expansions
and summability in a monomial in any number of variables, as introduced in [3, 15].
In particular, we characterize these expansions in terms of bounded derivatives and
we develop Tauberian theorems for the summability processes involved. Furthermore,
we develop and apply the Borel-Laplace analysis in this framework to prove the
monomial summability of solutions of a specific class of singularly perturbed PDEs.
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1. Introduction

The theory of asymptotic expansions in one complex variable is a
well established and widely used branch of Analysis. It provides the ad-
equate setting to treat solutions of analytic problems at singular points
and opens naturally a way to study (Borel) summability of formal so-
lutions, for instance, power series or exponential series. It finds its ap-
plications in some classes of ordinary and partial differential equations,
analytic classification of formal objects, and some other classes of func-
tional equations. In this framework we have at our disposal two main
tools to approach such problems: the Ramis—Sibuya theorem and the
Borel-Laplace analysis.

There are different notions of asymptotic expansions in several vari-
ables available in the literature. We can mention Majima’s strong as-
ymptotic expansions which allows us to work with each variable inde-
pendently, although the problem of identifying singular directions for
summability persists; see e.g., [18]. In the Gevrey case this notion can
also be approached through a Borel-Laplace analysis. Let us mention
that in [10] this has been used as a regularization process to prove the

Supported by the Austrian FWF-Project P 26735-N25 under P. I. Armin Rainer.
Partially supported by the Ministerio de Economia y Competitividad from Spain,
under the Project “Algebra y geometria en sistemas dindmicos y foliaciones singu-
lares” (Ref.: MTM2016-77642-C2-1-P).



84 S. A. CARRILLO

existence and “summability” of solutions for classes of nonlinear evolu-
tion partial differential equations.

On the other hand, monomial asymptotic expansions and monomial
summability lie in between the theory of one variable and the one of
Majima. The concept emerged naturally in several problems, including
the study of certain systems of differential equations by H. Majima and
W. Wasow, and in the analytic classification of resonant singularities of
holomorphic foliations in two variables given by J. Martinet and J.-P. Ra-
mis; see [15, Introduction] for more details. Later, these notions were
formalized and developed systematically in [3] for the case of two vari-
ables, and then in [15] for higher dimensions. Furthermore, they were
applied successfully to doubly singular ordinary differential equations,
i.e., that are both singularly perturbed and exhibit an irregular singular
point; see equation (33). In particular, the monomial involved identifies
singular directions for summability of the formal solution, and thus helps
to find large domains where actual holomorphic solutions of the problem
exist.

In simple terms and leaving technical details for later, monomial
summability formalizes the idea of studying summability — Borel, k-
Borel, or k-summability defined using Gevrey asymptotic expansions —
of formal power series f (z1,...,24) but with respect to a variable ¢ =
x{t - xg?, for some positive integers «;. In other words, the source
of the divergence of f can be treated by putting f(21,...,24) = glaft -
xg*)(21,...,2q), where §(t) is a formal power series in ¢ with coefficients
holomorphic functions in x1,...,2z4 in a certain Banach space. Then,
the summability of f is addressed as the summability of §(t) with re-
spect to t. In this way, if g(¢) is a sum for g§(¢), we associate to f the
sum f(z1,...,2q) = g(a7" - -25*)(21,...,24) which will represent f
asymptotically in adequate domains. This approach provides a way to
understand more intricate divergence phenomena which are inaccessible
when considering each variable x; separately.

Our goal in this paper is to follow the sketch we present in Section 2 on
the theory of asymptotic expansions in one variable to provide analogous
results for the monomial case. The main theoretical results we obtain
here are: a characterization of having a monomial asymptotic expansion
in terms of bounded derivatives (Theorem 3.8), equivalent methods to
establish monomial summability based on integral transformations with-
out passing to the variable ¢ (Theorem 4.10), and Tauberian theorems
comparing such summability processes (Theorem 5.5).

For the two-dimensional case the last two issues were treated in [5, 6].
The key idea was to weigh the variables adequately to obtain integral
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transformations, as the ones introduced in [2], and then to have at hand
a direct Borel-Laplace analysis. One of the improvements we obtain here
is that some of the weights can be zero. At first look, it might seem that
the zero weighted variables act as regular parameters. The main differ-
ence with the parametric case is that the domains where the asymptotic
expansions take place also depend on them. In fact, the summability
methods involved are incompatible (Theorem 5.8).

As an application, we establish in Theorem 6.1 the ®&® -1-summa-
bility of the unique formal power series solution of the partial differential
equation

1 x%e* — ++ — | =G(z,e,y),
) (11t et g2 ) = Glaew)
where x = (z1,...,2,), e=(e1,...,&,) are complex variables, a = (a1,
s ap), & = (af,...,al,) are tuples of positive integers, (u1,. .., tn)

is, up to a non-zero multiple scalar, an n-tuple of positive real numbers,
G is a CV-valued holomorphic function in a neighborhood of the origin,
and %(0, 0,0) is an invertible matrix. In this way, we have generalized
the results in [3, 6] corresponding to the case n = m = 1 by using
directly the appropriate Borel-Laplace analysis.

Asymptotic expansions and summability have been recently general-
ized by J. Mozo and R. Schéfke in [15] from monomials to germs of an-
alytic functions. Integral transformations for the corresponding summa-
bility methods are still not available and it is an interesting problem to
determine whether it is possible to extend our results to that setting.
It is worth mentioning that after our current results, we have recently
extended these Tauberian theorems for k-summability with respect to
analytic germs; see [7].

The plan for the paper is as follows: in Sections 2 and 3 we recall the
basic results on asymptotic expansions and summability in one variable
and for monomials, respectively. Section 4 is devoted to introduce and
develop integral transformations to characterize monomial summability,
and then in Section 5 these tools are applied to prove Tauberian theorems
for these summability methods. Finally, Section 6 contains the proof
of the monomial summability of the formal solution of the singularly
perturbed partial differential equation mentioned above.
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to thank Universidad de Valladolid (Spain) for the hospitality during my
visits while preparing this article.
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2. Asymptotics and summability in one variable

We start by introducing some notation: Let N denote the set of nat-
ural numbers including 0 and N* = N\ {0}. Domains in the complex
plane C where holomorphic maps admit an asymptotic expansion are
sectors with vertex at some fixed point, e.g., the origin. In this paper
we denote them by S = S(0,b —a,r) =V(a,b,r) ={z € C:0 < |z| <
r, a < arg(z) < b} emphasizing on its bisecting direction 6 = (b+ a)/2,
opening b — a > 0, and radius r > 0. For unbounded sectors we simply
write S = S(0,b—a). For subsectors S" = S(6',V/—a’,1"),a < da' <V < b,
0 <71 <r,wewrite S’ € S. We also denote by D, the disc of radius r
centered at the origin.

Let (E,|| - ||) be a complex Banach space. In most applications E
is C%, for some d > 1, or a suitable space of functions. We will use the
notation C(U, E) (resp. O(U, E), Oy(U, E)) for the space of continuous
(resp. holomorphic, holomorphic and bounded) E-valued maps defined
on an open set U C C? If E = C, we will simply write O(U). We
also denote by E[[z]] (resp. E{x}) the space of formal (resp. convergent)
power series in the variable x with coefficients in E.

Consider f € O(S, E) and assume it has f = S gana™ € El[z]] as
asymptotic expansion at the origin on S (denoted by f ~ f on S), i.e.,
for each S’ € S and N € N, there exists Cn(S’) > 0 such that

N-—-1
(2) Hf(:c) =Y apat|| < Cn(S)|z[Y on S
n=0

To check that f ~ f on S, it is actually sufficient to have inequality (2)
only for the values N = Mp, where p € Nt is fixed. The asymptotic
expansion also holds if instead of the partial sums of f we consider a
sequence (fn)nen C Op(Drg, E) satisfying that for each S’ € S and N €
N, there are constants Ax(S’) > 0 such that

| f(z) — fn(2)]] < An(S)|z|Y  on S’ N Dg.

£ (=)

n!
for any S’ € S. The series f is also given by the limit of the Taylor series
at the origin of the f,, in the m-topology of E[[z]], m = (z). On the
other hand, a map has an asymptotic expansion on S if and only if it
has bounded derivatives of all orders on every S’ € S, a fact that follows
by using Taylor’s formula.

The series f is completely determined by f since a,, =limg/5, .0
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When no restrictions on the coefficients Cn(S’) or on the sector S
are imposed, the map f — f is not injective. In applications to differ-
ential equations the types of asymptotic expansions that appear are of
s-Gevrey kind (denoted by f ~ f on S), for some s > 0. This means
that we can choose C,,(S") = C(S")A(S")"*n!®, for some C(S"), A(S") > 0
independent of n. It follows from (2) that ||a,|| < C,(S’) for all n € N.
Then, in the s-Gevrey case, we conclude that f is an s-Gevrey series.
The space of such series will be denoted by E[[x]]s. The cornerstone to
define k-summability is Watson’s lemma: if f ~4 0 on S(0,b— a,r) and
b—a > sm, then f =0.

Given f € E[[z]], k > 0, and a direction 6 € R, we say that:

(1) The series f is k-summable on S = S(0,b — a,r) with sum fe
O(S,E)ifb—a > n/k and f ~q/p fonsS. We also say that f is
k-summable in direction . The corresponding space of such series
is denoted by E{x}; k0.

(2) The series f is k-summable if it is k-summable in all directions,
except possibly for a finite number of them modulo 27 (the singular
directions). The corresponding space is denoted by E{x}4 .

Due to Watson’s lemma, the k-sum of a k-summable series is unique.
We have at our disposal integral transformations to compute these sums.
Among the kernels of order k for moment summability, see e.g., [1, Sec-
tion 6.5], it is common to consider:

(1) The k-Borel transform, defined by By f () = 27” f f(z)el&/® )" k+1,
where f € Oy(S, E), S = S(0, 7/k+2e, Ro) 0<2< 7r/k: and 7 is
the boundary, oriented positively, of a subsector of S of opening
larger than 7/k. Its formal counterpart gk acts on monomials by
the formula By (z*)(€) = F(A/k reC.

(2) The k-Laplace transform in direction 6, defined by Ly ¢(g)(z) =

60
foe > g(f)e’(g/m)k dé* . where g is continuous and has exponential
growth of order at most k£ on the domain of integration. If g is
defined on an unbounded sector, we obtain a map Lj(g) through

analytic continuation by moving 6.

Using these transformations, and due to their compatibility with
asymptotic expansions, a 1/k-Gevrey series f= oo pana™ is called
k-Borel summable in direction 0 if Ek (f — D <k anxn) can be analyti-
cally continued, say as ¢, to an unbounded sector S’ containing 6, and
having exponential growth of order at most k in S’ i.e., we can find
constants L, M > 0 such that [|p(§)]] < LeMiE™ for all € € §'. The
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k-Borel sum of f is defined by f(z) = > n<k @™+ Ly (@) (). It is well-

known that a power series f € E[[z]] is k-Borel summable in direction 6
if and only if it is k-summable in direction # and both sums coincide; see
e.g., [16]. This equivalence is useful also to prove Tauberian theorems
for k-summability. In particular, we know that if a series is k-summable
for two different values of the parameter k, then it is convergent.

The Borel-Laplace analysis has been applied as a regularization pro-
cess in differential equations to prove the summability of formal solutions
in generic situations. It exploits the isomorphism between the following
structures

(3)  (Bllallje 4+ %, 25 d/dz) B (€ FBLEY, +, 01, kS (),

where x denotes the usual product and % stands for the k-convolution
product. For holomorphic maps, it is given by (f*g)(¢)=¢&* fo fert/F)
g(&(1 — 7)Y/*) dr. For more morphisms of this nature see, e.g., [13].

3. Asymptotic expansions in a monomial

In this section we recall the concepts of asymptotic expansions and
k-summability in a monomial, and their main properties. In particular,
we prove Theorem 3.8 that characterizes maps admitting a monomial
asymptotic expansion in terms of bounds on their derivatives.

We introduce the remaining notation we will use along the text. For
a fixed d € Nt we will write [1,d] for the set {1,2,...,d}, e1,...,eq will
denote the canonical basis of C%, oq = {(t1,...,tq) € R‘io sttty =
1} will be the standard d-simplex they generate, and 4 will denote its
topological closure. We will also write (X, u) = Ajpg + -« - + Agpuq for all
A peCe

We use complex coordinates &= (21, ...,24) ECLIf B=(B1,...,B4) €
N? and s=(s1,...,5q4) ERZ,, we use the multi- index notation |3 = f1+

A B, BIE =615 Byl P =t xgd, and -2 5B *8'5‘/3xﬁ1 5‘zgd.
IfJ C [1,d], we denote by J¢ = {i € [1,d] : i ¢ J} its complement, #.J its
cardinal, and we write N” = {(8;)jes | Bj € N, j € J}, zj = (z;)je,
B; = (Bj)jes, and wﬁj = [lics xf7 Along the text we work with
the partial order on Nd defined by 8 < « if and only if 3; < «; for
all j € [1,d]. We will also write 8 < a if 5; < «; for all j € [1,d]. Note
that 8 £ a if and only if there is j € [1,d] such that 3; > «;.

Given a complex Banach space (E,|| - |), E[[z]] (resp. E{x}) will
denote the space of formal (resp. convergent) power series in the vari-
ables & with coefficients in E. If s € R ), we denote by E[[z]]s the space
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of s-Gevrey series in the variable x, i.e., ZﬁeNd aga:ﬁ is s-Gevrey if there
exist constants C, A > 0 such that [jag| < CAPIB!* for all B € N,

Given any f = 35y agxP € E[[z]], we can write f uniquely for
every nonempty subset J C [1,d] as

@ f= 3 fis, @)y, frp (@)=Y ag,,.25.

B,ENJ B ceNIC

Furthermore, if & € (N*)? is given and we consider the monomial %,
f can be also written uniquely as

(5) f: Z fa,n(a’)wnav fa,n = Z ana+ﬁwﬁ‘
n=0 [e%4¢]

To ensure that each fa)n = fa,n gives rise to a holomorphic map,
defined in a commonApoly(Aiisc at the origin/\for alln e N it is necessary
and sufficient that f € O4(E) := U,.,O4(r, E), where O)(r,E) :=
ﬂ?:l Op(D3=1, E)[[x;]]. If this is the case, then fJﬁJ = f18, € E{z -}
for all B, € N/ and J C [1,d], and they are defined in a common
polydisc at the origin. Besides fo, € €% = |J,5( &Y, where £ is

the space of holomorphic maps g € O,(D%, E) such that gmg( ) =0

for all o« < 3. Also, each £ becomes a Banach space with the norm
gl = suPjay)... jwui<r 9 (@ I
For any f € Od( ) and v € N?, we will use the notation

App,y Z agzP € E{x}
Y£B

for the formal approzimate off of order ~. In particular, if v = Na,
we have

(6) Appya(f Z foum(

Remark 3.1. For further use, we remark the following bounds on facto-
rials. First, it is elementary to show that

(7) n!f < (kn)! < kK*nl* n ke NT.

Let us fix @€ (N*)4 and consider v e N\ {0}. If N=min;<;<q|7vj/a;] =
|vi/cu], where |-| denotes the floor function, then N < v;/a; < N +
1 and N < v;/a; for all j = 1,...,d. Then, using (7), the second
inequality shows that N!% < (a;N)! < ~;!. Also, the first inequality
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shows that v,!"/% < (ay(N + 1)1/ < oV THN +1)! < || VF12VNT =
la|(2|a))V N! < |a|(2]a])YINY, since N < |y|. In conclusion,

-1 [vI ei < NI < 11/
o™ (2la)™! min v, N'< mig !
Analogously, if we consider N = maxi<;j<q|v;/0j] +1 = [ym/am]| +1
instead, now we have v;/a; < N < yp/a,+1forall j=1,...,d. Then
N1om < (N < (ym + ap)! < 27mTamq 1oy, 1. Using that N < 2lv|
and a1t/ < a, < |a|, we can conclude as before that

|| 727 max 7 e < N1 < |22 max 7 11/
1<j<d <j<d

For each o € (NT)?, we consider the map T : 5:1(E) — £[[t]] given
by fa(f) = > o fant™, by using decomposition (5). We will say fisan
s-Geurey series in the monomial z® if for some r > 0, Ta(f) € EX[[t]],
and it is an s-Gevrey series in t, i.e., there are constants B, D > 0
such that ||fenl|r < DB™n!® for all n € N. The space of s-Gevrey

series in @ will be denoted by E[[z]]¢. Their elements admit another
characterization, for which we need the following:

Lemma 3.2. The following assertions are verified for a series f =
S agzP € E[[z]]:
(1) f e E[[x]]* if and only if there are constants C, A > 0 satisfying

lagll < CAPI min{gy 1/, ... Bal*/*}, B eN.

(2) If f € E[[x))%, then Ta(f) is a maxi<j<d{a;/aj}s-Gevrey series,
in some E.

Proof: (1) Assume there are constants B, D > 0 such that ||fanl» <
DB"n!* for all n € N. Given v € N¢, let N = minj<;<4|v;/c;]|. Thus
v = Na + 3 with 8; < qq, for some [. Then, by Cauchy’s inequalities,
we see that

1 0P fan DBN .
ool = lavasal = | 2 0] < 25,

which yields one implication with the aid of Remark 3.1. The converse
follows by the same argument as in (2) below.
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rA < 1, we obtain
d Otjfl

(2) If [jag|| < C AP minlgjgd{ﬁjls/a-/f}, for all B € N%, we can directly
estimate the growth of fo , by means of equation (5): if || < r and
Hfa n Z ana+7$
afy
< nlod+ vyl 5 15/
S5 T car e e
J=1B;=0~€eN4 ~;=8; T

CAn\a\ Ll
TAd 122 nag-i-ﬁ lS/a (?"A)
] I/BJ_O
If we write s’ = maxlgjgd{aj/aj}s, by using inequalities (7), we find
that
(nay + B3)1% < (o + 1)1/
a;(n+1) saj/aj a;(n+1) s’
<aj’ (n+ 1)1/ <aj’ (n+ )17
for all n € N. Then it is clear that we can find constants K, M > 0 such
that || fan(®)|| < KM™n!* for all || < r and all n € N, as we wanted
to show. O
The previous lemma implies that E[[z]]}l® = E[[z]]® for all M € N*.

It also shows that f € E{x} if and only if T (f) € £2{t} for some r > 0,
by taking s = 0. Moreover, Lemma 3.2 (1) shows that

d
(3) Ell=]]s =) Ellz]l =, C Ellz]]s,
=1
for any s in the convex hull of {s/ajes,...,s/aqgeq}. This inclusion
follows from the first inequality in
(9) min{a,...,aq} < al' - alf <max{ay,...,aq},
valid for any aq,...,aq > 0 and (t1,...,tq) € T4

In the analytic setting, we use sectors in the monomial x%, i.e., sets
of the form

My =T4(a,b,r)={x € C?: a < arg(z®) < b, 0 < |2;|* <r, j€[l,d]}.
Here any convenient branch of arg may be used. The number r > 0
denotes the radius, b — a > 0 the opening, and 6 = (b + a)/2 the
bisecting direction of the monomial sector. We will also use the nota-
tion Iy (a,b,r) = Sa(0,b — a,r) = Su. In the case r = 400 we will
simply write Iy (a,b) = Sq(6,b — a), and we will refer to it as an un-
bounded sector. The definition of subsector in a monomial is clear.
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Remark 3.3. Given two monomial sectors II,, = Il (a’,b',7r) C I, =
I (a”,b",r), we can always cover the first one by polysectors, i.e., Carte-
sian products of sectors, of constant opening contained in the second one.
In particular, we can check that II,, C U C II,, where U is given by

b a' .
o Y v )

d—1 d—1
v (a” =D ey Qkptr O = (V' —a) =7 ak/"’f’rl/ad> _

(e 7] ’ (e%]

Indeed, if g = (z1,0,...,24,0) € II,, then xy belongs, for instance,
to the polysector with p; given by

g = arg(zj0) — gv
)

ay _ ) o ay _ 1
max{(),arg(:%) b +b a}<¢<min{b a arg(zd) —a }

d—1 d—1" d—1
If f € Op(Ilg, E), Uy =Ty (a,b,r), then we can construct an opera-
tor Ta(f)p: V — €, where V =V (a,b,p?) and 0 < p < r, as it is done
in the formal case, such that
Ta(f)p(x%)(2) = f().
We recall this construction by following [15]. We start with the case o =
1:=(1,...,1). Define the map g(t,x2,...,2q) := f(ﬁ,xg, . ,a:d)

for |zal, ..., |xq| < rand |t|/r < |x2---xq|. The map g admits a Laurent
series expansion in this domain, g(t,z2,...,24) = >, cza1 gm(t)x™,
where g, € O(V, E).

If m € Z471, we use the notation pu(m) = min{0,ma,...,mg} <0,

and ¢: Z41 — M, for the bijection ¢p(m) = (—pu(m), ma — p(m),...,
mq — p(m)), where My C N? is the set of all (ny,...,ng) € N such
that at least one of the n; vanishes. Then, by definition,

Ty (f) = Y g (),

meZd

With these considerations, we guarantee that all the exponents in x are
non-negative. To check that this expression is well-defined and satisfies
what it is required, note that since f is bounded, say by some constant C,
Cauchy’s inequalities yield || gm (¢)|| < Cry™? ~~r;md. If m; = p(m),
choose r; = r for all j # [ and r; such that ry---rq = |t|/r, to deduce
that

lgm (8)]] < CJt| 7O pdutm)=(masttma),
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Thus each t*(™) g,,, (¢) is holomorphic and bounded on V. It is also clear
that z¢(™) ¢ 5/}, since ¢(m) € Mg, and then the map defined through
the previous series also belongs to the same space.

More generally, if there is a function K : (0,7%) — R such that || f(z)| <
K(|zy - xq|), & € Oy, then |[t*™) g, (t)|| < K (|t])rd(m)—(mattma)
Thus T1(f),(t)(x) is bounded by

k() 3 (iw)¢(m)—K<|t> 3 (1m)nngK('t'>,)

mezd-1 neEMy j:l(l 7
We conclude that
K (It])
(10) [[T1(f)p () ()| < N P TR
Hj:l (1 - T)
In the general case, for an arbitrary monomial £, we can write

(11) fla)y= > aPfa(af,... 25",

0<B<

teVia,b,p?), elly(a,b,r).

with fg € O(Il1(a,b,7), E). In fact, if for each j, w; is a o;-th primitive
root of unity, then

(03 (e} 1
(12) P fg(x, ..., 254) =

al .. .ad
X E wfélﬁl--~w;5dﬁdf(w‘flx1,...,wgdxd).
0<é<ax

Then, we define
(13) Ta(f)o)(@) = Y aPTu(fs),(t) (", .. 25"
0<B<a

To see that T (f), is well-defined and thus holomorphic, we can actu-
ally show that if f satisfies ||f(x)| < K(J£*|) on I, for some function
K: (0,77) — R, then
K(t)

(14) ITa(f)p(O) (@) || < Ralla]™ .. s [2a]*,7) i

for t € V(a,b, p?), ¢ € Ty (a,b,r), where

rd

Ra(Plaandﬂ') = d ’ 0§P17~~~7Pd<7"~

j 1/0(]‘
[ (= (%)7)
Indeed, by using equation (12) we get

lz fa(ats .o g Il < Jaa |77 fag| P K ().
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In the variables u; = x;l’ these inequalities take the form
- “Bajorg K(lua - - - ual)
fa(u ST‘I Bi/ar . pl=PBa/aa .
I fa(w)] s

We can thus apply inequality (10) to each summand in (13) to finally
obtain

z ol \* (NP ()

0<B<a j=1

Then (14) follows by noticing that |z;|* < p < r, and also from the

. . Ba (1—aft)---(1—a5?)
identity ZOS,B<0¢ ait---ayt = —(1_;1).“(1_(12) .

In the case d = 2 and a« = 1 = (1,1), if f € O(Il1(a,b,r)), the
previous construction consists of writing f(t/x2,x2) = >, o7 fm(t)25,
as a Laurent series on |t|/r < |z2| < r and setting

f-m(?)
tm

(o] o0
Ta(f)p() (@1, 22) = ) o'+ Y fm(t)as
m=0 m=1
As an application of this construction we can prove the following
proposition on the dependence and growing of a holomorphic map in a
monomial. There is also an interesting approach in [14] for the case of
entire functions with polynomial bounds.

Proposition 3.4. Let d > 2 and f € O(lly, E) be holomorphic, where
Iy = Ha(a,b). If |f(2)]] < K(|x%|) on Iy, for some function K:

(0, +00) — (0,400), then there is g € O(V, E), V = V(a,b), such that
f(x) = g(x®).

Proof: We proceed by induction on d. The case d = 2 is proved in [6],
but we repeat the proof here for the sake of completeness. First, note
that we can assume g.c.d.(a1, a2) = 1 by changing K adequately. Given
a = (a1,az) and f € O(Il,, E), we write f as in equation (11), and
if fa.,6.(t/u2,u2) = 32,c7 fo1,8m(Hus’ for [t|/r < ug| < 7, equa-
tion (12) shows that |3, s, (tr,us)| < us| =/ fug =52/ K (Juyus ),
(u1,uz) € II;. Using Cauchy’s formulas we obtain

[t~/ K ()
1/51.82m (D) < ey Py

e () ,
/81,82, —m ()] < SmABijon—Bajas’ T E N, 0<Bj <ay,j=1,2
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If m > 1, the exponents of r in the previous inequalities are positive.
Since r was arbitrary, we can take r — +o00 and conclude that f3, g,.m =
0. If m = 0 and (31, 82) # (0,0), by considering one of the preceding
inequalities, according to B2/as > f1/ay or Ba/as < f1/ai, the same
conclusion follows. Thus f(z1,2z2) = fo,0,0(x] x5?).

Now assume that the result is valid for some d and let us prove it
for d+ 1. To simplify notations we name our coordinates (z,z) € C%x C

and (a,p) € (N*)? x N*. If we decompose f as
p—1
fla,2) =Y 2 fi(m,2"), [; € O(Tla, E),
=0

the bounds for f show that || f;(z, Q)| < |¢|7//PK(|2*¢]), j =0,...,p—
1. For a fixed ¢ € C* let us write IIS, = {x € (C*)¢ : a < arg(x®) +
arg(¢) < b} and V¢ = {¢ € C* : a < arg(¢) + arg(¢) < b}. Applying the
induction hypothesis to each f;(-,¢) € O(IIS,, E), we can conclude that
there are maps g;(-,¢) € O(VS, E) such that f;(z,¢) = g;(z*, ().

We can now define g; on II;,1) =1l 1y(a,b) in such a way that g; €
O(I1,1y, E). Indeed, if (£, () € 1,1y, then & € V¢ and g; (&, ¢) is already
defined. To show that g; is holomorphic, by using Hartog’s theorem (see
e.g., [19, p. 28]) it is sufficient to show that g; is holomorphic at any point
(€0, ¢o) € I (1,1 with respect to each of the variables. It only remains to
prove this for the second one: choosing xy € IS such that z§ = &,
we know that g;(&o, o) = f;(x§, (o), that depends holomorphically on
the second variable. The functions g; satisfy ||g;(&, Q)| < [¢|7//PK(|€C])
for (£,¢) € I(,1). The same argument used in the case d = 2 shows
that g; = 0 for j # 0 and go(§, <) = go,0(£¢) for some goo € O(V, E). In
conclusion, f(x,z) = goo(x*2P) as we wanted to show. The induction
principle allows us to conclude the proof. O

Definition 3.5. Let f € O(Ila, E), Iy = Ha(a,b,7) and f € O4(E)
be given. We will say that f has f as asymptotic expansion at the
origin in x* (denoted by f ~* f on Ily) if there is 0 < 7/ < r
such that To(f) = Y fant™ € EX[[t]], and for every proper subsec-
tor I, = In(a’, b, p), 0 < p < 7', and N € N, there exists Cy(II,,)) >0
such that

N-1
1)@ X fanteee

n=0

< On(T)|eN*|  on TIL,.

The asymptotic expansion is said to be of s-Gevrey type (denoted
by f ~¢ fonlly) if it is possible to choose C), (I1,,) = C(II,,) A(II,,)"n!?,
for some C(II,,), A(II,,) > 0 independent of n.
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From the very definition of f ~¢ f => agwﬁ on IT, we can deduce,
by using (15) for N = 1, that
(16) ao= (33), fJ,OJ(wJC): lll’ilof((l:), Jg[:l?d]? HZICH(X‘
x g
xzEll,

a

lim f
n,sxz—0

Monomial asymptotic expansions can be reduced to the case of one
variable by using the operators T, and fa. Indeed, direct estimates
using (14) show that if f € O(Il(a,b,7), E) and f € @fi(r’,E), <,
then f ~* f on 4 (a,b,r) if and only if for every 0 < p <r', To(f), ~
fa(f) on V(a,b, p?). The same statement is valid in the Gevrey case,
and in this case it follows that f € E[[]]%; see [15, Proposition 3.11]
for details.

Another characterization of monomial asymptotic expansions is ob-
tained by approximating by holomorphic functions.

Proposition 3.6. Let f e O(Tly, E), Uo =14 (a,b,7), and fe@&(r’, E),
r’" <, be given. The following assertions are equivalent:
(1) f~ f onIg.
(2) There is R>0 and a sequence (Fx)nen C Oy(D%, E), Fy = 0, such
that for each subsector 11, of 1o and N € N, there is An(I1L,) > 0
such that

(17) If(2) — Fn(2)|| < An(IT) 2| on TI, N D

If s >0, f ~* f on Iy if and only if inequality (17) is satisfied with
A,(1T) = C(T) ATy nt* for some C(ITY), A(IT) > 0 independent
of n, and there are B, D > 0 such that | Fy,||r < DB"n!® for alln € N.

In any case, f is given by the limit of the Taylor series at the origin of
the F,,, in the m-topology of E[[x]], m = (x).

Proof: If f ~% f on Iy and Ta(f)(t) = 3 famt”, then Fy(z) =
Y onen Jan(xT)x"™ satisfies the requirements. Conversely, suppose we
have such a sequence (Fy)nen. Note that each T, (Fn)g is holomor-
phic on Dg and has fa (Fn) as Taylor series at the origin. Let gny41 =
To(Fn)r. Applying inequalities (14) for N 4 1 to inequality (17) with
K(u) = uN*1 it follows that

|1 Ta(f)p (1) = gn+illy < Ralp's- o0’ p) Ana ()Y,
in the corresponding sector, where 0 < |t| < p’ < min{p, R}. Thus

we obtain that To(f), has Tw(f) as asymptotic expansion. But T (f)
is given by the limit of the series T, (Fy) in the m-topology of £X[[¢]],
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m = (t), thus f ~¢ f on I, as we wanted to show. The s-Gevrey case
also follows since the sequence (gn+1)nven has bounds of s-Gevrey type
if the sequence (Fy)nen does. O

These characterizations allow us to prove that monomial asymptotic
expansions are stable under sums, products, and partial derivatives. In
particular, it follows from the relations (16) that if f ~* f on Il,, then

T 1 0Bf
“w = I, o0 B! B! 9B

(@),

(18) L o8
— i d
frp,(@ge) = mlJ;,O Byl 0a (), BeN’ JC[1,d].
kA

In particular, f is completely determined by f.

Remark 3.7. Assume that f ~& f: Zaga;ﬁ on Il,, and take D, B > 0
such that [lag|| < DB!Pl min;<;<4{3;!*/%} for all B € N?. We can also
consider how f approximates f for any index -y, other than Na as in Def-
inition 3.5. Indeed, given v € N, if we consider N = maxi<;<a|v;/c; |+
1, then 0 < Na — 7. Thus, we find that in any subsector II,, of ra-
dius p < mini<;<q1/B%,

1 (@)= App, (F)(@)]| < CAVNY &N+ || App o (f) (@) —App, (f) ()],

but the second term is bounded by
s
D Nyl
Na—~<£é

d Noj—v;—1

<DBRY YYD B ain (54 81

Jj=1 B;j=0  &eN%, 5;=p;
d Naj—vy;—

. s/
< DBh! Z Z H(%Jlrfjgpl/%)]'ﬂl'

ks (

Since (y; + 5;)! < (ajN)!, by taking into account Remark 3.1 we can
conclude that

(@)~ Appy (@) < CA (max 7,1/ )],

1<5<d

for adequate constants 6’, A>0 depending only on II.,.
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We can finally give a new, but expected, characterization of monomial
asymptotic expansions in terms of bounded derivatives. We follow the
proof of Proposition 3 in [11].

Theorem 3.8. Let f € O(T1y,E), o =114 (a, b, r), andfe@' (7“ E)
r. Then f~°‘f on g if and only if for each TI,,C 14, SUPgerr, ﬁ, 893!3 H

is finite for all B € N%. More precisely, if s > 0, the following assertions
are equivalent:

(1) [~ f on lg.
(2) For each I, C I, there are constants C, A > 0 such that

sup < CAVN!*, NeN.

xelll,

1 6Naf
‘ (Na)! QxNex (@)

(3) For each 11, C Iy, there are constants C, A > 0 such that

1 08f

51928 (@) < CAP max{Bi/®, Lt/ B e N

sup
xzelll,

Proof: We only consider the statement for the s-Gevrey case. It is clear
that (3) implies (2). To prove that (2) implies (1), we use Taylor’s formula
and equations (6) and (18) to write

|- J:Z:;fa,n(w)w"“

= [If () = Appya(f)(@)]

_ @ —wg¥et  (wg —wa Nt N
(Naj —1)! (Nag —1)!  dxNe
1 oNef N ,
< N PN “ < CANNE|zNe
=25 ‘(Na)!aa:Na o)l = =

and then we can conclude the desired bounds. Note that the paths
of integration are the segments w; = p;z;, 0 < p; < 1, and w =
(;mz1, ..., paxq) € I, if & € TIL,.

Finally, to show that (1) implies (3), take € II_, C I/ C II,,, where
I, = I, (a', V', p) and II/) = I, (a”,b", p). Using Remark 3.3, we can
find a polysector P = H;l:l V;, with V; of opening (V' —a’)/(d—1)a; for
j=1,...,d—1,and " —a” — (b' —d’) for j = d, such that x € P C TI/..
Note that these openings are independent of the point & € II, . Thus
we can find numbers o1, ...,04 > 0 depending only on II,, and 1I” such
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that the circles C; given by |w; — ;| = oj|z;| are contained in V; for
all j =1,...,d. Using Cauchy’s formula and Remark 3.7 we find that

1 0Bf 1 0P "
HW Il i

Appﬁ(f)( )
dwg---d
Ll Ld w1 — ,’L‘l Bl"t‘l (wd _ xd)ﬂd_,’_l Wy w1

B1+1 Ba+1
1 1 ~ ~
< <01 + ) (Ud + ) CII)A(IT)Pl . max ﬁj!s/af,

o1 g’ 1<5<d

for some constants C(IT%,), A(IT,) > 0 independent of 8. Then (3) fol-
lows. O

Remark 3.9. The previous theorem shows that if f ~* f € OL(E)
on II,, then f also has f as strong asymptotic expansion in Majima’s
sense, i.e., f is strongly asymptotically developable as * — 0 in any
polysector properly contained in Il,. Moreover, if f ~& f on I,
then the strong asymptotic expansion is (s/a1, ..., s/aq)-Gevrey, since
max<j<q B;1%/% < Byl3/@r ... Byls/@a; see, e.g., [11, Definition 3].

When we fix some of the variables in the monomial asymptotic expan-
sion of a map, the expansion still holds in the remaining variables. We
state this result when we only fix one variable. The proof is an immediate
consequence of Proposition 3.6.

Proposition 3.10. Consider f € O(I(q py, £), I(a,p) = (ap)(a,b,7),
and f € @QH(E) such that f ~*P f on H(a p)- Then there is ' > 0
such that, for all zg € D,, we have f(x,zy) ~ f(:c z0) on g (a’, b 1),
a =a—arg(zh), vV =b— arg(zo),

We can characterize maps with null s-Gevrey asymptotic expansion in
a monomial: f ~% 0 on Il if and only if for every subsector II,, C I,
there are constants C, A > 0 such that

If(@)]| < Cexp(—A/|x*|'/*), @ II,.

In this framework Watson’s lemma also holds: if f ~& 0 on Iy (a,b,7)
and b —a > sm, then f = 0. As in the case of one variable it is natural
to consider the following definition.

Definition 3.11. Let f € @&(E), k>0, and 6 € R be a direction.
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(1) The series f is called @®-k-summable on So = So(0,b— a,r) with
sum f € O(Sq, F)ifb—a > 7/k and f ~%y | on Sa. We also say
that f is &*-k-summable in direction 6. The space of x*-k-sum-
mable series in direction ¢ will be denoted by E{x}?; ,.

(2) The series f is called x®-k-summable if it is x*-k-summable in
all directions, except possibly for a finite number of them mod-
ulo 27 (the singular directions). The corresponding space is de-
noted by E{x}{,.

Note that both E{x}{), , and E{x}{), are vector spaces, stable by

partial derivatives, and they inherit naturally a structure of algebra when
F is a Banach algebra.

Remark 3.12. Given a € (NT)9, we note that formulas (11) and (12)
can also be applied to formal power series. In particular, f € @&(E) and
fx) = > 0<p<a xP fa(xS?,. .. ,x5?), and it is straightforward to show
that f is &®-k-summable in direction @ if and only if fg is z1-k-sum-
mable in direction 6, for all 0 < 8 < «, where 1 = (1,...,1) and
z=(21,...,2q) = (z7", ..., x5").

4. Borel-Laplace analysis for monomial summability

The goal of this section is to generalize the Borel and Laplace trans-
formations for monomial asymptotic expansions contained in [6] to any
number of variables, and develop their main properties. We will prove
that monomial summability is equivalent to Borel-summability in this
framework. It is worth to remark that, in contrast with the approach
in [6], we have improved these results, since now we can allow some of
the weights we use to be zero. This will be crucial in the application we
present in Section 6.

From now on, if ¢ € R, we will write J,. := {j € [1,d] : ¢; # 0} for
the set of indices where ¢ has nonzero entries.

Definition 4.1. Consider a € (NT)? k > 0, and s € 5. The x*-k-
s-Borel transform of a map f is defined by the formula

( ’j_aJs -1

Ba(f)(e) = =% ) / FEu T equ” mR)e du,
Yy

211

where « denotes a Hankel path as we will explain below. Along this
section we will write

S1 Sd , ark agk
19 A=(—,...,— AN=—,...,— ).
(19) (alk’ ’adk>’ ( s1 7 sy )
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If s; = 0 for some j, we interpret the jth entry of A’ as 0, and the
variable x; remains unchanged. In this situation, to avoid cumbersome
notation, we call it £; nevertheless. This convention will be used further
on without explicit mention. Note that the factor outside the integral
only includes the variables &; such that s; # 0. The ambient space c
with coordinates € will be referred to as the £€-Borel plane.

Since we admit that some weights can be zero, it is necessary to
consider monomial sectors where some of the variables are bounded.
Thus if f € Op(Sa, E), Sa = Sa(0,7/k + 2¢, Ry), 0 < 2¢ < 7/k, then
Bx(f) will be defined and holomorphic on

S2(0,2¢, Ro) := Sa(0,2¢) N {€ € C¥: €] < Ry, j & Js}

We will use the same notation for these sectors, for every ¢ € R%,
other than s. Note that if all entries of s are different from zero, then
S2(0,2¢, Ry) is simply S (6, 2¢).

If £ € S5(0,2€¢/,Ry), 0 < € < €, we take ~ oriented positively and
given by the arc of a circle centered at 0 and radius

k
R 1% /Ry)
>§Ig;;(lﬁyl /Ro)°i,

with endpoints in the directions —7/2—k(e—¢€') and 7/2+ k(e —¢’), and
the half-lines with those directions from this arc to co. If u goes along
this path, the integrand is evaluated on S, and the integral converges
absolutely, since f is bounded and the exponential term tends to 0 on
those directions. The result is independent of ¢’ and R due to Cauchy’s
theorem.

Using Hankel’s formula for the Gamma function, we obtain the for-
mula 5#5"“0‘1
M _ Js

and thus gA, the formal x*-k-s-Borel transform, can be defined for
formal power series term by term.

By looking at the derivative with respect to u of the integrand defin-
ing B, it is natural to consider the vector field X and its flow ¢ (at
time z) given by

p e CY,
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If f € Oy(Sq, E) is as before, it follows that
BA(XA())(€) = €527 Ba(£)(€),
BA(f 0 ¢2)(€) == exp(2€527)Ba(f) ().

Both formulas are naturally related since the first one is the lineariza-
tion of the second one at z = 0. In the variable t = %, the vector field X
reduces to %%, and the first formula is just the one contained in the
isomorphism (3).

We will say that f has ezponential growth of order at most ¢ € R‘io
on SS(6,b—a, R) if for every subsector S (0,0 —a’, R') (a < a’ < b < b,
R’ < R) there are constants C, M > 0 such that

(21) [£(&)]] < Cexp(MRc(€)), Re(€):= grgflﬁj\cj,

on S5 (00" —a’, R'). Note we can also work with the term ., |£;|%
in this bound, since Re(§) < 375, €] < dRe(€).

If f is holomorphic on {¢& € C¢ : |¢| < rj,j & J.} for some fixed
rj > 0 (resp. entire if ¢ € R%y), and Y 5oy apa? is its Taylor se-
ries at the origin, condition (21) is equivalent to the existence of con-
stants D, By, ..., Bg > 0 such that
DBY ... B

B.
(1+ 3 e ﬁ)
This statement is standard and it can be deduced from Cauchy’s integral
formulas for the coefficients, Stirling’s formula, and the inequalities

(22) T(A+a)L(14b) <T(1+a+b) <2°MT(1+a)L(14b), a,b>0,

(20)

for all B € N¢,

lagll <
lasll =

satisfied by the Gamma function.

Remark 4.2. Consider f € @Q(E), with fa(f) = > fant™ and A as
in (19). If we write o = B\)\(f_Zka,] %8, ag:cﬁ) and fa( ﬁ?"s oa) =
> ©anT", then

(23) <Pa,7z(£) = %éﬂ
aff, kaZJS<5J8 r (E + <ﬁa )‘>)

If n > k, then kay < nay < nag + 5; for all [. In particular, the con-
dition ka;, < B, in the previous sum is satisfied and we can con-
clude that fo ., and ¢q ., are related by the formula 5;50‘"3 énagpam =
BA(z™ fan), n > k. Since we can find p > 0 such that fo, € (’)(Dg7 E),
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for all n € N, we see that the ¢4, are holomorphic maps on {£ € Cce:
€51 < p, j & Js}, and a direct estimate using expansion (23) shows that
they satisfy bounds of the type

Ufanlls o rie
Iean(© < £ (258 PRy (©),

where L, M > 0 are some constants independent of n but depending
on p.

The behavior of the Borel transform with respect to monomial as-
ymptotic expansions is presented in the next proposition. It is based on
estimates included in [18] for the Borel transform in several variables.

Proposition 4.3. Assume f ~& f on Sa (0, 7/k + 2¢, Ry), where 0 <
2¢ < w/k and f= EkaJSSEJS agxP. If s > 0, s € 54, and A, X are
given by (19), the following statements are verified:
(1) Ifg=Bx(f) and §=Bx(f), then &7~ €527 § on S5(6,2¢, Ry),
where s’ = max{s — 1,0}.
(2) For every unbounded subsector SI. of S2(0,2¢, Ry) there are B, D,
M > 0 such that

Hg@) - j;:ga,n(s)s

< DBNT(1+ Ns')[€V||€, 7" | exp(M Ry (€)) on SL,

where Ta( kaJsg) = > kajsgan)t” If N =0, this inequality

means that ng 72 g has exponential growth of order at most X’
on S5,(0,2¢, Ry).

Proof: Tt is sufficient to prove (2). Thus, we have to establish those
bounds for sectors of the form S, = S5 (6,2¢, Ry) with 0 < ¢ < e. The
proof relies on choosing adequately the radius of the arc of the path ~y
in the definition. Write v = =1 + 72 — 73, where 71, 73 denote the half-
lines and 7, denotes the circular part, parameterized by y2(¢) = Re'?,
o] < 7/2+ k( " —¢€)/2, Where 0 <€ <€ <eand R will be chosen
so that (§u~ alk S&au ad’“) € So = Sa(0,7/k + 2¢" Ry /2) for all u
onyand £ € 9,

We may assume that Tn(f) = Y fant™, with fo, € Oy(D% , E)

by reducing Ry if necessary. By hypothesis, inequality (15) holds with
Cn = CANT(1+ Ns) on Sa. Setting a = sin(4(e” — €')) > 0, taking
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R > 1 to be chosen, and by using the relation between fq , and ga.n
explained in Remark 4.2, a direct estimate shows that

Hg<s> - NE_j: Gan ()"

Na|jg—kayg —aR
(24) Y ‘é HEJE | (e R
< EA I'(1+ Ns) ANk 7 +e
2C —k el
< TANF(I + Ns)|€NOL||€Js e ‘7RN/’€—1 on S.,

for all N € N. For N = 0 we are denoting C' = sup,cg_ ||f()|| (note
that f is bounded here, as we have reduced the radius and the opening
of the sector).

To prove (2) we divide our sector in two parts. First of all, con-
sider € € So(0,2€¢/,1), with r > Ry/2 fixed. In this case choose R >
max;e s, (2r/Ro)*/* > 1. Since it is enough to establish the bounds for
large N we can suppose N is large enough and take R = N/k. Then the
bound follows using Stirling’s formula, since asymptotically

et N/keMN*  \2r(N/k)3/?
RN/E=1 — (NJK)N/E ~ T(1+ N/k) ’

and also because I'(1+Ns) < 2°NT(1+N/k)T(1+N(s—1/k)) if s > 1/k,
due to the second inequality in (22).

Now, we establish the bound in the complementary region, i.e., for
& € S, \ Sa(0,2€¢',r). For each j € Jg, choose R; < Ry/2 and let
us take R = R(€) = maxjey, (1¢;]%/R;)*/% > 1. Note that R(§) <

xXJsk
€57

Zjer(|£j|aﬂ'/Rj)k/sf and M. A < R(&) (second inequality of (9)).
Then we can bound (24) by

20 Naje — o S
S AVD(L+ N T R exp(lg 17 /Ry) /).

a ;
JEJs

Let M = max;cy,(4/Ro)*/% > 0. For each j € Js, we consider two
cases: choose R;= |;]|* /(s;N/k)%/*¥ < Ry/2 as long as this inequality
holds. Then

SJN)SJ eSjN/k
(

N—k aj NK/si\ | (N=Fk)aj
RY*exp((g /) = g0 (S5) S
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In the second case, choose R; = Ro/4 < Ro/2 < |&;|%/(s;N/k)%/¥ and
then

st>sj exp(M|&;|*i%/#7)

N—k oy N\k/s; J(N=K)ay
Ry exp((161%7/R;)™ ) < g ’ ( 2 (s;N/k)ssN/k

In both cases, we conclude that
RYF exp((|&;] /R;)*/*7)

N\ %9 est/k
< |¢.|(N=k)ay ( 55 ViR LY
< &1 k (s;N/k)siN/F exp(M1¢;] )

Using Stirling’s formula we conclude that there are constants L, K > 0
such that

N—-1
Hg@) = )™
n=0
I'(1+ Ns)
[Tjes, DL+ %)

on S\ Sa(6,2€¢,r). Finally, we can use the second inequality in (22) to
conclude the proof. O

< LKV €N €57 | exp(M Ry (€)),

Now we move to the study of the Laplace transform, which will turn
out be the inverse of the Borel transformation introduced above.

Definition 4.4. Consider a € (NT)¢ k > 0, and s € 5. The x*-k-
s-Laplace transform in direction ¢, |¢| < 7/2, of a map f is defined by
the formula

Lao(f) (@) =2t

s

e > S1 _Sd_
/ flrrusi® .o xgquaF e du.
0

As in the case of By, if s; = 0 for some j, the variable {; is not affected
by the transformation, although we will still call it x;.

If the map f € O(Sq, E), Sa = Sa (0,0 — a), had exponential growth
of order k in the monomial €%, i.e., || f(&)] < CeXp(M\{kaD on Sg, then
by Proposition 3.4 f would be a map depending only on £<. Instead, in
view of Proposition 4.3 we assume that f is defined and has exponential
growth of order at most A’ on S2(60,b — a, R). If f satisfies (21) with
c =X, then Ly 4(f) converges if x satisfies

a—¢/k < arg(x®) <b—¢/k, MRy (x)<cose, |z;|* <R,jd&Js.
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The domain in C? defined by these conditions will be denoted by D2 (6 —
@/k,b — a; M, R), indicating its bisecting direction (b + a)/2 — ¢/k =
0 — ¢/k and opening b — a. We will also denote

D:(0,b—a+m/kiM,R):= | ] D&(0—¢/k,b—a;M,R),
lp|<m/2
with bisecting direction § and opening b — a + 7/k. Note that given
a—7/2k < o' <b < b+m/2k, thereis r > 0 such that S2(0",0'—a’,r) C
D (0,b—a+7/k; M, R).

It follows that £ 4(f) is holomorphic on DZ (0 — ¢/k,b — a; M, R).
Furthermore, if we change direction ¢ by ¢’, we obtain an analytic con-
tinuation of Ly 4(f) when |¢' — ¢| < k(b—a), a fact that follows directly
from Cauchy’s theorem. This process leads to a holomorphic map £ (f)
defined on DE (0,b — a + 7 /k; M, R).

An adequate choice of the path v in the definition of By, a limiting pro-
cess and the residue theorem, as it is done for the case of one variable (see
e.g. [1, Theorem 24, p. 82]) show that if f € Oy(S5(0,7/k +2¢, Ry), E),
0 < 2¢ < w/k, then

LxBx(f) = f on the intersection of their domains.

The operator Ly is also injective as the usual Laplace transform.
Thus, if g is of exponential growth of order at most A’, then

BxLx(g) = g on the intersection of their domains.

We then define EA, the formal x®-k-s-Laplace transform, as the in-
verse of l%\. When we write a series as a series in a monomial, it is
natural to ask what is the relation between its Laplace transform and
the transform of its components. That is the content of the next remark.

Remark 4.5. Let f = > BeNd ag&’aé;ja"s be a formal power series and
T T:Js f) = fan™". A necessary and sufficient condition for Lx(f)

to be convergent is that ﬁ?:x"s f defines a holomorphic map f of expo-

nential growth of order at most A’ on {¢ € C?: || < rj,j & Js} for
some r; > 0 (resp. on C?¢ if s has all nonzero entries). Then Lx(f) is

holomorphic in a polydisc at the origin and EA( f ) is its Taylor series.
Now assume that there are constants s, B, D, M > 0 such that the
family of maps fq,, are holomorphic and satisfy the bounds

| fon(€)| SDBT(L + ns) exp(MRy:(€)) on {€€C? : [¢]<ry, j & Js}-

In particular, 53?"5]3 € E[[€]]%. Then all the maps E)‘(Sjska"s fon) are
holomorphic in a common polydisc centered at the origin. Furthermore,
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if we write f (£>‘( )) > hant™, then fo, and hq,, are related by
the formula he ,x"* = E)‘(SJskajs € fan). A direct estimate shows
that

[han ()| < DB"T(1 4 ns)T(n/k)(cos ¢ — MRy ()",
if MRy/(x) < cos¢. Since I'(n/k) < nI'(n/k) = kI'(1 + n/k), an appli-
cation of the first inequality in (22) leads us to conclude that £x(f) €
E[[m”?-l,-l/k'

The next technical proposition explains the behavior of the Laplace
transform with respect to monomial asymptotic expansions. The hy-
potheses, although restrictive, are natural when compared to Proposi-
tion 4.3.

Proposition 4.6. Consider s € a4, f € O(S5,E), S5, = S5(0,b—a, R),
£§Sa"sf € O)(E) with Ta (&) ]m”s ) =3 fant™, and s > 0. Assume that:
(1) There are constants B,D,K >0 and 0 < r < R such that fo n are

<CANT(1+Ns)|€V%exp(M Ry (£)) on S,

holomorphic and satisfy bounds of the type
| foun ()| DB T (1 + ns) exp(K Ry (€)) on {€€C [ | <7, j& Js}.
(2) For every unbounded subsector S., of S& there are constants C, A,
M > O such that
ko na
|e5os Zfa o
for all N € N. In particular, §§?Jsf Eka s f on S5,
Then, LA(f) ~S Lx(f) on any sector in = contained in D%,(0,b— a +
7/k; M, R), where s’ = s+ 1/k.
Proof: If N = 0, assertion (2) means that f has exponential growth of
order at most A’ on S%. Write h = Lx(f) and Ta(Zx(f)) = 3 hont™ as
in Remark 4.5. For a fixed |¢| < 7/2, it is enough to prove the estimates

for subsectors S., contained in D%, (0—¢/k,b—a; M,r). We can find § > 0
small enough such that MRy (x ) < cos¢ —d on S” Now, let S, be a

subsector of SZ such that (:vluﬂlk xduadk) e S, ifxe S, and uis
on the half-line from 0 to co in dlrectlon ¢. Applying the hypothesis (2)
for SI, we see that

H th

as we Wanted to show. O

C’AN

< SN ———T(1+ Ns)I'(N/k)|=¥*| on S,
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Finally, we introduce a convolution product that shares similar prop-
erties with the classical one. Indeed, the &®-k-s-convolution between f
and g, s € 74, is defined by

1
k o1 Sa
(f*Ag)(a:)::cJ?Js/ flryTeak . xgT™aF)
0

x g(z1(1 — 7)%,...,90,1(1 —T)Wd’“)dT,

where A is given by (19). As an example we can compute, with the aid
of the Beta function, the convolution between two monomials

xH x"

(A +1) TN +1)  T(p+nA) +2)

a formula valid for p,n € C? with entries of positive real part.
If f and g have exponential growth of order at most A’ (resp. they
belong to Oy(Sq, E)), then the same is valid for f % g and

(25)  La(f*xg) = Lx(f)Lx(g) (resp. Ba(fg) = Ba(f) *x Ba(9)),

as in the classical case. This shows in particular that ) is a bilinear,
commutative, and associative binary operation, which is distributive over
addition.

ko
wu-&-an Js
s

Remark 4.7. In analogy with the isomorphism explained in (3), for each
a € (N)4 k > 0, and s € 54, we have the following monomorphism
between the structures

a B —
(EH:EHI/IW_'_’ X’XA) (—A> (é kaE{€}7+7*>\7£ka('))a
by taking into account (8) for the image, and also (20) and (25).

Remark 4.8. We remark that all transformations introduced here reduce
to their counterparts in one variable for maps depending only on the
corresponding monomial.

At this point we are ready to define the summation methods based
on the above Borel and Laplace transforms. We will see that they turn
out to be equivalent to monomial summability.

Definition 4.9. Consider a € (NT)4, k > 0, s € 74, and let A\, X’ be
given by (19). We will say that f =35 ya agxP € E[[z]]$)), is ©*-k-s-
Borel summable in direction 0 if g = EA(f =D kay, 48, agxP) can be

analytically continued, say as ys, to a domain of the form S£ (6, 2¢, R)
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and having exponential growth of order at most A’ there. In this case,
the x*-k-s-Borel sum of f in direction 6 is defined by

f@)= Y apaf + Lales)(@).

kaa B,

Note that the terms we have removed from f give an analytic map at
the origin since f € O)(E). Another way to avoid the use of power series

with non-integer exponents is to consider B )‘(:ch,?h f ), attempt analytic

continuation with adequate exponential growth, and multiply by a:;sko”s

the corresponding Laplace transformation. We have not followed this
equivalent approach since the introduction of such factor does not adapt
well for the non-linear terms in the PDEs we consider in Section 6.

Theorem 4.10. The following statements are equivalent for a series
[ € Ell]]?),-
(1) fe E{:B}‘l"/kﬁ, i.e., f is x*-k-summable in direction 0.
(2) There is s € Tq such that f is x®-k-s-Borel summable in direc-
tion 6. .
(3) For all s € 5q, [ is **-k-s-Borel summable in direction 6.

In all cases the corresponding sums coincide.

Proof: We may restrict out attention to the case f =3 keus, <8, agzP. To
show that (1) implies (3), assume f & E{a}fy, o andlet f€O(Sa(f, m/k+
2¢, Ry), F) be its £*-k-sum in direction 6. For a fixed s € 57 and A as
usual, set s = Ba(f) and @5 = l§>\(f), convergent in some D¢. We can
apply Proposition 4.3 to s = 1/k to conclude that Eia"s 05 ~E Eﬁ?"s s
on S2(0,2¢,Ry). These two properties imply that s coincides with
the sum of ¢s on S (d,2¢) N DZ. In other words, s can be analyt-
ically continued and having exponential growth of order at most A\’
on S2(0,2¢, Ry). Therefore, f is @®-k-s-Borel summable in direction 6.
Since By and Ly are inverses of each other, the £*-k-s-Borel sum of f
is f.

The implication (3) to (2) is clear. Assuming (2), fix s €7 such that f
is *-k-s-Borel summable in direction 8, and let 5 € O(S5,(6, 2¢, Ry), E)
and @, be as in Definition 4.9. Also write fa(ﬁ?:”s Ps) = Y. PanT".
Then we can find constants B, D > 0 such that

16537 04 ()] < D exp(M Ry (),

(26)
[ean(€)ll < DB™ exp(MRy/(£)),
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the first on S&(d,2€¢/, R'), 0 < ¢ <€, 0 < R’ < Ry, by our hypothesis,
and the second on {¢ € C?: || < p, j &€ J,} for some 0 < p, by using
Remark 4.2. We may assume Ry < p by reducing Ry if necessary.

To apply Proposition 4.6 we have to show that there are constants C,
A > 0 such that, for all N € N, we have

(27) < CAY[€N | exp(M Ry (£))

kOtJS 2 :<,0 na
(o n

on S5(6,2€¢, R').

Since 513?‘7“ (s is the convergent Taylor series of é?‘:“ s at the origin,
then (27) is satisfied for all |&1],. .., |€a] < R for some R > 0. Due to (26),
the series of maps Y @ n(€)€"™ converges absolutely in compact subsets
of {¢£ € C?: B|¢¥| < 1} and therefore, Eia‘]‘* s can be analytically
continued on this domain through this series. Thus, if B|£¥| < 1/2,
inequality (27) is also satisfied. On the other hand, using again (26), the
left hand side of (27) is bounded by

N-1

<D +> DB”g”"‘|) exp(MRy/(€)) on S2(6,2€¢, R).
n=0

If 1/2 < B|€¥| < 2, the previous term is bounded by D2NeMEy (&) <
D(4B)N |eN*|eMEx (&) 1f B|€*| > 2, we can bound it by

B 1

D+ D=5
(0255

)eMRA’(g) < DBN‘fNa|€MR>‘,(£),

and thus (27) is valid in all cases with C, A large enough. By ap-
plying Pr0p081t1on 4.6 to s, Ps, and s = 0, we conclude that f =
Lx(ps) ~T, Lx(ps) = f on D2,(8,2 + 7/k; M, Ry). In conclusion, f

is x*-k-summable in direction # and its sum can be found through the
x*-k-s-Laplace transform of ¢s. O

As an immediate corollary we can relate monomial summability for
different powers of a monomial. The proof follows from Theorem 4.10,
by noticing that A = ) for all N € N*.

(FoE ey

Corollary 4.11. Consider a€ (N*)? k>0, and 9 €R. Then E{x}?/kﬁ:
E{‘E}N/k No and E{a:}‘f‘/k = E{w}N/k for all N € N*T,
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5. Tauberian properties for monomial summability

The goal of this section is to recover Tauberian theorems for mono-
mial summability. For instance, the relation between different levels of
summability for distinct monomials, and the comparison of summabil-
ity in one variable with holomorphic coefficients in the remaining ones.
The main tool we use to treat these situations are blow-ups with cen-
ters of codimesion two. We also establish the behavior of Borel-Laplace
transformations under these blow-ups.

In one variable we have the following two statements that provide
Tauberian properties for k-summability; see e.g., [1, Section 6.4].

Theorem 5.1. The following statements are true for 0 < k < :

(1) If f e E{x}/, has no singular directions, then it is convergent.
(2) EllzllipnE{zt = E{zt N E{z}i ) = E{z}.

Our goal is to extend this theorem for monomial summability. We
know that a series f is x*-k-summable in some direction @ if and only
if there exists r = ry > 0 such that fa( f) is k-summable in direction 6
in £ in the classical sense. Unfortunately, ry might tend to 0 when 6
tends to a singular direction. Therefore, *-k-summability of a series f
does not imply that fa( f) is k-summable in £* for some fixed r > 0.

For a counterexample, see [3, Section 6]. However, we still can recover
Theorem 5.1. We start with the following proposition.

Proposition 5.2. Iff € E{az}?‘/k has no singular directions, then it is
convergent.

Proof: Let us fix s € g4 and write f = > BeNd agxP. We use x*-k-s-
Borel summability as explained below Definition 4.9, thus we consider
ox = lgk(a:ka £). If f has no singular directions for &®-k-summability,
Theorem 4.10 shows that for each direction 6 € [0,2r], there are con-
stants dg, Cy, My > 0 such that ||ox(€)|| < Cpexp(MoRy:(€)) for all € €
Sa(6,2dp). Since the interval [0, 27] is compact, we can choose a finite
number of directions 61, . . ., 6, such that [0, 27] € J]_, (6;—0dg;, 0+, ).
Then, the sectors Su(0;,2d,), j = 1,...,n, cover CI\ {xy - xq = 0},
and if we write C' = maxi<j<n Cp; and M = maxi<j<n My,;, we find
that

lpa(€)ll < Cexp(MRy(§)) for all € € C*\ {21 ---24 = 0}.
Applying Cauchy’s estimates we see that

lagl| <C H e o forall R, >0
Bjsj B] J ’
(]‘ + Z] 1 oy k) j=1 R
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Since the map = ~ exp(Ma!)/z", 1 > 0, n € N, attalns a minimum at

z = (n/MD'Y!, if we choose R; = (B;s;/Majk)®*, j = 1,...,d, we

conclude that
(2 Meoz]k) Bjsi/ajk ( B;s; )
I'(1+ .
Bjs; ajk

lagll < C H

Note we have used 1nequality (22) repeatedly. An application of Stirling’s
formula in each factor leads to the existence of constants A, K > 0 such
that |lag|| < KAl for all B € N4, i.e., f is a convergent power series. [J

To generalize Theorem 5.1 (2), we consider the monomial transforma-

tions
Wij(xl,...7l'd) = ((El,..., xixj ,...,l’d),
~—
jth entry

where 4,5 = 1,...,d, 1 # j. Note that the maps 7;;, 7;; correspond to
the usual charts of the blow-up with the center of codimension two given
by {z; = xz; = 0}. At the formal level we need the following lemma,
whose proof is identical as the one of Lemma 3.6 in [5].

Lemma 5.3. Let f € E[[x]] be a formal power series. Then the following
assertions are true:
(1) f € E{x} if and only if f o mi; € E{x} for somei,j=1,....d.
(2) fE E[[x])]¢ if and only if there are i,5 =1,...,d, i # j, such that
fomy € B[]S and fom; € Ellx ]]am’ej

To establish Lemma 5.3 (2) for summability we will use the following
interesting relation between the monomial Borel and Laplace transfor-
mations and the blow-up maps 7;;. Fix a € (N*)4, k>0, and s € aTl If
for some indices i # j we have sjo; > s; oz] (si —0 if s; = 0), then s’ =

(s1,...,8) € Oq, where s;=s; if [ #1, ],sl—s—i— Sl,ands =5;— (;J.Si-
/
— (81 — Sq
Furthermore, if A = (a1k7"'7 o k) then = (a’lk""’a;k)’

where o/ = a + a;e;, and the x*-k-s-Borel (resp. Laplace) and = -k-
s’-Borel (resp. Laplace) transformations are related by the formulas

(28) Ba(f) o mij(§) :B,\fﬁej(fomj)(ﬁ),

(29) La(f)omij(€) = La e, (f omij)(E),

whenever the functions are defined. The same relations hold for their
formal counterparts.

The next theorem corresponds to Theorem 7.24 in [15] for monomial
summability. Although our approach follows the Borel-Laplace analysis
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developed in the previous section, the idea of the proof is based on the
same arguments.

Theorem 5.4. f € E{:B}?/kﬁ if and only if there exist i # j such that

A +oje; ¢ toie;
fomy € B}y 5™ and fom: € (@)™

Proof: Using Proposition 3.6 we see that if (fy)nen is a family of
bounded analytic functions that provide the monomial asymptotic ex-
pansion of f, then (fy o m;;)nyen Will provide the asymptotic expansion
OffOTl'ij7 Z,]: 1,,d,17é]

Conversely, it is enough to do the proof for the case @ = 1 =
(1,1,...,1); see Remark 3.12. To fix ideas, we take i = 1, j = 2. It is
also not restrictive to assume that f = Z k<p1.Ba aﬁmﬁ. Applying Theo-
rem 4.10, we know by hypothesis that f o w15 is 17 -k-e;-summable
and f o 1 is xlte2-k-es-summable, both in direction #. This means
that we can find € > 0 and Ry < 1 such that the maps

01(8) =By e, (foma), ¢2(8) =By, (foma),

can be analytically continued to the domains ST}, (6,2¢, Rg) and
Sfiez (0,2¢, Ry), and furthermore there are constants C, M > 0 such
that

(30) lp1(&)]| < Cexp(MI&F),  lp2(8)]l < Cexp(M|&[*),
on their respective domains.

We will prove that f € E{w}bkﬂ by showing that f is @'-k-s-sum-
mable in direction 6, where s = 3 (e +e3). In this case, A and A in (19)
are given by A = J-(e; + e2) and A’ = 2k(e; + e3). We know that
p = f)’\)\(f) is analytic in a polydisk at the origin. By reducing Ry if
necessary, we assume that ¢ € (’)(D}éo, E).

To finish the proof we show that ¢ can be analytically continued to
S3(0,2¢, Ry) with exponential growth at most A’. First of all, we use
formulas (28) to write

~

Ba(f)(€1,6162,8") = Biel(f om2)(§),
gk(f)(€1§2>€27£”) = g%kez(f o m21)(§),
where & = (£1,£2,€"). Then, we can extend ¢ by the rules

p1(&1,62/81,€"), if €] < Rolé&],
31 =
(31 8 {@2(51/5275275”), if [€1] < Rol&2|,

as long as & satisfies |arg(£') — 0] < ¢, |§;| < Ro, j # 1,2, and 1/Ry <
|€2/&1] or |€2/€1] < Ro. Note that ¢ has exponential growth at most A" in
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this domain due to the inequalities in (30). Finally, to remove the restric-
tions on the norms of &1, &2, we use Cauchy’s integral formula. To simplify
notation, we use the auxiliary variable w = &5 - - - £; (the case d = 2 does
not require w or £” above). Since we are working with the monomial £*,
we also introduce the variable 7 = ¢ = & &w. Then we define the map

" (¢, L2 w)
(32)  GE e <A|R.A_) T

where ¢ is given by (31). Thus, we require that Ry 'r? < |7/w| < RoR?
and 0 < r < R. Note that the integral is independent of r and R as
long as these constraints are satisfied. We will check that G defines an
holomorphic map on 2 = C* x S(6,2¢) x (D}i%g2 \{w =0}) = C* x
Q1. Then G will provide the required extension to S5(6,2¢, Ry), since
G(&1,€Y,€") = (&) if Ry'r? < |61&| < RoR? and r < |€;] < R, due to
Cauchy’s integral formula.

To prove the holomorphy of G, consider U C K C C* and U; C
K1 C Qq where U, U; are open and K, K; are compact. Write L =
inf (- enyer, |T/wl and L = sup(, ¢nye g, |T/wl, both finite positive num-
bers, since 7 and w do not vanish on 2. Then choose 0 < r < R such that
r? < Rolq < Ro_ng < R? (recall that Ry < 1) and r < infe e [&1] <
supg, e [§1] < R. Then G is defined at all points of U x Uy and it is
clearly holomorphic there.

Finally, we need to show that the extension of ¢ has exponential
growth of order at most A" on S§(6,2¢, Ry) for &1, & such that Ry <
|€2/€1] < Ry'. By calculating the values of ¢ in (32) for |¢| = R using ¢;
and for |¢| = r using @5 instead, we can employ the inequalities in (30)

to find
B 1 . CRexp(MR?*)  Crexp(M|r/rw|?)
||90(£)|| - ||G(§17£ 75 )H < diSt(ﬁl,aDR) diSt(fl,aDr)

Since T/w = 5152, by taking R2 = 4|£1€2|/R0 and ’/’2 = R0|£152|/4, we
conclude that

R r k k
@ < (e + g Con M/ R el

Note that the denominators do not vanish and are uniformly bounded
due to the restriction Ry < |£2/&1| < Rg L. The conclusion now follows
by noting that |¢1&|F < max{|¢1|?F,|&|?F}. O

We are ready to state and prove the third main result so far, com-
paring summable series in different monomials. This result was obtained
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in [5]. Although the content is correct, the proof given there is based
on the false statement discussed above Proposition 5.2. This is repaired
here.

Theorem 5.5. Consider a,’ € (NY)4 and k, k' > 0. The following
statements hold:

(1) If f € E{:c}f‘/k and To(f) is an s-Gevrey series with some s < 1/k,
then f is convergent. In particular, if maxi<j<a{a;/a} < k'/k,
then B{z)5), 1 Ellallf,, = Be).

(2) E{=}y, N E{:B}l/k, = FE{x} except in the case ko = k'a’, where

E{x}‘ll/k = E{m}la/k :

Proof: (1) The proof of the first statement is based on the proof of
Theorem 3.8.2 in [17]. We write To(f)(t) = Y0ry fant™, with fo, €
E2 and use the k-Borel transform g of Ta(f) in the form g(x,£) =

ro

S r"é‘i‘fé%ﬁ” Since fa(f) is s-Gevrey with some s < 1/k, we find

constants K, A > 0 such that

||fla—:(n/)k|:| < KA"!"YH forallee DY neN, 1/p:=1/k—s.
This implies that g defines a holomorphic function on D? x C and we
can find constants L, B > 0 such that

lg(, )|l < Lexp(B¢[*)  for all (x,€) € Dy x C.

We now show that f has no singular directions for £*-k-summability.
Thus, it is convergent due to Proposition 5.2. Indeed, arguing by contra-
diction, we assume 6 is a singular direction of f. We choose 0 < § < ﬁ

such that fa( f) is k-Borel-summable in the directions 04+ = 6 + 6, in
some €%, 0 < r’ < r. Then, there exist 0 < p < " and M,C > 0 such
that g satisfies

lg(z, &Il < M exp(Cl¢|*) for all & € Dy, arg(§) = 0.

We can use the Phragmén—Lindelof principle (see e.g. [1, Theorem 70,
p. 235]) to show that g also has exponential growth of order k on the sec-
tor S(6,268). Indeed, consider the map h(x, &) =g(x, &) exp(—D(Ee~0)F),
where D cos(kd) = C. By using the previous bounds, it follows that
(@, )| < M if arg(€) = 0u and ||h(z,€)|| < Lexp(BI¢|") if arg(€) €
[0_,0,] for all z € D?. Since the opening of S(6,26) is smaller than /s,
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the Phragmén—Lindelof principle yields that h is bounded on the full
sector. Thus we can find constants M, C > 0 such that

gz, €)|| < Mexp(Clé[*)  for all (z,€) € DI x S(8,20).

This means that T\a( f ) is k-Borel-summable in direction 6 in £*. Thus,
f is x*-k-summable in direction 6, which contradicts the assumption.

The second statement in (1) follows from the first one, since Lem-
ma 3.2 (2) implies that if f € E[[m]]‘f‘//k,, then the series To(f) is
max) <j<a{a;/a}}/ k'-Gevrey in some E.

(2) Consider f € E{m}?‘/kﬂE{m}‘f‘/’k,. If aj/a is independent of j, write
this positive rational number as a/b, with g.c.d.(a,b) = 1. Then a; =
m;a, a; = m;b, for some m; € NT and, by applying Corollary 4.11,
we have E{z}?, = E{z}]}, and E{w}‘l"//k, = E{x}7};;, where m =
(mq,...,mq). Then, this case follows from (1). Furthermore, the cases
maxi<j<afe;/aj} < k'/k and k'/k < mini<j<a{a;/a’} also follow
from (1).

Finally, the case min;<j<qa;/a; < k'/k < max;<j<qa;/a’; can be
reduced to the previous situations by using monomial transformations.
To fix ideas, assume that aq/a) < as/ah < -+ < ay/al, and a1/a) <
k'/k. If jo is the smallest index such that &'/k < «j,/aj , for each

Jo < j <d choose N; € N* such that
kaj — k'a/;
——F < Nj.
Koy — kay J

Theorem 5.4 shows that

d ’ / d
;7 Ny Nj, atag Zj:jo Nje; a’ toag Zj:jo Nje;
fl _foﬂ‘dl O"'Oﬂ'jol EE{iL'}l/k ﬂE{aE}l/k/ )

but the new monomials satisfy
max {a;/aj, (Njo1 + a;)/(Njoy + o)} <K' /k.

1<i<jo
Jo<j<d

Thus fl is convergent, and by Lemma 5.3 (1) so is f O
The same idea of proof can be generalized to construct series which
are not x*-k-summable for any ® or k > 0. The following theorem is

a version of [5, Theorem 3.9], which is incorrect as it is stated there.
What is actually proved there, by induction on n, is the following.

Theorem 5.6. Consider au,...,a, € (NT)? and ky,...,k, > 0. For
each j = 1,...,n, take a series f; € E{w}?/’kj If kio; # kjog, for
alli # j and fi +--+ f, =0, thenfj € E{x} forallj=1,...,n.
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Given f € O/(E), we can also consider the case where f is k-summable
in a monomial in some variables with coefficients which are holomorphic
maps in the remaining ones and compare the summability phenomena we
have at our disposal. As a matter of fact, in this situation the methods
are again incompatible and the proofs can be reduced to Theorem 5.5
using monomial transformations. The key statement is the following.

Proposition 5.7. Let J C [1,d] be non-empty, n = #J, and let fe
Oy(DE™, E){a:J}?/"kﬂ with 57 -k-sum f in direction 0. Then f om;; €

—-n o £ —n— oy

Ou(DE ™ EY@ Y9 if i €T, and forry; € Op(DE " Y EY{@ gy} s
if j € J, where a:%?l{}} = 2,72’ for small 0 < R' < R. In both cases
the corresponding sum is given by f om; ;.
Proof: Let f = 2.8, env fJ,gJ(:ch):c?J as in equation (4), where f; 5, €
Op(DE " E) and Ta, (f) =30 Lo fouy n(@)& 37 T f ~37 f on Sa, (6, b—
a,r), b —a > m/k, for every subsector S, ~of Sq, we can find con-
stants C, A > 0 such that for every N € N we have

< CANN1E gy |

N—-1
Hf(w) =S fuy )
n=0

on{zxeC?z;e8,, xw.ecDE"}
Note that 57 om; j=25” if j&J and 5’ om; j=x; xS’ if j € J. Then
both statements follow with the aid of Proposition 3.6 by replacing @«
by m;;(x) in the previous inequality as long as we choose the radii r,
R small enough such that mj(z) € {x € C* : x; € S, , xje € DE™Y.
O

Theorem 5.8. Let I,J C [1,d] be non-empty sets, n = #J, m = #I,
and consider acy € (NT)™, oy € (NV)" and k,k' > 0. Then

On(DE ", EY{ms} 5 N Ou(DE ™, E){&1}V/,, = E{a},
except in the case J =1 and kay = k' o, where the spaces coincide.

Proof: We divide the proof into several cases. First, if J =1 the result fol-
lows from Theorem 5.5 applied to the space Ob(D‘Ii{m, E) (resp. Eifm =
d). Second, assume J C I. Changing the order of coordinates if necessary
we can assume J = {1,...,n} and I = {1,...,m}. Then f; = fom, o
s 0mpg1,1 18 77 (Tng1 -+ - T ) -k-summable and :c?/f(mnﬂ )P
k'-summable, both with coefficients in Oy (D% ™, F) (resp. E if m = d).
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We can apply the previous case to conclude that fl and thus f are con-
vergent since oy /(a), + o)) = a1/a) implies o}, = 0, which is not the
case. Finally, we can assume there are jo € J\ I and ig € I\ J, and we
consider the series

fa=1fo oHieI\J Tijo © OHjeJ\I Tjig -

Here °J] denotes the composition product, which in this case is inde-
pendent of the order because the monomial transformations involved

commute since jo # ig. Then fo is z;! (HjeJ\I a:j)aio—k’—summable
and x5’ (HieI\in “lens xj)ajo-k-summable with coefficients in

Ob(DdR*#(IU’]),E) (resp. F if JUI = [1,d]). Since the ig-components
(resp. jo-components) of these monomials are «j and aj, (resp. o]
and 2avj, ) respectively, then oy, /o # 2a, /a; , and therefore fy and f
are convergent as we wanted to prove. U

Having this result at hand it is possible to formulate and prove a state-
ment similar to the one in Theorem 5.6. This provides more examples of
series that cannot be summed with the methods we have studied along
this work. In fact, this has been done recently in [7] in the more general
setting of k-summability in analytic germs and we refer the reader to
this work for a complete proof of these facts.

6. Monomial summability of a family of singular
perturbed PDEs

Summability in a monomial is useful to study formal solutions of
doubly singular equations, i.e., singularly perturbed ordinary differential
equations of the form

Jy
qppt1Z2d
(33) ely . F(x,e,y),

where p, ¢ € NT and F is a C"V-valued holomorphic map in some neigh-
borhood of (0,0,0) € C x C x CN. If 3—5(0, 0,0) is an invertible matrix,
this system has a unique formal power series solution and it is xPe?-
1-summable; see [3, Theorem 5.2]. The technique employed to prove this
result in the case p = ¢ = 1 is to apply the change of variables t = x¢ to
obtain an equation involving ¢ and €. The new equation is then solved
on large sectors and the differences of such solutions, in their common
domains, are studied in order to apply Ramis—Sibuya’s theorem. The
general case follows after rank reduction.
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The goal of this section is to generalize the previous result by es-
tablishing the zc"‘z—:""—l—summability of the unique formal power series
solution of the singularly perturbed partial differential equation (1) ex-
plained in the introduction. By hypothesis, the n-tuple po = (p1,. .., tn)
has entries positive real numbers, up to a non-zero multiple scalar. Then,
dividing equation (1) by {p, a), it is sufficient to study the singularly
perturbed partial differential equation

oy sp Oy

’ ’ S
(34) e* X (y)(x, )= a:"‘(oéllxlaler . +a—no:n ox.

)F(w,e,y),

where & = (21,...,2,), € = (€1, ...,&m) are tuples of complex variables,
a=(ay,...,an), &’ =(of,...,al,) are tuples of positive integers, A =
(2—11,..., Z—:) where the s;/a; = p;/{p, o) > 0 satisfy s +---+ s, =1,
F = (u,a)"'G is a CN-valued holomorphic map in some neighborhood
of (0,0,0) € C"xC™xCV, and A¢:= %(O, 0,0) is an invertible matrix.

We will apply directly the Borel-Laplace analysis developed in Sec-
tion 4, based on the methods of one variable; see e.g., [9]. The existence
of the unique formal solution is a straightforward result. To determine
the Gevrey type of this solution we can use a variant of Nagumo norms,
as the ones used in [4]. For the summability, we will study the convo-
lution equation obtained from (34) after applying the adequate Borel
transformation. After introducing suitable spaces of analytic functions
and norms, we will solve the convolution equation using the Banach
fixed-point theorem.

Theorem 6.1. Consider the singularly perturbed partial differential
equation (1). If G(0,0,0) = 0 and By = %(O7 0,0) is an invertible ma-
triz, then (1) has a unique formal power series solution § € C[[z, ]|V
and it is :caea,—l—summable, with possible singular directions determined

by the equation
det ({1, @)™ I — By ) =0,
in the (&,m)-Borel space. Here In denotes the identity matriz of size N.

Proof: We divide the proof into four main steps: existence and Gevrey
type of the formal solution, establishment of the associated convolution
equation, introduction of adequate Banach algebras and their properties,
and finally the application of the fixed point theorem.

1. The formal solution. We will consider the norms |y| = maxi<j<n |y;]

(CN><N

on CV and |A| = maxj<;<n z;vzl |A;;| on , where the notation

should be clear from context.



120 S. A. CARRILLO

Let us write

F(x,e,y) =c(x,e) + Az, &)y + Z Ap(z, E)y",

1]>2

as a power series in y, where ¢, A; € Oy(D? x DB ,CN), A € Oy(DI x
D CN*NY) for all I = (iy,...,in) € NV and y! = yjly?{,\’ We
also write c(x,€) = > gcnm ca(e)zP = > @enm cp (z)eP as a conver-
gent power series in @ (resp. in €) with coefficients cg € O, (D%, CN)
(resp. cg € Oy(D?,CV)). Since F is holomorphic we can find con-
stants K, > 0 such that

(35) lAzL|lrr = sup |A(z, )| < K&,
(xz,e)eDT XD
The notation || - ||, g will be also used for matrix valued functions.

To find the formal solution set § =73 5 yn ys(e)xP. Since F(0,0,0)=
0 and Ay is invertible we can apply the implicit function theorem to find
a unique yo(€) € Op(DE,CN), yo(0) = 0 (with R small enough) solving
the equation F'(0,e,yqy(e)) = 0. To determine the higher order terms we
use the recurrence

N, B— a)s"‘/yﬁfa(e) = cg(e) + A(0,€)yg(e) + known terms,

obtained by inserting ¢ in the differential equation and equating the
coefficient of ®. Since A(0,0) = Ay is invertible, we may assume (by
reducing R again if necessary) that A(0,¢) is invertible for all € € D}.
Thus this recurrence determines yg uniquely, and the uniqueness of y
follows.

Similar computations as for the classical irregular singularities for
ODEs show that g is a 1-Gevrey series in £®. To determine the Gevrey
order in &, we use the following variant of the Nagumo norms for higher
dimensions: if f € O(D} x D7) and | € N, we define

Ifli:=" sup  [f(z,e)|(r—|za])' - (r = |zn])".
(x,e)eDRXDYE

They satisfy the majorant inequalities

<e(U+1)r" I £l
+1

of
gl <D e lglle 1 fgllsr <1 allgle, Hax
J

for all I,k € N, j = 1,...,n. The proof of the last inequality can be
done in the same way as it is proved in [4] for the Nagumo norms intro-
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duced there. Then, applying the usual majorant series technique to the
recurrence PDEs

z“ Z yﬁ/ o) = cg(x) + A(z,0)yg (z) + known terms,

obtained by replacing 4 = 23,€NM yﬁ/(a:)sﬁl into (34), we may conclude
that g is also 1-Gevrey in € . Here we have also reduced r (if necessary)
to guarantee that A(x,0) is invertible for all x € D!

2. The convolution equation. To simplify notation we will write B =
E(A,O) and * = *(x ), where (X,0) € RZ;xR™. Alsoset s = (s1,...,5n)
which by hypothesis belongs to o,,.

Applying B to (34) we obtain a convolution equation, that written as
a fixed point equation, is given by

(€%n™ Iy — Ao)Y =B(c)+(B(A — A(0,1))) x Y +(A(0,n) — A)Y

+ B(Ar — Ar(0,m) » Y*!
(36) |1222 I 1\U;n

+ Z AI (07 n)Y*Ia
11]>2

in the (&, m)-Borel plane. Here we write Y*! = Yl*i1 Kook YI\*[iN and
Yj*” =Y % *Yj, i; times.

Under the holomorphic change of variables w =y -3, +8Y8 (e)xP,
we may assume that c(z,€) = > 5., cg(e)xP, B(c) is holomorphic at
the origin, and B(c)(0,m) = 0, and so we will do it from now on.

Equation (36) has a unique analytic solution at the origin given by Y =
B(#). To solve (36) in larger domains, we ask £*n® Iy — Ag to be in-
vertible. Let v; = |v1]e?®, ..., vy = |un|e?™ be the eigenvalues of Ay
repeated according to their multiplicity, all different from zero by hy-
pothesis. We will work on domains contained in

Qi:{(ﬁa’?)ecnxcmtfana/#uj forall j=1,...,N}.

3. Some focusing spaces. Consider

S=8,m =829 (0,26, R)U (D} x D prjay % -+ % Dpirya, ),

(o)
where § # 0; for all j =1,..., N, € > 0 is chosen small such that S C €,

and R’ < R% for all j =1,...,m, to ensure that S C C" x D%. Note
that S contains a polydisc around the origin.
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If © > 0, we introduce the spaces of holomorphic maps

AN(S) ={f =(fi..... fn) € O(S,CN) : £(0,) =0,

£l = max (151 < +oc,

£l o= £l = Mo sup [f(&m)|(1+ R(€)*e "RE&)  fe0O(S).

(&m)es

Here R(§) = maxi<j<n |&]%/% and My = sup,- s(1 + s?)I(s) ~ 3.76,
where

o ' dr _ 2(In(1 4 s?) + sarctan(s))
I(s) = /0 (14 s272)(1 +s2(1 —7)2) s2(4 + 52) ‘

This family of norms is an adaptation for monomials of the norms
introduced in [9, Definition 4.1] for one variable, useful to treat non-
linear partial PDESs; see e.g., [12]. We refer to [10] for similar norms in
higher dimensions.

One particular feature is that

N N
AN(S) = [ AN (S)
n>0
constitutes a focusing space [8, p. 14]. In our case this means each
(AN (S), [l n.) is a Banach space, and if any f satisfies || f||n,., < +0o0,

then || f||~,, — 0 as p — +oo. This, and some other properties we need
are described in the following three technical lemmas.

Lemma 6.2. Let p > 0, R, and S be as before. The following statements
hold:

(1) If Q € Oy(DE,CN), then
1£Qln < QU rll e f € ALS).
(2) (AL(S), 1l - llu) s a Banach algebra. More precisely, if f,g €
AL (S), then fxge AL(S) and
1 5 gl < Lf llgll -

(3) If 0 < po < pu and f € AN (S), then f € AN(S) and | f||n,. — 0
as b — +00.

Proof: The inequality in (1) is an immediate consequence of the defini-
tion. To prove (2) note that f x g is clearly analytic on S as long as f
and g are analytic there. To establish the desired bound, we use that
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R(&ro /st &aron/sn) = TR(E), for all 7 > 0, [€%¥] < R(€) (second
inequality in (9)), and also the definition of Mj to get

erR(8)

Mo (1 + R(€)?)

To prove (3), it is sufficient to do it for N = 1. If f € A}, (S) and

po < p, then it follows from the definition that || f[|, < |/ f||.- To show

that || f]|, — 0 as p — +oo, let € > 0. We can find p > 0 small enough

such that |(1+R(€)?)f(&,m)| < €¢/2M, if (¢,m) € D, D = D XD pnjay X
X Dpnjay,, since f(0,1) = 0. Then

[(fxg)(&,m)| < €% | Hfll 91l I(R(§)) < [ {1l gl -

My sup [F(&m)|(1+ R < 2.
(¢émeD

If (¢&,m) € S\ D, then R(§) > p' = minj<j<, p*/% > 0 and

My sup |f(&m)|(1+ R(€)?)e #EE) < emr/lemmo)| g o
(&,meS\D

Taking a large y such that e=#'(#=H0)|| f|| ., < €/2, we obtain ||f||, < e.
This proves the claim. O

Lemma 6.3. Let P € Oy(D? x D%, CN) be a map such that P(0,€) =0
for alle € DE. Then for any 0 < p < r we have

1f * B(P)[[nu < Ch,

where a 1= mini<j<y, sj/aj, Cpp = 3((1 —2/p%p)™™ = 1), and p >
max{4v/2, (2/p)'/*}. The same inequality is valid for P € Oy(D! x
D, CN*N) and f € AY(S).

feALs),

Proof: Let us write P(x,€) = 3 genn\ (o) P8(€ e)zP as a convergent power

series at the origin with coefficients in O, (D%, CN) and also B(P)(&,m) =

B—
Y g0y T e
If B#0, we have that

dr.

€77« f(&m)| < |

1 B =1o—uR(€)T
/ 1+ R(§)*(1 —7)?
To properly bound this integral expression we split it from 0 to 1/2 and
from 1/2 to 1. In the first case, the integral is bounded by

1/2 1 (BA)=1p—nR(E)T 4
/

T((8.\)
[T RE7E 7 S T4 RE? (uR(©) PN
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where we have used the integral representation of the Gamma function,
which is possible since (3,A) > 0. In the second case, the integral is
bounded by

1 1
/ BN —pREOT g7 < o~ nRE)/4 / BN —uRET/2 g
1/2 1/2

2\ —uR(€)/4
< (mg) s

2 \Y s,
S(MR(E)) 1+ 12/32R(E)?

2\ g
= (MR(é))

1+ R(£)%’

as long as p?/32 > 1. Now, if u > 1, by using the definition of a,

alB] < (B,A) < |A|, the fact that |€°| < R(£)® | and 4+ 281 < 3.2/8]

for |3] > 1, we can conclude that

3. 2\ﬁ|p(<5’)\>) eHR(E)

B o1+ RE))

By Cauchy’s inequalities, if 0 < p < r, then |Pg(n)| < p~!8l||P|, r

for any n € D%. Therefore

€77 % f(&,m)| < [ralpe

en (&)

3.918l|p o,
e < (X 2 )

BF#0
P R(&)
— (=2 = D s

as long as u® > 2/p. This estimate allows us to conclude the proof. [

Lemma 6.4. For all N € N*, I = (iy,...,iy) € NV, and Y ,h €
AN (S), we have

1Y +h) T =Yy < Y e+ [l vg) T Rl e

The proof can be done by induction on I; see e.g., [8, p. 19].

4. The application of the fixed point theorem. Let M = M (S, p/) >
0 such that |[(€*n™ Iy — Ag)~'| < M on S, p. Fix 0 < p < r and
using the continuity of A(0,-) take 0 < p’ < R’ small enough such that
JA(0,) — Aol < 1/4M.

We consider the operator H given by solving Y in equation (36).
Recall that K,§ > 0 in (35) are determined by F and are fixed. Let
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po > 0 be such that B(c) € A (S, ) (which exists by Step 2). If p >
max{/o,4v/2, (2/p)'/%} and |Y ||y, < 1/6, it follows using Lemmas 6.2,
6.3, and the fact that Y|, <|[Y|y!, (Lemma 6.2 (2)) that

MHHY) v < 1B(e)l]v.p
+ (CupllA= A0, )l .o + A0, ) = Aollp.p )Y || e
+ K (2C, + 1)((A = 8] Y |nv,) ™Y = 1).

B, (1/26) to AN(S, ), where

We may conclude that H maps |J
B,,(1/206) is the ball

B,u(1/28) = {Y € A} (Sp.p) | Y l|nv.u < 1/26}.
Now choose 0 < € < 1/ such that (1 —de) V=1 -1 < (2KSNM)~*
Using Lemma 6.4 we can conclude that if ||Y'||n,, + |||~ < €, then
M7HHY +h) = H(Y) v
< (Cu,pHA — A(0, ')HP,P’ +[14(0, ) — AOHp,p’)HhHN,u
+ KON (2C,0 + 1)((1 = 6(I1Y v + 1Bl )) ™ = DAy,
< (Crupll A= A0, )llp,pr + (AM)™H + Crup M1+ (2M) D) 1| v,

where we have used the identity 37,75, [I|71=1 = N((1—7)" N1 1),
valid for all |7| < 1. In conclusion, we have obtained the inequality

2o

[H(Y +h)=H(Y)||ln. < (CupM|A A0, )lp,pr + Cup + )”h”N#

Since p has been fixed and C, , = 0 as u — +o0, taking u > o large
enough, we conclude that H is eventually a contraction, say

[HY +h) = HY)nu < 3 thlzw

If we also take p large such that ||B(c)||n, < €/8M (Lemma 6.2 (3)),
then ||7(0)||n,. < €/8 and the previous inequality shows that H maps
the ball B, () to itself and, being a contraction, it has a unique fixed
point Yo € O(S,CV).

Since S contains a neighborhood of the origin and equation (36)
has B(y) as unique analytic solution there, then it coincides with the
Taylor series expansion of Yo at the origin. This means that B(y)
can be analytically continued to S with exponential growth of order
at most (ay/s1,...,Qn/Sn, 0) there. Since this can be done for all §, up
to 01,...,0n, we conclude that 3 is x®e® -1-summable. Thus the possi-
ble singular directions of § for £*e® -1-summability are determined by
the equation det(€*n® Iy — Ag) = 0. O
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Corollary 6.5. Assuming the same hypotheses of the previous theo-
rem, consider the vector field X = x (,ulxla%l + e+ Mnl‘n%). If
b1,...,bi—1 € C, the system of singularly perturbed PDEs

e X y) + b1 eV X I (y) - 4 be™ X (y) = Gz, e, y)
has a unique formal solution § € C[[z, ]| and it is x®e® -1-summable.

Proof: Dividing the given PDE by (u,a)!, it is enough to prove the
statement for the equation

XA +aaeTIYXT ) + o+ e Xa(y) = Fla.ey),
where a; = (p,a)’"'b;, F = (p,a)"'G, and A = (;—11,7;”) and
sj/a; = pi/{p,a) > 0 are as before. If we put (yo,y;...,Y;_1) =
(g, Xa(y), ..., r-=:(l*1)°‘lX§\_1(y))7 the result now follows by applying
Theorem 6.1 to the corresponding system of PDEs of size [N given by

EOLXA(ZIO’% s yl—l):(yla cee yl—pF(fB’ 57’510)—@1?:/0—' ’ '_alflyl—l)'

In this case, the possible singular directions in t = Eo‘no‘, are deter-
mined by the arguments of the solutions of t! +a;_1t!"1 +--- + a1t = v;,

j=1,...,N, where vq,...,vy are the eigenvalues of Ay = ‘g—Z(0,0,0).

Note that zero is not a solution of these polynomials since A is invert-

ible. O
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