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ON THE STRONG CONVERGENCE OF MULTIPLE
ORDINARY INTEGRALS TO MULTIPLE
STRATONOVICH INTEGRALS

XAVIER BARDINA AND CARLES ROVIRA

Abstract: Given {W(m>(t)7 t € [0,T]}m>1, a sequence of approximations to a stan-
dard Brownian motion W in [0, T] such that W (") (t) converges almost surely to W (t),
we show that, under regular conditions on the approximations, the multiple ordinary
integrals with respect to dW (™) converge to the multiple Stratonovich integral. We
are integrating functions of the type

Faseeostn) = fi(t) - fa(tn)I{e < <t}
where for each ¢ € {1,...,n}, f; has continuous derivatives in [0,7]. We apply this
result to approximations obtained from uniform transport processes.
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1. Introduction

Consider W := {W(t), 0 < t < T} a standard Brownian motion
and let {W ™) (t), ¢ € [0,T]}m>1 be a sequence of approximations to W
in [0, 7] such that W™ (t) converges almost surely to W (t) as m tends
to oco. It is well known that if the approximations are of bounded varia-
tion and continuous, then almost surely

lim tW(m)(S) dW(m) (S) = lim (W(m)(t))2 — <W<t))2

m—oo Jq m— oo 2 2

t t t °
:/O W(s)dW(s)+§:/() W (s) d°W(s),

for t € [0, T], where dW denotes the It6 integral and d°W is the Strato-
novich one.

Wong and Zakai ([16]) extended this result obtaining a relationship
between limits of integrals of the type fg YW (s), ) dW ™) (s) and
fot Y(W(s), s) d°W (s). More precisely, assuming that the approximations
are of bounded variation, continuous, that for each m can be bounded by
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a finite random variable, and that v (n, s) has continuous partial deriva-
tives with respect to ) and s, they proved that, for any ¢ € [0, T], almost
surely

lim [ WO (s),5) W (s) / B(W(s),5) AW (s)

m—0o0 0

+§ ; 377( (s),8)ds

_ /0 B(W (s), 5) d°W(s).

Gorostiza and Griego ([10]) applied this result to get strong approxi-
mations to stochastic integrals using uniform transport processes as ap-
proximations to Brownian motion. They also obtained the corresponding
rate of convergence.

Our aim is to extend this result to study the strong convergence for
all t € [0,T], when m goes to oo, of the multiple integral

// / Fu(sn) - fils1) dW ™ (sy) .. .dW ™) (s,),

where for each ¢ € {1,...,n}, f; has continuous derivatives in [0, T].
We will obtain the almost sure convergence to the multiple Stratonovich
integral

/ot /osn- . /Os2 fa(sn) - fi(s1) W (s1) ... d°W(sn),

t€[0,T]. We will also apply this convergence to approximations obtained
from uniform transport processes. This kind of approximations of mul-
tiple integrals has been studied by Bardina and Jolis [3] where they ob-
tained a weak convergence result. Multiple stochastic integrals are useful
to represent functionals of Wiener processes and they appear in stochas-
tic Taylor expansions. For a detailed explanation about multiple Wiener
and Stratonovich integrals we refer the reader to Chapter 5 in Hu [12].

The processes usually called uniform transport processes can be pre-
sented as

where {N(t), t > 0} is a Poisson process and B ~ Bernoulli (1) inde-
pendent of the Poisson process N.

There is some literature related with strong convergence using ap-
proximations based on realizations of these processes. Griego, Heath,
and Ruiz-Moncayo ([11]) proved that these processes converge almost
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surely and uniformly on [0, 7] to Brownian motion. In [9] Gorostiza and
Griego studied the case of diffusions. Also, Gorostiza and Griego ([10])
and Csorgd and Horvéath ([4]) got a rate of convergence. Garzén, Goros-
tiza, and Ledn ([5]) presented a family of processes that converges almost
surely to fractional Brownian motion of Hurst parameter H uniformly
on [0,7] for any H € (0,1). In [6] and [7] the same authors studied
fractional stochastic differential equations and subfractional Brownian
motion. The Rosenblatt process is studied by Garzoén, Torres, and Tu-
dor in [8]. In [2] we get strong approximations to Brownian sheet and
in [1] to complex Brownian motion.

On the other hand, there exist other methods of strong approxima-
tion to Stratonovich integrals, as Milstein method or the method of the
multiple Fourier series. We refer the reader to Kuznetsov [14] and the
references therein for a complete survey on these methods. Notice that
our method is different from the existing ones, as far as we know, and
can be seen as an extension of the initial work of Wong and Zakai [16]
for non multiple integrals.

The proof of our results follows the ideas in [11], using It6’s formula
as a main tool. It is important to get an expression of the multiple
Stratonovich integral and the relationship with the multiple It6 integral
well-posed for our problem. We give a detailed expression of this re-
lationship, inspired by the well-known Hu-Meyer formula, the work of
Kloeden and Platen [13], and Kuznetsov [15].

The paper is organized as follows. In Section 2 we define the processes
and we state the main results. Section 3 is devoted to study the relation-
ship between the It6 integral and the Stratonovich integral. In Section 4
we give the proof of the main theorem.

2. Notations and main result
Consider

f(th s atn) = fl(tl) T fn(tn)f{hﬁ‘“ﬁtn}’

where f; € L?[0,T] for all i € {1,...,n}. From Lemma A.1 and A.2
of [3] it is known that f is Stratonovich integrable and the process

I5(t) =I5 (fiy ooy fa)(t

// !/ﬁwm~<mdmm W (5,)

has a version with continuous paths. Moreover, the iterated simple inte-
grals

(2) nw=4n@nq@fW@
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exist for k € {2,...,n}, where Y;(¢ fo fi(s)d°W(s), and all these
integrals have a continuous version and Y, c01nc1des with I

Set, for each m, W™ (t) a sequence of approximations to W (t) such
that W™ () is of bounded variation, continuous, and converges a.s.
to W(t) as m — oo. Then, we define the ordinary multiple integral

T () = D (fr L F) ()
B t s,,,“. S2 SV ee fi(s (m) (g (m) (g
—// /Ofnu) Fi(s0) AW (s1) .. WO (s,).

Obviously, we can consider the iterated integrals

3) I (o FO) /fk T (Fro o fee)(s) AW (5),

for k € {2,...,n} and where

(s / Ju(s) AW (s)

Following the ideas of Wong and Zakai [16], we state the set of hy-
pothesis (H) on W™ as follows:

(H1) Almost surely, W™ are continuous and of bounded variation.

(H2) Almost surely, lim,, o, W™ (s) = W(s) for all s € [0, 7).

(H3) For almost all w, there exists mg(w) and K(w), both finite, such
that W (™) (s,w) < K(w) for all m > mg and all s € [0, 7).

(H4) limy— 00 SUP4epo 71 |W () (s) — W (s)| = 0 almost surely.

Then, the main theorem reads as follows:
Theorem 2.1. Assume that f: [0,T]" — R is a function

f(th e at’n) = fl(tl) e fn(tn)l{tlggtﬂ}7
such that for each i € {1,...,n}, fi has continuous derivatives in [0,T].
Let (W) be a family of approzimations of W that satisfies hypothe-
ses (H1), (H2), and (H3). Then, almost surely
lim J(™(t) = I9(t)
oo

m—r

for allt € 10,T7.
If (H4) also holds, then

lim  sup [J™)(s)—I5(s)| =0

M= 5¢0,T]

almost surely.
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We can give now our theorem using approximations based on uniform
transport processes.

Theorem 2.2. Consider W™ = (W) (t), t € [0,T]}, versions of
the uniform transport processes (1) on the same probability space as a
Brownian motion {W(t), t € [0,T]}, such that

lim sup |[W{™(s)—W(s)| =0

m— 00 GE[O T]

almost surely. Assume that f: [0, T]" — R is a function

f(tlv s atn) = fl(tl) T fn(tn)[{tligtn}a

such that for each i € {1,...,n}, fi has continuous derivatives in [0,T].
Then

lim sup [J™(s)—1I5(s)|=0

M= 5¢0,T]
almost surely.

Remark 2.3. Our result can be used to simulate multiple Stratonovich
stochastic integrals I using Jy(,,m)(t) as approximation. In order to com-

pute Jy(Lm)(t) we can use the following decomposition that we prove in
Lemma 4.1:

n

(m) (4\\k /K
J(m) Z k+1‘](m) ) W k|(t)) <H fn+1—l) (t)
’ =1

k=1

*Zn: / T (5) W(n;)!(s))k <f[1fn+1—l)/(5) ds,

=1
for any ¢ € [0, T] with Jém) (t) =1.

Remark 2.4. In [3] the authors prove the weak convergence, when m
tends to infinity, of the multiple integral processes {Jém)(t)7 t €[0,7]}
in the space of the real continuous functions when f; € L2[0,7] for
all i € {1,...,n}. To obtain the almost sure convergence we need to
assume stronger conditions on functions f; in order to be able to use
It0’s formula. The derivability hypothesis that we assume is similar to
the one used in the paper of Wong and Zakai [16].
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Bardina and Jolis ([3]) also study the weak limit for other class of
integrals. Particularly, they consider the limit of integrals

{/Of/o/o F(s1,. s 80) dW ™ (1) .. dW ™ (s,), t € [O,T]},

when f is given by a multimeasure. Notice that in this case the almost
sure convergence is obtained easily from Theorem 3.1 in [3] and the
almost sure convergence in [11].

3. Multiple It6 and Stratonovich integrals

The relationship between simple It6 and Stratonovich integrals has
been studied deeply. For instance, it is well known that if X :={X (¢), t >
0} is an adapted continuous process, then

/OX(s)dOW(s):/O X(s)dW(sH%[X,W}t,

where [, ] denotes the quadratic covariation. Particularly, if

X(t) = X(0) +/0 u(s) dW(s) +/0 v(s)ds,

where {u(t), t > 0} and {v(t), ¢ > 0} are adapted processes, and ¢ is a
differentiable real function, we have that

g(t)X(t):g(O)X(0)+/0 g(s) dX(S)+/O X(s)g'(s) ds.

Then, we obtain that
t . B t 1 t
@ [ o@x@awes = [ @)X+ [ ol ds

There exists also literature for the multiple stochastic integral, be-
ginning with the well-known Hu—Meyer formula. Here we obtain some
results well adapted to our problem following the notation presented by
Kloeden and Platen [13].

Let us introduce some notation in order to deal with multiple integrals.
We assume again that f; € L2[0,T] for all i € {1,...,n}. Set

G, = {(al,...,am) such that «; € {1,2} Vi, Zai = n}

i=1
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Notice that, if o = (ai,...,0m) € Gn, then § < m < n. For any
a=(at,...,am) € Gy, let us define

I(ozl,...,ocm)(fla L) fn)(t)
t
/0 fn(s)j(al,...,oem,l)(fla L) fnfl)(s) dW(S) if Oy = ]‘7

/O Jn(8) fre1(8) (ay,.coam_1)(f1s o5 fa2)(s)ds if ap =2,
with

Iy (f1)( /f1 ) dW (s

Loy (f1. o)t / Fals)fa(s

Clearly, under our assumptions, all these integrals are well-defined. More-
over, for « = (1,...,1) we have the iterated It6 integral that coincides
with the classical multiple It6 integral:

1)(f1a~'~afn / / / fn Sn c Sl)dW(Sl) dW(Sn)
We will also use the notation

Ly(t) = In(f1, -, fu) () = Ta, 0y (f1s - - fu) (D).

We finish this section with three propositions that give us three differ-
ent ways to express the Stratonovich integral I5(t) = I5(f1,. .., fa)(t).

The first one can be found in [15]. We present a version using the
notation we have introduced above. We give a sketch of the proof for the
sake of completeness.

Proposition 3.1. Assume that f; € L?[0,T] for alli € {1,...,n}. Then

Irf(flr-wfn)(t): Z Z,,L%ml(ah...,am)(flr--afn)(t)a

(a1, 00m)EGn
for any t € [0,T7.

Proof: We will check the equality by induction on n. For n = 1 it is easy
to see that

) / fi(s) AW (s) = / £1(s) AW (s) = Iy (F1)(8)

and that G; = {(1)



866 X. BARDINA, C. ROVIRA

Let us assume that the statement is true until n and we will check
what happens for n+ 1. Using (2) and the induction hypothesis we have
that

I;Lngl(fla . . -vau fnJrl)(t)

/ Fuit (VIS (oo fa)(3) W (s)

o5

= Z on— m/ fn+1 I(al ..... am)(flw"afn)( )do ( )

(a1,..,am)EGR

s T (o fn)(s)) W (s)

(a15e0,m )EGR

Notice that, if a,,, = 1, using (4) we can write

/O Pt () sy (F1o - Fa) (5) AW (5)

- / Foit () sy (Fra- s f)(5) W (s)

= I(ah...,am,l)(fla BERE) fna fn+1)(t)
1
+ §I(a17,.,7am_172)(f1a sy fn717 fnu fn+l)(t)

On the other hand, using (4), when «,, = 2 we have

t
/0 Fuit () tarcms (fr s Fa)(8) TV (s)

- / Pt () oy (fro -+ f)(5) AW (5)

= I(al,“.,am,l)(fh LR fnv fn-‘rl)(t)
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We finish the proof putting together (5), (6), (7), and using that
{(0417 sy Ohmy, 1)5 (ala sy Oém) S gn}
U{(aa,. . am—1,2);(a1,...,am) € G, with o, = 1}

m4+1
= {(al,...,am+1) with a; € {1,2} Vi, a1 = 1, Z o;=n+ 1}

i=1

U {(ah...,am) with a; € {1,2} Vi, ay, = 2, Zai :n—i—l}
i=1
:gn+1- O

Now, applying Proposition 3.1 we get an iterative definition of I;f in
terms of I7_; and I3_,.

Proposition 3.2. Assume that f; € L?[0,T) for alli € {1,...,n}. Then

B0 = [ ROV 5 [ 6 I a0 s
for any t € [0,T7.

Proof: This follows easily from the fact that
1
Is(flaafn)(t): Z Wl(al,.“,am)(fla'"afn)(t)

(a1:~~~7a7n)€g'n

1 t
=Y g ] e L) 6 V()

(a1,es0m) EGn,m =1

1

(1500050 ) EGn Q=2

t
x / Fa(8) oty o n (1o oo f)(s) ds
0
- / fuls)
0
X

1
< > === Lm0 (- -,fn—l)(s)) dW (s)

(@1, @m—1)€Gn—1

1 t
+3 [ 1Ofan)
1
X ( > 2 () L an ) (15 wfnz)(s)) ds.

(@14, —1)EGn—2,

O
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In the next proposition we express I using I,f forall k € {1,...,n—
1}. This proposition is inspired by the work of Wong and Zakai [16] and
it is the key of the proof of our main theorem.

Proposition 3.3. Assume that, for each i € {1,...,n}, f; has contin-
uous derivatives in [0,T]. Then

n

130 = (- 1F

k=1
—f}&fﬁﬂfk @]%Hl>s .

for any t € [0,T] and where I§ = 1.

)

Proof: Let us consider the function F(z,y,u) = xyf,(u). By Itd’s for-
mula we can write

P /W ) fals) A (5)
+A () fa(s) AW (s)
+/0t151(s)w(s)f’ (s) ds
i ;/Ot Fa(s)d[I5_,(s), W (s)].

Let us check first that
t
O [ BRI+ [l 6. W = 150
Using Proposition 3.2 it suffices to check that

[ 2. WE) = [ ) a5 () ds,
0 0

but this is an obvious consequence again of Proposition 3.2. So it is clear
that (9) holds.
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Then, from (8), (9), and the definition of F' it follows that

IS() = IS ()W /W Vfuls) dIS_(s)
(10)

/0 IS, (5)W (s) £ (s) ds.

Let us now study the term

/ W fn n 1( )
Actually, we will study the more general term
LW (s))* [
H{(t) ::/O ( ]i')) <an+1—z)(5) ALy (s).
’ =1

From Proposition 3.2 it follows that

k1
HE () (H Fuiiot )L (5 ()

(11) oo
+% <H Jnt1- z) I 4 o(s)ds.

k+1

Consider now the function F(z, y,u) =2 {7y (H U g1 1) (u). By Ito’s
formula we can write

F(If—k—l(t)7 W(t)7 t)

¢ Wi(s k+1 k+1

+f ) (kﬁ Fusiot ) ()@ (o)

t (WE)H (T ’
If—k—1(5)w<11:[1 fn+1—l> (s)ds

+;/ Wis (ﬁfn+1 ) I3 (). W(s)]

+
S—
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Putting together (11), (12), and using that from Proposition 3.2

1 k+1
3/ (H s ) ) 1 (6), W)
k+1
‘e (wa ) [CIET IS
we get that

W (t k+1 k+1
H(t) = [5k1(t)((k(+))1)! <zl;[1 fn+ll) (t)
(13)

t WS k41 k+1 /
- [ e S (L) o

So, from (10) we can write
IS(t) = IS, ()W (1) (1) / IS ()W (s)f1(s) ds — HE (2)
— IS (W (8)fu(t) — / 15 (W (s)f

(W(t)?
21

! (s)ds

n

— I 5(t) () fr-1(t)

N U0 P
+ [ o P Y () ds + B 0

and the proof finishes iterating (13) n — 1 times. O

4. Proof of the main result

We begin with a technical lemma where we obtain an expression for
J,Sm) = J,(Zm)(fl, ..y fn)(t) similar to the expression given in Proposi-
tion 3.3 for the multiple Stratonovich integral. This result is also inspired
by [16].
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Lemma 4.1. Assume that, for each i € {1,...,n}, fi has continuous
derivatives in [0,T]. Then

n (m )
J£m><t>:2<—1>k+1J,§’f>( W (anﬂ l>

Wm) (s

+Z / 7 R

for any t € [0,T] and with Jém)(t) =1

(an+1 l) s) ds,

Proof: Consider the function F(x,y,u) = xyf,(u). Since Jnm)l, wom),
and f, are functions of bounded variation, we have

t

FI™M @), W (@), ) = [ W (s) fu(s) dI™ (s)
0
(14) T /0 ) (3) fu(5) AWM (s)

From (3) and (14) we can get

T (1) = I (W (1) £ (1)

n—1

/ W™ (s) fu(s) dT™) (s) — /O t T (YW ™) (5) f1 (s) ds.
Thus, now we need to study
(15) / W™ (s) f(s) dIS™) (s).

Actually, we will study the more general integral

t (M) (g))k /<
Hi(t) ::/O W(an+1—l> (S)djy(:f;g(s)

=1
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Consider the function F(z,y,u) = k+1 (H Y i 1) (u). Since the

functions JY(LTL_I, Wm) and lel fna1-1 are of bounded variation we
can write

FI, (), W (1), 1)

tpm) () k1 /R
:/0 W<H fn+1—l>(8)dj7(1m2€1(3)

=1

(m) W(’" 0 (m)
/OJn—(k+1)( (an+1 l> ) aw ™ (s)

(m) (W(m (s))k+1 k+1 ’
/0 Iz (k+1)(8)(k+1)!<llj[1 fn+1_l> (s)ds.

Then, using the definition of F' and (16) we have that

m) k+1
() :/0 Jf(im%’fﬂ)( W) (H frt1- z) wm(s)
m W (m) (§))k+1 k+1
=g 2k+1>(t)<(k+(1)§! <11:11 an_l) (t)

tWm) (g))k+1 A m
y <H> e

m W m) (g))k+1 k+1 ’
[ v o

(m k+1 k+1
= J:Lmzkﬂ)(t) W () <H Jnt1- z) — Hi11(2)

(k+1)!
t k+1 /
W )+
— [ g™ (s)(< fn 1;) (s) ds.
/0 n—(k+1) (k+ 1)| l];[l +
Iterating the same argument n — 1 times we finish the proof. O

We can give now the proof of the main theorem.
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Proof of Theorem 2.1: We have to check that, almost surely
Tim I (fr o fa) () = T (1, Fa)(8),

for any t € [0,7]. We use an induction argument. Let us introduce our
induction hypothesis:

(H;) For any I < j, almost surely
Tim T (e fOE) = I (s (),
for all t € [0, T]. Moreover, for almost all w there exists m;(w) and
K;(w), both finite, such that Jl(m)(s,w) < Kj(w) for all m > mj,
all s € [0,7], and all I < j.
Let us study (H;) first. It is well-known that almost surely
¢
lim J{™ ()= lim [ WO (s)dw ™ (s / W (s) d°W (s) =1 (#),

m— 00 m—0oQ 0

for any ¢ € [0,T]. Moreover, from Lemma 4.1 we have that

T (@) = W) fi(t) - /t W™ (s) f1(s) ds.

0

On the other hand, the boundedness of Jl(m) is a consequence of the
boundedness of W (™) and the continuity of f; and f;. So, (H;) is clearly
true.

Consider now j > 1. Let us assume now that (H;_1) is true and we
will check that (H,) holds. Using Proposition 3.3 and Lemma 4.1 to get

expressions of [ ]S and JJ( ), to prove the almost sure convergence it is
enough to check that, for any k € {1,...,j}, almost surely

(m) (4))k [
lim J;T;(t)u (H fj+1_l) (t)

m—o00 k! ey

(17) b
= IJS k (H f]Jrl l>
=1
+ (m) k k 1
lim J;T,z(s)w (H fj+1—l> (s)ds

m—oo Jo | -

(18) .

:/o Iy, (H.f]-H l) s)ds,
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for any ¢t € [0,T]. The limit (17) is an evident consequence of (H;_1)
and (18) follows easily using again (H;_1) and dominated convergence.
Notice that the boundedness of J;m) is obtained from (H,_;) and Lem-
ma 4.1.

When (H4) is also true, from Proposition 3.3 and Lemma 4.1 we can
write

sup 1™ (s) — L; (s)|

s€[0,T]
. su (m) (g M IS (s M b ;
S,;se[o%] (Jnk( )= Lk (s) = )(l]:[lfnﬂl)( )
n T (m) k k k ,
m) W (s) W (s)
+ kz_:l/o (Jnk(s)k' - IS— (3) A ) (ll:[l fn—i—l—l) (S) ds

n

<> sup [ (s)] sup
L—15€[0,T] s€[0,T)

W (s)k W(s
k!

sup
s€[0,T]

({1

n

+ 3 sup [(J ()~ L5 (s)] sup

({1 )

n sup
k=15€[0,T] s€[0,7 s€[0,T
n T k 1
m W(m) s k
£ [ e [ (H it (5] ds
k=1 =1

S.

e [ i - 2t < | X'(f[lfnﬂl)/(s)d

Using the equality (2% — y*) = (z —y) >_p_, 2" *y*~1 we have that

WO ()% — W (s)*] < W™ (s) — IZIW(m "W ()

Then, using that
® sup,cpo.7) |W(s)| < +oo almost surely,

k /
® SUp¢ 0T](|(Hl 1 i) ( 5)| + |(Hl:1 frs1-1) (5)|) < 00,
e for almost all w there exists m,(w) and K, (w), both finite, such
that Jl(m)(s,w) < Kj(w) for allm > m,,, all s€[0,T], and all | < n,
e limy, o0 SUP,¢(o, 7 [W (™) (s) — W (s)| = 0 almost surely,

and doing an iteration procedure we can easily finish the proof. O
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Proof of Theorem 2.2: The proof follows easily from Theorem 2.1 and
the strong convergence result in [11]. O

(1]

2]

(3]

(4]

(5]

(6]

[7]

(8]

(9]

(10]

(11]

(12]

(13]

Acknowledgements

The authors are supported by the grant PGC2018-097848-B-100.

References

X. BARDINA, G. BINOTTO, AND C. ROVIRA, The complex Brownian motion as
a strong limit of processes constructed from a Poisson process, J. Math. Anal.
Appl. 444(1) (2016), 700-720. DOI: 10.1016/3. jmaa.2016.06.061.

X. BARDINA, M. FERRANTE, AND C. ROVIRA, Strong approximations of Brownian
sheet by uniform transport processes, Collect. Math. 71(2) (2020), 319-329.
DOI: 10.1007/s13348-019-00263-4.

X. BARDINA AND M. JoLis, Weak convergence to the multiple Stratonovich in-
tegral, Stochastic Process. Appl. 90(2) (2000), 277-300. DOI: 10.1016/S0304-
4149(00)00045-4.

M. CsOrGO AND L. HORVATH, Rate of convergence of transport processes with
an application to stochastic differential equations, Probab. Theory Related Fields
78(3) (1988), 379-387. DOI: 10.1007/BF00334201.

J. GARzON, L. G. GOROSTIZA, AND J. A. LEON, A strong uniform approxima-
tion of fractional Brownian motion by means of transport processes, Stochastic
Process. Appl. 119(10) (2009), 3435-3452. DOI: 10.1016/j.spa.2009.06.003.
J. GARZON, L. G. GOROSTIZA, AND J. A. LEON, Approximations of fractional sto-
chastic differential equations by means of transport processes, Commun. Stoch.
Anal. 5(3) (2011), 433-456. DOI: 10.31390/cosa.5.3.01.

J. GARzON, L. G. GOROSTIZA, AND J. A. LEON, A strong approximation of
subfractional Brownian motion by means of transport processes, in: “Malliavin
Calculus and Stochastic Analysis”, Springer Proc. Math. Stat. 34, Springer, New
York, 2013, pp. 335-360. DOI: 10.1007/978-1-4614-5906-4_15.

J. GARZON, S. TORRES, AND C. A. TUDOR, A strong convergence to the Rosen-
blatt process, J. Math. Anal. Appl. 391(2) (2012), 630-647. DOI: 10.1016/j.
jmaa.2012.02.040.

L. G. GOrosTIZA AND R. J. GRIEGO, Strong approximation of diffusion processes
by transport processes, J. Math. Kyoto Univ. 19(1) (1979), 91-103. DOI: 10.
1215/kjm/1250522470.

L. G. GorosTizA AND R. J. GRIEGO, Rate of convergence of uniform transport
processes to Brownian motion and application to stochastic integrals, Stochastics
3(4) (1980), 291-303. DOI: 10.1080/17442508008833152.

R. J. GriEGO, D. HEATH, AND A. RuU1z-MONCAYO, Almost sure convergence
of uniform transport processes to Brownian motion, Ann. Math. Statist. 42(3)
(1971), 1129-1131. DOI: 10.1214/aoms/1177693346.

Y. Hu, “Analysis on Gaussian Spaces”, World Scientific Publishing Co. Pte.
Ltd., Hackensack, NJ, 2017. DOI: 10.1142/10094.

P. E. KLOEDEN AND E. PLATEN, Relations between multiple It6 and Stratonovich
integrals, Stochastic Anal. Appl. 9(3) (1991), 311-321. DOI: 10.1080/073629991
08809243.


http://dx.doi.org/10.1016/j.jmaa.2016.06.061
http://dx.doi.org/10.1007/s13348-019-00263-4
https://doi.org/10.1016/S0304-4149(00)00045-4
https://doi.org/10.1016/S0304-4149(00)00045-4
http://dx.doi.org/10.1007/BF00334201
http://dx.doi.org/10.1016/j.spa.2009.06.003
http://dx.doi.org/10.31390/cosa.5.3.01
http://dx.doi.org/10.1007/978-1-4614-5906-4_15
http://dx.doi.org/10.1016/j.jmaa.2012.02.040
http://dx.doi.org/10.1016/j.jmaa.2012.02.040
http://dx.doi.org/10.1215/kjm/1250522470
http://dx.doi.org/10.1215/kjm/1250522470
http://dx.doi.org/10.1080/17442508008833152
http://dx.doi.org/10.1214/aoms/1177693346
http://dx.doi.org/10.1142/10094
https://doi.org/10.1080/07362999108809243
https://doi.org/10.1080/07362999108809243

876 X. BARDINA, C. ROVIRA

[14] D. F. KuzNETSov, “Approximation of Multiple Ito and Stratonovich Stochastic
Integrals: Multiple Fourier Series Approach”, Lambert Academic Publishing,
Saarbriicken, 2012.

[15] D. F. KuzNETsOv, Expansion of iterated Stratonovich stochastic integrals of
arbitrary multiplicity based on generalized iterated Fourier series converging
pointwise, Preprint (2018). arXiv:1801.00784v6.

[16] E. WoNG AND M. ZAKAI, On the convergence of ordinary integrals to stochas-
tic integrals, Ann. Math. Statist. 36(5) (1965), 1560-1564. DOI: 10.1214/aoms/
1177699916.

Xavier Bardina

Departament de Matematiques, Facultat de Ciencies, Edifici C, Universitat Autonoma
de Barcelona, 08193 Bellaterra

E-mail address: Xavier.Bardina@uab.cat

Carles Rovira

Departament de Matematiques i Informatica, Universitat de Barcelona, Gran Via 585,
08007 Barcelona

E-mail address: carles.rovira@ub.edu

Primera versi6 rebuda el 28 de febrer de 2020,

darrera versié rebuda el 29 de juny de 2020.


https://arxiv.org/abs/1801.00784
http://dx.doi.org/10.1214/aoms/1177699916
http://dx.doi.org/10.1214/aoms/1177699916

	1. Introduction
	2. Notations and main result
	3. Multiple Itô and Stratonovich integrals
	4. Proof of the main result
	Acknowledgements
	References

