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Abstract: We study the Fitting ideals over the finite layers of the cyclotomic Zp-ex-
tension of Q of Selmer groups attached to the Rankin—Selberg convolution of two
modular forms f and g. Inspired by the theta elements for modular forms defined by
Mazur and Tate in [32], we define new theta elements for Rankin—Selberg convolu-
tions of f and g using Loeffler—Zerbes’ geometric p-adic L-functions attached to f
and g.

Under certain technical hypotheses, we generalize a recent work of Kim-Kurihara
on elliptic curves to prove a result very close to the weak main conjecture of Mazur and
Tate for Rankin—Selberg convolutions. Special emphasis is given to the case where f
corresponds to an elliptic curve E and g to a two-dimensional odd irreducible Artin
representation p with splitting field F'. As an application, we give an upper bound of
the dimension of the p-isotypic component of the Mordell-Weil group of E over the
finite layers of the cyclotomic Zp-extension of F' in terms of the order of vanishing of
our theta elements.

2020 Mathematics Subject Classification: Primary: 11R23; Secondary: 11F11,
11R20.

Key words: Iwasawa theory, Rankin—Selberg convolution, elliptic modular forms,
Mazur—Tate conjectures.

1. Introduction

1.1. Refined main conjectures for elliptic curves. Let E/Q be an
elliptic curve over Q and let p be an odd prime of good reduction for E.
In their seminal paper [32], Mazur and Tate proposed refinements of
the Birch and Swinnerton-Dyer conjecture and their p-adic analogue
(cf. [33]) for E, by working with “finite layers”, which we now recall.
For M, a positive integer, let x be an even Dirichlet character of con-
ductor M. In [32, §1], the authors introduced the modular element 0 rr€

Q[Gal(Q(par)/Q)/{£1}], with the property that
(1.1.1) X(0pn) = LY8(E, x',1),

where L*8(E, x~! 1) denotes the algebraic part of the twisted L-value.
Mazur and Tate conjectured that the order of vanishing of 6z s at x
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is greater or equal to the dimension of the x-part of the Mordell-Weil
group of E. They actually proposed more precise refinements of this
conjecture, aiming at giving an explicit description of the structure of
the Selmer group of E over a finite abelian extension of Q. Of particular
interest to us are these refinements over the finite layers of the cyclotomic
Zy-extension of Q, which we now describe.

Fix embeddings ¢,: Q — @p and too: Q — C. Denote by K, C
Q(ppn+1) the field extension of Q with Galois group G,, := Gal(K,,/Q) ~
Z/p"Z. As Gal(Q(ppn+1)/Q) ~ Gy, x Z/(p — 1)Z, we have a map prg, :
Gal(Q(ppn+1)/Q)/{£1} — G,. Finally, denote by Ko = U,K, the
cyclotomic Zy-extension of Q.

Given a field K, we write G for the absolute Galois group of K. Let
O, (F) € Q[G,] denote the image of O ,n+1 under the map prg . Under
the hypothesis of irreducibility of the Gg-representation E[p] and that
ord,(L(E,1)/QE) =0, ©,,(F) belongs to Z,[G,,] (cf. [22, pp. 200-201]).
Inspired by the weak main conjecture of Mazur and Tate (cf. [32, Con-
jecture 3]), Kurihara proposed the following refined main conjecture for
the “finite layer” K,.

Conjecture 1.1.1 ([22, Conjecture 0.3]). Let X, (E) denote the Pon-
tryagin dual of the Selmer group Sel(K,, E[p™]). Assume that E(Q)[p]
1s trivial and that p does not divide the Tamagawa number of E. Then

(On(E), vn(On-1(E))) = Fittz,q,)(¥a(E)),

where Fitty (g,1(Xn(E)) denotes the Fitting ideal of X,,(E) as a Zy[|Gy]-
module and vy, : Zp|Gp-1] — Z,[G,] is the trace map as in §2.1.

The conjecture of Kurihara gives more information than the usual
Iwasawa main conjecture as it fully describes Fittz q,(Xn(£)) and ex-
plains the growth of Sel(K,, E[p°]) as n goes to infinity.

1.2. The work of Kim and Kurihara. In [22], Kurihara himself
proved Conjecture 1.1.1 for E of good supersingular reduction at p,
which additionally satisfies that p does not divide L*&(E,1) and that
the representation Gg — GL(FE]p]) is surjective.

Under the assumption that a,(E) = 0, Pollack ([39]) reformulated
(and proved) the conjecture in terms of the signed p-adic L-function
attached to E. This was partly motivated by the explicit connection
between the theta elements and the + p-adic L-functions attached to F
defined in [38].

In [17], Kim and Kurihara proved the following theorem.
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Theorem 1.2.1 ([17, Theorem 1.14]). Let E/Q be an elliptic curve with
good reduction at an odd p, such that E[p] is surjective if E is not CM
and p {1 Tam(E). Assume one of the following:
(ord) pfap(E) and ap(E) # 1 mod p;
(ss) ap(E)=0.
Then
(On(E), vn(©n-1(E))) C Fitty a1 (X (E)).

Remark 1.2.2. In [17], the full Conjecture 1.1.1 is proved under various
additional assumptions on F, such as the full equality of the ordinary and
plus/minus Iwasawa main conjectures. We refer to [17, Theorems 1.18
and 1.20] for further details.

As a corollary of Theorem 1.2.1, using [32, Proposition 3], Kim and
Kurihara proved the following.

Corollary 1.2.3. Under the assumptions of Theorem 1.2.1, the order of
vanishing of ©,(E) at x: Gy, — @; is greater or equal to the dimension
of the x-part of the Mordell-Weil group of E(K,).

1.3. Theta elements for Rankin—Selberg convolutions. The pur-
pose of the present article is to generalize the results for elliptic curves
stated above to the case of the Rankin—Selberg convolution of two nor-
malized cuspidal eigen-newforms f and g of level N, Ny, characters €,
€g, and weights kf +2 > k;+2 > 1. The main reason for assuming that
the weight of f is strictly greater than that of ¢ is to ensure the exis-
tence of critical L-values of the Rankin—Selberg convolution. We assume
throughout that p { Ny Ng.

Let af, Bf and a4, B4 denote the roots of the Hecke polynomials
of f and g at p respectively. Throughout, we assume that oy # By
and ay # fB4. Let L be a finite extension of QQ, which contains the
coefficients of f and g as well as oy, B, ag, B4. Define V := Vy @V, to be
the L-linear Gp-representation associated to the convolution of f and g.
If O denotes the ring of integers of L, we let T" denote a Galois-stable
O-lattice in V, coming from certain integral sheaves on the modular
curves of levels Ny and N, (see §2.2 below for more details). We set
A:=V/T and A,, := O[G,)].

For every n > 0 and kg + 1 < 7 < k¢, we construct theta elements

0;n, 0% € L[G,]

Jm
by means of the geometric p-adic L-functions attached to f and g (cf.
Definition 3.2.4). These elements satisfy interpolation formulae simi-
lar to (1.1.1) for the theta elements for elliptic curves. For instance,
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when g is p-ordinary, 6 is a non-trivial character on G,, of conductor p™
(so that 1 <m <n+1) and ay # —f¢, in Lemma 3.2.7 we show that

ﬂ2n72m+4 _ a2n72m+4
ejyn(o) =L !

BJQC_Q? 'ijmye'L(fagvoil7j+1)a
where cj .9 is a constant appearing in the interpolation formulae of
the p-adic L-functions Ly(fa,g) and Ly(f3,g) at Oxiy., with xeye being
the p-adic cyclotomic character and L(f, g,0~, s) denotes the complex
Rankin L-function defined as in [18, §2.7]. Note that ¢; ¢ is a ratio of
an algebraic number and a complex period, allowing us to regard the
right-hand side as an element of L(p,m) via the fixed embeddings ¢,

and too.

Remark 1.3.1. We make a couple of remarks on the construction of our
theta elements.

(i) An alternative (but equivalent) construction of the theta elements
is discussed in Appendix A, where they are shown to be equal to
images of the Beilinson—Flach classes considered in [27, 19, 18, 31|
under certain Perrin-Riou pairings over K,,. As an application, we
show that, when the weight of g is 1, the theta elements are integral
as long as a Fontaine-Laffaille condition holds for the representa-
tion V' (cf. Proposition A.3.9).

(ii) The theta elements have bounded denominators as n varies (see
Lemma 3.2.5). However, in the range of cases pertaining to our
main arithmetic results, they are actually elements of A,,.

In our quest to study the Fitting ideals of Selmer groups over K,
attached to f and g, we consider two different settings. The first is when
f and g are both p-ordinary and the second is when f corresponds to a
p-supersingular elliptic curve E with a,(E) = 0 and g is of weight 1. We
now discuss them separately.

1.4. Main theorems: the ordinary setting. We consider a big enough
prime p coprime with NyN, and let f and g be both p-ordinary, with
unit roots oy and ay; our main object of interest is the Greenberg Selmer
group Selg, (K, A(j +1)) (see §4.1 for details), for kg +1 < j < k. We
allow n to be oo, by defining

Selar (Koo, A(J + 1)) := 113 Selar (K, A(j + 1)).
QCKC Koo

We study the growth of Selg, (K, A(j + 1)) as n varies by analysing
the Fitting ideal over A,, of its Pontryagin dual, which we denote by Xf’;.
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By mimicking the techniques used in [17], we prove the following
theorem, which corresponds to the setting (ord) in Theorem 1.2.1.

Theorem A (Theorem 6.1.4). Suppose that the residual representa-
tions of f and g are irreducible, that f is non-CM, that eje, # 1, that
(Ny,Ny) =1, and that one of the following conditions holds:

(i) g is non-CM and has weight > 2;

(ii) g has weight > 2, is of CM type, and €4 is neither 1 nor the qua-

dratic character attached to the corresponding CM field of g;

(iii) g has weight 1.
Furthermore, suppose that there exists a Dirichlet character 6 factoring
through Gal(Koso/Q) such that Ly(fa,9)(0xly) # 0, with kg +1 < j <

ke. If (f,9,7) is non-anomalous ordinary at p, then
(©).ns Vn(0jm-1)) C Fitty, X5,

The non-anomalous ordinary condition at p is introduced in Defini-
tion 6.1.1. In Theorem 6.1.4, we further show that (0; ., 1, (0; 1)) is
the principal ideal generated by ©;,,. We also note that the existence of
such a character € implies that our theta elements are non-trivial. We
invite the reader to consult §6.1 for more details.

Remark 1.4.1. In the case where f corresponds to a non-CM elliptic
curve E/Q and g to a two-dimensional odd irreducible Artin represen-
tation of Gg with splitting field F', Theorem A gives, in the same spirit
as Corollary 1.2.3, an upper bound to the dimension of the p-isotypic
component of the Mordell-Weil group of E(FK,) in terms of the order
of vanishing of ©;,, (cf. §1.6 for further details).

Similar to [17, Theorem 1.14|, Theorem A is a consequence of the
inclusion of the Iwasawa main conjecture

TA O TWJ Lp(fomg) S CharA(Xj(,;cfo)

(see §2.1 for the definitions of ma and Tw), which follows from [18, The-
orem 11.6.4], as well as the non-existence of non-trivial finite A-submod-
ules of Xforo (which we prove as part of Proposition 4.3.7), and a control
theorem for Xﬁ‘{ as n varies (which we establish in Theorem 5.1.2). The
last two results may be of independent interest. We invite the reader to
consult §4.3 and §5.1 for more details and comments.

1.5. Main theorems: the supersingular setting. The second setting
we consider is when f corresponds to an elliptic curve E with supersingu-
lar reduction at p and a,(E)=0. Since the weight of f is now 2, it forces ¢
to have weight 1 and j = 0. Using the Coleman map technique developed
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in [6], we define four plus and minus Selmer groups Selyy (K, A(1)) as
well as four signed p-adic L-functions L;)ti (f,g). Our theta elements @(jin
are intimately linked to L} *(f, g) and L, ~(f, g) (see Proposition 4.2.20).

Our assumption that a,(E) = 0 and g is of weight 1 allows us
to describe the local conditions at p of the plus and minus Selmer
groups explicitly using Kobayashi’s “trace-jumping conditions” studied
in [21]. This explicit description in particular allows us to generalize
Kobayashi’s work to prove a control theorem for two of these Selmer
groups, Selyy(K,, A(1)) and Sel__(K,,A(1)) (see Theorem 5.2.2).
As in the ordinary case, we also prove in Proposition 4.3.7 that
Sely 1 (Koo, A(1))Y admits no non-trivial finite A-submodule. These re-
sults allow us to apply the techniques of Kim—Kurihara in [17] to prove
the following generalization of the (ss) part of Theorem 1.2.1.

Theorem B (Theorem 6.2.7). Assume that LI+ (f,g) and L, (f,g)
are non-zero elements of A and that they are contained inside the
characteristic ideals of the Pontryagin duals of Sely (K, A(1)) and
Sel__(K,, A(1)) respectively. Furthermore, suppose that the hypothe-
sis (H.Kim) introduced in §5.2 holds. Let XPX denote the Pontryagin
dual of the Bloch—-Kato Selmer group of A(1) over K,,. If n > 2 is even,
then

(PO Og ) C Fitta, ABK,
If n > 1 is odd, then

(01, 1Oq.,) C Fitty, A5

1.6. Selmer groups of elliptic curves. We may combine Theorems A
and B to use our theta elements to study Selmer groups of elliptic curves
over number fields in a unified way. Let E be an elliptic curve over Q
without CM, of conductor Ng. Let p be a two-dimensional odd irre-
ducible Artin representation of Gg and denote by F' its splitting field
and by N, its conductor. We assume that p { NgN,[F : Q] and that
p > 5. When E has supersingular reduction we further assume that
4 1 [F : Q]. The representation p takes values in a finite extension L,
of Q. Fix 3, a prime of L, above p, and let L be a finite extension of L, ¢
with ring of integers O.

Let Fx = FK. be the cyclotomic Z,-extension of F, with finite
layers F,, so that [F), : F] = p™ and F, is the compositum of K,, and F'.
Consider the Selmer group Sel,(E/F) of E over F,, and its p-isotypic
component Sel,,(E/F),) (cf. Definitions 6.3.1 and 6.3.2). The results
described above allow us to study the Fitting ideal of the Pontryagin
dual Xn<E)(p) of Seln(E/F)(p)
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As F and p* correspond respectively to a weight 2 modular form f
and a weight 1 modular form g, we can consider the theta elements
associated to f and g. We adopt the following notation. If E has ordinary
reduction at p, denote by ©,,(E, p) the theta element Oy ,,, while, if E
has supersingular reduction at p with a,(E) = 0, we write O (FE, p)
for the theta elements GOi’n. These elements are integral as proved in
Proposition A.3.9.

Theorems A and B together give the following theorem.

Theorem C (Theorem 6.3.8). Suppose that L(E,p,0~1,1) # 0 for some
finite order character 6 on Gal(K,/Q). Under certain technical hypothe-
ses on E and p (cf. hypotheses (1)-(6) of §6.3), we have:

(i) If E has ordinary reduction at p, then for all n > 0 we have
(@n(E,p)) g FittAn Xn(E)(p)

(ii) Suppose that E has supersingular reduction at p with ay(E) =
and let p™ be the conductor of 0. If m is odd, then for all evenn >
we have

0
0

(0, (E, p)) € Fitta, X (E) ().
If m is even, then for all odd n > 0 we have
(07 (B, p)) C Fitta, X(E) ().

We conclude by stating a corollary to Theorem C, which is our anal-
ogous to Corollary 1.2.3 in the current setting. Consider the p-isotypic
component

E(Fn)(p) = HomGal(Fn/Kn)(pa E(Fn) ® L)’
and, given y: G,, — @:,
E(Fn)z‘p) ={P € E(F,),)®Q,:0-P=x(c)P for all 0 € G}

Corollary D (Corollary 6.3.10). We keep the hypotheses of Theorem C.
Let x be a character on G,,.

(i) If E has ordinary reduction at p, then dimg E(Fn)E‘p)S ord, ©,(E, p).

(ii) If E has supersingular reduction at p, then
dimg E(F,)Y, < ordy O (B,p) i n is odd,
' v ordy O, (E,p) if n is even.

The proof of Corollary 6.3.10 follows from Theorem C and [32, Propo-
sition 3.
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2. Notation

We fix some notation and define objects that will be used throughout
the paper. Throughout, p is a fixed odd prime and L/Q, is a fixed finite
extension, which will be the coefficient field for all the representations
we will consider. The ring of integers of L is denoted by O. We fix a
uniformizer w of O.

2.1. Iwasawa algebras and distribution algebras. The group I' :=
Gal(Q(up-)/Q) is isomorphic to a direct product A x I';, where A is
a finite group of order p — 1 and I'y = Gal(Q(up)/Q(xp)), which we
identify with Gal(K,/Q). We fix a topological generator v of Iy, which
determines an isomorphism of topological groups I'y = Z,,.

We write A = O[[I'1]], the Iwasawa algebra of I'y over O. It can be
identified with the formal power series ring O[[X]], via the isomorphism
sending v to 1 + X. We may consider A as a subring of the ring H
of locally analytic L-valued distributions on I'y, which we identify with
the ring of power series F' € L[[X]] which converge on the open unit
disc |X| < 1. Given a real number r > 0, we write H, for the set of

‘ Cn,
7

power series F' = 3" ¢, X" € H such that sup n—‘p < o0, where | |,
denotes the p-adic norm of L normalized by |p|, = p~*.



MazUR—TATE CONJECTURES FOR RANKIN—SELBERG CONVOLUTIONS 579

We write log,, € H; for the p-adic logarithm. Given an integer m > 1,

we define
m—1

log,, ,,, = H Tw* log, € Hm.
i=0
For m = 0, we set log, , = 1.

We write A(T) = A[A], H(T') = H[A], and H,.(T') = H,.[A]. The
projection maps A(I') — A and H(I') — #H will be denoted by 7a.
We write Tw for the O-linear automorphism of H(T') defined by o —
Xeye(0)o for o € ', where Xy denotes the p-adic cyclotomic character.

For n > 0, we write w,(X) for the polynomial (1 + X)?" — 1. We
set o(X) = X, and @,(X) = wn(X)/wp—1(X) for n > 1. We also
write G, = Fl/an, A, = O[G,], and denote by m,: A, — A,_; the
natural projection and by v,: A,_1 — A,, for the trace map induced
by Gpo1 = G, 0= > 7 for n > 1. Notice that v, is given by
multiplication by ®,,(X).

In the rest of the paper, when no confusion arises, we simplify write w,
and ®,, for w,(X) and ®,,(X) respectively.

n(T)=0

2.2. Galois representations and Dieudonné modules. Let f and g
be two normalized cuspidal eigen-newforms of weights ky +2 and kg + 2,
levels N¢, Ny, and characters €y, €, as in the introduction. Recall that
we assume kf > kg > —1 and p{ Ny N,.

Recall from the introduction that L contains the coefficients of f
and g as well as ay # By and ay # B,. For h € {f, g}, let V3 be the
Deligne L-linear Gg-representation attached to h. It has Hodge-Tate
weights 0 and —1 — k, (our normalization is that Xcy. has Hodge-
Tate weight 1). Let V;* = Homp(V},L). There is a natural integral
sheaf TSym"" Az, on the modular curve Y;(N},) as defined in [18, §2.3],
giving rise to a Galois-stable O-lattice T} inside V. We define T}, to be
the O-linear dual of Tj. There is a natural O-basis wy, for the O-submod-
ule Fil' Deyis(T7,) (see for example [19, §6.1]). We also have the differen-
tial wp+ for the dual form h*, as given in [19, Definition 6.1.2], which
we regard as an element of D.s(T7). This in turn gives an (O-basis
of Fil” Dis (T5).

Let T denote the Galois-stable O-lattice T ® T, inside the L-linear
Gg-representation V' := V;®V}, associated to the convolution of f and g.
We let T, V* denote the O-dual of T' and the L-dual of V', respectively.

We now choose a basis of eigenvectors in the Dieudonné modules
attached to our modular forms f and g. These elements allow us to
relate Beilinson—Flach elements to p-adic L-functions and will play a
role in the definition of the theta elements given in the next section.
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Definition 2.2.1. Let h € {f, g} and )\ € {a, 8}. We define the p-eigen-
vector in Deys(Vy) (whose eigenvalue is Ay ):

1
A (p(wn), wn=)
where )\ is the unique element of {a, 8} \ {A} and (~,~) denotes the
natural pairing on Deyis(V) X Deris(Vy).
We define {v;;’a,v,";’ﬂ} to be the basis of yp-eigenvectors of Deyis(V)F)
dual to {vp,q,vn,g} under the pairing (~, ~).

Remark 2.2.2. Note that

(o(wn) = Apwn),

Vha =0vns mod Fil' Des(Va).
Dually, we have

* Ah /
vh,)\ - ()\h 7 )\;L) (wh* )\].AO(OJh*)),

with v}, , + v} 3 =0 mod Fil® Dy (V;7).

Definition 2.2.3. For A\, p1 € {a, 5}, we define vy, = vy ® vy, and
Ui = Vpn © Vg e

Let 7 be a finite-rank free O-module with a continuous action of G,
where F' is a finite extension of Q, and F a p-adic Lie extension of F.
Then the Iwasawa cohomology groups of 7 over F are defined by

Hi (F,7):= lim H(F,T),
FCF'CF

where the inverse limit runs through finite extensions F'/F such that
F' C F and the connection maps are corestrictions. If V = T ®z, Q,,
we define Hj (F,V) = H{(F,T) ®z, Q,. When V is a crystalline rep-
resentation of Gg, with Hodge-Tate weights > 0, we write

Ly Hiy (Qp(pp=), V) —= Dexis(V) @ H(T)

for the Perrin-Riou map as defined in [26, §3.1].

Let K be a number field and £/K an infinite algebraic extension. If
T is equipped with a continuous G g-action unramified outside a set of
primes X, we define

Hiw(K’T) = Lin Hi(GK’,EvT)v
KCK'CK
where Gk x denotes the Galois group of the maximal extension of K’
unramified outside ¥ and the inverse limit runs through finite exten-
sions K'/K such that K’ C K and the connection maps are corestric-
tions.
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3. Theta elements for Rankin—Selberg convolutions

The main goal of this section is to define theta elements associated
to the Rankin—Selberg convolution of f and g via the geometric p-adic
L-functions attached to f and g. In Appendix A, we will give a cohomo-
logical construction of these elements using Beilinson—Flach classes.

3.1. Beilinson—Flach elements and p-adic L-functions. We re-
view the various p-adic L-functions that come up in our construction
of theta elements. First we introduce the notion of Beilinson—Flach ele-
ments.

Definition 3.1.1. For A,y € {«, 8}, ¢ > 1 coprime to 6pNsN,, m >
1 coprime to pe, and a € (Z/mp>Z)*, let

BFnla € Hord, () (D) @A HE (Qutmp), T*)
be the Beilinson—-Flach element as constructed in [31, Theorem 5.4.2].

We will take a = 1 throughout. If €fe, is non-trivial, then we may
remove the dependence on the auxiliary integer ¢. From now on, we fix
a value of ¢ and drop it from the notation and, for simplicity, we write
BF,u,m for CB]—';\n’fﬁ.

Definition 3.1.2. Let us write L,(fs,g) and L,(fs,g) for the two geo-
metric p-adic L-functions attached to f and g, with f being the “domi-
nant” form, by

Mlg*/ﬁg

Lp(f)"g)zlog Lk
D, 1+kg

(L« (BE yu1)5 vaw)s

where we have identified BF ,, 1 with its localization at p, the elements A,
v are either o or 3, the vector vy, is the ¢-eigenvector as defined in §2.2,
and the element p’ denotes the unique element of {«, 5} \ {u}.

Remark 3.1.3. We recall the following properties satisfied by the geo-
metric p-adic L-functions.

(i) Since BFj 1 € /Hordp(kfug)(F)®AH11w(@(.up°°)aT*)a the pairing
(Lyv+(BFx 1), va,) glves an element in

Hord, (A1) D)EA Hord, (0 1) (T) = Hordyy (A g g) +ordp (gt (T)
= Haord,(r;)+k,+1(0)-

Therefore, we have L,(fx,9) € Haora, ;) (T)-
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(ii) Suppose that either g is p-ordinary or Ay € O*. Let 6 be a Dirichlet
character of conductor p™ and k; +1 < j < ky. Then

AML(f, 9,070 +1) n>0,

(3.0.1) Lp<f»9><9><iyc>:Cj’"’a{m,j)L(f,g,jH) n=0,

where ¢; ¢ is independent of the choice of X and £(], j) is given
by

(1- Afjl,g)(]' - Afi'g)(l - ;\;{ﬁf)(l - p{/:f)

N, N
(1= =30

(see [18, Theorem 2.7.4] and [30, Theorem 6.3]).
(iii) Our definition of geometric p-adic L-functions differs from the one
given in [6, Definition 3.6.4] by a scalar.

To define our theta elements, we will also utilize the following “extra”
p-adic L-functions studied in [6, §3.7]:

Definition 3.1.4. For A\, 1 € {«, 8}, we define

g — M
Ly(fargu) = o {Lv+(BFx 1), v ).
10gp,1+kg
We finish this subsection with the following observations.

Remark 3.1.5. We make a number of remarks on these “extra” p-adic
L-functions.

(i) Since BFy 1 € Hordp(Afug)(F)®AH11w(Q(Mp°°)aT*)a the pairing
(Lyv+(BFx 1), vx ) gives an element in

Hord, (1) (D)2 Hord, (V) (T) = Hord, (0 1g)+ord,, (V) (1)
= M +k,+2(I).

Therefore, we have L7 (fx,g,) € Hr,+1(T).

(ii) Our definition here differs from the one given in [6, §3.7] by a
non-zero scalar.

(iii) Suppose either g is p-ordinary or )\’f € O*. We have the following
interpolation formulae. Let 6 be a Dirichlet character of conduc-
tor p™ and kg +1 < j < ky. Proposition 3.7.1 in op. cit. says
that

(312) L;(f)ug/l«)(exzy/(:) = RAMJ:" ’ Lp(thg)(exgyc)’
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where R) . jn is given by (\/A;)" when n > 1. When n =0, it
is given by

(1 - p{fyg)(l - A?;g)

(1= 3 (- 5)

R0 =

3.2. Definition and basic properties of theta elements. First we
introduce the following projection of the geometric p-adic L-function as
given in Definition 3.1.2.

Definition 3.2.1. If j is an integer such that k; +1 < j < ks and A €
{a, B}, we define

Ly(A,j,n) € LIGn] = H/wn(X)

to be the natural image of ma o Tw’ L, (fx, g) modulo w, (X).
Similarly, for A\, u € {a, 8}, we define

? .
L,(A\ p,4,m) € L|G,]
to be the natural image of ma o Tw’ L7 (fx, gu) modulo wy,(X).

The following lemma allows us to study the integrality of L,(f,g). It
is a well-known result, but we include a proof here due to our ignorance
of a proper reference in the literature.

Lemma 3.2.2. Let F' € H,, which we identify with a power series
Ym0 mX™ € L[[X]]. Then there exists an integer s such that F is
congruent to a polynomial in w—*p~ " O[X] modulo w, for allm > 1.

Proof: Let m,n > 1 be integers and write m = kp™ + t, where k and ¢
are integers with £ > 0 and 0 <t < p"™. Consider

X™=(((1+X)-1)P)kxt.

Note that ((1 + X) — 1)P" is congruent to a polynomial in pO[X] mod-
ulo w,(X) by the binomial theorem. Thus, we may replace X™ by a
polynomial Q,,(X) € p*O[X].

By definition, there exists a constant C, independent of m such that
lemlp < Cm”. Without loss of generality, we may assume that C € p”.
Let ord, denote the p-adic valuation on the integers. If s is the smallest
integer satisfying p® > m", then

Cm €D Ordp(C)—sO _ C—lp—sO.
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We now estimate s. Note that m = kp™ +¢ < (k+ 1)p™ by the defini-
tion of ¢t. Thus, m < plogk+1)/legp+n where log denotes the natural log-
arithm on positive real numbers. Hence, m” < pr(log(k+1)/logp+n) The
minimality of s then gives

s < |rlog(k +1)/logp| + rn,
where | | is the floor function on the real numbers. Therefore,

Cm € C*lpf Lrlog(k+1)/logpjfrn0’

which implies that
CQO (X) = (C_lpk_ |.T IOg(k+1)/ logpj )p—'rno[X] ]

Since k — |rlog(k + 1)/logp]| is bounded below as k varies, the lemma
follows. O

Remark 3.2.3. It follows from Lemma 3.2.2 and Remark 3.1.3(i) that
there exists a constant s such that
AP Lp(X,j,n) € @ *Ay,

for both A € {a, 5}, all ky +1 < j < k¢, and n > 0.

When ay = —fy, we have ord,(ay) = ord,(8y) = kaH. Thus, it
follows from Lemma 3.2.2 and Remark 3.1.5(i) that A\2"L}(\, u, j,n) €

A f=r

w A,

We are now ready to define our theta elements. Note that we have to
consider the cases ay # —ff and ay = — 3 separately.

Definition 3.2.4. Let n > 0 and ky +1 < j < ky. If af # —f, we
define

1 n . n .
6]” = 62 _ Oé2 (5? +4LP(/87]an) - Oé? +4LP(O[7],TL)).
f f
In the case af = —f3¢, we define
2n—+2
+ _ % , ~ ? : ? ,
Gj,n: 4 (Lp(a,],n)+Lp(ﬂ,],n)Jer(ﬂ,B,],n)+Lp(oz,ﬁ,],n)),
a2n+2
_ . . ? . ? .
®j,n = fT(LP(avjﬂn) + Lp(ﬁv]an) - Lp(ﬁvﬁv]an) - L;.;(Oﬁﬂajvn))'

Lemma 3.2.5. If ay # —fy, then there exists an integer s such that
O;n € w °A, for all j and n. Similarly, the same is true for @fn when
af = —ﬁf.

Proof: This follows immediately from Remark 3.2.3. O
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Remark 3.2.6. We comment on the definition of ©F

ne Which might look
unnatural to the reader at first sight.

(i) In Corollary 6.2.3 below, we show that these elements are closely
related to certain plus and minus p-adic L-functions, which can
be regarded as a generalization of [38, Proposition 6.18] on the
Mazur—Tate elements attached to an elliptic curve.

(ii) It turns out that these two elements are sufficient to study the
Selmer group over K, when f corresponds to a p-supersingular
elliptic curve and g is of weight 1 (see Theorem 6.2.7 below).

(iii) In our quest to generalize the work of Kim—Kurihara [17], we con-
sider two different settings. The first is when both f and g are p-or-
dinary and the second is the setting discussed in (ii) above. In the
ordinary setting, it turns out that we may study the Selmer groups
using one single p-adic L-function and the theta elements O; ,, are
sufficient. In the setting of (ii), we have a fairly straightforward
control theorem for the plus and minus Selmer groups (see Theo-
rem 5.2.2), generalizing the work of Kobayashi [21, Theorem 9.3].
This in turn allows us to apply the techniques of Kim—Kurihara
in [17] to prove Theorem 6.2.7. In all other settings, the lack of
a control theorem stops us from studying Fitting ideals of Selmer
groups using the techniques of loc. cit.

(iv) Our calculations suggest that when the “dominant” form f is p-
non-ordinary and the “non-dominant" form ¢ is p-ordinary, two
theta elements are required to study the Fitting ideal of the Selmer
group over K,,. It would seem reasonable to expect that if both f
and g are non-ordinary at p, one would need to consider four lin-
early independent combinations of p-adic L-functions to define the
appropriate theta elements in order to study the Fitting ideals of

Selmer groups overK,. In the case oy = —f¢, we might consider
defining two extra theta elements of the form
g’ . . 2imn . .
4 (Lp(a7]an) - Lp(ﬁm]an) - Lp(ﬁvﬁa.%n) + L;.;(aa/@a.]vn))y
a§n+2 . . ? . ? .
T(Lp(aaja TL) - Lp(ﬁm% TL) + Lp(ﬂ? ﬂaja TL) - Li)(av Bajv n))

When oy # —fy, the linear combinations might involve the loga-
rithmic matrices defined in [6, §5.1].

The theta elements defined in Definition 3.2.4 satisfy the following
interpolation formulae, which can be regarded as a generalization of [32,

W]-
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emma 3.2.7. Suppose that g is p-ordinary. Let 0 be a non-trivial char-
L 3.2.7. § h ) di Let 6 b ivial ch
acter on G, of conductor p™ (so that 1 < m < n+1). If ay # —fy,
then
@ (9) ﬂ?n72m+4 o a?n72m+4
Jmn = 2 2
B —aj

“¢ime - L(f, 9,071, j +1).

If oy = —fy, then

a2n72m+2 1 :l: _1 m
@jt,n(e): ! (2 ( ) ) 'Cj,m79'L(.f797971aj+1)'
Proof: This follows from (3.1.1) and (3.1.2). O

It is of course possible to write down the values of the theta elements
evaluated at the trivial character using (3.1.1) and (3.1.2). But since the
formulae are much more tedious and we will only need the one for the
theta element ©; ,, in §6.1, we have decided not to write them down here
and to refer the interested reader to Lemma 6.1.3.

While we have defined our theta elements in terms of geometric p-adic
L-functions, we may go the other way to describe the p-adic L-functions
in terms of these theta elements. This is analogous to the relation sat-
isfied by the Mazur—Tate elements for modular forms as given in 33,
(10.2)] (at least in the case where oy # f5).

Proposition 3.2.8. Suppose that g is p-ordinary. Let n > 1 be an in-
teger. If oy # —fBf, we have
. 1 (A\p)?
Ly(A,j,n) = NG (@jm - Vn(@j7n1)>'
f
In the case where oy = —ff, we have
. ) 2 _
Lp(aajvn) + Lp(ﬁ,j,n) = W(@In + Gj,n)'
f

Proof: The case ay = —f; is clear. We assume that oy # —ff in the
rest of the proof.

Since we are comparing polynomials of degree < p", it is enough to
show that these polynomials give the same values when evaluated at all
characters of G,,. Moreover, recall that the trace map v,,: A,,_1 — A,
(defined in §2.1) is given by multiplication by ®,,(X); thus evaluating
vn(©;n—1) at a character 8 of G, is the same as evaluating ®,,(X)0; ,_1
at 6. Without loss of generality, we may assume that A = a.

Let 0 be a character on G,, of conductor p™ (so that m < n+1). Notice
that @ sends 14+ X to a primitive p™~!-th root of unity. If m = n+1, then
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6 vanishes at ®,(X) = ((1+ X)?" —1)/((1 —|—X)pn_1 —1)as (1 + X)
is a primitive p™-th root of unity. Lemma 3.2.7 tells us that when we
evaluate the right-hand side at 6, we have

Ot;2n72@j’n(9) = a;znizcjerl’gL(f, g, 9_1,j + 1).

This agrees with the value on the left-hand side by (3.1.1).
Suppose now that m < n + 1. In this case, as 6 sends 1 + X to a
primitive p™~1-th root of unity, the value of ®,,(X) at 6 is p. We deduce

that )
1 <@, _ B X)) )
a§n+2 Jm P Jjn—1
when evaluated at 6 gives
—2(85.0(6) — 570;-1(6))
f

(5?”+4Lp(fﬁa g) 7a?‘n+4LP(fOU g) 7ﬁ?n+4LP(fﬂ7 g)+a?‘n+2ﬂ?LP(fOéa 9))(9Xz:yc)
2n+20p2 _ 2
ay" o (Bf —ap)

= Lp(fmg)(axzyC)
= LP(a7j7 n)(a)
as required. U

4. Selmer groups and their structure

The goal of this section is first to review the definitions of the various
Selmer groups we are interested in. We will then show that the Selmer
groups over K, contain no non-trivial A-submodule of finite index. We
will treat the cases where f is p-ordinary and p-non-ordinary distinctly
and separately.

4.1. Definitions of Selmer groups in the ordinary setting. In
this section, we assume that the eigenform f is p-ordinary, with oy being
the unit root of the Hecke polynomial at p. Note that we do not have to
assume that g is p-ordinary here. For h € {f, g}, we denote Ay, := V},/Th;
similarly we set A := V/T. As f is p-ordinary, there is a Gq,-stable
filtration (cf. [8, (4.2)])

0%-.7+Af %Af ‘>Af/]:+Af %-0,
where FT Ay C Ay is of corank 1 over O and Ay/F* Ay is unramified.

Notation 4.1.1. For any integer k;+1 < j < ky, denote A; := A(1+7)
and set
]:+A] = ]:+Af ®Ag<1 +j) C AJ
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Let K be any finite extension of Q contained in the cyclotomic Z,-ex-
tension K,. For any place v of K, we define

H}(KV,AJ-) =ker(H (K, 4;) —H (I, Aj))arv  if v1p,

H%}r(KﬂvAJ) = Hl(Klla-F+Aj)div if v | p-

Here I,, denotes the inertia group at the place v, while the subscript div
stands for the maximal divisible subgroup. For primes v | p, the local
condition is called the Greenberg condition. Further, we denote
B HY(K,,A;)

HE (K, Aj)’

for £, equal to f if v 1 p or to Gr otherwise.

H}L‘,,, (Kl/a AJ) :

Definition 4.1.2. Let X be a finite set containing p, oo, and the primes
dividing Ny N, and denote by Qx the maximal extension of Q unramified
outside Y. Then we define

(i) The Greenberg Selmer group of A; over K by

Sela (K, Aj)::ker(Hl(QE/K, Ap)—[[H) (K., A) <[ [H) Gr(Kl,,Aj)),

vip v|p

where the first product runs through all primes of K above X\ {p}.
(ii) The Greenberg Selmer group over Ko, by

Selgr(Koo,Aj) = hﬂ Sel(;,r(f(7 Aj),
QCKCK
where the limits are taken over all finite subextensions of K, with
respect to the restriction maps.

Remark 4.1.3. For a prime w of K, we can describe the local conditions
defining the Selmer group Selag, (K, A;) explicitly. At w1 p, it is given
by

H}(Koo,wa AJ) = keI‘(Hl(Koo,w, A]) —— Hl(Iw, Aj))div-
At w | p, the limits of H (K}, 4, F T A;)aiv and H' (K, ., FTA;) as n —
oo are the same, which shows that

Hey (Koo ws Aj) = H' (Koo,w, FT4;).
We conclude by recalling the Iwasawa main conjecture for A;.

Conjecture 4.1.4. The Pontryagin dual of Selg: (Koo, Aj) is torsion
over A and its characteristic ideal is generated by the p-adic L-function

TA © TWjLP(faag)'
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Remark 4.1.5. If, in addition to our running hypotheses, we further
assume that ¢ is p-ordinary, f and g are non-Eisenstein at p, that a big
image assumption holds (cf. [18, Hypothesis 11.1.1 and Remark 11.1.3]),
and that the p-adic L-function 7 o Tw’ L,(fa,g) is non-trivial, we can
apply [18, Theorem 11.6.4] to deduce the cotorsionness of Selg, (Koo, A;)
and the inclusion of the main conjecture

TA O TWij(fa,g) € chary SelGr(Koo,Aj)v.

We conclude with the following remarks.

(i) The “no exceptional zero” hypothesis (NEZ) in Theorem 11.6.4 in
op. cit. is automatically satisfied in our setting as the weight of f
is strictly larger than that of g.

(ii) The Selmer group appearing in Theorem 11.6.4 in op. cit. is de-
fined by using the Selmer complex (introduced by Nekovar in [35])
with the desired Greenberg local condition at p; it is isomorphic
to Selgy (Koo, Aj)Y by [18, Proposition 11.2.8].

4.2. Plus and minus Selmer groups in the supersingular setting.
In this section, we assume that f corresponds to an elliptic curve E/Q
which has good supersingular reduction at p with a,(E) = 0 and that g is
a weight 1 form (so that ky = 0 and k; = —1). Thus, the only integer j
satisfying k; +1 < j < ky is j = 0. The theta elements we defined
in §3.2 interpolate the L-values L(E,g,0~',1). Furthermore, 3 = —ay
with afc = B}% =—p

4.2.1. Definitions of plus and minus Selmer groups. Since g is of
weight 1, the local representation T;|G@p decomposes into a direct sum
of two characters. This gives

(4.2.1) TGy, = Tflaq, (0a) & TF|cq, (05),

where 6, denotes the finite unramified L-valued characters of Gg, such
that ¢ acts on Deyis(L(6,)) by multiplication by u;l For notational sim-
plicity, we write T* for the Gg,-representation Ty \GQ (6,) and let Vi u
denote T} , @ Q. It can be verified that the characteristic polynomial

of @‘Dcr,s(vf‘ﬂ) is given by
(42:2) (X —ap g )X =By ") = X2+ (uges (p)p™ )
FOI’ )\,,LL S {avﬁ}v let

‘CNM: H%w(Qp(:upm)v ") — Hordp(Afug)(F)
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denote the map given by (i, — p1y)(Lr+(—),vx ). By an abuse of nota-
tion, we shall write £y, for the composition

* L

Hllw (QP(IU’POO)7 Tf,,u) — H%w (QP(IU’POO)’ V) — Hordp(/\fﬂg)(r)'

In [23, §3.4], it was shown that there exist Coleman maps
+ *
Col; : Hiy (Qp(pp=), T ) —= A(T)

such that
(4.2.3) Lyy= log‘; Colir +Ay log, Col,,
where log;IE are Pollack’s plus and minus logarithms defined in [38].
Remark 4.2.1. We make a couple of remarks on the construction of the
maps Colf.

(i) In [23], we only studied the p-adic representation attached to a
modular form. But the construction of Coleman maps is purely
local and applies to any two-dimensional crystalline representation
whose trace of the Frobenius on the Dieudonné module is zero. In
particular, it applies to T} , thanks to (4.2.2).

(ii) Note that a priori the Coleman maps in [23] take values in A(T")® L.
But we can show that they land inside A(I") using the theory of
Wach modules (see for example [25, §3.1]). The link between ColiE

and Ly ,, stated in (4.2.3) follows from combining [26, equation (2)]
and [25, Corollary 5.11].

We may describe explicitly ker Colf. Let us first introduce some no-
tation and prove a preliminary lemma.
Definition 4.2.2. Let Ty, = Tf|G@p (9;1) and write Ay, =T, ®L/O
(so that Ay (1) = E[p>®](0,") and Ay, is the Pontryagin dual of T} ,).

Lemma 4.2.3. The restriction maps

Hl(@p(ﬂpm)a Tyu(l)) — H' (Qp(ppn ), Ty,u(1)),
Hl(@p(ﬂp"”)a Apu(1)) — Hl(@p(ﬂp")> Afu(1))

are injective for all m < n.

Proof: Recall that 6, is an unramified character. Thus, since E is su-
persingular at p, we have H(Q,,(ppn), A7, (1)) = 0, and this means that
it admits no p-torsion over K (u,») for any unramified extension K/Q,
(see [21, Proposition 8.7] and [20, Proposition 3.1]). It then follows that
HO(Qp(ppn ), Tf,.(1)) = 0 as well. The injectivity of the restriction maps
is now a consequence of the inflation-restriction exact sequence. O
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By virtue of Lemma 4.2.3, we may identify H'(Q,(upm), Tt (1))
and H'(Q,(upm ), Af (1)) as submodules of H'(Qp(ppn), T, (1)) and
HY(Qp(ppm ), Af (1)) respectively for all m < n.

Definition 4.2.4. Let S;' = [0,n—1]N2Z and S,, = [0,n—1]N(2Z+1).
Define HL (Qp(p1pr), Ty,u(1)) to be

{« GH}’(QP(MP")’TJCM(:[)) 1COTy /41 () GH}(Qp(Npm)va,u(l)) Vme Si:}
Here, H} denotes the Bloch-Kato subgroup in H' as defined in [2,
(3.7.2)].

Remark 4.2.5. In [23, §4.4 and §4.5], we proved that the annihilator
of ker ColiE under the local Tate duality

Hllw(va T}k,,) x H! (Qp(pp), Af>u<1)) — L/O
is given by the image of
mHi(Qp(/‘p”)v Ty,u(1)) ® L/O
inside H(Qp (1 ): A7, (1))-
In what follows, we give an alternative description of these plus and

minus groups in terms of points on the elliptic curve E, following closely
the work of Kobayashi [21].

Definition 4.2.6. Let K/Q, be a finite unramified extension. We define

(424)  E*(K(upn)) = {P € E(K(ppn)) : Trpjmy1 P € E(K (p1m))
vm € ST},

where E denotes the formal group of E at p, E(K(uym)) denotes
the points on E defined over the maximal ideal of K (upm), and
Try, /g1 : E(K (ppn)) — E(K(ﬂpm,+1)) is the trace map on the formal
group.

Convention 4.2.7. Note that our choice of signs is the same as the one
given in [23], which corresponds to the choice of signs for the plus and
minus p-adic L-functions given in [38]. But it is opposite to the one given
in [21, 16, 20|. In particular, we emphasize that our groups E* (K (n))
correspond to EF (K (u,n)) given in [17, §3.1.2] when K = Q,.

It has been proved in [21, Proposition 8.12] and [20, Proposition 3.16]
that there is a short exact sequence

(4.25) 0 B(K) > E* (K (1)) B~ (K (jyr)) —= B (K (1)) — 0,

where the first map is the diagonal embedding and the second map is
given by (z,y) — = — y.
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Lemma 4.2.8. Let u € {a, 8} and K be the finite unramified extension
of Qp given by (Q,)**%. Let ®, be the composition
H (K (jupn ), Ty (1) ZH(Qp (tpn ), Tr(1) ® Ind? 1) —=H"(Qp (ptpn), Tr (1)),

where the first isomorphism is given by Shapiro’s lemma and the second
map is induced by the natural projection Ind%’ 1—0,. Then

(I)u(Ei(K(/‘p"))) = Hli(@p(ﬂp")’ Ty, (1)),

where BE(K (juyn)) is identified with H}(K(,upn),Tf(l)) via the Kummer
map.

Proof: Note that Ty(1) is the p-adic Tate module of E. We recall from [2,
Example 3.10.1] that E’(K(upn)) can be identified with H} (K (ppn), Ty (1))
under the Kummer map. It follows from the definition of Hjlc that
H}(Qp, My ® My) = H}(Qy, My) ©H}(Qy, My) for any Gg,-modules M
and My. Thus, H}(K(,upn), T4 (1)) is mapped onto H}(Qp(,upn ), Ty (1))
via ®,. Furthermore, ®,, commutes with the trace maps.Hence our result
follows. O

Definition 4.2.9. Let o,0 € {+, —}. We define

Hio(@p(ﬂp")a (1)) = Hl(@p(ﬂp")’ Tta(1))® Hi(@p(ﬂp")a Ty(1)),

which can be realized as subgroups of H}(Qp(,upn), T(1)) via (4.2.1). We
define H,, (Qy (kpn ), A(1)) to be the image of Hy, (Qp (1), T(1))©Qy /Zy,
inside H}(@p(upn),A(l)).

Remark 4.2.10. Suppose e = o; then H{,(Q,(ppn), T(1)) is given by
{1’ € H}(Qp(ﬂp“)vT(l)) : COFn/m+1($) € H}(Qp(ﬂpm)vT(l))vm € S’I.L}

Corollary 4.2.11. Let e,0 € {+,—} and write o (resp. o) for the
unique element of {+,—1}\ {e} (resp. {+,—}\ {o}). We have a short
exact sequence

0 —= H}(Qp, T(1)) — Heo (Qp(ppn), T(1)) & Hyor (Qp (p1pn), T'(1))
— Hj(Q@p (), T(1)) — 0.

Proof: This follows from combining (4.2.5) and Lemma 4.2.8. O
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Definition 4.2.12. Let o,0 € {4, —}.

(i) Let X be the set of primes given in Definition 4.1.2. We define the
plus and minus Selmer groups Seleo (Q(ptpn ), A(1)) by

H(Qp (p1pn), A(1))
ker( (@s/Q(upm) %QHN v A1) Hao<@p<upn>,A(1>>>’

and we define Seleo(Q(pp=), A(1)) = @ns eleo (Q(ppn ), A(1)).

(ii) For all 0 < n < oo, we define Seleo (K, A(1)) to be the 1-isotypic
component of Selgo (Q(fipn+1), A(1)), where 1 is the trivial charac-
ter on A.

The following lemma about the local quotient in the definition of the
plus and minus Selmer groups will be used in §4.3 below.

1

Lemma 4.2.13. The Pontryagin dual of (%)A is of rank 2
e0 P ?

over A, for ;0 € {+,—}.

Proof: Tt is enough to show that the Pontryagin dual of the summand

( Hl(@p(ﬂpm ) Asu(1)) )A
Hi (Qp(poe),Af,u(1))

morphic to (ker Colf)A. Since H}, (Q,, T}*’N)A is of rank 2 over A, it is
enough to show that
Hllw (QIN T;,H)A
(ker Colf)A
is of rank 1 over A. As the right-hand side is a non-zero submodule

of A (see for example [14, Appendix A] for an explicit description). In
particular, it is a rank 1 A-module. O

is of rank 1 over A. By Remark 4.2.5, it is iso-

>~ (Im Colf)A

4.2.2. Plus and minus p-adic L-functions and signed main con-
jectures. We define plus and minus p-adic L-functions in terms of the
Coleman maps and signed Beilinson—Flach elements given below.

Theorem 4.2.14. Let m be an integer as in Definition 3.1.1. For \, u €
{a, B}, there exist bounded elements BF x ;, € @™ *H, (Q(tmpee ), T*)
such that

BF ,i,m = logy BF ,  +Alog, BF_ |, m,

where s is an integer independent of m.
Proof: This follows from the same proof as [5, Theorem 3.7]. O

Definition 4.2.15. Let o, 0 € {+,—}. We define the plus and minus
p-adic L-functions L3°(f,g) € w™*A(T) to be Colf,(BF, 1)
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Remark 4.2.16. We may switch « and 3 in the definition. We expect that
the resulting p-adic L-functions would differ by —1 (see [6, hypothesis (A-
Sym), p. 926]).

Convention 4.2.17. Our choice of signs for the p-adic L-functions corre-
spond to the one given in [23, 38]. But it is opposite to the one in [21].
Unlike the plus and minus conditions, our choice of signs for the p-adic
L-functions actually agrees with the one made in [17] (see in particular
Remark 3.1).

Conjecture 4.2.18. Let o,0 € {+,—}. The Pontryagin dual of the
Selmer group Selq o(Q(up=), A(1)) is torsion over A. Furthermore, its
characteristic ideal is generated by WAL;)O(f, g)-

Remark 4.2.19. It is explained in the proof of [6, Theorem 6.2.4] that
under certain hypotheses, the existence of signed Euler systems in The-
orem 4.2.14 allows us to show that Seleo (Ko, A(1)) is A-cotorsion and
prove one inclusion of the main conjecture, namely,

(4.2.6) ALy’ (f,g) € chary Seleo (Koo, A(1))Y,
up to powers of w.

We conclude this section by showing that the theta elements defined
in §3.2 are related to the signed p-adic L-functions in an explicit manner.

Proposition 4.2.20. For alln > 1,
(=p)" ! (log; )P maLy ™t (f.9) = egn mod wy,
(—p)"*2(log, )*maL, " (f,9) = Oy, mod w,.

Proof: Since log} Col} =1 (La,a+Ls,a)andlog) BF 51 = 1(BFa 51+
BF3,5,1) by (4.2.3) and Theorem 4.2.14 respectively, we have

(427) (08 V2L (£, )= § (Lo 1Ly s, 9L (s 95 HL (T 95))

Thus the result follows from the definition of ®(J)r,n and the fact that
a} = —p. The proof for L, ~(f, g) is similar. O

4.3. Non-existence of proper A-submodules of finite index. The
aim of this section is to show that the Selmer groups over K, introduced
above have no non-trivial A-submodules of finite index. We show this
by using results of [13], namely [13, Proposition 4.1.1]. We recall it
together with the relevant notation in §4.3.2 below. In §4.3.1, we discuss
a result on the structure of the local Galois cohomology groups defining
the Selmer groups over K., which is employed later in §4.3.3.
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4.3.1. Local cohomology groups. Let us recall that we have denoted
Aj = A(1 + j), where kg +1 < j < ky. Given a Selmer structure £ €
{Gr, e0}, we define, for any prime ¢ # p of Q,

My o= lim [ 14 (Fu, 4))
wll

and

Hzﬁj = hﬂH}Lp (Fp, Aj),
where F' runs over all finite extensions of QQ contained in K, and p de-
notes the unique prime of F' above p. We now recall the following result
that concerns the structure of these Galois cohomology groups.
Lemma 4.3.1. Let £ be a prime of Q. Then we have

(i) If ¢ # p, then
Hey = [[H (Kocw, A)
w|l

as A-modules. Furthermore, H, ; is a co-finitely generated, cotor-
sion A-module.
(ii) For £ =p and L = Gr,

HG( ~ H1<K007P7Aj)
P % (K, P74

and Hg; s a co-finitely generated A-module of corank 2. Here p is
the unique prime above p in K.

(iii) For £ =p, L = eo where ¢,0 € {+,—}, and ky =k, +1=0,

H' (Koo p, A(1))

Heo (Koo py A(1))

and Hp% is a co-finitely generated A-module of corank 2.

00 ~v
,Hpﬁ =

Proof: For part (i), note that, as ¢ is finitely decomposed in K, there
exists a sufficiently large finite extension Q C F' C K, such that the
size of the set sg¢ of places of F' above £ is constant and equal to the
size of sk ¢. Thus,

Hf,j = H hng}f(KwaAj) = H H}f(KOO,waAJ)a
VESF WESK o ¢

where the limit runs through F' C K C K and w denotes the unique
prime of K above v. Note that H}(KOO’M,AJ-) = 0 for any w € sg__ ¢
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Indeed, as ¢ does not split completely in K., the quotient Gx_ /I
has pro-order prime to p and thus the restriction map

Hl(KooﬂU, A]) e Hl(Iw, AJ)

is injective. Hence we obtain the desired isomorphism and H, ; is a co-
finitely generated, cotorsion A-module because each H! (Koo 4, A;) is one
(cf. [9, Proposition 2]).

Part (ii) follows similarly from [9, Proposition 1, Corollary 1]. In-
deed, note that, by [9, Proposition 1] we have that the A-corank of
HY (Koo ,p, A;) (vesp. HY (Koo p, FTA;)) is equal to the (L/O)-dimension
of the Gg,-module A; (resp. F+A;).

Analogously, part (iii) is given by Lemma 4.2.13. O

4.3.2. A result of Greenberg. The proof of the main result of this
section (cf. Proposition 4.3.7) relies on the application of [13, Proposi-
tion 4.1.1] to our setting. For the convenience of the reader, we set here
the necessary notation from [13] and state [13, Proposition 4.1.1].

Let T; := T(1 + j) ® A(¥~1), where ¥ is the canonical charac-
ter Go — I't — A, and let A; := T; ®; Homg, (A, Q,/Z,), where
Gg acts diagonally on T;. Recall that by £ we denote one of the Selmer
structures in {Gr, eo}. In a similar way to what was done in §4.1 and §4.2,
we may define Selz(Q, A;), which, by Shapiro’s lemma, are isomorphic
to Selz (Koo, A;j). In other words, if Q2(Q, A;) denotes the target of the
map defining the Selmer group Sel;(Q, A;), then

Qc(Q Aj) ~ [ Hes x 1,
LF#p
and
Selg (Koo, Aj) =~ ker(H'(Qs/Q, Aj) — Qc(Q, A;)).

Finally, denote ’i‘j := Hom(A;, ptpoo) and let m be the maximal ideal
of the Iwasawa algebra A. Greenberg introduces the following list of
hypotheses.

): (T;)9 =0 for v € X.
i) (T;)/(T;)%e is reflexive for v € X.
the A-module

2(Q, %, A;) = ker(HQ(QZ/Q,Aj) — [[H*(Q, Aj)>

vEX

is cotorsion.
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(v) CRK(A;, £): We have an equality of coranks:
coranks (H'(Qx/Q, A;)) = corank, (Selz (Koo, 4;))
+ coranky (Q-(Q, Aj)).
Recall the following (cf. [11, §2]).

Definition 4.3.2. A discrete A-module M is said to be almost divisible
if for almost all height 1 prime ideals P € Spec(A), PM = M.

Remark 4.3.3. This definition is equivalent to asking that the discrete
A-module has no proper A-submodules of finite index. We refer the
reader to [11, §2] for further discussion on almost divisible modules and
to Proposition 2.4 of op. cit. for a proof of this equivalence.

Remark 4.3.4. We say that a Selmer structure £ = {£,} is almost di-
visible if the corresponding local cohomology groups H} £, (Qu,A;j) is an
almost divisible A-module for all places v.

We can now state [13, Proposition 4.1.1].

Proposition 4.3.5. Suppose that RFX(A;), LEO(A;) are both satis-
fied, that LOCEJQ)(AJ-) is satisfied for all v € X, and that there exists
a non-Archimedean v € ¥ such that LOCS})(Aj) is satisfied. If L is al-
most diwvisible, CRK(A;, £) holds, and A ;[m] has no Galois subquotients
isomorphic top,, then Selz (Koo, Aj) is an almost divisible A-module.

4.3.3. Almost divisibility. We now discuss the validity of the hy-
potheses of Proposition 4.3.5 in our setting, which we then apply to de-
duce that the Selmer groups Sel; (K, A;), with £ € {Gr, eo}, have no
non-trivial A-modules of finite index. We will work under the following
assumption.

(Co-tor) Selg (K, A;) is A-cotorsion for £ € {Gr,eo} and k, +1 <

J < ky.

The validity of (Co-tor) for £ € {Gr, 80} has been discussed in Re-

marks 4.1.5 and 4.2.19.

Lemma 4.3.6. Assume (Co-tor).
(i) For any ky+1 < j <ks, CRK(A;,Gr) and LEO(A;) are satisfied.
(i) Ifkp=j =k, +1=0, CRK(Aq,e0) and LEO(A) hold.

Proof: The proof is based on an application of the Euler—Poincaré char-
acteristic formula. Before going into details, in the case of L = eo, we
set kg +1=7=ky=0.
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Note that by hypothesis (Co-tor), we have coranky (Selz (Ko, 4;)) =
0 for L& {Gr, e0}. By Lemma 4.3.1, we know that corank (Q2(Q, A;)) =
2. Hence to verify that CRK(A, £) holds, it suffices to show that

corank, (H'(Qx/Q, A;)) = 2.

Notice that from the exact sequence

®
0 — Selz (Koo, A4j) —= H'(Qs/Q. Aj) —> Qc(Q, A;)
we obtain the equality
0 = coranks (H'(Qx/Q, A;)) — 2 + corank, (coker(¢.)).

However, from the Euler—Poincaré characteristic formula (cf. [9, Propo-
sition 3|) we have that

corankA(Hl(Qz/Q,Aj)) — corank, (H*(Qx/Q, Aj)) =2.

The two equalities give our claim. The same argument shows LEO(A,;).
O

Proposition 4.3.7. Assume (Co-tor) and j is an integer such that
kg+1 < j < ks and that the residual representation T(1+ j) has no Ga-
lois subquotient isomorphic to pi,. Then the Selmer groups Selg: (Koo, A;)
and Seleo (Koo, A(1)) (with ky = j = kg + 1 =0) have no proper A-sub-
module of finite index.

Proof: As was mentioned above, the result follows from applying Propo-
sition 4.3.5. Thus, we have to verify that all its hypotheses hold. Some
of them have been shown in Lemma 4.3.6. We now discuss the others,
namely RFX(A;), LOC(V(A;), LOC{? (A;), and the almost divisibility
of L € {Gr, oo}.

Notice that RFX(A ) holds as T is free of rank 4. Moreover, by [12,
Lemma 5.2.2|, we have that (’i‘j)g@v = 0 for every v e ¥, thus LOC(V (Aj)
holds and implies LOC(? (A,) for every v € X. We are left with proving
that the Selmer structures Gr and eo are almost divisible. The statement
follows from showing that the modules H, ;, Hg?, and Hp%, introduced
in §4.3.1, are almost divisible A-modules. From [11, Proposition 5.4
(which we can apply as LOC®) (A ) is valid), we have that H' (Ko .0, A;)
is almost divisible for any place w, which implies the almost divisibility
of M, ; because of Lemma 4.3.1(i). Finally, from Lemma 4.3.1(ii)-(iii),
the Pontryagin duals of Hﬁg and Hp%, are submodules of A®2. Thus,

Hg; and H,% are almost divisible. O
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Remark 4.3.8. We make a couple of comments on the hypothesis that
T(1 + j) has no Galois subquotient isomorphic to fi,.

(i) If T(1+7) is irreducible, then the module A ;[m] has no subquotient
isomorphic to p, as a Gg-module (cf. [13, §4.3.3]).

(ii) Suppose that f corresponds to an elliptic curve E with supersingu-
lar reduction at p. Then E[p]|; is the direct sum of two fundamental
characters of level 2 (see |7, Theorem 2.6]), where I is the inertial
group of Gg,. In particular, there is no Galois subquotient isomor-
phic to u,. Since g is of weight 1 and T, decomposes into the direct
sum of two unramified characters, the same is true for 7(1).

Recall that, given a ring R and a finitely presented R-module M, the
Fitting ideal Fittzp(M) is defined as follows. Take a presentation of M

RT‘Q>Rt‘>M‘>0;

Fitt (M) is defined to be the ideal generated by the determinants of the
t x t-minors of g. Proposition 4.3.7 has the following consequence.

Corollary 4.3.9. Keep the hypotheses of Proposition 4.5.7. For any kq+
1 <5 < k¢, we have

char (Selgr (Koo, 47)") = Fitta(Selgr (Koo, 45)Y).
Similarly, if kg +1=j =k =0, we have
chary (Seleo (Koo, A(1))Y) = Fitta (Seleo (Koo, A(1))Y).
Proof: Tt follows directly from [17, Lemma A.7]. O

Remark 4.3.10. If f and ¢ are both non-ordinary at p, in [6, Defini-
tion 6.1.2] we defined six Selmer groups over Q(up,~) using pairs of
Coleman maps on HIIW(QP,T]’{ g). The images of these Coleman maps
are described in the appendix of op. cit. In particular, we may verify the
hypothesis CRK as in the proof of Lemma 4.3.6 and the almost divisi-
bility of the local conditions at p, allowing us to obtain a generalization
of Proposition 4.3.7 and Corollary 4.3.9.

5. Control theorems

We prove control theorems for the Selmer groups studied in the previ-
ous section. This is one of the key ingredients in our quest to generalize
results in [17]. Once again, we consider the cases where f is p-ordinary
and p-non-ordinary separately.
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5.1. The ordinary case. We study a control theorem for the Green-
berg Selmer groups of Rankin—Selberg convolutions defined in Defini-
tion 4.1.2 using results of [36] and [37]. We assume that both f and g
are p-ordinary; we let j be an integer satisfying k, +1 < j < kf as
before. To ease the notation, recall that we denote by A; the mod-
ule A(1+ 7). Finally, recall that, for n > 0, we have denoted by w,,(X)
the polynomial (14 X)P" — 1.
Definition 5.1.1. For any 0 < n < oo denote by Xﬁi the Pontryagin
dual

Selgr(Kn, AJ>V
Moreover, denote by 7, : Xforo Jwn — Xfr{ the maps induced by the
restriction maps

Selgy (K, A;) — Sely (Koo, A;)TH
We can now state the main theorem of the section.
Theorem 5.1.2. Let us suppose that, for all n, Hl(I”l’n,Afal(@Z/K‘”)) =
0. Then, for all n, the maps r,: Xforo/wn — Xﬁf are surjective with
finite kernel of bounded orders as n varies.
Proof: Consider the following commutative diagram:

0 —= Selg, (Kn, Aj) —> HY Q5 /Kn, Aj) —> [[ H};(Kn v, A;) xHjg,(Kn p, A;)

PAVED
lan [{/371, i'm:l'l'vn,v
n
P
It

0 = Selgr (Koo, A_J)Fll)n - H'(Qxg /Koo, Aj)Fii)n - H H}f(Kac,'uy A_;’)Fll)'“ X (’Hsrj) P
PAWES oo ’
where 3,, denotes the primes of K,, above primes in 3. In order to bound
kernel and cokernel of a,, we reduce to study the maps 3,, and ~,.
From the diagram above, we have that

ker(ay) — ker(8,) = Hl(I‘If"’Afal(Qz/Koo)).

By assumption, the latter is trivial, thus ker(a,,) = 0.
We now turn our attention to the study of Coker(a,). We start by
noticing that, by the inflation-restriction exact sequence, we have

Coker(8,) — H(I}", AFH(@s/ o)y,

However, the latter group is 0, as Fﬂ”n is a free pro-p group of co-
homological dimension 1. Thus, by the Snake lemma, Coker(a,,) is a
subquotient of ker(~y,,).
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Let v € X, be a prime which does not lie above p; then, by [36,
Lemma 2.8], the order of ker(y,,,) is bounded independently of n. Fi-
nally, this leaves us with studying the kernel of

Tn,p* H} (K, Aj) — (H%)F“’ .

In order to prove the assertion that the order of ker(y, ,) is bounded
independently by n, we need to check the hypotheses of [37, Theo-
rem 3.5(2)] for V(1 + j). These in turn follow from the p-ordinarity of f
and g and the fact that the eigenvalues of Frob, on V are not roots of
unity, as they all have absolute value p*s t%a)/2+1 and ky > k, > —1. O

We now discuss cases where the hypothesis of Theorem 5.1.2 holds.

Proposition 5.1.3. Suppose that f and g have weights > 2 and that
f is non-CM. Then, for all but finitely many p which do not divide NyN,
and for all n, we have

Hl (FIf",AJGal(QE/KOO)) =0.

Proof: The strategy for proving the statement uses ideas employed in [27,
Proposition 7.2.18] and [29, Proposition 4.2.1]; we now sketch it and re-
fer to [29] for further details. Let H denote the subgroup of Gg cut
out by the Dirichlet characters corresponding to inner twists of f and g;
we denote by pp, the Galois representation of h € {f,g} taking val-
ues in GL3(Oy), for O, the ring of integral elements of a finite exten-
sion Q, C F}, C L.

Suppose that g is non-CM; then, for all but finitely many p, the image
of the representation (pp p)|, , where h € {f, g}, equals

Y
{z € GL2(Op) : det(x) € Z5 }.

By our running hypotheses on their weights, f and g are not twists of
each other. Thus, by [29, Proposition 4.2.1 and Remark 4.2.2], for all but
finitely many primes p coprime with N;Ng, the image of (ps, X pg.p)
equals

|a

{(z,y) € GL2(Oy) x GL2(Oy) : det(x) = det(y) € Z, }.
Let us now fix such a prime p. The image (ps, X pg,p)(H N Ggy

contains the element
M := ((I;c’l)a (yy*1)> ;

where x,y € Z;. The image of M under the tensor product homo-
morphism GLs x GLy — GL4 is the diagonal matrix with eigenval-
ues {zy,r 1y, zy~t, 71y~ 1}. We can easily choose z, y so that none of

,u,poo))
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the eigenvalues equals 1, thus constructing an element in G, ) which
acts without fixed points on V(1 + j). Thus, H(K,, V(1 + j)) = 0 for
all n.

As explalned in the proof of [36, Theorem 2.4(i)], this shows that
Hl(I‘Il7 ,AGM(QE/ K°°)) is finite. We sketch the argument here and refer
to [36] for further details. The map glven by evaluation of cocycles at

the topological generator 1+ w,, of I’/ gives an isomorphism

Hl(F;lliﬂ”A?al(Qz/Koo)) o~ (AGal(QE/ch))

pn

J Y
_ 4Gal(Qs/K) Gal(Qx/Koo)
=A; JwnA; .

As AGal(QE/Koc)

y is of finite type, it sits in the exact sequence

0—=D H_14?5”1(@22/1(00) —>FE ‘>0’

where D is the maximal divisible subgroup of AJGal(QE/ Ke) and E is
finite. As E is finite, we are left to show that D ,» is bounded. Notice

that DFpn is either zero or infinite. If it is mﬁmte then corankz DFpn =
1

n

corankz,, prt’ # 0, which implies that Aj 1 is infinite. However, this is
impossible as we have shown that H(K,,, V(1 + j)) = 0 for all n.
As Hl(lﬂfn7 Afal(QZ/K‘”)) is finite, we are left to show that

HY(I?", AT @Ky 1] = .

To do so, notice that we have a surjection

H (T, (Ao S0/ Ko0)) o (Y, AT )

)

and that A;[w] ~ T(1 + j). By [29, Proposition 4.2.1], T is irreducible
as a Gk _-module, hence

(T(1+ 7)) =0,
which implies that
HY(I, (A []) 1@/ Ke0)) — 0.

When g is CM, for all but finitely many primes p coprime to Ny.V,
the image of HNGgy(y,) Of pf,p X pg,p contains the element M considered
above (cf. [29, Proposition 4.3.1]). Thus, we can construct an element 7 €
G(p,~) Which acts without fixed points on T'(1 + j) and on V(1 + j).
This implies the result. O
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Of particular interest for us is the case when the weight of ¢ is 1,
which we now discuss.

Proposition 5.1.4. Suppose that g has weight 1, f has weight > 2 and
is non-CM, and that Ny and Ny are coprime. Then, for all but finitely
many p which do not divide Ny Ny and for all n, we have

Hl (I\fﬂ’A?al(QE/K&)) =0.

Proof: The proof of the statement is similar to that of Proposition 5.1.3
and relies heavily on [29, Theorem 4.4.1].

As g has weight 1, p, , is an Artin representation. Since Ny is coprime
to pNy, the splitting field Fy, of pg ,,, that of py,,,, and Q(ppe) are linearly
disjoint over Q. Thus, for every v € py,(Go) and § € pyp(Go(uye))s
there exists 7 € Gg(y,) such that py ,(7) = v and py (1) = 0.

For all but finitely many p, ps,(Gg(u,-)) contains the elements §, =
(*,-1), for x € ZY. Moreover, since py,, is odd, there is v € py,(Go)
conjugate to ( -1 1 ) One can choose x so that the image of 6, ®y in GL4
has all eigenvalues different from 1; thus there exists 7 € G, ), which

acts without fixed points on V(1 + 7). Similarly, this shows that (T'(1 +
§))E"e = 0. As in Proposition 5.1.3, these facts imply that

HY (DY, ASN@/ KDy — O

5.2. The supersingular case. We now turn our attention to the case
where f corresponds to an elliptic curve E/Q with a,(E) = 0 and g
is a weight 1 form, as in §4.2. We do not know how to prove control
theorems when f is a more general p-non-ordinary form, which seems
to be the biggest obstacle to generalizing the results of [17] beyond our
current setting. Let K,/Q, denote the smallest extension such that the
action of G, on Vj is trivial. Throughout, we assume that the following
hypothesis holds, which allows us to apply results from [16].

(HKim) 41K, : Q,).

Definition 5.2.1. For an integer n > 0, we define w? to be the following
polynomials:

wiX)=X ] @m(X).
meSE, \{0}
Given a A-module M, we write
M/wE = M/wE(y —1)M.

For 0 < n < co and e € {+,—}, we define X to be the Pontryagin
dual
Selee (K, A(1))Y.
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Theorem 5.2.2. Let @ # o be a choice of the two elements in {+,—}.
The natural maps

Xso/wp —= &3 Jwp,
are surjective and have finite kernel of bounded orders as n varies.
Proof: Given a A-module M, we define
M“n ={z e M :wl(y— 1)z =0}

Note that M“» is a submodule of M7 .
Consider the commutative diagram

0->Selge(Kp,A(1))*n—>=HY Qg /K, A(1)) % n—= -
prven, Hp(Kn v, A(1

HY(Kp 0, A0 HY (K, p A(1)*R
@R HL(Kn,p,A(1)%R

an Bn Yn=[Tvn,v

o
n

1 w 1 wSL
0-Selaa(Koo, A1) “ 5 H Qs /Koo, A(1) i [ Koo AW)Tn | H (Koo p, AN
p;&vean}(KoomaA(l))w" H}.(Kac,va(l))w”

It follows from the proof of Lemma 4.2.3 that A(1)“%~ = 0. Thus,
the inflation-restriction exact sequence gives an isomorphism

HY(Qs/ K, A(1)) > H Qs /Koo, A()T

Since M™" = M¥ for any T-module M and w? divides w,, we deduce
that 3, is an isomorphism. In particular, v, is injective and coker «, is
bounded by ker v,,. As in the proof of Theorem 5.1.2, when v # p, ker v, ,
is finite and bounded independently of n thanks to [36, Lemma 2.§]
(in fact our kernel is even smaller after taking (—)“»). It remains to
study ker 7y, ,, which we will show is in fact zero.

Fix A € {a,8}. Let Ky, (resp. Ky ) be the compositum of K,
(resp. Koo) and (Q,)*" % C K, as in Lemma 4.2.8. We define E*(K ,,)
and E*(K) ) to be the 1-isotypic components of E®(Ky(j,n+1)) and
E*(K)(up=)) respectively. It can be checked using the description in
(4.2.4) that

E*(Kyn) ={P € E(Kxp) : Ttyjmi1 P € E(Ky ) Vm € Sg}.
Consider the map

HY (Ko, B[p™)  H (Koo, Elp™])
E'(KA,n) ® @p/Zp (E.(KA,OO) ® QP/ZP)W% ’
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which is injective by [16, Proposition 2.18| (bearing in mind our opposite
choice of signs as explained in Convention 4.2.7). Via the projection given
in Lemma 4.2.8, we deduce that

H'(Kop A(L)  HY (Koo, A(1))
HL, (Knp, A1) HL(Koop, A(1))“R

is injective. Hence 7, , is injective, as required. O

6. Results on Fitting ideals

The goal of this section is to discuss and prove the main theorems
discussed in the introduction.

6.1. The ordinary case. We suppose throughout this subsection that
our fixed modular forms f and g are ordinary at p, that their residual
representations T' I Tg are irreducible, and that f is non-CM. Moreover,
we suppose that efe, is non-trivial, that (N¢, Ng) = 1, and that one of
the following conditions holds:

(i) g is non-CM and has weight > 2;

(ii) ¢ is of CM type and ¢, is neither 1 nor the quadratic character

attached to the corresponding CM field of g;

(iii) g has weight 1.
These hypotheses ensure that, for p big enough and coprime with NN,
the conclusions of Propositions 5.1.3 and 5.1.4 hold as well as the big
image assumption Hyp(BI) of [18] (cf. [18, Hypothesis 11.1.2, Re-
mark 11.1.3] and [29, Proposition 4.2.1]). Moreover, they imply that
the residual representation T'(1 + j) has no Gg-stable subquotient iso-
morphic to p,. From now on, we fix a big enough prime p for which these
assumptions are satisfied.

We fix unit roots oy and a4 for f and g respectively. By [4, Corol-
lary 2.2.4], for h € {f, g}, {wn, Vn,a} is an O-basis of De,is(7},). Conse-
quently, vo.q = Ufo @ Vg, gives rise to an integral generator £ as in [18,
Definition 11.6.3]. In particular, our geometric p-adic L-function Ly( fa.9)
agrees with the L, (f, g, 1+j)/€ considered in loc. cit. By Theorem 11.6.4
of op. cit., if Lp(fa,g)(ngyC) # 0 for 6, a Dirichlet character factoring
through I'y, then Sela, (Koo, A(1 + j)) is cotorsion and we have that

7a © Tw? Ly(fa,g) € charp Selg, (Koo, A(1+ 7)Y = CharA(Xf;o).
Note in particular that

(611) Lp(Oé,jﬂl) € An
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Recall from Remark 3.1.3 that, for Ay € {ay, 5S¢}, the interpolation
factor £(Ay, j) of the geometric p-adic L-function L,(fx, g) is given by

(1 325) (1 385) (1= 565) (1 - 512%)
(-5 0-50)
where )\’f € {ap, B\ {\s}.

Definition 6.1.1. We say that the triple (f, g, ), with kg +1 < j < ky,
is non-anomalous ordinary at p if £(ay, j) € O*.

Remark 6.1.2. Notice that (f, g, 7) is non-anomalous ordinary at p when-
ever kg +1 < j < ky. In the remaining cases, £(ay,j) € OF if the
following inequalities hold:

(1) Hky+1<j=kys arBep ol #1 mod w.

(i) fO<k,+1=j<kys a8 "1#1 mod w.

(iil) If0 < kg+1=j =ks, apByp o1 #1 mod wand a,Bpp *r~1 #

1 mod w.
(iv) fkg+1=4=k; =0,

afag #1 mod w,
apfBy #1 mod w,

agﬁfp_l %1 mod w,
ByBsp~t £ 1 mod w.

(Recall that w is a fixed uniformizer of O.)

Before stating the main result of the section, we have the following
crucial lemma. Its proof is based on the calculations for proving a similar
statement on the Mazur—Tate elements for elliptic curves in [17, §2.2].
We are very grateful to Chan-Ho Kim for having explained their strategy
to us.

Lemma 6.1.3. Suppose that there exists a Dirichlet character 6 of con-
ductor a power of p such that L,(f«,g)(0 Cyc) #0, withkg+1 < j < ky.
Let (f,g,j) be non-anomalous ordinary at p; then there emsts C, € wh,
such that

Ojn = (af n+2 4 O Ly(a,j,n) € A,

Proof: The strategy of the proof, which consists of an induction argu-
ment on n, follows from the interpolation formulae and norm relations
that these elements satisfy, as we now explain.

Recall that in §2.1 we have introduced the natural projection 7, : A,, —
A,,_1 and the trace map v, : A,_1 — A, given by multiplication by ®
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We notice that, from the interpolation formulae that ©; ¢ satisfies, we
have that

. . , B} —ad)E(ay. j
Ly(@,5,0) = C(f.§)-©0. where “ﬁ”:ﬂgéﬁ§€£2£jy

It follows from our hypothesis that (f, g, ) is non-anomalous ordinary

at p that B?E(Bf,j) — a;lcé'(af,j) and &(ay,j) are units in O. Thus,
C(f,j) € O*. By (6.1.1), L,(c, j,0) € O, which tells us that

8,0 = C(f,5) ™" Ly(a, 5,0) € O.
This relation can be written as
Bj0 = (a? +Co)Ly(a, 5,0) € O,

where

BIE By, 3) — at€(ay, j)

@ - el -

C(O = C(fy.j)71 —Oé?- :ﬁ]%

On combining this with Proposition 3.2.8, we deduce that
: 4 B3
Lp(a, j,1) = a; " (01 — ?Vl((aj,o)

) g »
= af4 <@j,1 - myl(LP(a7]7O)))

= ;40,1 — C1Ly(a,4,1))

2
with C7 = %@1 € whi. It gives

@j@ = (O/;c + Ol)Lp(Oé,j, 1) e A

Suppose that

G')j,nfl - anle(Oé,j,’l'L - 1);
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with B,_1 € A,_1. Then, on applying Proposition 3.2.8 again, we deduce
that

Lp(aaja _a72n 2(®j,n ®Jn 1))
72” 2(@j,n Vn anle(aujvn - 1)))

72” 2 @jn n Bnl’n—n(Lp(a);%n))))

= O‘;%L—Q(@j,n = CnLy(a, j,m))),
2
with C,, = B?fCI)an,l € wh,,. This implies that
ejvn_( 2n+2+c ) (avjan)v

which proves our claim. O

We are now ready to prove our generalization of Theorem 1.2.1 in the
ordinary case (Theorem A in the introduction).

Theorem 6.1.4. Suppose that there exists a Dirichlet character 8 of
conductor a power of p such that Ly(fa,g)(Oxly.) # 0, with kg +1 <
J<ks If(f,g,j) is non-anomalous ordinary at p, then

(©5n) = (8jin, vn(0;n-1)) C Fitta, X

Proof: By Corollary 4.3.9 and the inclusion of the Iwasawa main conjec-
ture, we have that

(a0 TW Ly(fa,g)) C char (X2,) = Fitta (X75).
Thanks to our assumptions Theorem 5.1.2 asserts that the natural maps

X Jwn — X are surjective. Thus, by [17, Lemma A.1], we obtain
the inclusion

(Lp(,j,n)) = (1a o Tw? Ly(fua,g) mod w,) C Fitty, (XGr )/wn,
C Fitta, (X00).
By Proposition 3.2.8, we have

(Lp(a’jv TL)) = (O‘J:%l_? <@j,n - (ﬁg)zyn(@j,n—l)>) - FittA XJG;;

where v,: A,,_1 — A, denotes the trace map. Under the non-anoma-
lous ordinary condition at p, Lemma 6.1.3 says that ©;, is a multiple
of L,(a, j,n) by an invertible element in A,,. Similarly, by Lemma 6.1.3,
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we also deduce that 1,(©; ,,—1) is a multiple of L, (¢, j,n) by an element
in A,,. Indeed, we have

G)j,n—l = (Oé?cn + Cnfl)Lp(Oé,j, n — 1)
= (a?n + Cn—l)ﬁn(LP(aaja n))
Applying v, we get
Un(Ojn-1) = (0‘3‘” + Cne1)®n Lp(a, j, 1)

This implies that the ideal (©; ., v, (0;n—1)) is the principal ideal gen-
erated by ©;, and that we get the inclusion

(ej,n) = (ej,vu Vn(ej)nfl)) - FittAn Xj(,}; O

6.2. The supersingular case. We now generalize the calculations
in [17, §4] to the setting of §5.2. In particular, (H.Kim) is in effect
throughout. We shall link our theta elements to the Bloch—Kato Selmer
groups of A(1), whose definition is recalled below.

Definition 6.2.1. For an integer n > 0, we write Selgk (K, A(1)) for
the Bloch-Kato Selmer group of A(1) over K, that is,

Selpx (Kn, A(1)) = ker <H1(QZ/Km A()) — [[HY (K, A(l))) :

vz
where ¥ is as defined in Definition 4.1.2 and
H}f(Kn,ua A(l)) = Hl (KH,V) A(l))/H}”(Kn,ua T(l)) ® QP/Z:D

for v|p, with H} (K., T(1)) as defined in [2, (3.7.3)]. We let XX denote
the Pontryagin dual of Selgk (K, A(1)).

We will study X2 via the plus and minus Selmer groups over K, in-
troduced in Definition 4.2.12, making use of Theorem 5.2.2. The strategy
is:

(1) Link the theta elements OF to X (where we write © in place of
@in for simplicity).

(2) Study relations between XPK and XF.

(3) Combine (1) and (2) to study the growth of XX in terms of ©F.

We introduce the following polynomials which allow us to carry out
step (1).
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Definition 6.2.2. For an integer n > 0, we define ©X(X) to be the
polynomials

+
wn(X) _ wp(X) I @0
" meS;,, \{0}
Lemma 6.2.3. If n is even, then
—pOf = ((IJ:{)QWAL;JF(ﬁ g) mod wy;
0, = (@,)*maL, (f.9) mod wy,.
If n is odd, then
OF = (@) )*maly*(f,9) mod wy;

—p©,, = (@, )’naLl,  (f,9) mod wy,.

Proof: A direct calculation gives
1og;' = p*l%‘Ha,f mod wy,;
log, Ep_I-nTHJ_l(D; mod wy,.
On combining this with Proposition 4.2.20, the lemma follows. O

Proposition 6.2.4. Suppose that, for e=oe{+,—}, the inclusion (4.2.6)
of Congjecture 4.2.18 holds (in particular, we have maL3*(f,g) € A).
Then we have the inclusion

(@n)*maly®(f,9) mod wy,) C (@F)° Fitta, (X3).
Proof: By Corollary 4.3.9, the inclusion (4.2.6) implies that
(maLy*(f,9)) C Fitty X3,

Let o be the unique element of {+,—} \ {e}. We deduce from Theo-
rem 5.2.2 and [34, Appendix, properties 1 and 4 on pages 324-325] (see
also [17, Lemmas A.1 and A.6]) the inclusion

(maLly®(f,g) mod wy) C Fitty, sue X7 /wy.

As in [17, proof of Corollary 3.10], we have

Fitty, A2 + (w)
Fitta, juws Xg/w = — A"( ”)+ )
n w;)l

which in turn implies
(raLs*(fr9) mod w,) + (wg) C Fitta, X2+ (w).

Thus, the result follows by multiplying by (&2)? and the fact that @%w? =
Wn- O
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On combining Corollary 6.2.3 and Proposition 6.2.4, step (1) is estab-
lished. For step (2), we begin with the following lemma due to Kim and
Kurihara.

Lemma 6.2.5. Let ,0 € {+,—}. Then
HL(K,p, A1)\
Fitts, (f) (@6,
L (Kop A1) )~ G50
where p is the unique prime of K, lying above p.

Proof: Let u € {ay, B¢}. On combing the short exact sequence of Corol-
lary 4.2.11 and [15, Propositions 4.11 and 5.8], we have the following
commutative diagram with exact rows:

0 = H5(Qp, Ty, (1)) == HY (K p, T (D) SHL (K, Tp (1)) == H (K p, Ty u(1)) == 0

: l~ l~

Ay ———————————> O A, B Ay ——————> (o, 07 )Apy — 0

n n n

HE (K Apa(D)
Hi(Kn,p,Af#(]_)) = ((w;—’wn )An/wn)®Qp/Zp

The result now follows from [17, Proposition 4.1] (again bearing in mind
the choice of sign as explained in Convention 4.2.17). O

Corollary 6.2.6. Let o € {4+, —}. We have the inclusion
(@p)? Fitta, (X7) C Fitta, (X25).

Proof: This follows from Lemma 6.2.5 and the tautological exact se-
quence

( H} (K p, A(1))

Vv
L X BK X® 0. O
Hl.(Kn,p,Au))) T T

This establishes step (2). We are now ready to carry out the final
step (3), which proves Theorem B in the introduction.

Theorem 6.2.7. Let E/Q be an elliptic curve with good supersingular
reduction at p and ap(E) = 0. Suppose that (H.Kim) holds and that
the inclusion (4.2.6) of Conjecture 4.2.18 holds for ¢ = o € {+,—} (in
particular, we have TALy*(f,g) € A). If n > 2 is even, then

(p©;",0,) C Fitty, APK.
If n > 1 is odd, then
(0, p0,,) C Fitty, XZK.
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Proof: We consider the case of even n. On combining Proposition 6.2.4
and Corollary 6.2.6, we have

((@p)*maLls®(f,g) mod wy,) C Fitta, XK
for @ € {+, —}. The theorem now follows from Lemma 6.2.3. O

The following lemma allows us to rewrite Theorem 6.2.7 in a similar
form to the (ss) case of [17, Theorem 1.14].

Lemma 6.2.8. Suppose that n > 2 is even; then
OF = —v.(6;_,).
Otherwise, if n > 1 is odd, we have
0, = —vn(0,_1).
Proof: We only prove the even case since the odd case can be dealt with

in the same way. Let 6 be a Dirichlet character on G,,. If its conductor
is p"*!, then Lemma 3.2.7 tells us that

0 (0) = 0.

Since v,(0;7_,) = ®,0_, is divisible by ®,,, it vanishes at 6 as well.
Suppose that 8 is of conductor p™, with m < n. Then our interpola-
tion formulae give

a2n+2

0. (0) = L —ma(Ly(fa, )+ Lp(f:9)+ Ly (F3,95) + Ly (fa: 95))(0),
+ af" ? ?
On-1(0) = —~7malLp(far 9) + Lp(fs,9) + Ly(fs,95) + Lp(fa, 95))(0)-
Recall that a? = —p. This allows us to combine the two equations above

to obtain
0, (0) = —pO,_1(0) = —vn(©;_1)(0)
as @,,(0) = p. Thus, we deduce the equality
e, = _Vn(@:zr—l)
as required. O

Thus, we may now rewrite Theorem 6.2.7 as follows:

Corollary 6.2.9. Suppose that the inclusion (4.2.6) of Conjecture 4.2.18
holds for e € {+,—}. If n > 2 is even, then

(pvn(©F_)),0,) C Fitty, XK.
If n > 1 is odd, then
(O, pv,(©,,_,)) C Fitty, ABK,
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6.3. Study of elliptic curves over number fields. Let F be an

elliptic curve over Q without CM, of conductor Ng. Let p be a two-

dimensional odd irreducible Artin representation of G and denote by F

its splitting field and by N, its conductor. The representation p takes

values in a finite extension L, of Q. Fix B, a prime of L, above p. We let

L be a finite extension of L, g and denote by O its ring of integers. We

assume for the rest of the section that the following list of hypotheses

hold.

) Ng and N, are coprime.

) The prime p > 5 and p{ NgN,[F : Q].

) The representation Gg — Autz, (T,E) is surjective.

) p(Frob,) has distinct eigenvalues modulo .

) If F has ordinary reduction at p, the triple (E, p,0) is non-anoma-
lous, i.e. (f,g,0) is (cf. Remark 6.1.2).

(6) If E has supersingular reduction at p, we assume that a,(E) =0

and that (H.Kim) holds, that is, 4t [F: Q).

Let F.w = FKo be the cyclotomic Z,-extension of F', with finite
layers F,, so that [F), : F] = p™ and F, is the compositum of K, and F.

Definition 6.3.1. Let Sel,,(E/F) denote the Selmer group of E over F),:

Hl(Fn,vaE[poo]) )
E(Fp) ®Qp/Zy )’

ker (Hl (Gal(Qx/Fy), E[p™]) — H

where ¥ is a finite set of primes containing primes above p, co, and the
primes dividing NgN,,.

We are interested in studying the p-isotypic component of these Selmer

groups, whose definitions we review below.

Definition 6.3.2. For all n > 0, define the p-isotypic component

Seln(E/F)(p) = HomGal(F”/K,,L)(P, Seln(E/F))a
and its Pontryagin dual X, (E)(,) := Sel,(E/F){,.

Notice that E and p* (the contragradient representation of p) are
modular, with E corresponding to a weight 2 modular form f, while
p* to a weight 1 modular form g, such that there is an isomorphism of
Gg-representations E[p™] ® p* ~ Ay 4(1).

Notation 6.3.3. If F is ordinary (resp. supersingular) at p, we will
denote by Sel(x, E[p™] ® p*) the Selmer group Selg,(x, Af4(1)) (resp.
Selpk (x, A,¢(1)))-
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Remark 6.3.4. The p-isotypic component Sel,,(E/F)(,) can be identified
with the Gal(F, /K, )-invariant classes of Sel(F,,, E[p™] ® p*).

In the following lemma, we study the relation between Sel,,(E/F),
and Sel(K,, E[p™] ® p*).

Lemma 6.3.5. For every 0 < n < oo, the natural restriction map
Sel(K,, E[p>®] ® p*) — Seln(E/F)(p)
s an isomorphism.

Proof: For every 0 < n < oo, by the inflation-restriction sequence, we
have a map

(6.3.1) Sel(K,,, E[p>®]®p*) —= Sel(F,, E[p>®] @ p*)fn~ =Sel, (E/F)(,),
where H,, := Gal(F,/K,), which sits in the following diagram:

Sel(Kn, E[p™]|@p*) — H'(K,, E[p>®] @ p*) — Q(Kn, E[p™] © p*)

I |- Joo=tte.

Seln(E/F)(p) E— Hl(FTH E[poo]®p*)H" - Q(Fn7 E[poo]®p*)H"
where, in view of Remark 6.3.4, we have
Q(Ky, E[p*]®p*) = H H}f(Kn,vaAﬁg(l)) X H}L,, (K, Afg(1)),
p#v

O(Fy, E[p™]|® p*)Hn = H H}f(Fn,vv Afyg(l))HmU
pF#v

x [THYz, (Fup, Afg (1),
Plp

where £, € {f, Gr}.

By the inflation-restriction sequence the kernel of s, is equal to
HY (Gal(Fp/Kn), (Agg(1)97),
while its cokernel is equal to
H?(Gal(Fo/Ky), (Ag,g(1)97m).

Since p { [F : Q], these two spaces are zero. By the snake lemma, 7, is
injective and it has cokernel bounded by the kernel of ¢,,.
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Let v # p be a place of K,, above the rational prime ¢ # p. We have

tw: H) (Ko, Ag g (1) —= [T H) p(Fuw, Apg (1),

wlv
where H,, ., = Gal(F}, /Ky ). Note that
H}(Bv Af,g(l)) =0,

where B € {K, ., Fr v}, as E(C) ® Q,/Z, = 0 for any ¢-adic field C
with £ # p (e.g. [10, Proposition 2.1]). Thus, by the inflation-restriction
sequence, we have

ker(t, ) = H(Gal(Fy, 0/ Knw), BE(Fnw)[p™] @ p*) = 0,

since [F . : Kp o] is coprime with p.

We are left with the analysis of the kernel of ¢, , at places p above p.
Let P be a prime of Fj,, above p; the map t,, sits in the following
diagram:

Hp (Knp, Apg(1)) ———=H'(Knp, Ay g(1)) ——>= H}LP(Kn,m Ag,g(1))

1" /
\Ltn,p \Ltmp l/tn,p

Hle (Fn,Py Af,g(l))H"’P — Hl (Fn,FH Af,g(l))H"’P — H}LP(Fn,Pv Af,g(l))H"’P

where H,, p = Gal(F,, p/K, ) and £, € {f, Gr}. As above, by applying
the inflation-restriction exact sequence and the fact that p { [F,, p : Ky, ],

we conclude that ¢, , is an isomorphism. Thus, ¢}, , is injective and the

kernel of ¢, , is isomorphic to the cokernel of ¢} ,. We now show that
! is surjective. Recall from §4.2 that

n,p

Arg(Dlag, = (Ep*]© p)laqy, = Ep™](0a) ® Elp™](65)-
Let u € {ay, B¢} and J, be the finite unramified extension of @, given
by (Q,)** % . Similarly to Lemma 4.2.8, we have

(6.3.2) E(J,B)®Qp/Zy = Hp (J,B, E[p™]) ~ Hy (B, B[p™](0,)),
where B € {K,p, Fop}. As Hp (x,Afg(1)) = Hy (%, Ep™](0a)) @
Hy (%, E[p™](05)), (6.3.2) identifies

H.lcp (Fu.ps Af,g(l))Hn’P = (E(JaFn,P)H"’P @ E(JﬁFn,P)H"’P) ® QP/ZP

as a submodule of (E(Jo K p) ® E(JpK, ) ® Qp/Z,. This shows that
tnp is injective and thus that ¢, , is surjective. O

Notation 6.3.6. If E has ordinary reduction at p, denote by 0,,(E, p)
the theta element Oy, corresponding to the weight 2 modular form f,
the weight 1 modular form g, and the (only) twist j = 0.
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Similarly, if E has supersingular reduction at p, we write ©F(E, p) for
the theta elements @oi,n corresponding to the weight 2 modular form f,
the weight 1 modular form g, and the twist j = 0.

Remark 6.3.7. As p>5, Proposition A.3.9 shows that ©,(E, p),0(E, p)e
Ay

We are now ready to prove Theorem C in the introduction.

Theorem 6.3.8. Let us assume the hypotheses (1)-(4) made at the
beginning of §6.3. Furthermore, suppose that L(E, p,0~1,1) # 0 for some
finite order character 6 on I'y.

(i) If E has ordinary reduction at p and hypothesis (5) holds, then for
all m > 0 we have

(©n(E, p)) C Fittn, Xn(E),).

(ii) Suppose that E has supersingular reduction at p and that hypothe-
sis (6) holds and let p™ be the conductor of 0. If m is even, then
for all odd n > 0 we have

(05 (B, p)) C Fitta, Xn(E) ().
If m is odd, then for all even n > 0 we have
(©,, (E,p)) € Fitty, Xn(E)(p)-

Proof: We consider the ordinary case first. The proof follows from The-
orem 6.1.4 and Lemma 6.3.5, as we now show. Recall that E and p
correspond to the modular forms f and g.

As L(E, p,0~1,1)#0, the p-adic L-value L,(fa, g)(f) is non-zero. This
together with hypotheses (1)—(4) shows that the hypotheses of [18, Theo-
rem 11.6.4] hold (see also [18, Theorem 11.7.4]). Thus, Sel(K ., E[p>°]®
p*) = Selgr (Koo, Af,4(1)) is A-cotorsion and

WALP(fou g) S ChaI‘A(XOGOfO) = FlttA(Xo%fo)
By the additional hypothesis (5), we apply Theorem 6.1.4 to deduce that
(On(E, p)) C Fitta, X7

As the degree [F' : Q] is coprime with p, we apply Lemma 6.3.5, which
implies the equality Fitta, X = Fitta, Xn(E)(y).-

We now turn our attention to the supersingular case and suppose that
m is even (the odd case is proved analogously). It follows from (3.1.1),
(3.1.2), (4.2.7), and the fact that log; does not vanish at ¢ that
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L;{ T(f,g) # 0. Then our running hypotheses allow us to apply |6, The-
orem 6.2.4], which gives the inclusion

ALl (f,g) € chary Sely 4 (Koo, Ay 4(1))"
(see Remark 4.2.19). The proof of Theorem 6.2.7 then gives
O (E,p) € Fitty, X2K.
Hence the result follows from Lemma 6.3.5. O

We now conclude this section by giving an upper bound to the dimen-
sion of the p-isotypic component of the Mordell-Weil group of E(F},).
Before doing so, we recall the definition of the order of vanishing at
characters of an element in A,,.

For x: G, — @: , a character, let O[x] be the O-algebra generated by
the image of x. Denote also by x the induced homomorphism A,, — O[x]
and define by I, its augmentation ideal.

Definition 6.3.9. An element z € A, vanishes to order r at x if z €
I ;\I;“‘l. Moreover, we say that z vanishes to infinite order if it belongs
to all powers of I,,. We denote by ord, z the order of vanishing of z at x.

Consider the p-isotypic component
E(F)(p) = Homgai(r, / k) (p, E(Fn) @ L).
Moreover, given x: G, — @: , we let
E(Fn), =1{P € E(Fy) ) ®Q,:0-P=x(0)P for all o € G,,}.

As E(F,) ® Qu/Z, — Sel,,(E/F), Theorem 6.3.8 gives an upper bound
on the rank of E(Fn)z(p) in terms of the order of vanishing of the theta
elements at x, which is Corollary D in the introduction.

Corollary 6.3.10. We keep the same assumptions as in Theorem 6.3.8.
Let x be a character on G,,.

(1) Suppose that E has ordinary reduction at p; then dimg E(Fn)z(p) <

ord, ©,(E, p).
(ii) Suppose that E has supersingular reduction at p; then

X < {ordx O (E,p) if n is odd,

dimg E(F,
img, E(Fu)g) < ordy ©,, (E,p) ifn is even.

Proof: This is a consequence of Theorem 6.3.8, following from the same
proof as [32, Proposition 3] (see also [17, Corollary 1.16]). O
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Appendix A. Perrin-Riou pairings and arithmetic
construction of theta elements

In this appendix, we show how to construct the theta elements defined
in §3 as images of certain Beilinson-Flach classes under the pairing of
Perrin-Riou at finite levels. This is the result of the explicit reciprocity
laws that Beilinson—Flach classes satisfy and the relation between Perrin-
Riou’s big logarithm and the corresponding pairing at finite levels. Our
result should be compared to [22, Lemma 7.2], where the modular el-
ements defined by Mazur and Tate are related to values under Perrin-
Riou’s pairing of the zeta elements of Kato.

We have already seen in Remark 3.2.3 that the theta elements we
have defined have bounded denominators as n varies. In the case when
the weight of g is 1, we show that the theta elements are integral under a
Fontaine—Laffaille condition via their links with Beilinson—Flach classes.

A.1. The Perrin-Riou pairing. In this section V denotes a d-dimen-
sional L-vector space equipped with a continuous crystalline representa-
tion of Gig,. We recall the definition of the Perrin-Riou pairing over K,
which will be utilized in §A.3 to establish the connection of our theta
elements with the Beilinson—Flach classes.

Let [—, —] denote the natural pairing Deyis (V (1+47)) XDeyis (V*(—35)) —

L. By linearity, we extend it to

[—, =]t Dexis(V(1 + ) @ L(ppr) X Deris(V* (=) @ L(ppn ) —> L(ptpn ).
Recall we have the twisting operator

Vi Deris(V(7)) — Deris(V(5)) ® Lppr),

defined by sending

v p " (2 P (V) @ G + (1 - w)_l(v))-

We define the following Perrin-Riou pairing.

Definition A.1.1. Let G,, denote the Galois group Gal(Qp(pn)/Qp).
We define the Perrin-Riou pairing over Q,(gpn) by

Po(=, =) Deris(V(1 + 5)) x Hl(@p(ﬂp"’)v V*(=37)) —= L(ppn)[Gnl
sending

(v,2) = [Z Tni+j ()70, Z exp*(z")o'l}

0€Gn oc€Gn
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Lemma A.1.2 (|22], Lemma 3.2). Let v € Dgis(V(1 + j)) and v €
HY(Qp(ppn), V*(—=j)). We have

P,(v,2) = Z TrL(upn)/L['yn,Hj(v)U,exp*(z)]a € L[G,].
Uegn

Note in particular that P, takes values in L[G,]. Finally, we recall a
result on the values of this pairing when evaluated at a finite character

of G,.

Lemma A.1.3. Let v € Deyis(V(1 + 7)) and v € HY(Qp(ppn ), VF(—35)).

(i) Let ¥ be a character of G, of conductor p™ for 0 < m < n; it
extends to v: L[G,| — L(ppm). Then we have

U(Pa(v,2)) = p"7($) D ¥ o)lpT ™ (v), exp (=),
O'Egn
where T(1)) denotes the Gauss sum ) cg (0)(m.
(ii) Let 1 be the trivial character of G, ; then
-1

1P, ) = (1= ) (1= 25 ) 0, expCcoresy ().
Proof: This is proven in [22, Lemmas 3.4-5| and |23, Lemma 3.5|. O

Let Qp,n C Qp(ptpn+1) be the n-th layer of the cyclotomic Z,-extension
of Q, with Galois group G,, := Gal(Q, ,,/Q,). Similarly to [22], we define
the Perrin-Riou pairing over Q, ,, by

Pn(*a *) : DcriS(V(l + ])) X Hl(@p,na V*(*J)) - L[Gn]v

sending (v, z) +— TpPpt1(v,tn(2)), where m,: L[G,t1] — L[G,] is the
natural projection and ¢, : H*(Qp, ., V*(—j)) = HY(Qp(ptpn+1), V*(—7))
is the map induced by Q,, C Qp(ppn+1). Notice that our definition
of P, (—, —) differs from that of [22] by a factor of 1/(p — 1).

A.2. Wach modules and integral elements. In this section, we
prove a general result on the integrality of the Perrin-Riou pairings de-
fined in the previous section. This will be employed in §A.3 to show the
integrality of the theta elements of Definition 3.2.4.

We introduce the following convention.

Convention A.2.1. Let n > 1 be an integer and U an E-vector space. If
M = (my;) is an n X n matrix defined over E and u4,...u, are elements
in U, we write

(U1 . Un) M

for the row vector of elements in U given by > | wym;;, j=1,...,n.
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Throughout this section, T denotes a free O-module of rank d
equipped with a continuous crystalline action of Gg,. Furthermore, we
assume that all Hodge—Tate weights of T" are non-negative and that the
Fontaine-Laffaille condition is satisfied:

(H.FL) The HodgeTate weights of T are inside an interval [a — p +
1;a] for some integer a < 0. Furthermore, the slope of the
action of ¢ on Deyis(T ® L) does not attain —a and —a+p—1
simultaneously.

The Wach module N(7™) is a free module of rank d over A&p, equipped

with a canonical isomorphism

(A.2.1) N(T*)/7N(T*) 2 Deyis (T7).

Let v; € Deyis(T*) be an O-basis of D (T*) respecting its filtration in
the sense of [1, §V.2]. Let {n; : i =1,...,d} be the Aap—basis of N(T%)
given by Proposition V.2.3 of op. cit. (In particular, v; equals the image
of n; under (A.2.1).) If A and P are the matrices of ¢ with respect to
the bases {v;} and {n;} respectively, under Convention A.2.1, we have
the equations

(p(v1) -+ @wa))=(v1 -+ wvq)-A,
(A.2.2) (p(n1) -+ @nag)) =M1 - nqg)-P.
There is an isomorphism
(A.2.3) By o, [£] @ur NIT) 2By, o [£] @z, Den(T")

compatible with (A.2.1) via reduction mod 7. Let M € GL4 (E;ﬁg,(@p [1])

be the matrix of this isomorphism with respect to our bases {v;} and{n;},
so that

(A.2.4) (n1 nd) = (v1 vd) - M

under Convention A.2.1. By [24, Proposition 4.2|, we can (and do) choose
the n; such that

(A.2.5) M=1; modn",

where r denotes the highest Hodge—Tate weight of T*. If we apply ¢, we
deduce from (A.2.2) that

M = Ap(M)P~*,
If we repeatedly apply ¢, we get
M = A" (M) " H(P™h) - p(PTHPTL
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So, in particular,
(A.2.6) M=A"e" Y (PTh) - p(PTHPT! mod o™ (1")
thanks to (A.2.5).

Proposition A.2.2. Let z € Hl (Q,(pp=),T*). Then, forn >0, there
exists an element E,,(2) € A ® Deyis(T) such that

(1®@¢e " L (2) =E,(2) mod wy  H @ Deyis (T).

Proof: The proof is very similar to the one given in [3, Lemma 3.44].
Let z € N(T*)¥=!. There exist z; € Aap such that

(1= 9)(z) = Y @il +m)p(n)
by [25, Theorem 3.5]. By (A.2.4) and (A.2.2), we may rewrite this as
T
(1=¢)@)= (1 - wva) A(l+m)p(M)
Tq
If we apply 1 ® ¢~ "~ on both sides, since A is the matrix of ¢ with
respect to {v;}, we deduce
T

l@e Hol-—g)(z)=(nn -+ va) A7"(1+m)p(M)

If we apply ¢ to (A.2.6), we see that
AT"p(M) = " (P71) -+ (P71 mod @™ (n").
Therefore,
(1@ ) o(l—¢)(z) =&(x) mod " (n")
for some &,(x) € (Aap)wzo ® Deris(T*). By composing with the Mellin
transform 901 : (Aap)wzo ~ A, we get
M@ o (l-¢)(z) =Eu(z) modwy,y,

where w,, , = H;’:—Ol Tw " w,, for some Z,(z) € A ® Deis(T*). We are
done as the Perrin-Riou regulator map satisfies the equality

Lpe =M @1) o (1—¢)ohy!,
where hp- is the isomorphism N(T*)¥=t =5 HI_(Q,(upe), T*) (cf. [3,

w

Proposition 2.9]). O

Proposition A.2.2 now allows us to deduce the following integrality
result of the Perrin-Riou pairing over Qy,(pyn+1).
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Proposition A.2.3. Let 0<j<r—1,n>0, z € H*(Qp(ppn+1), T*(—j)),
and v € Deyis (T (1 + 7). Then

Prii((p0)" 1 (v), 2) € OlGna]-

Proof: Let z be any element in H}, (Q,(up=),T*) whose natural image
in HY(Qp(ppn+1), T*(—7)) is 2. Let us write

(1®30 T OET* ZET*nz

Let {v;} be the dual basis of {v;} 1n81de ]D)CﬂS(T*( )). Note that v is a
linear combination of this dual basis over O. We have

Ly ni(z) =[], 1@ " ") o L+(2)]
= [(pe)" ™ (v}), L1 (2)]

since the adjoint of ¢! under [,] is pp. Following |26, (5) and (6)], this
can be further rewritten as

Ly ni(2) = (Qra)a (1 +7) @ (pe)" ' (v))), 2),

where Qp(1)1 is the Perrin-Riou map on (Aap)d’zo ® Deis(T(1)) and
(—, —) is the Perrin-Riou pairing on

Hiy (Qp(ppee ), T(1)) x Hiy (Qp(ppe=), T*)
extended H(T')-linearly as defined in [23, §3.2].
As explained in [23, §3.2],

ET* n l(Z) = Pn-i—l((p@)nJrl( 1]) Z) mod TW_j wn(X)

where v; ; is the natural image of v; in Deyis(7'(1+7)). Proposition A.2.2
tells us that this is defined over A. Hence the result follows. O

A.3. Arithmetic construction of theta elements and integrality.
We now go back to the setting considered in the main body of the article
and take 7' in the previous section to be the representation Ty ® Tj.
The goal of this section is to give an alternative definition of our theta
elements in terms of Beilinson—Flach classes and show that they are
integral if (H.FL) holds for T ® Tj,.

Remark A.3.1. Note that the smallest and largest Hodge—Tate weights
of T are —ky — kg — 2 and 0 respectively. In the case where at least one
of f and g is non-ordinary at p, the slope of ¢ on Dg;s(T) is slightly
inside the interval (0,%k; + k, + 2). In particular, (H.FL) is satisfied if
we assume p — 1 > ky + kg + 2. If both f and g are p-ordinary, then we
would have to assume that p —1 > kf + k, + 2 (since the slopes of ¢
attain both 0 and ky + kg + 2).
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Finally we show how to obtain the theta elements defined in Defi-
nition 3.2.4 as images of the certain Beilinson—Flach classes under the
pairing of Perrin-Riou at finite levels as a result of the explicit reci-
procity laws of the Beilinson—Flach classes and the congruence between
Perrin-Riou’s big logarithm and the pairing introduced in §A.1.

We begin with the following elementary lemma.

Lemma A.3.2. The linear map <P|Dms(vf) satisfies the relation

n

p = Cn‘P - O‘fﬂfcn—la

where Cy = 0, C1 =1, and C,, = Z’;:’g’; (Note that these C,’s have

nothing to do with those studied in Lemma 6.1.3.)

Proof: 1t follows from the fact that ¢|p,_, (v,) satisfies the relation ¢? =
(af + Bf)p — agBy. =

We recall from [6, Conjecture 3.5.1] that the Beilinson-Flach
classes BF'y ,,,1 are conjectured to be the image of a rank 2 Euler system
under the composition of the Perrin-Riou map with v¢ y ®vy .. This con-
jecture, together with the explicit description of vy y in terms of w; and
¢(wy) in Definition 2.2.1 and Lemma A.3.2, lead us to give the following
modified Beilinson-Flach elements.

Definition A.3.3. For p € {a, 8}, we define

(i> Bwa,u,l = BFq,u,1 FBFg 1,
(i) BF (%) 1 7= af BFa,u1 F8r BFs 1,
(iii) BFcp"(wfi,),u,l =C, BFso(wﬁE),u,l —asf1Ch_1 Bwai,,u,l’ for n > 2.

Notice that for all n > 0 we have

(A.3.1) BFsa"(w%),u,l =afBFq .1 F87 BFg -
The following lemma is an elementary consequence of the explicit reci-
procity laws satisfied by BF, 1 and BF3 , 1, as given in Definitions 3.1.2

and 3.1.4.

Lemma A.3.4. For all n > 0, we have the equality
n C(p(wg),wp*
(L1 (BFw"(wfi),u,l)’ " (wf) @ vg,w) = %
X (a?”an(faag) + B]%an(fBa g9) — a?ﬁ?([’;(fm gu) + L;?)(fﬁv gu)))v

10gp,1+kg

where C), = — .
Hg—Hg
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Proof: From Definition 2.2.1, we immediately get relations

(pwyg)wp=)
Wi = osz—ﬁff ('Uf,a - ,vaﬁ)7

plws) = L0 (puyg o — Bruyp).

From these and Lemma A.3.2, we get the expression

¢ (wy) = ) (aftug o — By e),

for all n > 0. The result then follows from an explicit manipulation of
these relations with (A.3.1) and from the aforementioned explicit reci-

procity laws. O
Definition A.3.5. Let n > 0 and k,+1 < j < kf be integers. We define
coh,j . (Pl»b;)n'+l n+2 1
Ot = Tuletarary (" (@r) @ Vo BEL o s ) € LIGh],
O i ) p (ot BFY LG
wim T Culelws)wr) n (" (wp) @ vg 0 w+1<w%>,u,n) € L[Gul,

where we denote by BFZ@ the image of BIJ‘WLJr*(W;E),H_’1 in

nEr (W) pn
H'(Qp,n, V*(—j)) under the corestriction map.
Lemma A.3.6. Suppose that T = Ty ® T, satisfies (H.FL). Let n > 1
and xk = min(ord,(cy),ord,(Bs)). Suppose that kg = —1. For 0 < j <
k¢, we have

BF’ € HY(Qpn, T* (=),

L (WE) s
BFZMH(LU%)%” € p"H (Qp.n, T*(—5)).

Proof: Let A\, € {a,}. Let F and G be Coleman families passing
through f\ and g, respectively. Let V; and V; be two affinoid discs of
the weight space containing k; and k, respectively as in [31, §5.4]. Let
us write BF9) for the class defined as in Theorem 5.4.2 of op. cit.
(we have suppressed the subscripts ¢, m, and a; we have in fact taken
a=m =1). If k; € V; are integers such that 0 < j < min(ky, k2), then
the class BFF9! specializes to

1 BF 0

(@ (P )ap (G ) (11 () ()
where Fj, and Gy, denote the specializations of F and G at k; and ko

respectively and

FryGkosJ * * .
B‘Fz[)n:—ll ko] c Jre (Q(MP”+1)7T-7'—k1 ® T]_—kl (—j))-
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We show that j!(kjl) (kj"‘) is a p-adic unit. Note that 0 < j <ky <p—2
under (H.FL), so j! is always a unit. If j = 0, then (kjl) = (k;) =1 1If
j # 0, consider the function

(X) XX -1 (X—j+1)

i) J!
Note that (k]f) and (;1) are both elements of Z since 0 < j < ky <
p — 2. Therefore, if k1 (resp. kg) is sufficiently close to ks (resp. —1),
then (kjl) (resp. (kf )) is a p-adic unit.
We have ord,(A;) = ord,(a,(Fk,)) and ord,(py) = ordy(ap(Gr,)) =
0. By a density argument, we deduce that the image of )\?‘HB]—" F9 in
H! (i@(upn-%—l),T}@Tg (—7))[1/p] is integral. This tells us that the image of
)\}er BF 1 in H(Q(ppn+1), V*(—5)) belongs to H (Q(ptpn+1), T*(—7))-

Our result now follows from (A.3.1). O
Lemma A.3.7. Suppose that k; = —1 and that p > ky + 1; then
1

o) gy 7 00) @ tan € Ders (1)

Proof: Since g is of weight 1, it is ordinary at p. Then [4, Corol-
lary 2.2.4] tells us that vy, € Des(Ty). It is thus enough to show that
mw(wf) € Deis(Ty). Note that Dcris(T}‘) is generated by wy-
and ¢(wys+) as an O-module (this is proved in [4, Proposition 2.2.3| for
the ordinary case and in [28, Lemma 3.1] for the non-ordinary case).
Since m@(w ¢) pairs with these two elements to 1 and 0 respec-

tively, the result follows. O

Lemma A.3.8. Suppose that T = Ty ® T, satisfies (H.FL). Let n > 0
and K as defined in Lemma A.5.6. Suppose that kg = —1. For 0 < j <

kg, we have @Coih’i € p*A,, and (:)COih’i eA,.

UJf N wf 3
Proof: We only show the result for @Z}Of fl , as the proof of the other
B

case is identical. By Lemma A.3.6, the class BFinH( £ lies in-
Wy )s,n

side p* H'(Qp,n, T*(—j)). Thus, we may combine this fact with Propo-
sition A.2.3 and Lemma A.3.7 to deduce that

Pn+1((p@)n+1(v)7 BF27L+2(M?:)’H’TL) S pno[gn-i-l]a

where v = mw(wf) ® vg,,v- This gives

(ppty)™+

— P, n+2 y BFj K 2 '
(o(wr), ) (" (W) @ g, WM(W%)’N’H)Gp O[Grsi]
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Since ky, = —1, we have é = u'g — ptg € O. In particular,

(owy) 2 |
g—Pn n+ . BFY
Col(wys),wp) 11" (wr) ® vg, 0, i

Hence, the result follows by projecting to A,. O

) € P"O[Gnt1]-

(CFINTED

We now compare the theta elements of Definition A.3.5 with the ones
given in Definition 3.2.4.

Proposition A.3.9. We have the following equalities.
(i) Let ay # —By; then

1 1 coh,j ~coh,j
5 [D‘erﬁf (@w;,n o afﬂf@w;m)

®j,n _ @coh,j o afﬁ @coh,j)]

af— 5f( n
(ii) Let oy = —PBy; then

hi o . .
L g%“M ifn is odd,

@+ _ 2CYfN wﬁf,ln
b SO ifn s even,
UJf N
h . .
7"9“} I ifn s odd,
0, = A
i v
s L@Ci 7 if nis even.
2« wi,n

Furthermore, suppose that T satisfies (H.FL) and that kg = —1.

(ili) If ordp(ay) # ord,(By), then ©;, € A,.
(iv) Ifoy = —By, then, ifn is odd (resp. even) @;rn €A, 0;, € P A,
(resp. ©;,, € Ay, @In € pFri,).

Proof: By [23, §3.2], we have that

7 0 TW (L (BE v () 50 97 (0) @ g 0)
= Pn((p<p)"+1(<p(wf) ® vg,ur), BF’

w”“(wﬁc),u,n

) mod wy(X).

This together with Lemma A.3.4 lets us conclude that

o a?n—i—4 J20n+4
M = 1 I (a,jn)t—L L (8 jn
= g bl d ) & L L (6,m)
G

o= 7 (Ly(a, 3, m) &+ LB, s 4, ).
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By the same argument, we obtain the equality

o ?cn+2 B2n+2
oM = L I (a,5,n + R
0 = o) £ Ly (. gum)
B (afﬂf)n+1

oy~ py (Lol dm) £ Ly(B. o .m)).

Combining the two formulae, we get

h,j coh,j 2n+3 . 2n+3 .
ezoi 7]1 - afﬂf@f;i,i = afn+ Lp(avj7n) + 5fn+ Lp(ﬁvj»”)'

fo

These relations allow us to write oz?"+3Lp(a,j, n) and 6?"+3Lp(ﬁ,j, n)
as linear combinations of these arithmetic theta elements:

205" Ly(a, j,n) = O + O —ayBr(O° + 651,

o £ wy wpom
2n+3 . _ (ocoh,j COh,j ~coh,j ~coh,j
267" Lyp(B, 4, n) = @w;,n S 3 —apfy (@w ,n -0 f,n)

Suppose that ay # —fr; then, by Definition 3.2.4 and the relations
above, we have

1
- B
coh,j coh,j
= 2(a§—ﬁ';) [(ay - 5f)9w;7i + (ay +B5)O] i !

+ (ay B} — 3By )@C"hﬂ — (ayBF + afgf)@whﬂ]

Ojmi=—— (aF Ly (o jm) = 7L, (B, ,m)

1

o 1 coh,j coh,j acoh,j 1 Acoh,j
= —
2[af+5f h n+0‘f ﬁfgwf n fﬂf(af+ﬁf wy,n af—py w}r,n)]’

as desired. Suppose now that ay = —3;. We have that (choosing u = )

‘ 2n+3
620;:31 = f2 (Lp(a7j7 TL) + Lp(ﬁajv n)
- (—1)"(L;(a,ﬁ,j, n) + L;(ﬁ’ﬂM]? 7’7/)))7
N . a2n+1
&7 = L (L do) + Ly (B, 5om)

— (=)™ (Ly(e, B, j,n) + Ly (B, B, j,n)))-
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Since by Definition 3.2.4
2n+2

07, = L (Ly(ajin) + Ly(B.4,n) + Li(a, B.4,n) + Li(8,5.4,n)),

we conclude that

h.j . .
-0 if n is odd,
ef, = s
g T ) argeohd e
=07 if n is even,
n

2 Q°Mif n is odd,
0T = "
o —GCT’TJL if n is even.

For the integrality of the theta elements, note that if ord,(as) #
ord,(8y) the denominators oy £ 57 have the same p-adic valuation equal
to k, where x is as defined in Lemma A.3.6. In the case ay = —fy,
the element ﬁ has p-adic valuation equal to —k. Therefore, under the
additional hypotheses that T" satisfies (H.FL) and k,; = 0 the integrality
of the theta elements now follows from Lemma A.3.8. O

Remark A.3.10. Suppose that f corresponds to an elliptic curve E/Q
with a,(E) = 0 and ¢ is a weight 1 modular form. Then the formulae
for O} := @é)jn and ©;, := ©,, of Proposition A.3.9 are in concordance
with those of Lemma 6.2.8.

Remark A.3.11. Proposition A.3.9 should be compared to [22, Lem-
ma 7.2], where the modular elements defined by Mazur and Tate are re-
lated to values of the pairing P,, evaluated at the zeta elements of Kato.
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