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NEW EIGENVALUE ESTIMATES
INVOLVING BESSEL FUNCTIONS
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Abstract: Given a compact Riemannian manifold (M™, g) with boundary M, we
fjaM fdug

M T dig
defined on M that satisfies some inequality involving the scalar Laplacian. By the

mean value lemma established in [39], we provide a differential inequality for f which,
under some curvature assumptions, can be interpreted in terms of Bessel functions.
As an application of our main result, a new inequality is given for Dirichlet and Robin
Laplacian. Also, a new estimate is established for the eigenvalues of the Dirac operator
that involves a positive root of Bessel function besides the scalar curvature. Indepen-
dently, we extend the Robin Laplacian on functions to differential forms. We prove
that this natural extension defines a self-adjoint and elliptic operator whose spectrum
is discrete and consists of positive real eigenvalues. In particular, we characterize its
first eigenvalue and provide a lower bound of it in terms of Bessel functions.

give an estimate for the quotient , where f is a smooth positive function
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1. Introduction

Let (M™, g) be an n-dimensional compact Riemannian manifold with
nonempty smooth boundary 0M. Denote by v the inward unit normal
along the boundary and by Af := —tr(V2f) the Laplace operator ap-
plied to a smooth function f on M. The aim of this paper is twofold.
First, we study the spectrum of some differential operators that arise
naturally on manifolds with boundary and are closely related to the
Laplacian. Second, we generalize the Robin eigenvalue problem, which
consists of solving Af = A\f on M with boundary condition 9, f = 7f
on OM, for some fixed positive parameter 7, to differential forms on the
manifold. In particular, we aim at establishing sharp lower bounds for
the smallest eigenvalue that depend on new invariants.

Our first fundamental result deals with the relationship between the
integrals || o fdig and /. ons | g, where dp, denotes the Riemannian
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density on either M or OM. Namely, we prove that, as soon as the
Ricci curvature of M is nonnegative and the (inward) mean curvature
of OM is positive, for any positive smooth function f on M satisfying

Af < Af on M for some sufficiently small A > 0, the quotient ffoif;:g
M g

can be bounded below solely in terms of Bessel functions of A and a lower
bound for the mean curvature; see Theorem 3.1. Note in particular that
no boundary condition is required on f here.

This central inequality has numerous important consequences. Namely,
applying Theorem 3.1 to a first eigenfunction of the Laplace operator,
we prove inequalities for the Dirichlet (Corollary 3.4) and Robin (Corol-
lary 3.8) eigenvalue problems assuming only nonnegative Ricci curvature
on M and positive mean curvature along OM. The latter is an imme-
diate consequence of a new lower bound for the first Robin eigenvalue
(Corollary 3.7) and was proven by A. Savo in [40, Theorem 4] in a con-
text where more general curvature bounds are allowed. Note that both
differ from the Faber—Krahn-inequality proved in [9, Theorem 2] and by
D. Daners [11, Theorem 1.1] for domains in R™ since those only depend
on the measure of the domain and not on any curvature assumption.

Surprisingly enough, Theorem 3.1 can also be applied to eigenvalue
problems for differential operators that can be considered as “far” from
the scalar Laplacian. For instance, new lower eigenvalue bounds for the
Dirac operator are derived in Theorem 4.1 and Corollary 4.4 under sev-
eral boundary conditions. The former is a direct application of Theo-
rem 3.1 choosing f to be the squared length function of some Dirac-
eigenspinor; the latter combines a so-called Hijazi-type estimate due to
S. Raulot [35, Theorem 1] with a new lower eigenvalue bound for the
Yamabe operator we obtain in Theorem 4.3. All lower bounds for the
Dirac operator involve the scalar curvature of M as well as the mean
curvature of M, as can be expected because of the central role of the
Schrodinger—Lichnerowicz formula relating the squared Dirac operator
with the associated rough Laplacian. Moreover, our lower bounds en-
hance and rely on former ones due to D. Chen [10, Theorem 3.1] for
the so-called gAPS boundary condition (generalizing [23, Theorem 4]
dealing with the APS boundary condition), O. Hijazi, S. Montiel, and
A. Roldén for the so-called CHI [22, Theorem 3] as well as the MIT
bag boundary conditions [22, Theorem 4], and that of D. Chen again
[10, Theorem 3.3] for the so-called mgAPS boundary condition (gener-
alizing [22, Theorem 5] dealing with the mAPS boundary condition).
It is worth mentioning here that, while our curvature assumptions are
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stronger than those required by the authors cited above, the estimates
we obtain are also stronger since they allow for nontrivial bounds even
in case the scalar curvature of M vanishes at one point.

Coming back to the Robin eigenvalue problem, we show that it can
be generalized in a natural way to differential forms by requiring the
boundary conditions

(1) C(vodw)=71"w and f(vow) =0

for an eigenform w of the Laplace operator A := dd, + 64d on p-forms.
Here, and in the following, t: M — M denotes the inclusion map.
As for the case of functions, both the so-called absolute and Dirichlet
boundary conditions can be seen as particular cases of (1), the former
setting 7 := 0, and the latter letting 7 — oco. We first check in The-
orem 5.2 that, assuming 7 > 0, the Laplacian A is a self-adjoint and
elliptic operator with trivial kernel. Relying on [42, Chapter 5, Sec-
tion 9], we also give in Proposition 5.3 a variational characterization of
its first eigenvalue A1 (7). As a first consequence, we prove in Propo-
sition 5.4 that the first eigenvalue of the Robin Laplacian always lies
between the corresponding absolute and Dirichlet ones. With the help of
the Bochner formula, we deduce from Theorem 3.1 an estimate for the
first eigenvalue A1 ,(7) in terms of Bessel functions; see Theorem 5.5. As
a by-product, we can also derive a lower bound for the gap between Robin
eigenvalues on differential forms (Theorem 5.8) and a Gallot—Meyer-type
estimate in case the curvature operator of M is positive (Theorem 5.9).

The article is organized as follows. After introducing the necessary
preliminaries and notations in Section 2, we prove the main inequal-
ity (7) and derive its first consequences in Section 3. Sections 4 and 5
are devoted to the application of the main result to the Dirac and the
nonscalar Robin eigenvalue problems respectively. Definitions and some
of the basic properties of Bessel functions are recalled in the appendix.
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2. Preliminaries

Let (M™, g) be a compact Riemannian manifold of dimension n with
nonempty smooth boundary 9M. We denote by p: M — [0, co[ the func-
tion defined as p(z) := d(z,0M). Let us first recall basic properties of
this function p which mainly are contained in [39] and are also well ex-
plained in [19], [37]. It is not difficult to check, by the triangle inequality,
that the function p is Lipschitz and its gradient has unit norm a.e. on M.
In general, the function p is not of class C' and therefore its Laplacian
does not exist as a smooth function. Throughout this paper, we denote
by v the inward unit normal vector field to the boundary. We denote
by Cut(0M) the so-called cut-locus of OM in M, which is defined as the
set of points in M from which more than one minimizing geodesic to the
boundary exists.

This set is closed and has measure zero and moreover the function p
is smooth on its complement (that is usually called the set of regular
points); see e.g. [39, Theorem D.1]. To be more precise, the function p
is smooth on the set p=1[0,inj(OM)[ where inj(dM) = d(OM, Cut(OM))
is the injectivity radius. In this case, it is proved in [39, Subsection 3.2]
that the Laplacian of p splits “in the distributional sense” into a regular
part Aegp and a positive singular part (with support in the cut-locus)
that can be both computed in terms of the local normal coordinates [39,
equation 5]. More explicitly, if we denote by (r, 2) the normal coordinates
of any regular point (r being the distance of that regular point to z €
OM), one has Ayegp(r, z) = —%%(r, x), where 6 denotes the density of
the pull-back of the volume form (via the local normal exponential map)
in normal coordinates.

Given now any smooth function f on M, we define for any r > 0 the
function F(r) := f{p>r} fdug. Clearly, the function £ is Lipschitz and
is smooth on the interval [0, inj(OM)[. Moreover, by the co-area formula,
its derivative is given by F'(r) = — f{p:r} fdug ae. on [0,00[; see [39,
Lemma 2.4] for a detailed proof. The mean value lemma expresses the
second derivative F”(r) in terms of the Laplacian of f through a differ-
ential equation that is valid in the sense of distributions. Namely ([39,
Theorem 2.5]),

® P == ([ afdn) a0,

{p>r}
where p.(fAp) denotes the push-forward of fAp by p, that is, for any
test-function ¢ on [0, co[ we have

® s [ e / M) ) dy )

p=r}
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In order to estimate the push-forward in the mean value lemma by
some geometric quantities, we require the manifold M to have (n — 1)K
as a lower bound of the Ricci curvature and Hy as a lower bound of
the mean curvature of the boundary. In this case and by the Heintze—
Karcher volume inequalities [20], one gets in the sense of distributions
that

/
(4) Ap = —% °p,
where O is the function defined by O(r) = (s (r) — Hosk (r))" ! with
\/% sin(rvK) it K >0,
sg(r):={r if K =0,

\/llﬁsinh(r\ﬂK\) it K <0.

Therefore if the function f is nonnegative on M, then it follows from (3)
that (see also [37, p. 10])

6/

() p(fAp) = G F,

on the half line. We point out that when M is a geodesic ball in the
simply connected manifold My of constant curvature K, then equality
holds in (5) (as well in (4)) for every smooth function f. Also, if we let
R = max{d(z,0M) | x € M} be the so-called inner radius of M, then
the function © is positive on [0, R[ and ©(R) = 0 if and only if M is a
geodesic ball in M. Moreover, denoting by R the first positive zero of
the function r — sh (1) — Hosk(r), we have R < R and equality holds
if and only if M is a ball in Mg [24, Theorem A].

In this paper we are interested in studying solutions of the differential
equality (2) in case f is a positive smooth function satisfying Af < A\f
for some A > 0 (or later a first eigenfunction of the Laplacian). An easy
computation using (2) and (5) shows that the corresponding differential
inequation arising from such an f is (still in the sense of distributions)

!

(6) F'(r) - %F’(T) +AF(r) >0,

with F(0) = [, f dpg and F'(0) = — [,,, f dug. Keep in mind here that
the manifold M is always assumed to have (n — 1)K and Hj as lower
bounds of the Ricci curvature and mean curvature, respectively. It is
well-known from the general theory of differential equations (Gronwall
Lemma) that the solution F' of (6) is always bigger than or equal to
that of the corresponding differential equality — that is, when (6) is
an equality — with the same initial conditions. However, such differen-
tial equations cannot be explicitly solved in general as the term in ©
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is hard to control. A first step in controlling that term was performed
by A. Savo and P. Guerini who compute the infimum of r — —%(r)
over all 7 running in [0, R[ (remember that F’(r) is nonpositive). In this
case and under some further curvature condition [19, equation 3.1], this
infimum turns out to be (n—1)Hy and (6) can be reduced to an inequal-
ity with constant coefficients whose corresponding differential equality

can be explicitly solved. As a consequence, they find a lower bound for

the quotient % in terms of Hy and the inner radius R [19, The-
M 9

orem 3.1]. They also deduce well-known sharp estimates for the first
eigenvalue of the Dirichlet Laplacian (when f is an eigenfunction) [19,
Corollary 3.2], such as McKean [30] and Li-Yau [29] inequalities.

A second step was initiated by S. Raulot and A. Savo who consider
subharmonic functions (i.e. A = 0). In this particular case, the corre-
sponding differential equation associated to (6) is a linear first order
differential equation in F’ and the solution can be expressed in terms
Jonr £ dg
fM fdpg
m [37, Theorem 10]. This leads to an estimate for the
first eigenv%lue of the so-called biharmonic Steklov operator originally
introduced in [26] and [32].

As we said before, the expression of © which involves sine and hyper-
bolic sine is difficult to manage, and we shall therefore restrict ourselves
to the case where K = 0. In this case, the term % becomes equal
to — (T:Tlgz”. Therefore, if we make the change of variable s = 1 — rHj
and assume moreover that Hy > 0, the corresponding differential equal-
ity of (6) becomes an equation of Bowman type (see equation (A3) in
the appendix) that can be solved in terms of Bessel functions. It turns
out that, depending on the dimension of the manifold, we get solutions
depending on Bessel functions of first and second kind.

of ©. Namely, they prove that the quotient is bounded from

below by

3. Laplacian on functions

In this section we establish an eigenvalue estimate for the Dirichlet and
faM fdpg
f]\/[ f duy

in terms of Bessel functions with the help of the mean value lemma. Here

f denotes a positive smooth function satisfying some inequality in terms
of the Laplacian. Note that no boundary condition is required on f to
estimate this quotient. In the following, we will denote by J,, the Bessel
function of order v (see the appendix) and by j, 5 the k-th positive zero
of J, for k > 0.

the Robin Laplacian. As we said before, we express the quotient
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Theorem 3.1. Let (M™,g) be a compact Riemannian manifold with

smooth boundary. Assume that the Ricci curvature is monnegative and

the mean curvature is bounded from below by Hy > 0. Assume also that

there exists a positive smooth function f satisfying Af < Af with A > 0.
Ty 1 (8

”) LR e

Then, zf}/% < Jjz 1, we have
) fdug.
Iz ( /M I

If equality holds in (7), then (M™, g) is isometric to a geodesic ball in R™
of radius R = H%) Conversely, if M is a geodesic ball of radius H%] n R™
and Af = Af for some smooth function f with % < Jz 1, then we have
equality in (7).

5@55

NE

Proof: Since Ric > 0, we then consider O(r) = (1 — rHp)"~!. Using
inequality (6), we find that

(n - 1)H()

(5) P+

F'(r)+ AF(r) > 0.

Now, we consider the corresponding differential equation y(r) satisfying

')+ S0 ) 2y = 0

with the same initial conditions as F'. Namely,

FO)=50) = [ fdu, and PO =y 0 == [ fd,

By making a change of variable s = 1 — rHp, the above differential
equation transforms into a Bowman equation; see equation (A3) in the
appendix where we let v := 1, 2 := HQ, and o := m := 5. Thus the

solution is given by

(1—rHo)¥ (AJy (21— rHy)) + BYy (2 (1 —rHy)))

if n is even,
y(r) =

(1—rHo) ¥ (AJy (2 (1 —rHy)) + BJ_y (¥2(1 — rHy)))

if n is odd.
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We will first consider the case when n is odd. Taking into account
the initial conditions of y, the constants A and B must solve the linear

system
SRz

_A\/>Jﬂ,1( )+BIJ,E+1 Ho / fdug.

ATy (F) +BJ_y (F

For the second equation in the above system, we use the fact that the
derivative of the function r — (1 — T‘H())%J% (‘4—5(1 — rHy)) is equal
to —vVA(1— rHo)2 Js_q (}%(1 —rHp)) from the third equation in (Al).
Also we use the fourth equation in (Al) to compute the derivative of
the function r +— (1 — rHo)%J_%(}/I—E(l — rHp)). This linear system
has clearly a solution (A, B) since from the first equation in (A2) the

determinant of the corresponding matrix is equal to HO sm( ) #0, as
n is assumed to be odd. Therefore, we deduce that

T VA VA
A= 2H, sin (%) ( —3 (Ho) aMfdMg +\AJ7%+1 (HO) /M fd/@)

and

s () Lo 3 (2) o)

Now inequality (8) allows to deduce that, in the sense of distributions,
F(r) > y(r). Therefore R > Ry where Ry is the first positive zero of y
(such an Ry exists since F(R) = 0). As © is positive on [0, R[, two cases
may occur for ©(Ry), which is nonnegative:

Case where ©(Rp) = 0: In this case, Ry is the unique positive zero of ©
(recall that ©(r) = (1 —rHp)""1). Hence, from [37, Proposition 14] (see
also [24, Theorem A]) we deduce that Ry > R and thus R = Ry =
Hio. The manifold M is then isometric to the geodesic ball in R™ of
radius R. Now, from the series expansion of the Bessel function in the
appendix, we have that the term (1 —7Hg)? Jn (}%(1 —rHy)) tends to 0

and (1 — rHo)%J,% (}%(1 - TH())) tends to the constant term of the
M) T2

series EZHO")-H # 0 when 7 — . Thus, the fact that y(Ro) = (HLO) =
%

0 yields B = 0 and we deduce the equahty in (7).
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J,%(Ho(l RoHo))
J”(\Fo(l ROHO)) .

2
We notice here that we can assume B # 0 since otherwise we get the

equality in (7). Also, by assumption, the inequalities
VA VA

1 \/X
xZ "1 = ~ (1 — RoHy) < ~— < jn
(9) 0< HOG(RO) HO( RoHo) < H, “JEt

Case where ©(Rp) >0: As y(Ry) =0, we get that _% -

assure that Jn (‘F(l — RoHy)) # 0. Now, an easy computation that

L) (@) =

ﬂ

—287% for all real v. In particular, for v = %, the function z — 72 2 (1)

uses equations (A1) and (A2) in the appendix shows that (

is increasing (resp. decreasing) when 2“5 is odd (resp. even) on (0, oo)\
{zeros of Jx }. But using the expressions of A and B, we deduce from (9)
that the following inequality

J‘%(%)]@M fdpg + ﬁ‘]—%ﬂ(}%)fzw fdpg < J—%(
J%(%)I@M fdpg — ﬁj%—l(%)fzvf [ dpg J%(

holds when 231 is odd (resp. even). Taking the common denominator
yields

5

)

&

(resp. >)

AUy ) 3G ()
(10) - <0
I ( )( 5( )fod/ig fJ" 1(?)] fdpg)
(resp. > 0).

But (A2) implies that J,%H(%)J,Z .
725% sin(%). If n is odd (resp. even), then sln(”;) < 0 (resp. > 0)

and therefore the numerator of (10) is negative (resp. positive), from
which positivity of the denominator of (10) follows in both cases. Be-

cause of the assumption ¥ L < Jjz,1, we have Ja (ﬁ) > 0 and therefore

Jn (Ho ) Jons [ ditg — \fJg_l( ) Jas £ dpg > 0, which is inequality (7).
The case when n is even is snmlar to the odd case where J_z is
replaced by Y=». In this case, the linear system becomes

ATy )+ By () = [ 1
SAVATy () - BYAY () = [ fuy,

() + T2 ()13 () =
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which clearly admits a solution since the determinant of the system is
equal to —21;0 < 0 by the second equation in (A2). The constants A

and B are then equal to

—r VA VA
A= 2HO(Y; (I’IO> aMfd,ug — \AYg_l (I‘Io) /Mfdﬂg)

and

() () o)

Now we proceed as in the odd case, i.e. two cases occur as well. When

©(Ro) = 0, we deduce that B =0 as (1 —THO)%Y% (}/15(1 —rHy)) tends

. 1(n VAT
to the constant term of the series —— (5 — 1)!(ﬁ) #* O.( Thus, we g;t
Yn (¥ (1—RoHo)
the equality in (7). When ©(Ry) > 0, we have —4 = 270 "¢
q y in (7) (Ro) B~ (%(17R0H0))
An easy computation that uses equations (A1) and (A2) in the appen-

SE

SR

dix shows that (%)/(x) = —2 which is always positive on (0,00) \

{zeros of J,}. Hence x — Y:(z) is increasing and thus for v = 2,

find after using inequalities (9) that

Ya (}/Ti) faM fdpg — \F)‘Ygfl(}%) fM fdpg Yz (ﬁf)
J%(}/T?) faM fdﬂg_ﬁ‘]%ﬂ(%) fM [dpg J%(}/T?)

which leads to the same result as before by the second equation in (A2).
In the rest of the proof, we discuss the equality case of inequality (7).
Namely, assume that equality holds in (7), and then B = 0. Next, we
prove that ©(Rg) > 0 (recall that Ry is the first positive root of y) cannot
occur in this case, so that we are just left with ©(Rg) = 0 which means
M is a geodesic ball of radius Hio in R™. Indeed, because y(Rp) = 0, we

write
o (VA
0= y(Ro) = A(]. — R()Ho) 2 Jn (H

n | —
2
0

we

)

(1- ROHO)>.

Since Jz (}%(1 — RoHy)) # 0 because of (9), if we assume by contra-
diction that ©(Ry) > 0, then the above equality gives A = 0. Thus we
get y = 0 which contradicts the fact that y(0) = [,, f dpg > 0. To finish
the last part of the equality case, let M be a geodesic ball of radius H%)
in R™. As mentioned before, the inequality in (5), as well as in (8), are
in this case equalities. Therefore, we get that F(r) = y(r) and R = Ry.

Because on the ball we have that ©(R) = 0, we deduce that B =0. O
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J,,+1(m)
Ju ()

in the appendix, inequality (7) does not provide any new informa-
tion on the interval ] '%_171,]'%71[.

(ii) The case where Hy = 0 was handled in [19, Theorem 3.1] but
we just add the result for completeness. If VAR < 5, then the
corresponding inequality is

/ fdu, > ﬁcot(ﬁR)/ fdug.
oM M

In this case, one can deduce estimates for the first eigenvalues of
the Dirichlet and Robin Laplacian; see [19, Corollary 3.2], [40,
Corollary 3], [29], [30].

An immediate consequence of Theorem 3.1 is when the function f is
subharmonic (i.e. Af <0). Namely, we have

Remark 3.2. (i) In view of the properties of the function z —

Corollary 3.3. Let (M™,g) be a compact Riemannian manifold with
smooth boundary. Assume that the Ricci curvature of (M™, g) is nonneg-
ative and the mean curvature of OM is bounded from below by Hy > 0.
Let f be any positive and subharmonic function. Then

11 faM [ dpg
(1) doar:l L
fM f :ug
Equality holds if and only if M is isometric to the geodesic ball By, of

> TLH().

radius H%) In particular, for f =1, one has
Vol(OM)

12 ————= > nH,

(12) Vol(M) = "0

where equality holds if and only if M is isometric to By, .

Proof: By applying Theorem 3.1 to the function f, we deduce from in-
equality (7) that for any A > 0 with HLE)\ < Jjz,1 we have

Jors £ g > \f)\‘]%*l(%) _ HoxJ ~1(z)
fodUg - J%(}?) J% )

0
with z = Y2, Using the asymptotic behavior of the function x —

Ho
Jf:(f(l), v =14 —1,as z — 0 in the appendix, we get the result.

The equality case follows also directly from Theorem 3.1. O

wl3

for

We point out that inequality (11) is weaker than Raulot—Savo’s esti-
mate [37, Theorem 10] which states that

faMfd,ug > 1 _ TLHO
Jar Fdpg — fORG(r)dr 1—(1—RHo)™
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This is due to the different solution of the differential equation in [37]
which does not involve the Bessel functions. Also, we notice that in-
equality (12) is also weaker than the estimate in [20], [38], known as
Heintze-Karcher—Ros, which is

1
/ — dpg > nVol(M),
om H

where H is the mean curvature. o @)
n (T
Using the properties of the function z +— ﬁ listed in the ap-

n_q
pendix, we obtain the following estimate for the first eigenvalue of the
Dirichlet Laplacian, whose assumptions differ from the original Faber—

Krahn inequality [13], [25] (see [9]):

Corollary 3.4. Let (M™,g) be a compact Riemannian manifold with
smooth boundary. Assume that the Ricci curvature of (M™,g) is non-
negative and the mean curvature of OM is bounded from below by Hy >
0. Let By, be the geodesic ball of radius H%) in the Euclidean space.
Then the first eigenvalue of the Dirichlet Laplacian \P satisfies AP >
M (By,) = ng%_l,l. Equality is attained if and only if M is isometric
to the ball By, .

Proof: Let f be a positive eigenfunction of Dirichlet Laplacian associated
to the first eigenvalue A\P. If /AP < Hojz 11 < Hojz 1, then we get
from inequality (7) that

Ty (Yh)
0= d, > /\Du/ du, > 0.
/SMf Mg = 1 Jﬁ( /Tf’) Mf Hg

2 Hy

This leads to a contradiction. If now equality is realized, then we still

/\D
/\1<

have iin

Jz 1 and thus the inequality
Jn_4q

(}?{3)
D2 0
O_/azwfd'ug> g n(\/ﬁ) /Mfdug 0

Ho

<

2

becomes an equality. Therefore, we deduce the result from the charac-
terization of the equality case in Theorem 3.1. This ends the proof. O

In the following, we are interested in estimating the eigenvalues of
the Robin Laplacian. Recall that this boundary problem is defined as
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follows: Fix a positive parameter 7 and consider the boundary value
problem

a3) {Af_kf on M,

9L —7f on OM,

where v is the inward normal vector field to the boundary. It is well-
known that the eigenvalues of the Robin Laplacian form an increasing
sequence 0 < A\ (1, M) < Xo(7,M) < --- (counted with multiplicities)
and depend continuously on 7. When 7 tends to zero, the Robin Lapla-
cian reduces to the Neumann Laplacian while it is the Dirichlet Laplacian
when 7 — oo. Using Theorem 3.1, we will establish an estimate for the
first eigenvalue of the Robin Laplacian in terms of the zeros of Bessel
functions. First observe that, for any eigenfunction f associated to an
eigenvalue A\ of problem (13), we have

a  af g = [ arau= [ Zay=r [ sa,

Jons [ dng
Jar £ng
0. Taking this fact into account, we get the following:

Therefore, the quotient is just equal to 2 2 whenever / A fdpg >

Corollary 3.5. Let (M™,g) be a compact Riemannian manifold with
smooth boundary. Assume that the Ricci curvature of (M™, g) is nonneg-
ative and the mean curvature of OM is bounded from below by Hy > 0.

If 7”/\1}5;]\4) <j then

Jz.1,

If \/W < Jz_1,1, equality is realized if and only if M is isometric
to the ball BH,.

Remark 3.6. From the characterization of the equality case of inequal-
ity (7), for which B = 0 as was shown in the proof of Theorem 3.1,
and in view of (14), we deduce that on a geodesic ball By, in R™ any
eigenvalue (7, Bp,) of the Robin Laplacian associated with an eigen-
function f satisfies the equality

Hence, for the first positive eigenvalue A1 (7, Bp,) (in this case f is pos-

)\I(TaBHO) J%(m)
Ho

itive), the term is a root of the function z + 2= @
21
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7.z Which is defined on R\ {zeros of Jz_,} and increases from —oo
to oo on ]07]'%,171[. It is indeed the first positive zero on that interval;
see [3, Remark 2.9], [4, p. 4] for more details. Therefore, we deduce that

VA1 (7, BHg)
Hyp

Using the above corollary, we have the following estimate:

lies in the interval 0, jn 1 1.

Corollary 3.7. Let (M™,g) be a compact Riemannian manifold with
smooth boundary. Assume that the Ricci curvature of (M™, g) is nonneg-
ative and the mean curvature of OM is bounded from below by Hy > 0.

. " . 2712
Fiz any positive number 1o < jn_11 and set @ = Y -, f#—# If
- 51k o

T > aHy, then

M(m, M) > H37g.
Equality is realized if and only if M is isometric to By, and T=aH,.
Proof: Assume that /A (7, M) < Horp < Hojz—1,1. Then, by Corol-
lary 3.5 we get

Al (T,M)
h\ Ty-1 () A1 (T, M)
(r, M) =7 T ;
J AI(T,]VI) aHO
%( Ho )
Jn
with o = To% =3 ]22% The last inequality comes from
27 E>175-1Lk 0
the properties of the function x — x ]TES) on the interval ]0, 7o, for v =
Jn
5 — 1, in the appendix that allow to deduce that #(jl) < 2. This

leads to a contradiction. Assume now that the equality is attained. Then

we still have that 7”\1[%]\/[) < jz—1,1 and the inequality in Corollary 3.5

)\1(T,M)
Jn _q(Y—"—= Jn 1 (1
Horg =/ Mi(1, M) > 72 1( Ho ) =72 1 O)ZTT—OEHOTO
J (7, M) J= (7o) Q@
%( H, )

becomes an equality. Therefore, we deduce that M is isometric to By,
and 7 = aHy. Conversely, on the geodesic ball By, we have equality in
the estimate of Corollary 3.5. Hence we write, for 7 = aHj,

A (7,BH,)
Jn_ Y0 Jn 1 (7
V(T By,) =7 ) < OZHO& = 10Ho.
J A (7,BHg) J%(To)
%( Ho )
Jy

Here, we use the fact that the function z — < “ (z) is decreasing. Hence,
we get the other side of the estimate and thus equality is attained. [
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Using the previous result, we will compare the first eigenvalue of the
Robin Laplacian on M to the one on the ball By,. We obtain the follow-
ing result (see [11, Theorem 1.1] and [40, Theorem 4]) in full generality:

Corollary 3.8. Let (M™, g) be a compact Riemannian manifold with
smooth boundary. Assume that the Ricci curvature of (M™, g) is nonneg-
ative and the mean curvature of OM is bounded from below by Hy > 0.
Let By, be the geodesic ball of mean curvature Hy. Then

M (1, M) > M\ (7, Br,).
Equality is realized if and only if M is isometric to the geodesic ball B, .

Proof: In view of Remark 3.6, we have that 7&&;}3@ < Jjz-1,. There-
1/)\1(T,BH0
Hy

) in Corollary 3.7. In this case, we get that

J (70) V(7 Bu,) T T

a=rT = =—.
OJgfl(To) Hy Vi (r,Br,) Ho

Hence Corollary 3.7 finishes the proof of the result. O

fore, we set 75 :=

Remark 3.9. According to [33], the best possible lower bound for j, 1
(for v > 0) is the positive number 79 = v — %V% where a; ~ —2.3381
is the first negative zero of the Airy function. Therefore for v = 5 — 1
with n > 3, one can easily check that 79 > 5. Thus if we choose 7 > aHy,
one gets

n2
4
The last lower bound has been obtained in [5] under the further assump-
tion that IT + 7 > 0, where I1 denotes the second fundamental form of
the boundary.

M(T,M) > t0HE > —H§ > nHor — 72 > (n — 1) Hot — 72,

4. Eigenvalue estimates for the Dirac operator

In this section we give, under curvature assumptions, new estimates
for the first eigenvalue of the Dirac operator defined on compact mani-
folds with boundary. These estimates are expressed in terms of zeros of
Bessel functions and a lower bound of the scalar curvature. They improve
Friedrich-type estimates originally established on closed manifolds [15]
and generalized later on manifolds with boundary; see e.g. [22] or [18,
Chapter 4] for references.

We assume here the smooth compact Riemannian manifold (M™, g)
to be spin with fixed spin structure. For more details on spin manifolds
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we refer to e.g. [6], [16], [28, Chapters 1 and 2], [7, Chapter 1], [18,
Chapter 1]. Under that assumption, there exists a smooth Hermitian
vector bundle XM — M called the spinor bundle of M on which T'M acts
by Clifford multiplication. We denote by X ® ¢ — X -4 that Clifford
multiplication. There exists on XM a metric connection that preserves
the Clifford multiplication and that we denote by V=M. The Clifford
trace of that connection is the first-order differential operator called the
Dirac operator. Formally, for any section 1 of XM, we have Dy =
diieg VEEJ_Mw, where (ej)1<j<n is an arbitrary local g-o.n.b. of TM.
Recall also that a spin structure on M induces a spin structure on OM via
the inner unit normal vector field v along OM. This provides a unitary
isomorphism

YoM if n is odd,

EMlaM — . .
SOM & X0M if n is even,

for which a GauB3-type-formula relates the compatible connections on XM
and XOM. In particular, the following formula holds along OM for
any ¢ € I'(XM) (see e.g. [18, equation (1.22)]):

2

where H := —1— tr(II) is the mean curvature of M in M and DM is
either the Dirac operator on M (if n is odd) or its symmetrization (if n is
even); we refer to e.g. [18, Subsection 1.4] for details. Here I := —VMy
denotes the Weingarten map of the boundary.

The Dirac operator is known to admit the following four elliptic
boundary conditions: CHI, MIT bag, gAPS, and mgAPS; see e.g. [22]
or [18, Subsection 1.5] for a survey. Recall first that the corresponding
boundary value problem consists in solving D1 = MY on M where v
lies in the kernel of the boundary operator B corresponding to one of
the boundary condition listed above. It is proved in [22, Proposition 1]
that, under these boundary conditions, the spectrum of the Dirac oper-
ator consists of a discrete unbounded sequence of eigenvalues with finite
dimensional eigenspaces. For the CHI, gAPS, and mgAPS boundary con-
ditions, the spectrum is real, however for the MIT bag condition it is
contained in the upper half of the complex line C.

Let us now recall briefly these boundary conditions. The CHI bound-
ary condition is associated to the so-called chirality operator, defined
by the endomorphism By = %(Id —v - G), where v is the unit nor-
mal vector field to OM and G is the restriction on OM of the endo-
morphism G: XM — XM which is involutive, unitary, parallel, and

(15) Dwzy-VEMw+V,<D8N]w_(71—1)I‘I¢)’
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anticommuting with Clifford multiplication on M (it corresponds to the
complex volume form for n even). The MIT bag condition is defined
by the operator Byt := %(Id —iv-). For the gAPS, known as general-
ized Atiyah—Patodi Singer, the boundary operator Bgaps is defined as
the L2-orthogonal projection onto the subspace generated by the eigen-
vectors of the Dirac operator on OM (if n is even or its symmetriza-
tion if n is odd) corresponding with eigenvalues not smaller than some
number S < 0. Finally, the boundary operator Byzaps for the condi-
tion, known as modified generalized Atiyah—Patodi—Singer, is defined as
BmgAPS = BgAps(Id +l/-).

In [22] the authors provide a Friedrich-type lower bound involving
scalar curvature [15] for the first eigenvalue of the Dirac operator and
for each of the above boundary conditions (see also [10], [23]). They
also discuss the equality case of those estimates which turns out not
to be always achieved depending on the imposed boundary condition;
moreover, for the cases where equality is realized, the boundary has to
be minimal. We notice here that the positivity of the scalar curvature
as well as the nonnegativity of the mean curvature of the boundary are
required in this context in order for the lower bound to be positive.
In the following, we will give a new estimate for the eigenvalues of the
Dirac operator under the boundary conditions mentioned above (except
the MIT bag) by using the result in Theorem 3.1. The new fact in our
estimate is that the lower bound not only depends on the minimum
of the scalar curvature (as for Friedrich’s lower bound) but also on a
positive root of some function involving Bessel functions. In particular,
this estimate still gives us information on the spectrum when the scalar
curvature of the manifold vanishes at one point.

Theorem 4.1. Let (M™,g) be any smooth compact Riemannian spin
manifold with nonempty boundary OM . Assume Ric > 0 on M and H >
Hy on OM for some positive constant Hy. Let A be any eigenvalue of the
Dirac operator of M endowed with any of the CHI, gAPS, or mgAPS

T2 @)
Tyoa@ (n—1)

boundary conditions. Let 19 be the only zero of x +— x
on |0,jn_y1[. Then
n nHZr3

=) MRS+ ooy

(16) >
where S is the scalar curvature of (M™,g).

Proof: We consider the nonnegative function f := %|’l/}|2 on M, where 1)
is any spinor field on M. It is elementary to show that, with the help
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of the Schrédinger-Lichnerowicz formula D? = (VZM)*V=M 4 214, the
following identity holds for :

S 1
(U7)  Af=—Zf+Re((D*,4)) = ~|D¥[ — [Pyl
where P: I'(XM) — I'(T*M ® ¥ M) is the so-called Penrose operator,
defined by Py = VEMy + %X - D) for any vector field X € T M. Taking

1) to be a nonzero Dirac-eigenspinor associated to the eigenvalue A (recall
that X is real under the imposed boundary conditions), we obtain

)\2
AF =2+ Nl = 2~ PyP
2
= a2 pup
n
) L

2(n—1) ()\2 _ ﬁ min(S)) f

n M

IA

that is, Af < uf where p := Q(Rn_l) (A2 - 4(n”_1) miny (S)). Notice that,
by all the eigenvalue estimates proved in [22] for the boundary conditions
assumed in our theorem, we have p > 0 (recall that H > Hy > 0). On
the other hand, using Gaufl formula (15), we compute

Afduy= [ ot du,
M oM
— [ Re((VEV 6, 0)
OM
(15) HH

L / Re((—v - Dy — DMy %WM dpig
oM

=3[Rl v.0) duy
OM ———

0

. n—1
- [0y duy e B [P d
oM oM

_ / (DM, ) dpg + (n— 1) / H du,.
oM oM
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Now since by assumption H > Hy, f > 0 along OM, and
[ 00y <0
oM

for any of the boundary conditions under consideration (see e.g. [18,
Chapter 4]), we obtain

(19) /M Afdpg > (n—1)Hy /8Mfdug.

Notice here that no condition on the Ricci curvature is required to get
inequalities (18) and (19). By contradiction let us now assume that % <

Jn .
To, Where 7y is the only zero of z — xJn"’(l(;) —(n—1) on ]O,j%_m[.
P

Since in particular % < jz-1,1 and by assumption Ric > 0 on M and
H > Hy >0 on M, Theorem 3.1 can be applied to f and yields

Ty-1(3%)
d = -0° ditg.
| fdny= i PNE | rau,

Note that in particular the function f cannot vanish identically on the
boundary. But (19) together with Af < pf implies p [, f dpg > (n —
1)Hy [55, f dig, so that

Jﬁfl(ﬂ) (n —1)Ho
/ Fpy > i | rdu,
Tz (¥;) oM

'y () |
from which —5 > \/EJ ( (L) follows. By assumption on p and since x —

Ho 5 \Ho
Jn 4
W(z)) is decreasing on ]0,3% 1.1] as listed in the appendix, we deduce

Jn (7

that — 1 > ETI((T:)))) ﬁ, which is a contradiction. Therefore /i >

HyTy, which concludes the proof of inequality (16). Next we prove that
the equality in (16) cannot be realized. Assume it were the case, then we
would have equalities in all the above inequalities and from Theorem 3.1
the manifold M must be isometric to a geodesic ball. Furthermore, the
spinor field 9 is a Killing spinor (as a consequence of being a twistor
spinor and an eigenspinor) with Killing constant f%. But since on the
one hand the scalar curvature of a manifold with such a Killing spinor
must be equal to %(n —1)A% and M is Ricci- and hence scalar-flat on the
other hand, we deduce that A\ = 0. This contradicts x > 0 and concludes
the proof of Theorem 4.1. ]



700 F. EL CHawMmI, N. GINOUX, G. HABIB

Let us now discuss the Dirac spectrum under the MIT bag boundary
condition. As we mentioned before, the eigenvalues of the Dirac operator
are in this case complex numbers with positive imaginary part. This fact
follows directly from the relation ([22, p. 386])

(20) 21m(\) /N WO[2 dpsg = /d 0P duy,

which holds for any eigenspinor 1 associated with an eigenvalue A. Now,
if we come back to equality (17) with f = ||, we get after using the
nonnegativity of |Pv|? that

IM2

Af =27+ 2Re()f 2P0 7 — |Pyp

G0 =S pramen) — pPy+ 2y

IN

2n—1) (| n . 2n 2
— (|)\| BPTOE) min(S) — Im(A) >f

M n—1

However, we do not have any control on the sign of the r.h.s. of in-
equality (21) in order to deduce an estimate for the eigenvalues using
Theorem 3.1 as we did for the other boundary conditions. Notice that
S. Raulot established in [34, Theorem 1] a lower bound for the first
eigenvalue of the Dirac operator with MIT bag condition that involves
the imaginary part of A and a lower bound of the mean curvature (as-
sumed to be positive) but unfortunately it still does not provide any new
information on the sign of the r.h.s. of (21). We can however give a new
and short proof of Raulot’s estimate [34, Theorem 1]:

Theorem 4.2 (S. Raulot [34]). Let (M™,g) be a compact Riemannian
spin manifold whose boundary satisfies H > 0. Then any eigenvalue A of
the Dirac operator of M, under the MIT bag boundary condition, satisfies

n .

where Hy is the infimum of the mean curvature. Equality holds if and
only if the associated eigenspinor is an imaginary Killing spinor and the
boundary is totally umbilical with constant mean curvature.
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Proof: We follow the same steps as we did in Theorem 4.1 to get inequal-
ity (19). Indeed, taking into account the boundary condition iv - ¢ = 9
on 0M, we compute

| aran® [ Retv- Dy -0y + Py ),
M oM

= [ Re(=A-¢,9))dpu,
oM

-1
- [ 0Py duy + P [ HIGP dy
oM oM

> (0= )Hy —21m() [ fd,

Here, as before, we use the fact that f8M<D3M1/1,1/1> dpg < 0 which is
also valid for the MIT bag boundary condition [22]. Integrating inequal-
ity (21) over M yields the desired inequality after using identity (20).
If now equality holds, then the eigenspinor is a Killing spinor of Killing
number _TA But as A is a complex number (recall that its imaginary part
is positive), it must be purely imaginary (see e.g. [7, Chapter 8] or [18,
Subsection A.4]) which implies that ¢ is an imaginary Killing spinor.
The last part follows from differentiating the boundary condition along
any vector field tangent to the boundary; see e.g. [34, pp. 142—-143]. This
finishes the proof. O

As we see from Theorem 4.2, if one assumes Hy > —2-Im()), then the
r.h.s. of inequality (21) is in this case positive and therefore Theorem 3.1
can be applied. However, we think that it is unnatural to require such
a bound on the mean curvature as it depends on the eigenvalue A in
question.

Another way for estimating the eigenvalues of the Dirac operator is to
look at a conformal class of metrics; we refer to e.g. [7, Subsections 2.3
and 5.4] or [18, Subsection 3.3] for general facts on the subject. In this
case, the spectrum of the Dirac operator is known to be related to the
spectrum of the so-called Yamabe operator through the so-called Hijazi
estimate [21]. In [35] S. Raulot proved that, under the CHI or the MIT
bag condition, any eigenvalue A of the Dirac operator satisfies, for n > 3,

(22) A2 (YY),

= - 1)

where the inequality is strict for the MIT bag condition and character-
izes in its limiting case the half round sphere for the CHI condition.
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Here, 111(Y) denotes the first positive eigenvalue of the Yamabe problem
originally defined by Escobar in [12]:

)= L DAF L SF =y (Y)f on M,

(23) .

8—f 2> 2H f on OM.

Recall that v denotes the inward unit normal vector field along M.
If the mean curvature is nonnegative, then it is easy to check, after
multiplying the first equation in (23) involving a first eigenfunction f
with f itself and integrating over M, that the inequality p;(Y) > mNi[n(S )

holds, with equality if and only if .S is constant on M and H = 0 on OM.
We will use this last fact to apply Theorem 3.1 to an eigenfunction of the
Yamabe operator in order to deduce an estimate for p1(Y) in terms of
zeros of Bessel functions. This will allow later to derive a new estimate
for the Dirac operator.

Theorem 4.3. Let (M™,g) be a compact Riemannian manifold of di-
mension n > 3 with smooth boundary. Assume that the Ricci curva-
ture of M is nonnegative and the mean curvature is bounded from below
T8@) _ n-2
J% _1(z) 2

by Hy > 0. Let 71 be the only positive zero of © — x
on ]O,j%_l,l[. Then

4(n—1)

n—2 2H0

(24) p(Y) 2 min(S) +

Equality is realized if and only if the manifold M is isometric to a round
ball in R™.

Proof: Let f be an eigenfunction of problem (23) associated with the
eigenvalue 111(Y). Recall that f cannot change its sign, so that f can be
assumed to be positive in the interior of M. Then we have

n—2 n—2

4(n —
Let p:= g05= 1) (11(Y) — minys(S)). Notice that g > 0 since H cannot

vanish. If by contradiction g—f < 11, then from Theorem 3.1 we deduce

that
:) |t

Af= T (Y) ~ min(S) .

(

J
(25) | faug Vit

FATAN
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Note that this implies that faMfdug # 0. Integrating the inequal-
ity Af < uf along with

/Afdug | G =" [ pan,

()

i (\/ﬁ) . Finally, as we did in the proof of Theorem 4.1,
5 \Hg

we use the fact that the function z —

ylelds = 2

Om ‘S m\§

J” —ai(2) . .
72 (a) 18 decreasing on 10,52 11]

to get the contradiction. This proves (24). If (24) is an equality, then
because of I‘j/[—f =7 €]0,jn_11], inequality (25) still applies and must
be an equality, therefore M must be isometric to a round ball in R"
by Theorem 3.1. Conversely, if M is a round ball in R™ of radius HLO,
then the two inequalities involving A f and used in the proof of (24) are
equalities since scalar and mean curvatures are constant. Moreover, for
a round ball in R™, problem (23) reduces to the Robin boundary value
problem (13) for the first eigenvalue p := 4&7:21);;1(3/) and where 7 :=

%Hg > (0. As was already noticed in Remark 3.6, the first eigenvalue of
the Robin boundary value problem on a round ball of R™ always satisfies
% €]0,5211[ C ]0,j= 1[. Therefore (25) applies and is actually an
equality again by Theorem 3.1. On the whole, all three inequalities used
in the proof of (24) are equalities for a round ball, therefore (24) itself
must be an equality. This shows the equivalence for the limiting case and
concludes the proof of Theorem 4.3. O

Combining inequality (22) with (24), we deduce the following:

Corollary 4.4. Let (M",g) be a compact Riemannian spin manifold of

dimension n > 3 with smooth boundary. Assume that the Ricci curvature

of (M™, g) is nonnegative and the mean curvature of OM is bounded from

I2 (@) —2
2 n

Jn _i(x) 2
2

on 10,jn _11[. Then, under the CHI or the MIT bag conditions, any

eigenvalue A of the Dirac operator satisfies

(26) AP® >

below by Hy > 0. Let 1 be the only positive zero of x — x

n n
e H}Vi[n(S) +— 27121{3.

Note that equality cannot hold in (26) since for the MIT bag boundary
condition (22) is anyway strict, while for the CHI boundary condition
equality in (22) implies minimality of M in M.

As we can see from Theorem 4.1 and Corollary 4.4, there are two
different but analogous estimates for the first eigenvalue of the Dirac
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operator under the CHI boundary condition One might ask if there is

a way to compare the numbers 5t 1)7'0 and 712 in order to check

which estimate is better. Recall here that 7 and T are, respectively,

Jn
the first positive zeros of the functions z — =z Jﬂ2_( ()) —(n—1) and

5@ 24410 It t t that ( f >3
x»—va% NI on |0, jn_q,1[. It turns out that ([14]), for any n > 3,

2
(27) (7’1) S m+1D(n+1-+4dn+1)

) n(n —1) ’

which implies that (%)2 > 2&77_21), ie. #7‘12 > ﬁTg. Therefore,
(26) is better than (16) for any n > 3. Moreover, because of 1 < 7,

2
1

inequality (27) implies that = e 1, which means that s — 2
2(n 1)7'0 n—o0o

asymptotically as n — oo, the lower bound in (26) is even much better

than (16). This could be explained by the fact that less information is

lost upon proving (22) and (24) than proving (16) directly.

5. Robin Laplacian for differential forms

We first recall the so-called Lopatinskii—Shapiro criterion for ellipticity
of boundary value problems; see e.g. [41, Subsection 1.6] to which we
shall stay close. Let (M™, g) be any Riemannian manifold with nonempty
boundary M. Let P be any k*'-order linear differential operator acting
on sections of some Riemannian or Hermitian vector bundle £ — M. A
boundary condition will be considered here as the direct sum @;:1 B;
of linear differential operators B;: I'(M, E) — I'(OM, E;) of order k; <
k, where E; — OM, 1 < j < [, are Riemannian or Hermitian vector
bundles. We consider the following boundary value problem: for any f €
I'(M, E) and u; € I'(OM, E;), 1 < j <1, find u € T'(M, E) solving

{Puf on M,

(28) .
Bju=wu; ondM,v1<j <1

Let op and op, be the principal symbols of the operators P and B;
respectively, 1 < j < [. In our convention, for any smooth function f
defined in a neighbourhood of a point =z,

O'P(d’cf) = [[[P7f]af]a7f} GHOIH(EQ:,EQ:)

k pairs of brackets
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and analogously for Bj; of course, cg = B if B has vanishing order.
In order to formulate the Lopatinskii—-Shapiro ellipticity condition, the
following space must be defined: given any x € OM and v € T,,0M, let

M := {bounded solutions y = y(t) on R
to the ODE op((—iv,d;))y = 0}.

Here, the map op((—iv,d;)) must be understood as follows: considering
o p pointwise as a homogeneous polynomial of degree k on T, M, we apply
it to the one-form —iv” 49, -1, where v is the inner unit normal at z and
where we see 0; as a coefficient; what we obtain at the end is a k"-order
linear differential operator in one variable and with constant coefficients.
In particular the ODE op((—iv,0;))y = 0 has a k-dimensional space
of solutions which are defined on R. The following definition is taken
from [41, Definition 1.6.1]:

Definition 5.1. The boundary value problem (28) is called elliptic if
and only if both following conditions are satisfied:

(i) The differential operator P is itself elliptic, that is, for any x € M
and & € TXM, the map op(§): E, — E, is an isomorphism.
(ii) For all z € OM and v € T,0M, the map

l
j=1
y — (o8,((=iv,01))y, ..., o8,((—iv,0;))y)(0)
is an isomorphism.

Now we look at the following setting where £ = APT*M, E; =
APT*OM, Ey = AP7IT*OM, P = A = dé,+6,d, Biw = *(vadw — Tw),
and Bow = (*(vow) for any given p € {0,1,...,n}, 7 € R, and any w €
OP(M). Recall that ¢: OM — M denotes the inclusion map. The prin-
cipal symbols are given by

op(Qw = —[¢* - w,
0B, (f)w = fu W — §T N L*(VJ (.d),

0B, (g)w - L*(VJ w)a

where & = £,0" + & € R-1° @ T*OM for any € € T M and 2 € M.
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Theorem 5.2. Let (M,g) be a compact Riemannian manifold with
smooth boundary. Fix a real number 7 and consider the eigenvalue prob-
lem

Aw = lw on M,
(29) Fvadw—Tw) =0 on oM,
F(rvaw) =0 on OM.

Then, we have

(i) The boundary value problem (29) is elliptic in the sense of Defini-
tion 5.1 and self-adjoint. As a consequence, it admits an increas-
ing unbounded sequence of real eigenvalues with finite multiplicities
Aip(7) € Aapl(r) < -

(ii) Actually, if T > 0, then A1 (1) > 0 holds, i.e. (29) has trivial
kernel.

Proof: The Laplace operator on forms is clearly elliptic since for any non-
vanishing ¢ € T*M the map —[¢|? - Id is an isomorphism. Moreover, for
any v € T*OM, we can write oa((—iv,0)) = —((—iv, ), (—iv, 0)) =
|v]? — 92, so that the set M is in that case given by

MF ={e g, wy € APTF M},

On the other hand, op,((—iv,d))w = 9 (t*w) + i® A t*(vaw) and
oB,((—iv,0;))w = 1*(vow), so that if y = e *¥l . wy is any element
of M}, then

(08, ((=iv,84))y, o8, ((—iv, 3))y) (0)

= (—|v]t*wo + 0" A F(vawo), tF (Vawg)).

If the r.h.s. of that identity vanishes, then *(vuwg) = 0 and therefore
|v|t*we = 0, which under the assumption v # 0 yields ¢*wy = 0 and thus
wo = 0. This shows that the map M} — @?:1(Ej)m of Definition 5.1 is
injective and hence an isomorphism by equality of the dimensions. This
shows (29) to be elliptic in the sense of Definition 5.1. To show self-
adjointness, we need to prove that, for any compactly-supported smooth
p-forms w, w’ on M satisfying the boundary conditions Bijw = Bow =
B1w' = Byw' = 0, the identity [, (Aw,w’) dpy = [,,(w, Aw’) dpug holds.
But using the partial integration formula

| gy dny = [ (00,8 dny~ [ 1) dy
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that is valid for all o € QP(M) and 3 € QPF1(M), we obtain

/(Aw,w'>d,ug:/ (dégw,w/>dug+/ (8g dw,w") dpig
M M M
z/ (8gw, dyw') dug—/ (t*6qw, vaw') du,
M oM
+/ (dw, dw") d,ug-l-/ (vadw, W'y dp,
M oM
= / (dw, dw") dpig + (dgw, dqw") dpug
M

+ / (L (vodw), "W’ dpg
oM

— (1" 0gw, 1" (vaw")) dug
——

0

= / (dw, dw") dpig + (dgw, dgw") dpug
M

+ / T(t'w, Cw') dug,
oM

which is clearly symmetric in (w,w’) because of 7 € R. This shows (29)
to be self-adjoint. As a consequence, the spectrum of the Robin operator
consists of a nondecreasing unbounded sequence of real eigenvalues of
finite multiplicities which we denote by A ,(7) < A2, (7) < ---. More-
over, if 7 > 0, then for any differential p-form w on M, we can deduce
from the above computation the equality

(31) / (Aw,w) dpg = / (Jdw|? + [64w|?) dpy + 7'/ | w|* dpy > 0.
M M oM

Therefore, the spectrum of the Robin operator for 7 > 0 must be non-
negative. Note that, by Courant’s nodal domain theorem, the first eigen-
value A o(7) is simple and every associated eigenfunction cannot change
its sign on M. This shows claim (i). Next we show that 0 is not an eigen-
value when 7 > 0. Let w lie in the kernel of A. From the formula above,
we obtain dw = d,w = 0 on M and *w = 0 on M. But using the iden-
tity |w|? = [t*w|? + |vow|? at any point on the boundary, we deduce that
w =0 on OM. Now by [2, Théoréme, p. 445], any harmonic form on M
that vanishes along M must vanish identically, and therefore w = 0.
This proves claim (ii) and concludes the proof. O
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Proposition 5.3. Let (M,g) be a compact Riemannian manifold with
smooth boundary. Let T be a positive number. Then the first eigen-
value A1 ,(7) of the Robin boundary problem (29) can be characterized

as follows:

N {fM<dw|2 1) ity 7 [y e ity i
IM |w| dﬂg

where w runs over all non-identically vanishing p-forms on M such that

viw=0.

Proof: We have seen that identity (31) holds as soon as w satisfies the
boundary conditions ¢*(v1dw) = 7¢*w and *(vaw) = 0. In particular,
this proves the variational characterization

P weQP (M)\{0} Sy lwl? dpg

C(vodw)=T1"w, (vaw)=0

We next show that the boundary condition (*(vudw) = Tt*w can ac-
tually be dropped off in the infimum above. We follow [42, Chapter 5,
Section 9]. Define the standard Sobolev spaces:
H*(M,A?) := {w € L*(M,APT*M) |
Viw e L2(M,®'T*M @ APT*M), for any 1 <1< k}.

As in [42, Subsection 5.9], we define the following closed subspaces
of H¥(M, AP):
Hop (M, AP) := {w e HY(M,A?) | *(vaw) =0 on OM},
HE oo (M, AP) := {w € H*(M,A?) |

C(vow)=0and *(vadw) — 7¢*w =0 on OM}.
Note that the conditions defining those subspaces make sense because
of the existence of a continuous extension H*(M, AP) — L?(OM, AP) of

the trace map w — wy,,,. Consider, for any w € H} (M, AP), the linear
operator

W' > (Lropw) (W) := /M(<dw,dw’> + (6w, dyw")) dpig
(32)
+T/8M<L w, "w') dpg

on H} (M, AP). Note that this operator just differs from the one in [42,
equation 9.21] by the boundary term involving 7. Clearly, Lgrol, defines
a bounded linear operator

Lgob: Hlllob(Mv Ap) — HIliob(Mv Ap)*»
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where H} , (M, AP)* denotes the topological dual of H} , (M, AP). This
can be proved by estimating the boundary term in (32) using Cauchy—
Schwarz inequality and the trace theorem. Moreover, there exists a pos-
itive constant Cy such that, for every w € Hy,, (M, AP),

(33) (Lrob + Co)w,w) > Clwl|zp

for some further positive constant C. Inequality (33) follows in a straight-
forward way from [42, equation 9.24] since the boundary term coming
from (32) is positive because of 7 > 0 by assumption. Now inequal-
ity (33) not only shows that Lro, + Cp is injective with closed range
but also that it is bijective; see e.g. [42, Proposition 9.5]. We denote
by Trob: Hpo, (M, AP)* — Hg (M, AP) the inverse map as well as the
induced map TRrop: L?(M,AP) — L?(M, AP). Note here that there is a
compact embedding Hp,, (M, AP) — L?*(M,AP), since the embedding
HY(M,AP) — L?(M, AP) is already compact. The operator TR, on the
L2-level is compact and, being selfadjoint and positive, has a discrete
spectrum which can be described as a nonincreasing sequence of positive
eigenvalues of finite multiplicity converging to 0. Moreover, there exists
an L2-orthonormal basis (wj) ey of L?(M, AP) consisting of eigenvectors
for Trop: for every j € N, we have Tronw; = ptjw;. Note that necessarily
wj € Hp,, (M, AP) holds for every j since the range of TRreb actually
lies in H} , (M, AP) by definition. By construction, (w;) ey is an L2-or-
thonormal basis of eigenvectors for Lgep, since Lrobw; = (i — C’O)wj
holds for every j. The central remark is now the following: for every
w € L*(M,AP), actually u := Trobw € Hg,p, (M, AP) must hold. To see
this, we shall divide the proof into several steps whose technical details
will be ignored since they are completely analogous to those from the
proof of [42, Proposition 9.6].

Step 1: Due to the ellipticity of the operator Lron (see e.g. [42, Propo-
sition 7.2] for the corresponding estimate), we have that u = Tropw lies
in H?(M, AP).

Step 2: We must prove that the boundary condition t*(vadu) —7t*u =0
holds for w if and only if the boundary term

/ (F(vadu) — Teu, Cw') dug
oM

vanishes for all w’ € H} , (M, AP). Note that this is not obvious since
a priori the range of the trace map restricted to Hp , (M, AP) is not
a dense subspace of L?(OM,AP). To prove that the condition is suffi-
cient, we extend the pointwise homomorphism field v1: APHIT* M, lons —
APT*M,,,, along OM to a smooth homomorphism field o APTIT* M —
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APT*M on M. Pick any o € QPT1(M) and put w’:=ca €QP(M). Note
that *(raw') = *(vaovaa) = 0 holds along OM, and therefore w’ €
H} (M, AP). Moreover,

/ (F(vadu) — 70u, W) dug =0
oM

= (v A (K (vadu) — 1M u), ") dpg = 0.
oM
This holds for all a € QPT1(M). Therefore v A (¢*(vadu) — 7t*u) = 0
along OM . Now, taking the interior product with v allows to deduce that
(vadu) — 7v*u = 0, as claimed.

Step 3: We want to show that A(Trebw) = w—CoTrobw holds in the dis-
tributional sense. Recall that Trep = (LRrob + Co)~!. Taking the scalar
product of the relation (Lgon + Cp)(u) = w with any w’ € Hy,, (M, AP),
we get

/ (w,w") dpg = / (Lrobu,w") dpg + CO/ (u,w') dpyg
M M M

— / ((du, dw') + (Squ, 6,w")) dpug
M

Jr'r/ (L*u,L*w'>+Co/ (u,w"y dpg
oM M

(20 / (Au, ") dpg — / (" (vadu), 1w’ dpg
M oM

—|—7‘/ (Fuy ') dpg + Co/ (u,w"y dpug.
oM M
This means that

/<(A+CO)TRobw7w/>d“9:/ (w,w’) dpg

(34) "M M

—l—/ (F(vaodu —Tu), W) dpg.
oM

But this holds for any w’ € Hp (M, AP). In particular, if we choose
w' € QP(M) with support away from OM (see [42, p. 407]), we deduce
that A(Trobw) = w — CoTRobw as required. This ensures the boundary
term in (34) has to vanish for allw’ € H}, (M, AP). Therefore, by Step 2
the boundary condition ¢*(vudu) — 7¢*u = 0 must be fulfilled.

To conclude the proof, every eigenvector w; of Lrob is an eigenvector
for the Laplace operator on M and, since it belongs to the range of
TRob, it must lie in HZ , (M, AP), and in particular satisfies the boundary
condition of first order. O



NEW EIGENVALUE ESTIMATES INVOLVING BESSEL FUNCTIONS 711

From now on, unless otherwise stated, we assume 7 > 0. Recall the
absolute boundary conditions
Aw = ANw on M,
(35) f(vadw) =0 on OM,
f(vaow) =0 on dM,
which generalize the Neumann boundary problem for functions. The
spectrum of this Laplacian is discrete and consists of eigenvalues (/\f\fp)i
such that )\Jl\fp < )\é\{p < .--. The Hodge star operator exchanges the
absolute boundary conditions and the relative ones which are given by
Aw = fw on M,
(36) =0 on OM,
*(6gw) =0 on OM.
By the min-max principle, the first eigenvalue /\ffp of the Laplacian is
characterized by

AN~ inf{ fM(‘de + |8gw|?) dpg }’
? Jor |0l dpg
where w runs over all non-identically vanishing p-forms such that vow =
0. Mind that the Robin eigenvalue problem (35) might have a kernel,
which is then given by the absolute de Rham cohomology H% (M) defined
by
HY (M) ={¢pcQP(M)|dp =0d40=0o0n M and vi¢ =0 on dM}.

We also have a similar characterization for the first eigenvalue )\‘Ep of
the Laplacian for the relative conditions with the corresponding relative
cohomology H%,(M) given by

HY (M) ={¢p € QP(M) |dp =40 =0o0n M and t*¢ =0 on OM}.

By duality, the first eigenvalue for the boundary value problem (35) on
p-forms coincides with the first eigenvalue for the boundary value prob-
lem (36) on (n — p)-forms [19]. Another boundary problem of interest is
the Dirichlet eigenvalue problem

{Aw =XPw on M,

w=0 on OM.

For that problem, the first eigenvalue )\ffp — which is necessarily positive
by [2, Théoréme, p. 445] — is characterized by

A = el )
P fM |w|2d:ug

, weQP(M)\ {0} and wy,,, = 0}.
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One can easily see that when 7 — 0, the Robin boundary problem (29)
reduces to the absolute boundary conditions. Also, when 7 — oo, prob-
lem (29) reduces to the Dirichlet Laplacian. Now, we have the following
bounds for the first eigenvalue A ,(7) of the Robin Laplacian on differ-
ential p-forms.

Proposition 5.4. Let (M™,g) be a compact Riemannian manifold with
nonempty boundary. Then, for any 7 >0 and allp € {0,...,n — 1}, we
have the double inequality

ALy < Arp(1) <AL

Proof: The proof is based on the variational characterization of the
first eigenvalue of each boundary value problem. First, since 7 > 0,
for any w € (M) with vow = 0, we have

/(|dw|2+|6gw|2)dug+7'/ |L*w\2dugz/ (dsol? + 16,0[2) dpig,
M OM M

from which the left inequality follows. Moreover, for any w € QP (M)
with wy,,, = 0, we have

/(|dw|2+|5gw\2)dug+7'/ \L*w|2dug:/ (dwl? + [5,0[?) dizg
M oM M

because of t*w = 0. Therefore )\fp is the minimum of the same functional

as that characterizing A1 ,(7) but taken on a smaller space (for wy,,, =0
implies v w = 0), which shows the right inequality.

Next we establish a lower bound for the first eigenvalue of the Robin
Laplacian on differential p-forms A; ,(7) based on Theorem 3.1. The
lower term of the estimate depends on the so-called p-curvatures whose
definition we recall. Let n1(x),...,n,—1(2) be the principal curvatures
(i.e. eigenvalues of the Weingarten map IT) at a point 2 of the bound-
ary OM which can be assumed to satisty n(z) < ma(z) < -+ < np_1(2)
up to reordering. For any integer p € {1,...,n—1}, we define the p-cur-
vatures o, as op(x) = m(x)+---+np(x). Clearly, one can check that for
any two integer numbers p and ¢ with p < ¢, we have that 7e(@) < U"T(w)
with equality if and only if 71 (z) = n2(x) = -+ = n4(z). From that
remark the inequality H > %TEI) for the mean curvature H and for
any p € {1,...,n — 1} follows. The Weingarten-endomorphism-field IT
admits a canonical extension IT?! to APT*9M as follows: Given any
p-form ¢ on OM, we define

P
(B7) (IIPe)(Xy,.. . X)) =) e(X,. . TI(XG), . X),

i=1
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where X; are vector fields on OM for i = 1,...,p. By a straightforward
computation, it can be easily checked that the inequality

(38) (ITP o, ), > o ()02

holds pointwise. In the next theorem we will denote by o, as the infimum
of o,(x) over all x € OM. We have

Theorem 5.5. Let (M™,g) be a compact Riemannian manifold with
smooth boundary. Assume that M has a nonnegative curvature operator
and, for somep € {1,...,n—1}, the p-curvature of IM is bounded from
below by o, > 0. Fiz any positive number 7o < jz_11 and as before set
J 2 (7o)

— 275 ;
0T ) = D k1 e Then there exists an € > 0 such
o1,

a =

that, if T > ap(% — 1) — &, we have

2
%
2p2 Y7
Proof: We follow the idea of [19, Theorem 3.3]. First of all by following
the same steps as in [19, Lemma 4.10], it can be proved that, for any
differential p-form w satisfying the boundary conditions in (29), we have

)\17p(7') >

(Vyw,w) = TIPN(*w), *w) + 7| w]?,

where IT[P! is the canonical extension of the endomorphism I1 defined
previously. Using estimate (38), we obtain

0
| APy = [ S du,
(39)
= 2/ (Vow,w) dpg > 2(op + 7')/ |w|? dpg.
oM oM

Recall now the Bochner formula for p-forms: A = V*V + W][\Z}, where

WI[S} is the zero-order curvature term. It is elementary to deduce from
that formula the following scalar identity that is valid for any p-form w:

(40) (B, ) = [Vl + 2 A () + (WE (), ).

Therefore, if w is an eigenform associated to the eigenvalue Aq p,(7), then
using the nonnegativity of W][\Z] (which is a consequence of that of the
curvature operator of M), as well as |Vw|?, we obtain

(41) A(lwl?) < 2205 (7)|w]*.
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Therefore, we are in the situation of Theorem 3.1 with f = |w|?. Recall
here that the condition of the nonnegativity of the curvature operator
on M implies in particular that the Ricci curvature of M is nonnegative.
Also the mean curvature is bounded from below by Hy := %” > 0. Let
us from now on assume that \/2X; ,(7) < Ho7o. Then, we deduce from
Theorem 3.1 that

2A1 p

Ja o (
| by = 20 E Nomeer / ol d.
Jg T

Note that [,/ [w|* dug cannot vanish since w does not vanish iden-
tically by assumption. But integrating (41) over M and using (39), we

obtain
ﬂil(\/2)\1,p(‘r))
221 (1) > 2(0p 4+ 7) =2 Ho

2X1,p(7)
Ty ()

As we did in Corollary 3.7, we use the fact that the function x —
x%(x), for v = 5§ — 1, is increasing on |0, jz 1 1[ as stated in the
appendix to obtain

Jﬂ_l ( \/2)\1‘,)(7'))

2M1 (T
2X1,p(7) 2 2(0p +7)— ( 2AHO(>) >2(0p+7)a1[£()7
Jn (ME22L2AT)
2 Hy

which implies o, (55 — 1) > 7. This contradicts the assumption on 7.

Therefore 7w > 79- The equality case of the latter estimate would
provide equalities in all the above inequalities. This means in particular
that the form w has to be parallel, that is, A1 ,(7) = 0, which contradicts

V2A1,p(7) >

the fact that the Robin Laplacian has no kernel. Therefore i
7. But since that inequality is strict, by continuity of 7+ A1 ,(7), there
must exist an € > 0 such that, if 7 > ap(% — 1) — ¢, then 7‘22;’@ > 79

keeps holding. This concludes the proof of Theorem 5.5. O

Remark 5.6. By choosing 79 = v — ;—iué for v =5 — 1 with n > 3, one
3

has that 7o > 4 as in Remark 3.9. Therefore, for 7 > ap(% — 1), we

have

n?o?

02 2
p p
(42) )‘1,17( ) 2 O > 8p2 :
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For Euclidean strictly p-convex domains (i.e. g, > 0), we can easily
see that the first eigenvalue )\{\fp is positive. This follows directly from
integrating the Bochner formula (40) over M and using (39) for 7 = 0,
since a parallel form vanishing on the boundary must vanish identically.
Combining the left inequality in Proposition 5.4 with the estimate )\f{ p >

2
% established in [19, p. 329] and which is valid for such domains, we

2
get that Ay ,(7) > %2 which is weaker than estimate (42).

In the following, we will use the notation for the first eigenvalue of
the Robin Laplacian on O-forms (which corresponds to functions) as
A1,0(T) = A1 (1, M). We have

Corollary 5.7. Let (M™,g) be a compact Riemannian manifold with
smooth boundary. Assume that M has a nonnegative curvature operator
and the p-curvature of OM is bounded by o, > 0 for somep € {1,...,n—
1}. Then, we get the estimate

M (7, Bu,
Ap(T) > %’

where A1 (7, B,) is the first eigenvalue of the scalar Robin Laplacian on
the Buclidean ball whose boundary has mean curvature Hy := 22,

p
. A (7,BH,) .
Proof: Fix any 7 > 0. Recall that 0 < - < Jz-11; see Re-
/.0(7,BH,) Jn (10)
mark 3.6. Let 7y := % Then o = 70— (r0) =70 170 =
% by Corollary 3.8. Therefore ap(% — 1) = 5 — 0p, and in particu-
lar 7 > ap(Q% - 1). It remains to apply Theorem 5.5 to conclude the
proof. O

Next, we estimate the gap between the first eigenvalues of the Robin
Laplacian for different degrees when the manifold is isometrically im-
mersed into the Euclidean space. We mainly follow [19, Theorem 2.3],
[36, Theorem 4], and [31]. In the following, for any given smooth unit
normal vector field v to M in R™*™, we let I, be the associated Wein-
garten map, that is, it is the endomorphism field of 7'M defined by

(I1,(X),Y)={(v,I11(X,Y))
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for all X, Y tangent to M, where I is the second fundamental form
of the immersion. We denote by T the following endomorphism field

of APT*M: given any local orthonormal basis {v1, ..., vy} of T+M, we
let
TPl . Z(Ilr[fi])27
k=1

where each [ L[,’,Z is the standard extension of the above I1,, to APT*M
as in (37). By [19, Section 2], the operator T'?) is well-defined, i.e inde-
pendent on the chosen o.n.b. of T+ M, and furthermore self-adjoint as
well as nonnegative.

Theorem 5.8. Let M"™ — R™™ be an isometric immersion where
(M™, g) is a compact Riemannian manifold with p-convex boundary OM ,
that is, o, > 0 for some p € {1,...,n—1}. Then, for all 7 > 0, we have

Ap(T) = Ao (T) = ijr\14f(WJ[\§] _ 7y,

SR

where WJ[S,] is the Bochner operator in (40). In particular, for a Euclidean
p-conver domain M C R™, we have

ALp(T) > A1 p—1(7).

Proof: Let w be any eigenform of the Robin p-Laplacian associated
with A1 (7). Recall the boundary conditions vow = 0 and vadw = T7v*w
valid for the form w on M. Foreachi = 1,...,n+m, the unit parallel vec-
tor field 9,, on R™*™ splits into 0,, = (0,)T +(0x,) " where (9,,)7 is the
tangent part in 7'M and (d,,)" is the orthogonal one in 7M. Consider
the (p—1)-form (9,,)T Jw on M which clearly satisfies v ((0,,)T Jw) =0
and apply to it the variational characterization in Proposition 5.3. We
get, for each i,

Mpa(r) [ 10 e iy < [ (a0, s
(43) +10,((02,)T 2w)[?) dpg

1 [ 1(0n) Tl dy
oM
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Now we want to sum over 7. We handle each term separately. First, for
any p-form « on M and any local o.n.b. {e1,...,e,} of TM, we have

(44)
n+m

+
DRSS
=1

<5£,el><ek4 a, e 1)

H
I
=
i M3
Ir

3
+
3

[
(]
NE

(Op,s €6) (O, €1) (ero v, e ) since Oy, L TM
1

~.
—

3 |

k,l

(ex,er){exaa, ejaa) since (0,,); is an o.n.b. of R™"™

k=1

M-

(exaa,epaa){a, Z er N (epoa))

=

=1
n

=plal® since Z er N (egaa) = pa.
k=1

Note that this remains valid pointwise, in particular also along OM. To
compute the term involving the exterior derivative, we make use of the
Cartan formula and write, for each ¢,

d(@iJw) =Lorw — 8£J dw.
By [19, equation (4.3)], we can split the Lie derivative as follows:
(45) Lorw = Vorw+ I w

As a first consequence, choosing (ex)i1<k<n and (Vs)i<s<m to be local
o.n.b. of TM and TM respectively,

n+m n+m
Yo Iorwl =Y [VorwP+ |Up] w|? +2(Vor w, H[P] w)

=1 =1

n+m n
=) > (05 eon ) (Vew, Vew)
i=1 k,l=1
n+m m
+ > {08 vl (0n, ) (T I P, TTPw)
i=1 s,t=1

+2 ii@T 1) (0, vs) (Ve w, TIPw).
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As above, we can ignore the tangent and normal symbols in the sums on
the r.h.s. and use the fact that (9,,); is an o.n.b. of R™"*t™:

n+m n+m n
Z ‘L8£w|2 = Z Z <893i7ek><aﬂvi7el><v€kw7vezw>
i=1 ' i=1 k=1
n+m m
3 (B, ) (O, ) (TP, TP )
i=1 s,t=1

n+m n m

LEDIDIP DA INCAT AP LA

i=1 k=1s=1

n m
= |Vewl + > (I1Pw, ITPw)
k=1 s=1

zn:i (ex, vs) (ITPlw, T11P )
k=1 s=1

—
= Vw2 + (TPlw, w).

Because of (44), we know that

n+m

3107 Jdwl? = (p+ 1)| dwf?.

i=1
Moreover, still using the same local o.n.b.’s of TM and T+ M and de-
compositions of the 9,,, we have

n+m n+m
S (Lo w, 0 5dw) 23" (Vor w, 07 sdw) + (117 w0, 07 | du)
i=1 i=1 o
n+m
= Z (851 A Vor w, dw)
i=1 )

n+m n m

+ D> (o ex)(ITPw, V., w)

i=1 k=1s=1

|dw|2+zz<ug,ek> II[ w, Ve, w)

1s=1 ¥

= |dwl|?.
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It remains to notice that, since d,, is parallel on R**™  the covariant
derivative V(81)) is a symmetric endomorphism of TM and therefore
§g((02,)T sw) = —(04,)T 2 04w. Summing up (44) over 4, we obtain

n+m

A p—1(T )/ |w|*dpy /Z|L3Tw\2 |3T4dw|2 <L3TUJ or adw) dpg
+(p—1)/ |5gw|2dug+7p/ jw|* dpeg
M oM
<[ Vw2 + (TP, w) + (p+1)] dw|? — 2| dw|?
M
=) [ (5P dy oy [l
oM

/(IVWI2 (TP, w) + (p—1) (|dw|* +18,w]*)) dpg

oo [ ol du,
OM

Applying formula (40) and using (39), we deduce that
Atpo1(r)p / wf? dpg
M
(40) 1 2 [p] Ip]
< [ (a0~ SAGWP) — (Wi, w) +(TP,w) ) dug
M
0 =1) [ (41600 ity + 7 [ ol dy
oM
< plr / Py = (0 +7) [ P
oM
b [ @ = W) du,
M
1) / (Idwl? + 1850[2)) dptg + 7 / wf? dpg
oM
nupl) [ g = ) [l
OM
+ / (% = Whw, w) dpyg
M
+(p1)()\17p(7)/ |w\2dugfr/ w|2d,ug) +Tp/ \w\2dug
M oM oM

<oalr) [ NoPdy o [ iy [ (V] - T, dy
M oM M
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After regrouping the terms and getting rid of the boundary term using
the condition o, > 0, we deduce the desired inequality. Finally, when M

is a Euclidean domain, both WJ[\IJ] and T vanish. This ends the proof
of Theorem 5.8. O

Independently of the above results, we establish a Gallot-Meyer-type
estimate for the first eigenvalue of the Robin Laplacian. Recall that the
Steklov (or Dirichlet-to-Neumann) operator on p-forms is the pseudo-
differential operator DNV, on APT*0M defined for any p-form w on OM
by

DNyw 1= —v.dw,

where & € QP(M) is the unique p-form on M such that A® =0 on M
with the boundary conditions t*@& = w as well as v2o© = 0 on OM;
see [36, Subsection 1.1]. It can be shown ([36, Theorem 11]) that the
operator DN, is elliptic and essentially selfadjoint and in particular it
has a discrete real spectrum consisting only of eigenvalues of finite mul-
tiplicities. Its smallest eigenvalue 11, can be characterized by ([36, The-
orem 11])

: {fM(dw|2 +10gw[?) dpsg }
vy p = inf 5 ,
faM |w|? dpg
where w runs over all non-identically vanishing p-forms on M such that
vaw = 0. We have

Theorem 5.9. Let (M™,g) be a compact Riemannian manifold with
nonempty smooth boundary. Assume that the curvature operator of M
is bounded from below by some v > 0. Let 7 > ——55 - o, for some
p € {1,...,n— 1} where o, is the p-curvature of OM and ¢ = max(p +
1,m—p+1). Then

c
c—1

A1p(T) > p(n —p) 5.

C
If T < =255 - 0p, we have

pn—p)Vip+T
() > PPy )
¢ Yip —Op

where vy, is the first eigenvalue of the Steklov operator defined on dif-
ferential p-forms.

Proof: We follow mainly the proof as in the usual case. Let w € QP (M)
be an eigenform associated to the eigenvalue A; (7). Combining the

Bochner formula, the pointwise inequality WJ[\Z] > p(n — p)y and the
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1
n—p+1

estimate |Vw|? > pﬁ|dw|2 +
form w [17], we have:

M) [ el dieg = [ (Do) day = [ 9P di
M M M

|6yw|? which is valid for any p-

1
o [ AP+ [ (W) duy
M M

1 1
> —|dw|*d —5,wl|?d
—/Mp+1|w| Ug+n_p+1|gw| Hg

1
5 [ APy duy +pln=p)y [ ol du
M M
(39)1 9 9 9
S (o 16,002 dpg + (00 +7) [ w0l dpg
CJm oM
+p(n—p)v/M |w|? dpg
3l T
D2 dwwyduy - [l dy
CJm C Jom
+(op+7) / wf? dptg + p(n — p)y / wf? dug.
oM M

Thus, we deduce that

1
a6) rpo)(1-1) [ lfa,
c M
)
> (owtr=2) [ ol dng vt —p [ ol iy
c oM M

Note that o, +7—Z > 0 if and only if 7 > ——%50,. This concludes the
proof of the first part. To prove the other part of the theorem, pick any
eigenform w of the Robin Laplacian associated to the eigenvalue A1 , (7).
Then we get after using equation (31) that

(v1p+7) / (w2 dpty < Aap(7) / wf? dug.
oM M

Now if 7 < ——%5 -0, we combine the last inequality with the one in (46)

to get
1 7\ A1,(7)
1—2) > _ L) eV —
/\1,p(7)< C) > <Up+T C>V1’p+7 +p(n—p)7,

which is the desired estimate. Notice that the condition required on 7
gives in particular that o, < 0. O
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Appendix

In this section we review some basic facts on Bessel functions of the
first and second kind and their properties. For more details, we can refer
to [1], [8], [43].

The following differential equation, known as Bessel’s equation

a?y" +xy + (2 =)y =0
has the general solution
y = AJ,(z) + BY, (),

where J,,, called Bessel function of first kind, is given by the series

1)k(2)u+2k

I k'I‘V+k+ 1)’

where I is the gamma functlon. The Bessel function of the second kind Y,
is related to the first kind by the formula
Jy(x) cos(vm) — J_, ()

Yo(2) = sin(vm)

It is given by the following expansion

Yy(x):%Jy(:v) <ln§ +7) _ il,ZlW(:;)%U

k=0

oo (_l)k—l[(1+l+...+l)+(1+l+...+%)] " 2k—+v
—i—z 2 k!(kker)! 2 k+ <2> ,

where v >~ 0.5772157 is the Euler constant.

For integer values of v, we take the limit v — n. In this particular
case, J, and J_,, are not linearly independent. Indeed, one has J_, (z) =
(=) J,(x) and Y_, (z) = (—=1)"Y, (z). For all real values of v, the Bessel
functions can be expressed in terms of Bessel functions of lower orders
by the formulas

(A1)

Note that equations (A1) 1mp1y both (¥ J,) = z*J,_1 and (z7"J,) =
—x7YJ,41. The functions Y, satisfy the same equations above as .J,.
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We also have the following identities, known as Lommel’s formulas [43,
pp. 46 and 77|, which relate Bessel functions of different orders. Namely,

Jy_1(2) Iy (x) + Ty (2)J_yir (z) = 28012
Y, (2) 41 (x) = Y1 (2)J,(2) = 2

T

(A2)

A transformed version of the Bessel differential equation shows that the
Bowman equation ([8, p. 117])

200 —1 a? —m?2~2
- y + (ﬁ%%%? t—— ! >y =0

(A3) y'(z)

has the following solution

2*(AJm (Bx7) + BY;,(B27))  for integer m,

y(r) = 2(AJm(BxY) + BJ_,,(Bx7))  for noninteger m.

zJy41(x)
J, (z)
First, the quotient of two consecutive Bessel functions is given by the

series ([43, p. 498])

At several places in the article, we consider the function x +—

Joi1(x) _ Z 2x

AN Ve
for any v > —1. Hence, for such v, the function x +— JL”,:f(lx) — and
therefore z — “%(lz()z) as well — increases on R\ {zeros of J, }. Recall
from [1], [43] that the zeros of J, and J,41 satisfy 5,1 < ju+11 < Ju2 <
Ju+1,2 < ---. As a consequence, the function z — J”,:(ls) is positive

on 10, j,.1] and negative on |j, 1, ju41,1[- Moreover, JJ:E@:) ~ % for

small = ([27, p. 192]).
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