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Abstract: A result of G. Godefroy asserts that a Banach space X contains an
isomorphic copy of `1 if and only if there is an equivalent norm ||| · ||| such that, for

every finite-dimensional subspace Y of X and every ε > 0, there exists x ∈ SX so

that |||y+rx||| ≥ (1−ε)(|||y|||+ |r|) for every y ∈ Y and every r ∈ R. In this paper we
generalise this result to larger cardinals, showing that if κ is an uncountable cardinal,

then a Banach space X contains a copy of `1(κ) if and only if there is an equivalent

norm ||| · ||| on X such that for every subspace Y of X with dens(Y ) < κ there exists
a norm-one vector x so that |||y+ rx||| = |||y|||+ |r| whenever y ∈ Y and r ∈ R. This

result answers a question posed by S. Ciaci, J. Langemets, and A. Lissitsin, where the

authors wonder whether the above statement holds for infinite successor cardinals.
We also show that, in the countable case, the result of Godefroy cannot be improved

to take ε = 0.
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1. Introduction

The study of characterising the containment of `1 sequences in Ba-
nach spaces has been a long-standing problem in Banach space theory.
Probably one of the most famous characterisations along these lines is
Rosenthal’s `1 theorem [10]. Another well-known characterisation, due
to B. Maurey [7], is known in terms of a more geometric condition: a
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separable Banach space X contains an isomorphic copy of `1 if, and only
if, there exists a nonzero element u ∈ X∗∗ so that

‖x+ u‖ = ‖x− u‖
holds for every x ∈ X. This characterisation was developed further dur-
ing the eighties in successive works of B. Maurey and G. Godefroy, which
yield the following result.

Theorem 1.1 ([3]). Given a Banach space X, the following assertions
are equivalent:

(1) X contains an isomorphic copy of `1.
(2) There exists an equivalent norm ||| · ||| and an element u ∈ X∗∗ so

that
|||x+ u||| = |||x|||+ 1

holds for every x ∈ X.
(3) There exists an equivalent norm ||| · ||| such that for every finite-

dimensional subspace Y of X and every ε > 0 there exists x ∈ SX
so that

‖y + rx‖ ≥ (1− ε)(‖y‖+ |r|)
holds for every y ∈ Y and every r ∈ R.

Note that the equivalence between (1) and (3) above was also ob-
tained, with a different proof, in [5, Theorem 4.3]. Norms satisfying
condition (3) are known as octahedral.

In the recent preprint [1], a characterisation in the same spirit was
obtained for copies of `1(κ). In order to present this characterisation we
need a bit of language. Let X be a Banach space, an infinite cardinal κ,
and α ∈ [−1, 0). According to [1, Proposition 2.2 and Definition 2.3],
X is said to fail the α-BCPκ if, given a subspace Y of X with dens(Y ) ≤
κ, there exists x ∈ SX so that

‖y + rx‖ ≥ ‖y‖+ |α||r|
holds for every y ∈ Y and every r ∈ R. The original formulation was
given in terms of coverings of unit balls, but we prefer to keep the above
point of view for our interests.

The main result in [1] says that, given a Banach space X and an
infinite cardinal κ, X contains an isomorphic copy of `1(κ+) (where κ+

stands for the successor cardinal of κ) if, and only if, there exists an
equivalent renorming on X failing the α-BCPκ for every α ∈ (−1, 0).
Moreover, the authors left as an open question [1, Question 6.1] whether
the value α = −1 can or cannot be reached. In other words, they asked
the following.
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Question 1.2. Let κ be an infinite cardinal and let X be a Banach
space containing an isomorphic copy of `1(κ+). Is there an equivalent
renorming ||| · ||| on X satisfying that for every subspace Y of X with
dens(Y ) ≤ κ there exists x ∈ SX so that

|||y + rx||| = |||y|||+ |r|
holds for every y ∈ Y and every r ∈ R?

The main aim of this paper is to give a positive answer to this question.
Actually, we prove a stronger version in the following sense.

Theorem 1.3. Given a Banach space X and an uncountable cardinal κ,
X contains an isomorphic copy of `1(κ) if and only if there exists an
equivalent renorming ||| · ||| on X satisfying that, for every subspace Y
of X with dens(Y ) < κ, there exists x ∈ SX so that

|||y + rx||| = |||y|||+ |r|
holds for every y ∈ Y and every r ∈ R.

This solves, in particular, the problem posed by S. Ciaci, J. Langemets,
and A. Lissitsin [1, Question 6.1], in the particular case when we take
κ an infinite successor cardinal. As we have pointed out, they proved
a weaker form of Theorem 1.3, when κ+ is a successor cardinal, for the
α-BCPκ-property with −1 < α < 0. Their proof relies on the renorming
technique employed by V. Kadets, V. Shepelska, and D. Werner in [5,
Theorem 4.3]. These latter authors also mention, just after their Theo-
rem 4.3, an alternative approach suggested to them by W. B. Johnson
that takes advantage of the fact that L∞ is 1-injective. Our proof follows
that line of thought, but using different 1-injective spaces, coming from
the completion of free Boolean algebras instead of measure algebras.
However, we show in Proposition 2.4 that, surprisingly, the renorming
of [1, Theorem 3.1] happens to be exactly the same as ours.

It could be wondered whether the cardinal κ = ω can be taken in
Theorem 1.3, turning the condition dens(Y ) < κ into Y being finite-di-
mensional. That would mean that we could improve Godefroy’s result by
making ε = 0 in assertion (3) of Theorem 1.1. Nevertheless, notice that
a norm which satisfies the conditions of Theorem 1.3 (even for subspaces
of dimension 1) is nowhere Gâteaux differentiable and therefore cannot
exist on a separable space (cf. [2, Theorem 8.14]).

Throughout the text, we will deal with real Banach spaces. Given a
Banach space X, we will denote by BX (respectively SX) the closed unit
ball (respectively the unit sphere). The rest of the necessary notation will
be introduced when needed.
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2. Main results

Recall that a Banach space X is 1-injective whenever every bounded
operator T from a subspace of a Banach space Y to X can be extended
to an operator T̂ from Y to X with ‖T̂‖ = ‖T‖. A Banach space is
1-injective if and only if it is isometric to a Banach space of continu-
ous functions C(K), with K being an extremally disconnected compact
Hausdorff space [6]. These compact spaces are, in turn, characterised as
those zero-dimensional compact spaces for which its clopen algebra is
complete. Remember that to any Boolean algebra B we can associate,
by Stone duality, a zero-dimensional compact space K whose algebra
of clopen sets is isomorphic to B. Given a subset G ⊂ B of a Boolean
algebra B, we write 〈G〉 to denote the Boolean subalgebra generated
by G. For any cardinal κ, we denote by Fr(κ) = 〈{Gα : α < κ}〉 the
free Boolean algebra generated by κ elements Gα (see [9, Chapter 4])

and by Fr(κ) the canonical completion of Fr(κ) [9, Chapter 2, Section 4].
The following elementary fact is related to the well-known property that
the reaping number of Fr(κ) equals κ (see, e.g., [8, Example 12]).

Lemma 2.1. Let λ < κ and {Cα : α < λ} be a family of nonzero

elements in Fr(κ). Then there is β < κ such that Gβ ∩ Cα 6= ∅ and
Gcβ ∩ Cα 6= ∅ for every α < λ.

Proof: By definition of the completion of a Boolean algebra [9, Chap-

ter 2, Definition 4.28], Fr(κ) is dense in Fr(κ), so for every α < λ there is
C ′α ∈ Fr(κ) such that ∅ 6= C ′α ⊆ Cα. Now, for every α < λ we can pick a
finite set Fα such that C ′α ∈ 〈{Gβ : β ∈ Fα}〉. Let β < κ be any ordinal
such that β /∈

⋃
α<λ Fα. Now it is immediate that Gβ∩Cα ⊇ Gβ∩C ′α 6= ∅

and Gcβ ∩ Cα ⊇ Gcβ ∩ C ′α 6= ∅ for every α < λ, as desired.

This has the following consequence at the level of the space of contin-
uous functions.

Lemma 2.2. Let κ be an uncountable cardinal and K be the compact
topological space associated by Stone duality to Fr(κ). Then C(K) con-
tains a family of functions {fα : α < κ} isometrically equivalent to the
canonical vector basis of `1(κ) which satisfies that for every subspace Y
with dens(Y ) < κ there exists β so that

‖g + rfβ‖ = ‖g‖+ |r|

holds for every g ∈ Y and every scalar r ∈ R.

Proof: We view the elements of Fr(κ) as clopen subsets of K. Let fα =
χGα − χGcα for every α < κ, where by χC we denote the characteristic
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function of the clopen set C. Since the family {Gα : α < κ} is inde-
pendent, we have that {fα : α < κ} is isometrically equivalent to the
canonical vector basis of `1(κ).

Pick a subspace Y of C(K) with dens(Y ) = λ < κ and take {gα : α <
λ} a dense subset of Y . Since κ is uncountable, we can suppose without
loss of generality that λ ≥ ω. For every α < κ we can take a sequence
of clopens sets Cnα such that ‖gα‖− 1

n < |gα(t)| ≤ ‖gα‖ for every t ∈ Cnα
and every n ∈ N. Then, the family {Cnα : α < λ, n ∈ N} has cardinality
at most λ, so by Lemma 2.1 there is β < κ such that Gβ ∩ Cnα 6= ∅ and
Gcβ ∩ Cnα 6= ∅ for every α < λ and every n ∈ N. A routine computation

shows that fβ satisfies that ‖gα + rfβ‖ = ‖gα‖ + |r| for every α < λ.
Now the conclusion follows from the density of {gα} in Y .

Since Fr(κ) is complete, the space C(K) is 1-injective, and this allows
us to transfer the norm in Lemma 2.2 to any Banach space contain-
ing `1(κ).

Theorem 2.3. Given any uncountable cardinal κ and any Banach
space X containing an isomorphic copy of `1(κ), there exists an equiv-
alent norm ||| · ||| on X such that for every subspace Y of X with
dens(Y ) < κ there exists x ∈ SX so that

|||y + rx||| = |||y|||+ |r|

holds for every y ∈ Y and every r ∈ R. Moreover, x can be taken to be
one of the vectors of the canonical basis of the copy of `1(κ) in X.

Proof: Assume that X contains an isomorphic copy of `1(κ). Renorming
X if necessary, we can assume that X contains an isometric copy of `1(κ).
We denote by {eα : α < κ} the canonical basis of `1(κ) inside X. Let
K be the compact topological space associated to the Boolean alge-
bra Fr(κ). By Lemma 2.2, there exists a transfinite sequence {fα}α<κ
in C(K), 1-equivalent to the canonical basis of `1(κ), such that for every
subspace Y of C(K) with dens(Y ) < κ there exists β < κ with

‖g + rfβ‖ = ‖g‖+ |r|

for every g ∈ Y and every r ∈ R. We have an isometric embedding

T : Z := span({eα : α < κ}) −→ C(K)

such that T (eα) = fα for all α < κ. Since C(K) is 1-injective, there
exists a norm-one extension T : X −→ C(K) that we still denote by T .
We define a norm on X by the formula

|||x||| := ‖T (x)‖+ ‖[x]‖X/Z .
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Let us check that this is equivalent to the original norm of X. On the
one hand,

|||x||| ≤ ‖T‖‖x‖+ inf{‖y‖ : y − x ∈ Z} ≤ ‖x‖+ ‖x‖ = 2‖x‖.

On the other hand, we claim that |||x||| ≥ 1
3‖x‖ for all x ∈ X. Otherwise,

we could find x such that ‖x‖ = 1 but |||x||| < 1/3. In particular we
would have ‖[x]‖X/Z < 1

3 , so there exists z ∈ Z so that ‖x − z‖ < 1
3 .

Then |||z||| = ‖T (z)‖ = ‖z‖ ≥ 2
3 and therefore

|||x||| ≥ ‖T (x)‖ ≥ ‖T (z)‖ − ‖T (x− z)‖ ≥ 2

3
− ‖x− z‖ ≥ 1

3
,

a contradiction. So ‖ · ‖ and ||| · ||| are equivalent norms, and we go on
to the proof of the main statement.

Take a subspace Y of X with dens(Y ) < κ. Since T (Y ) is a subspace
of C(K) with density character < κ, by Lemma 2.2 we can find β < κ
such that

‖T (y) + rfβ‖ = ‖T (y)‖+ |r|

for every r ∈ R and every y ∈ Y . Now, given y ∈ Y and r ∈ R, we get

‖T (y) + rT (eβ)‖ = ‖T (y) + rfβ‖ = ‖T (y)‖+ |r|,
‖[y + reβ ]‖X/Z = ‖[y]‖X/Z since reβ ∈ Z.

Applying the definition of the norm |||·|||, we join both formulas together
to obtain

|||y + reβ ||| = ‖T (y)‖+ |r|+ ‖[y]‖X/Z = |||y|||+ |r|.

Theorem 2.3 already gives one implication of our Theorem 1.3. The
converse implication is the easy one and follows from the same argument
as in [4, Proposition 23] and [1, Proposition 3.2]. We include it here
for the sake of completeness. Suppose that (X, ||| · |||) satisfies that for
every subspace Y of X with dens(Y ) < κ there exists x ∈ SX so that
|||y + rx||| = |||y||| + |r| for every y ∈ Y and r ∈ R. We show that
(X, ||| · |||) contains a subspace isometric to `1(κ). Consider P the poset
of all subsets A in X 1-equivalent to the canonical basis of `1(A). It
is immediate that P is nonempty (it contains singletons in the sphere).
Moreover, it contains the union of any chain in P (ordered by inclusion).
By Zorn’s lemma, there exists a maximal element A ∈ P. We claim that
the cardinality of A is at least κ. Otherwise we could find x ∈ SX such
that |||y + λx||| = |||y||| + |λ| for every y ∈ span(A) and every λ ∈ R.
Then A ∪ {x} ∈ P would contradict the maximality of A.
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We finish the paper by comparing the renorming techniques given
in [1, Proposition 3.3] and in our Theorem 2.3. The former, omitting
unnecessary restrictions on successor cardinals, is described as follows:
let X be a Banach space containing an isomorphic copy of `1(κ). As-
sume, with no loss of generality, that there exists a subspace Y on X
which is isometrically isomorphic to `1(κ). Define P as the set of those
seminorms q : X −→ R satisfying that q(y) = ‖y‖ holds for every y ∈ Y
and q(x) ≤ ‖x‖ holds for every x ∈ X. Pick a minimal element p ∈ P.
Then, the equivalent norm given in [1, Proposition 3.3] is given by the
following equation:

|||x||| := p(x) + ‖[x]‖X/Y .

We will prove that the above renorming technique is covered by the
renorming given in Theorem 2.3 in the following sense.

Proposition 2.4. Let X be a Banach space containing an isometric
copy of `1(κ) (say Y := span{eα}α∈κ) and let p : X −→ R be a minimal
seminorm in P.

Consider the compact topological space K and the family of func-
tions {fα}α<κ described in Lemma 2.2. Then there exists a norm-one
operator T : X −→ C(K) such that

• T (eα) = fα holds for every α < κ.
• ‖T (x)‖ = p(x) holds for every x ∈ X.

As a consequence, the renorming given in [1, Proposition 3.3] is of the
form given in the proof of Theorem 2.3.

Proof: Pick a sequence {qα}α<κ in S`∞(κ) which is 1-equivalent to the
`1(κ)-basis. Define g : Y −→ `∞(κ) linearly by the equation

g(eα) = qα ∀α < κ.

By the definition of `∞(κ) there are, for every α<κ, functionals gα :Y −→
R such that g(y) = (gα(y))α ∈ `∞(κ). The operator g is clearly an iso-
metric embedding since (eα) and (qα) are 1-equivalent to the `1(κ) basis.
Consequently, we obtain that

sup
α<κ
|gα(y)| = ‖y‖ = p(y)

holds for every y ∈ Y , so in particular |gα(y)| ≤ p(y) for every y ∈ Y
and every α < κ. Now, for every α < κ there exists, by the Hahn–
Banach theorem [2, Theorem 2.1], a linear map Gα : X −→ R so that
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its restriction to Y is Gα|Y = gα and |Gα(x)| ≤ p(x) for every x ∈ X.
This allows us to define G : X −→ `∞(κ) by

G(x) = (Gα(x))α.

From the inequality |Gα(x)| ≤ p(x) we get ‖G(x)‖ ≤ p(x) ≤ ‖x‖ for
every x ∈ X.

Now, the fact that C(K) is 1-injective implies that there exists a
norm-one operator φ : `∞(κ) −→ C(K) satisfying that φ(qα) = fα holds
for every α < κ. Consider finally T = φ ◦G : X −→ C(K). On the one
hand, given α ∈ κ, we get

T (eα) = φ(G(eα)) = φ(qα) = fα.

On the other hand, given x ∈ X, we get

‖T (x)‖ ≤ ‖φ‖‖G(x)‖ ≤ p(x).

Now if we define q(x) := ‖T (x)‖, by the properties set forth above we get
that q ∈ P and that q(x) ≤ p(x). By the minimality of p, we conclude
that p(x) = q(x) = ‖T (x)‖ holds for every x ∈ X, and the proof is
finished.
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