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ON UNIFORMLY RECTIFIABLE SETS
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Abstract: We give a characterization of LP (o) for uniformly rectifiable measures o
using Tolsa’s a-numbers, by showing, for 1 < p < co and f € LP(o), that
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1. Introduction

We say a measure p in R"” is d-rectifiable if p is absolutely continuous
with respect to a d-dimensional Hausdorff measure and we may exhaust
p-almost all of R™ by countably many Lipschitz graphs. It is a classi-
cal result that, for py-a.e. z € R™, the densities u(B(z,7))/r? stabilize
as 7 — 0 in the sense that they converge to a nonzero constant and
so on small scales the measure p scales like a d-dimensional Lebesgue
measure. Furthermore, the shape of the measure u also stabilizes: as we
zoom in on w, if we set p, . (A) = u(rA + z), then p, 7~ converges
weakly to (a constant times) a d-dimensional Lebesgue measure on some
d-dimensional plane.

In [19], Tolsa quantified how much a uniformly rectifiable measure
can deviate from resembling a planar Lebesgue measure. Recall that a
measure o is uniformly rectifiable (UR) if firstly it is Ahlfors d-regular,
meaning there is A > 0 so that

A < o(B(x,7)) < Ar?  for all € suppo, 0 < r < diam(supp o),

and o has big pieces of Lipschitz images (BPLI), meaning there
are constants L,c > 0 so that for each z € suppo and 0 < r <
diam(supp o) there is an L-Lipschitz mapping f: By(0,7) — B(x,r)
so that o(f(B4(0,7)) > cr™. We say a set E C R™ is UR if H%|g is UR.
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Before stating Tolsa’s result, we will describe how he measures the
planarity of a measure. First, we define a distance between measures.
For two measures u and v and a ball B we define

Fa(0,v) ::sup{ [odo~ [oar :<z>eLip1(B)},

where Lip, (B) is the set of 1-Lipschitz functions supported in B. This
is a variant of the Wasserstein 1-distance from mass transport theory.
See [15, Chapter 14] for a discussion about this distance.

For a (possibly real-valued) measure s and d € N, if B = B(z,r), we
define

1
d _d L : d
afi(e,r) = l(B) = oy inf F(n,cH|1),

where the infimum is taken over all ¢ € R and all d-planes L C R™. We
will often omit the superscript d, as it will be fixed throughout.

Theorem 1.1 ([19, Theorem 1.2]). An Ahlfors d-regular measure o
is UR if and only if the measure al(z,7)? do(x)% is a Carleson mea-
sure, meaning that for all balls B centered on suppo with 0 < rp <

diam(supp o),

/ / al(z,r)? dU(a:)ﬂ < Co(B)
0 B r
for some fixred C > 0.

Estimates on a-type numbers are particularly useful in studying recti-
fiability. From a geometric viewpoint, they give quite a lot of information
about the shape of a measure. David and Semmes ([11]) gave an earlier
characterization of UR sets in terms of a Carleson measure condition on
B-numbers, which are quantities like a-numbers except they only mea-
sure the average distance of a measure to a plane, so while a measure
could be very close to lying on a plane, its mass could be very unevenly
distributed, resulting in a large a-number. The additional information
provided by the a-numbers was crucial for the main result of [19], where
Tolsa improved on the work in [11] by expanding the class of Calderon—
Zygmund operators on UR sets that were known to be bounded. See
also [18], where a-numbers are used to characterize rectifiability of sets
of finite measure in terms of the existence of principal values for the
Riesz transform, and [8, 12, 10], where they are used to study higher
co-dimensional analogues of harmonic measure.

The purpose of this note is to extend Tolsa’s result to measures that
are not Ahlfors regular, but are given by LP(c) functions, where o is
uniformly rectifiable.
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Given a Radon measure o, f € L] (0), and a ball B = B(z,r) with
o(B(z,r)) > 0, set
I fdo
o(B)

Main theorem. Let o be a UR measure and f € LP(o), where 1 < p <

oo. Then
</ (Oéfg(x, 7‘) + |f|x,raa(xa7‘))2d:> 2
0

with the implicit constant depending on p and o.

fB = fz,r =

(1.1 [ fllzeo) ~

)

Lr (o)

Sharpness of the result. An interesting aspect of our result is the
presence of two terms that comprise our square function. We don’t know
whether the result holds for general UR sets without the second term.
Neither of the terms bounds the other in the pointwise sense: one could
be zero while the other is nonzero. On the other hand, we don’t know
whether the norm of the square function involving only ayf, dominates
the one involving only |f|; ra.. The reverse inequality is certainly not
true, as the latter square function vanishes if o is the Lebesgue measure
on ¥ = R%,

Question. Let o be a UR measure and f € LP(c), where 1 < p < oo.

Do we have
1
> dr\?
([ asmterr®)
0 r
Lr(o)
Equivalently, is it true that

(Fommieor2) ], <[ )

The answer to the question above is obviously affirmative in the flat
case, i.e. 0 = H?L L for L a d-dimensional plane. It is also positive
if o is an Ahlfors d-regular measure on a d-dimensional plane L, i.e.
o = gHL L for some g satisfying A= < g < A. Indeed, let 6 = H4L L,
so that fo = fgo. In that case, by the main theorem,

</000 afg&(xﬂa)ZOiT)é
</0°° afo(t, r)”fj‘) 3

(1.2) [fllr o) < ?

<

~

Lr (o)

?

Lr(o)

Hf”LP(cr) ~A HngLP(&) ~p

Lp(5)

~A

Lr (o)



822 J. Azzam, D. DABROWSKI

Finally, one could show that (1.2) is true for “sufficiently flat” UR mea-
sures 0. What we mean by this is that if the constant C' from Theorem 1.1
is sufficiently small, then some variant of Carleson’s embedding theorem
can be used! to show that

‘(/Oooqf

This means that the second term from the square function in (1.1) can
essentially be absorbed by the left-hand side. To make this more rigor-
ous, one should perhaps track the dependence of the implicit constants
in (1.1) on the UR constants of o with more diligence than we did. How-
ever, the implicit constants can only get better as o becomes flatter, and
they certainly cannot blow up as the Carleson constant C goes to 0: if
o satisfies the Carleson condition of Theorem 1.1 with some C, then it
also satisfies it with constant C’ for every C’ > C.

dr B
200 (T, r))2r>

S CHf”LP(J) < ”fHLP(U)-
Lr(o)

Related work. While our focus has been in the Ahlfors regular set-
ting, a-numbers have also been used to study measures in more general
settings. In (3], it was shown that pointwise doubling measures p were
d-rectifiable on the set where the square function fooo a,(z, 7")2% was fi-
nite, resolving a question left open in [1|. This paper also exposed some
limitations with working with a-numbers, as a counterexample showed
that the same result is not true for general measures. However, the sec-
ond author of this paper obtained such a generalization in [5, 6] using
a different a-number, which measures distance between a measure and
a planar measure using the Wasserstein 2-metric, which Tolsa had used
earlier to give a characterization of UR measures in [20]. So while using
the Wasserstein 2-distance allows one to get a more complete picture,
the a-number in Theorem 1.1 has a more transparent definition and thus
is easier to work with.

In [16] Orponen uses a similar square function to characterize when
two measures on the real line (one being doubling) are absolutely contin-
uous. However, among a few of the differences between the a-numbers
he uses and ours, while we compare distance between a measure and
a plane, his numbers compare the distance between the two measures,
which is another interesting direction.

Organization of the article. In Section 2 we introduce the necessary
tools and make some initial reductions. We define also Jf, a dyadic
variant of the square function from the main theorem; see (2.3).

1For p = 2 use e.g. [21, Theorem 5.8]; for p # 2 one can show a corresponding
statement by proving an appropriate good-lambda inequality, in the spirit of what
we do in Section 4 (but simpler).
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We show that ||Jf|l2 < || fll2 in Section 3. The proof uses martin-
gale difference operators, and it is inspired by how Theorem 1.1 was
originally proved; see [19, Section 4]. In Section 4 we use the estimate
7 fll2 < ||f]l2 and an appropriate good-lambda inequality to conclude
that ||Jf]l, S || fllp for general 1 < p < oo.

Finally, in Section 5 we prove | f||, < ||Jf]lp- To do that we use the

Littlewood—Paley theory of David, Journé, and Semmes [9].
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2. Preliminaries

2.1. Notation. In our estimates we will write f < g to denote f < Cyg
for some constant C' (the so-called “implicit constant”). If the implicit
constant depends on a parameter ¢, i.e. C = C(t), we will write f <; g.
The notation f ~ g and f ~; g stands for ¢ < f Sgand g <S¢ f St f,
respectively. To make the notation lighter, we will usually not track the
dependence of C' on dimensions n, d, on the Ahlfors regularity constant
of o, or the parameter 1 < p < co.

Given z € R™ and r > 0 we denote by B(z,r) the open ball centered
at x with radius 7. Conversely, given a ball B (either open or closed, and
either n or d-dimensional), 75 and zp denote the radius and the center
of B, respectively.

For simplicity, we will sometimes write

£ llp = 1 llLe 0)-

In the introduction we introduced the notation fp to signify the aver-
age of f over a ball B with respect to o. For general Borel sets E C R¢
with o(E) > 0 and f € L (o) we will write

loc
I fdo
o(E)

(fle=
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For a finite set I we will write #I to denote the cardinality of I.

If v,w € R™, then v - w denotes their scalar product.

Given E,F c R, disty (E, F) stands for the Hausdorff distance be-
tween F and F.

2.2. Adjacent systems of cubes. As usual, we will work with a fam-
ily of subsets of suppo =: ¥ that in many ways resemble the family
of dyadic cubes on R%. For this reason we will call these sets “cubes”.
Many different systems of cubes have been constructed over the years,
beginning with the work of David [7] and Christ [4]. In our proof it will
be convenient to use adjacent systems of cubes constructed by Hytonen
and Tapiola [14]. One should think of them as a generalization of the
translated dyadic grids in R, widely used to perform the “1/3 trick”.
First, we will say that a family D of Borel subsets of X satisfies the

usual properties of David—Christ cubes if D = | .5, Di, and for each k €
7

(a) For P,Q € Dy, P # Q, we have 0(PN Q) = 2.

(b) The sets in Dy, cover X:

= J @
QEDy
(c) For each @ € Dy and each | > k
Q= |J P
PeD1:PCQ

(d) There exists 0 < 0 < 1 (independent of k) such that each @ € Dy
has a center zg € @ satisfying

5k:
BG@5)mchcB@@%%mn

Consequently, as long as 6° < diam(X), we have o(Q) ~ 684, Set
Q) = o*.

(e) The cubes @ € Dy, have thin boundaries, that is, there exists v €
(0,1) such that for n € (0,0.1) we have

(2.1)  o({reX:dist(z,Q) +dist(z, X\ Q) < nl(Q)}) < n'o(Q).

Remark 2.1. Note that in the above we assume D to be defined for
all k € Z. In the case of unbounded ¥, this translates to having arbitrarily
large cubes as k — —o0. In the case of compact 3, there exists some kg
such that for all k& < kg we have Dy = {X}. However, in our proof we
will assume that ¥ is unbounded; see Lemma 2.5.
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In our setting, the results [14, Theorem 2.9, Theorem 5.9] can be
summarized as follows.

Lemma 2.2. Let o be a d-Ahlfors regular measure on R™. Then, there
exist 1 < N < oo and a small constant 0 < 6 < 0.01, depending only
on the Ablfors reqularity constants of o, such that the following holds.
Let Q = {1,...,N}. For each w € Q we have a system of cubes D(w)
satisfying the usual properties of David—Christ cubes, and additionally,
for all x € suppo and r > 0 there are w € Q, k € Z, and Q € Di(w)
with
B(x,r)Nsuppo C Q

and

0Q) = 6% ~s5 7.

Remark 2.3. The construction in [14] is valid for general (geometrically)
doubling metric spaces, possibly with no underlying measure space struc-
ture. The constants N and § from Lemma 2.2 depend on the doubling
constant of the metric space. Hytonen and Tapiola construct two dif-
ferent kinds of cubes, which they call open and closed cubes; see [14,
Theorem 2.9]. In the above we consider closed cubes, so that proper-
ties (b), (c), and (d) follow immediately from [14, Theorem 2.9]. To get
the property (a) one uses the fact that interiors of P and @ are dis-
joint by [14, (2.11)], and then o(0P) = ¢(9Q) = 0 follows from (e).
To prove the thin boundaries property (e) one may adapt the proof of
Christ [4, pp. 610-612] together with the Ahlfors regularity of o. We
omit the details.

From now on, let us fix a uniformly rectifiable measure o, with ¥ =
suppo. Let Q, §, and D(w) be as in Lemma 2.2. For simplicity, in our
estimates we will not track the dependence of implicit constants on J.

For all w € Q and @ € Dy (w) we will write

D(Q) :={P e Dw): PcCQ},
Ch(Q) = D(Q) N Dy (w).
The elements of Ch(Q) will be called children of @, and @ will be called

their parent.
Set

BQ = B(ZQ,ZM(Q)),
so that Q C Bo N Y, and whenever P € D(Q) we also have Bp C Bg.
Fix some wq € €2, and set
D :=D(wp).-

This will be our system of reference.



826 J. Azzam, D. DABROWSKI

Recall that for each = € suppo and r > 0 there exists w € Q and
Q € D(w) such that B(z,r)Nsuppo C @ and £(Q) ~ r. Using this fact,
to each @ € D we assign an index w(Q) € Q in the following way. We
choose w(@) so that there exists a cube R = R(Q) € D(w(Q)) satisfying
Bgnsuppo C R and ¢(R) ~ ¢(Q). If there is more than one such w, we
simply choose one.

For any w € Q we define also G(w) C D as the family of cubes Q € D
such that w(Q) = w. Clearly,

U G(w) =D.

weN

2.3. a-numbers. In proving the main theorem, it will be more conve-
nient to work with dyadic versions of the a-numbers. Below we will in-
troduce the notation needed for this framework. Given a Radon measure
p we denote by Lk . a minimizing d-plane for a,(z,7), and by cf . the
corresponding constant. They may be nonunique, in which case we just
choose one of the minimizers. Set P¥, = HU_LE  and L4, = ¢k Pk, . If
B = B(x,r), we will also write L%, ¢, etc.
For @Q € D and a Radon measure ;. we set

a,(Q) = au(Bg).
We will write L, := L%Q, g = c‘éQ, etc.
Observe that whenever B; C By are balls we have Lip, (B;) C Lip, (Ba2),
and so if rg, > Crp,, then

au(By) = inf Fp, (1, cHIL L)

ey
(2.2) 1 1
,,,dTFBl (/1'7 6%2) < ’I"d+1 FB2 (p,, ‘C%Q) ~C O‘,LL(BQ)'

B1 B

IA

Consider the following square function:

1/2
(2.3) J<x>—< 3 afa<Q>2+|f|2Ban<Q>2) |

r€QED

The main theorem will follow from the following dyadic version:

Theorem 2.4. Let o be a uniformly rectifiable measure with unbounded
support, and let f € LP(o) for some 1 < p < co. Then

1T fllLe (o) ~ [1flle(o)-

First, let us show why we may assume that supp o is unbounded.
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Lemma 2.5. It suffices to prove the main theorem in the case that
supp o is unbounded.

Proof: Suppose o has compact support. Without loss of generality, we
may assume diam(suppo) = 1, suppo C B = B(0,1), and L§ = R?. Let

p=o0+PZL(RIN4B).

It is not hard to show that p is also UR. If the main theorem holds
for UR measures of unbounded support, then it holds for u. Let f €
L? (o) C LP(u) and let

9(’;(:5,7") = ooz, 7) + | floros(z,r),

so that, by the main theorem,
i dr
of 27
</0 M(x7 ,r‘) r >
Observe that

0 (z,r) = 0{;(:0,7") for z € suppo and 0 < r < 2.

ey
S M llze(o)-

> dr\M?
2
(e )
Lr(u)

Furthermore, we claim that for any « € suppo and r > 2 we have
(2.5) 05 (,r) S 7 fl5-
Indeed, since supp f C suppa C B,

(26) afa(x T) d+1FB(zr (fU 0 < 7/ |f|daN 7|f|]Bv

and also

1/2
(2.4) ~ N fllze ) = 1 llze(o)-

LP(p)

Thus,

(/j@g(m,r)er

1/2

Lr(o)

(2.4)

flerarle) S = [ 1f1do~ 11
Tt follows from (2.5) that

> dr > dr
f 2
A 00(1',7") r S\/Q ‘th 2d+1 ~ |f|IBv
and so

oo 1/2
([0
O T

<oy + / Fldo < 1l o).

Lr(o)
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To finish the proof we now need to show the reverse inequality. Notice
that since f is supported on suppo, ay,(z,r) = ay.(z,r) for all z €
supp o and r > 0. We can argue just as in (2.6) to get that for = € supp u
and r > 2,

|f1s | \flmae

1
Oéfu(ai‘,’l“) = Oéfg(],‘,’l“) S mF z,T) (fO' O) 5 0(23)7

where we also use a,(2B) ~ 1.
Hence,

/B</OO (T, r)zdrrf du(z)
/02O‘f# (z,7) :)5 d/i(:r)+/B (Lwafﬂ(x,r)ﬂf)g dp(z)

P
2

<
</02an (@,7) Cfar) du(x)-l-/B </Zoo(|f|2mag(218))2T2i:1 )f; du(z)
</

2 5
/0 afe(z,7) dr) dp(x)+ (| flepas (2B))P

< [([ ot ) auta)

where we use (2.2) in the final inequality.
Furthermore, for z € R1\4B, if ay,(z,r) # 0, then r > |z|/2 and so

/]Rd\4IB% </oOo af#(x’r)zﬂi?)g dp(z)

oo

> 5 dr H
-3 ([ (e ) duto
=2 JRIN(2I+1B\2TB) \J|z|/2 r

< (|flaso (2B S / 277 dy()
j=2

dn(29+1B\29B)

< (s0eC) 5 [ ([ Wlevoeter? ) auce)

again using (2.2). Note that uL B = o and p(4B\ B) = 0, and so the

two estimates above imply
0o dr\ /2
([ otrrt)
0 r

([ wntere®) "

(2.7)

LP(p) Lr (o)
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Note that for = € suppo and r < 2 we have P7,. = P ,. For r > 2,
notice that a,(2B) ~ 1, and so

o, (2B)
d )

1 o1 . _
CVH(.’L', 71) < TdTFB(m,r)(//fa P]B ) = rdﬁFB(z,r) (07 PIBI—4B) 57' ¢ S r

hence (2B)
Qo
‘f|g,raﬂ(x7r) S |f|2133 ’I"2d ’

where [f|L . = fB(I " fdu/u(B(x,r)). Thus, just as how we proved (2.7),

we can show
> dr
|1 aater
0 T

o dr

|0, o
0 L2 ()

This, (2.7) and (2.4) imply the desired estimate:

0o 1/2
( / ezi(z,r)?dr)
0 T

Proof of the main theorem using Theorem 2.4: By Lemma 2.5, we may
assume that supp o = ¥ is unbounded, so that Theorem 2.4 holds.

Let x € ¥, r > 0. Let & € Z be such that 6*T! < r < 6%, and let
@ be a cube in Dy containing z. Recall that @ C B(zg,3¢(Q)). Since
r < 4(Q), we have

B(z,r) C B(2q,3¢(Q) +r) C B(2q,4¢(Q)) = Bg.
Hence, by (2.2),

S ’

Lr (o)

”f”LP(o) S O

Lr(o)

Oéfg(.’L‘,T) S an(Q)'
We also have |f|, < |f|B,, and so
[flz.rao(2,7) S f]Bo o (Q)-

Consequently,

5 dr
[ @)+ 1l P S agol(@F + 1100 (@

k41

Summing over k € Z yields

o dr
/ (afa(x;r) + |f|x,raa(xar))27 S Z afcr(Q)2 + |f|2BQaJ(Q)2~
0 2€QED
Similarly, for z € %, r > 0, 6*' < r < §*, we may consider a
cube @ € Dy42 such that € Q C Bg C B(z,r). Mimicking the estimates
above, one gets

e d
> asm(@F + flg0n(@P 5 [ (saler) + 1 lnran@ )P

r€EQED



830 J. Azzam, D. DABROWSKI

Putting the two estimates together, we get the comparability of the
dyadic and continuous variants of the square function:

Tf@?= Y ap(@Q®+|fl5,0.(Q)°

r€QED

N/ (ozfg(as,r)—l—\f|x,rozg(x,r))2d7r. O

0

Theorem 2.4 will follow from the results from the next three sections.
From now on we assume that ¢ is a uniformly rectifiable measure with
unbounded support.

3. The estimate ||J f|l2 < || f]l2
First, we prove the estimate ||Jf||, < || f]|p in the case p = 2.
Proposition 3.1. Let f € L?*(c). Then

D (5o (Q) + B, a0 (@DURQ S 1 £1172(0)-
QeD
Our main tool in the proof of Proposition 3.1 is the martingale differ-

ence operators associated to systems of cubes D(w).
Given w € 2, Q € D(w), and f € L{ (o) we set

Aof= ) (Hrlr—(flele.
PECh(Q)
Observe that all Ag f have zero mean, i.e. [Agfdo = 0.
It is well known (see e.g. [13, Chapter 6.4]) that given f € L?(c) and
some system of cubes D(w) we have

F=Y Aqf
QeD(w)
with the convergence understood in the L? sense. It is crucial that o(X) =
o0, so that f+C € L?(o) if and only if C' = 0 (in the case o(X) < oo one

would have to subtract from the left-hand side above the average of f).
Note that Ag f are mutually orthogonal in L?(c), so that

(3.1) I lZe0y = D 1A0fIZ20)-
QeD(w)
Moreover, if Q € D(w), then for o-a.e. z € Q
(3.2) f@)={Ho+ Y  Aprfla).

PeD(Q)
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Lemma 3.2. Suppose Q € D, and let R = R(Q) € D(w(Q)) be as in
Subsection 2.2. Then, for f € L?(o) we have

14d/2
63 ap@ = Mrea®+ 3 G 1An
PeD(R)

Proof: Let ¢ € Lip,(Bg) and consider a candidate for L’g’ of the
form (f)rLY. For all x € BoNsupp o we have x € R, so that using (3.2),

[ o0 o)~ (11 [ ol atoie)
—\ / o) (P)r + ZR) P2 (@) doa) — [ o) ndL
+ >

/ /(p dE”
PeD(R)

It is clear that

/ o(@)Ap () do(z)

2.2

(2:2)
Iy < [{(f)rlae (@U@ < [(f)rlas(RUQ)™,

which gives rise to the first term on the right-hand side of (3.3).
Concerning I, we use the zero mean property of martingale difference
operators, and the fact that ¢ € Lip,(Bg), to get

B= 3 |[tela) - pler)Ar(e) dota)

PeD(R)
< ¥ / o) — o(=p)|Ap f(z)| do(a)
PED(R)
Holde
> UP)ARf < Z (P2 Apf 2.
PEeD(R) PED(R

Dividing by #(Q)?*! and taking the supremum over ¢ € Lip,(Bg)
yields (3.3). O

Proof of Proposition 3.1: We begin by noting that, since ¢ is uniformly
rectifiable, a,(Q)24(Q)? is a Carleson measure by the results from [19];
see Theorem 1.1. Therefore, the estimate

D 5,00 (@PUQ) S I£1172(0
QeD

follows immediately from Carleson’s embedding theorem (see e.g. [21,
Theorem 5.8]), and we only need to estimate the sum involving a ¢, (Q).
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Observe that for each w € Q and R € D(w) there is at most a bounded
number of cubes @) € D such that R(Q) = R.

Fix some w € Q. Recall that G(w) is the family of cubes @ € D such
that w(Q) = w. We apply (3.3) and the observation above to get

S ap(@MQYS DD UHrlas(R)*UR)!

QEG(w) RED(w)
(P)1+d/2 2
+ Y < > WHAPJ”Hz
ReD(w) “PeD(R)
=: 51+ Ss.

Concerning S7, we may use Carleson’s embedding theorem again to
estimate S1 < || f]3-
Moving on to Sy, we apply the Cauchy—Schwarz inequality to get

5 < Z)( > ﬁggmpfn%)(m(m )

ReD(w) “PED(R)

K(P)d+1

It is easy to see that, due to the Ahlfors regularity of o, ZPeD RYIRTT

1. Thus,

S DD DR i

ReD(w PeD(R)

¢ (3.1)
=Y A Y ﬁs S AR < IR

PeD(w) ReD(w) PeD(w)
RDOP

Putting the estimates above together we arrive at
> a@UQT S5
Qeg(w)
Summing over all w €  (recall that #£) is bounded) we get the desired
estimate. O

4. The estimate ||Jf||, S || fllp for 1 < p < oo

In this section we use the estimate ||Jf||2 < || fll2 to prove ||J fll, <
| fllp for general 1 < p < oco. More precisely, we will show a localized
version of the estimate, which implies the global estimate via a limiting
argument.

Fix an arbitrary Q¢ € D and set

ww = ¥ @2+ f|2BQaU<Q>2)1/2.

z€Q€E€D(Qo)



AN a-NuMBER CHARACTERIZATION OF LP SPACES 833

Proposition 4.1. Let 1 <p < oo and f € LP(o). Then,
[0 fllLr Qo) Sp 1f1l2r(Bay)-

The proposition follows easily from a good-lambda inequality as stated
below. Let M denote the noncentered maximal Hardy—Littlewood oper-
ator with respect to o, i.e.

M f(z) =sup{|f|p : = € B, B is a ball}.

Since o is Ahlfors regular, the operator M is bounded on L?(o) for p > 1;
see e.g. [21, Theorem 2.6, Remark 2.7].

Lemma 4.2. Let f € L]
such that for all A >0

(41) o(fzeQo:Jof(x)>al, Mf(x)<eA}) < *0({9?6620 Jof () >A}).

Let us show how to use the above to prove Proposition 4.1.

(o). For any a > 1 there exists € = e(a) >0

loc

Proof of Proposition 4.1: Note that Jof = Jo(flpg, ), so without loss
of generality we may assume that supp f C Bg,. Let a = a(p) > 1 be
so close to 1 that 0.9a” < 0.95, and let € = €(a) be as in Lemma 4.2.
We use the layer cake representation to get

/ Jof (z)? da(ac):p/OQ N lo({x € Qo : Jof(x) > A})dA
Qo 0
:pap/o NTo({z € Qo : Jof(x) > ar}) dA
Spap/ooo)\p_la({mer: Jof(z)>aX, Mf(x)<eA})dA
+ pa? /00 N7lo({x € Qo : M f(x) > el})dA
0

S / N o({z € Qo : Jof(z) > A}) dA

+aPe™? M f(x)P do(x)
Qo

<% / TN oz € Qo Jof(x) > A} dA

_20

+aPe™? M f(x)Pdo(x)
Qo

_ Jof(z)P do(z) + aPe™? M f(z)? do(x).
20 Qo Qo
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Absorbing the first term from the right-hand side into the left-hand side,
we arrive at

Jof(z)Pdo(z) < 20ap5_p/Mf(m)p do(x).

Qo

We use the L? boundedness of M and the assumption supp f C Bg, to
conclude

/ Jof (@) do(z) See (@) do(z). s

0 BQo

The remainder of this section is dedicated to proving Lemma 4.2.

4.1. Preliminaries. Fix o > 1 and A > 0. First, we set

E,\ = {l‘ € Qo : Jof(l’) > )\}
Consider the covering of Ey with a family of cubes €\ C D(Qo) such
that for every S € %\ we have

a(SNE)) >0.990(5)

and S is the maximal cube with this property. Since the cubes from %)
are pairwise disjoint, to get (4.1) it is enough to find € = £(«) such that
for each S € %) we have

(4.2) oc{x € S: Jof(z) > ar, Mf(z) <eA}) < %O’(S).
Fix S € 6. Without loss of generality assume that
(4.3) c({z € S: Mf(x) < eA}) > %0(5)7

otherwise there is nothing to prove.
Given z € S, we split the sum from the definition of Jy f(x) into two
parts:

Jof(@) = D (ase(Q) +1fl},00(Q))
z€Q€ED(S)
(44) + Y (@) + B0 (Q)%)
SCQREeD(Qo)
= Jif(2)* + Jof (2).
Clearly, Jof(x) = Jof is just a constant. We claim that Jof < A. There
are two cases: either S = Qg (in which case Jof = 0), or S C S C Qo,
where S is the parent of S. If the latter is true, then by the definition
of € there exists y € S such that y ¢ E\. Hence, by the definition of E},

we get that
Jof < Jof(y) <A
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We will show the following.
Lemma 4.3. There exists a set S; C S such that o(S1) > 0.50(S) and

/ Jif(x)? do(z) < e2X\20(S1).
S1

The estimate (4.2) follows from the above easily. Indeed, using Cheby-
shev, we can find Sy C S; such that for all € So we have J; f(x) S e
and o(S2) > 0.50(S1) > 0.20(S). Then, choosing e = («) small enough,
(4.4) gives Jof(2)? < A% + Ce?X? < a?)\? on Sy, so that

8
oc({x € S: Jof(x) > aX, Mf(x) <el}) <o(S\52) < 1—00(5).
So our goal is to prove Lemma 4.3.

4.2. Calderéon—Zygmund decomposition. Let R = R(S) be as in
Subsection 2.2, so that Bg Nsuppo C R. We consider a variant of the
Calderon—Zygmund decomposition of f1r with respect to D(R) at the
level 2e\.

First, let {Q;}; C D(R) be maximal cubes satisfying [f[p, > 2eA.
Note that for all z € @Q); (and recalling that M is the noncentered maximal
function) we have

MF(@) > |flso, > 22

Hence, |J; Q; C {z € R: M f(z) > 2eA}, and so
o(R\UQ) 2 0(5\UQ) 2 olta € 5:04(0) < o)

(43) 8

>

= 10
In particular, @; # R for all j. Thus, by the maximality of ); we get
easily

(4.6 g, ~ A
We define g € L*(o) by
9(@) = F@)Imy, o, (@) + Z o, 1o, (@

(4.5)
o(S) ~ £(S)" ~ L(R).

From the definition of ); and (4.6) it follows that ||g]lco < eA. We define
also b € L'(0) as

b(z) =Y _(f(z) = ()o,)la,( Z bi
J
Note that f = g+ b and for all j we have [b;do = 0.
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4.3. Definition of S;. We set S; = S\ N,,, where N, is some small
neighborhood of | J ; Q;. To make this more precise, given a small 7 > 0
we define N, = (J; Ny ;, where

Ny.; = {x € suppo : dist(x, Q;) < nl(Q;)}.

The thin boundaries property of D (2.1) gives

o(Ny i\ Qj) < n'o(Q;)
for some v € (0,1). From (4.5) and the fact that o(S) ~ o(R) we get

o5\ 20 (51U )= Totns\ @) 5o(6) - Tre(@)

J

>d&—WdMZEp@%CWd$=<$—Cn>C$

Here C depends only on the implicit constant in o(S) ~ o(R), which in
turn depends on the Ahlfors regularity constant of o and on the param-
eters from the definition of the system D.

Choosing 7 so small that Cn” < 0.1, we get that S; = S\ N, satisfies

7
o(Sy) > EU(S).

4.4. Estimating J; f. Now, we will show that
g Jif(x)? do(z) < e2X20(S1).
Recall that
Tf@P= " 0@+ D [flB,0e(Q)=1T1 f()°+J] f()*.

zeQeD(S) zeQeD(S)

First we deal with Jj' f. Observe that for all Q € D(S) intersecting Sy
we have

(4.7) [flpg S €A

~

Indeed, let y€@N Sy, and let P€D(R) be such that y € P, £(Q) ~ £(P),
and Bg C Bp. By the maximality of ); and the fact that P\Uj Q; #2
we get | f|pp < 2e\. Estimate (4.7) follows from the inclusion Bg C Bp.
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Using (4 7) as well as Theorem 1.1 we get
[ 1ihan@Pdo@) 20 3 anlQPol@nsy)
s

L zeQeD(S) QEeD(S)
SEN Y ar(@)P0(Q)
QED(S)
< E2N%0(9) ~ 2N\ (S)).
Thus, we are only left with showing
@8 [ Rf@rde@ = [ 3 ap(@Pde@) X0l

1 zeQeD(S)
Lemma 4.4. For Q) € D(S) we have

Y jd+1
> (@Q))

d+1
J:Q;NBQ#9 K(Q)

Proof Let ¢ € Lip,;(Bg). Then, using the decomposition f(y) = g(y) +
) valid for all y € R D BgNsuppo O Bg Nsuppo,

’ / - / e(y) d%"(y)’
< ’/w(y)g(y) do(y) — /tp(y) d%”(y)’ + ’/tp(y)b(y) dd(y)’

<y>\.

afe(Q) S ago(Q) +eA

SUQ) ™ oo (Q

Concerning the second term on the right-hand side, recall that [ b; do =
0 and that suppb; C @;. Keeping that in mind, denoting by z; the
center of Q);, we estimate in the following way:

S| [ewmwart| = 3| [ (so(y)—so(xj>>bj<y>do—<y>|

J J

<Z/I 20| o) S @) [ Iyl dnty
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Together with the previous string of estimates, taking the supremum
over all ¢ € Lip,(Bg), we get

Y/ \d+1
0@ S0g@+er Y E((%)LH. 0
J:Q;NBQ#9

An immediate consequence of Lemma 4.4 is the estimate

/ T f () do(x) < / Jig(x)? do(z)
S S1

+52)\2/Sl Z ( Z gg((%j))dd:llfda(fc)-

2€QED(S) j:Q;NBo#2

(4.9)

< e, suppg C R, we

~

Using Proposition 3.1 and the fact that ||g||eo
get

10 Js Jig(x)* do(x) < || 7gll3 < llgl3

< gl (R) S X0 (R) ~ *A0(Sh).

Moving on to the second term from the right-hand side of (4.9), denote
by Tree C D(S) the family of cubes contained in S that intersect S;. We
have

[ B E, ) wo

2€QED(S) “j:Q;NBQo#2
¢ Q d+1\ 2
< Yo > o)
QETree J:Q;NBo#2

(4.11)

Cauchy—Schwarz

S > e(@)“( > e(Qj)d”)

QETree j:Q;NBQ#Q

(X ).

7:Q;NBQ#9

Note that since @@ € Tree we have QQ N.S; # &. By the definition of Sy,
this implies that for all j such that Q;NBg # @ we have £(Q) 2, £(Q;).
Indeed, if £(Q) < n¢(Q;), then Bg N Q; # @ implies Q C N, j, which
would contradict @ N S7 # @.
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By the observation above, we have some C' = C(n) such that if Bg N
Q; # 9, then Q; C CBg. Consequently,

Y. UQ)'s ). a(@) <a(CBg) ~y Q)

J:Q;NBQ#9 7:Q;CCBqg
Thus, the right-hand side of (4.11) can be estimated by
(412) > Q)72 D @)= u@)™ Y Q)T

QETree j:Q;NBQ#2 7 QETree:Q;NBQ#9
As noted above, Q; N Bg # @ implies £(Q) 2, £(Q;). Hence,

Y. HQTT S U@
QETree:Q;NBQ#9

where we use the fact that the sum above is essentially a geometric series.
Putting this together with (4.12) and (4.11), we get

Q)4 oz \d d,
L2 (3 ) s Tueysani~as)

reQeD 7:Q;NBQ#9
Together with (4.9) and (4.10) this gives the desired estimate (4.8):
J f(x)? do(z) <,y e2X20(Sh).
S1
This finishes the proof of Lemma 4.3.

5. The estimate ||f||p, S |[|Jf|lp for 1 < p < oo
In this section we show the second inequality of Theorem 2.4.

Proposition 5.1. Let f € LP(o) for some 1 < p < co. Then

(5.1) 1fllze o) S I flleo)-

5.1. Littlewood—Paley theory. Our main tool will be the Littlewood—
Paley theory for spaces of homogeneous type developed by David, Journé,
and Semmes in [9]. We follow the way it was paraphrased (in English)
in [22, Section 15].

Forr >0,z €Y, and g € LL (o), let

loc

_ (br * (ga’)(l‘) _ ¢2T * (90)(37)
Drole) =25 0@~ emwol)

where ¢,.(y) = r~9¢(y/r) and ¢ is a radially symmetric smooth nonneg-
ative function supported in B(0,1) with [p, ¢ = 1.
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1
loc

For a function g € L; (o) and r > 0, we denote

srote) = S5

so that
Drg = Srg - SQrg'

Let W, be the operator of multiplication by 1/S5*1. We consider the
operators

S, =8,W,S* and D,=S,— S,
Note that S, and thus D,, are self-adjoint and S,1 =1, so that
(5.2) D,1=D1=0.

Let s,.(x,y) be the kernel of S, with respect to o, that is, so we can
write

S,g(x) = / 52(,) 9(y) do(y).
Observe that

sr(e,y) =

and the kernel of S, is
1
Sr(z,y) = /sr(m,z)msr(y,z) do(z).

We claim that the kernel (Zr(x, \) for the operator D, is supported
in B(x,4r) and satisfies the Lipschitz bounds

(5:3) |dr(2,y) = dp(2,2)] S ly = 2lr ="

Indeed, let x,2’ € suppo. Since ¢, is Cr~¢~!-Lipschitz and o is
Ahlfors regular,

6, % 0(a) — 6y  o(a)| = \ [6nte =)~ onte? ~ ) oty

|z — 2|
S a(B(z,r)U B(z',1))

’
<|.’IJ—SL’|.
~ r
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Thus, for y € suppo,
|pr(z — y) — ¢r(a' —y)|

|ST(3’J,y) - Sr(xl7y)| <

o *O’(l‘)
, 1 1
PO w T o)
< |2 ;rif’\ L pedldrxo(@) = ¢ xo(@)] |z — 2]
r Or % 0(x)2 rd+l

Hence,

o) = a'0) ‘/srxz xz»Sf() sv(0,2) do (2

|z — 2’|
rd+1

|x — ']
N pd+1

,2)do(2)

S

where in the last line we use the fact that fsr y,z)do(z) =1 and

(br( —2) / rd
Srl do(x) > ————do(x) ~ 1.
M= ) oo 2 e 3 v o )

Since d, = §, — 3o, and is symmetric, this proves (5.3). Moreover,
notice that if = € suppo, supps,(z,-) C B(z,r), and so the integrand
of §, is nonzero only when z € B(x,r) N B(y,r), meaning |z — y| < 2r,
and so supp 5, C B(x,2r), hence suppd, C B(x,4r), which proves our
claim.

Theorem 5.2. [9] Let r, =275, and g € LP(0), 1 < p < co. We have
1
3

(Z Dm9|2)

keZ

(5.4) lgllze (o) ~

Lr(o)

The original result is stated for p = 2, but this case implies the other
cases (see for example the proof of [17, Corollary 6.1]).

Let Dy := D,,, dj, := d,,. By (5.4), it is clear that to prove (5.1) it
suffices to show that

<§j¢4ﬂﬂ

kEZ

S fre(o)-
Lr(o)

In fact, we will show a stronger, pointwise inequality which immediately
implies the one above.
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Lemma 5.3. Let x € X, k € Z, and let Q € D be the smallest cube
containing x and such that B(z,4ry) C 0.5Bg. Then, £(Q) ~ r, and

(5.5) 1Dif(@)] S apo(Q) + |flBoa0(Q)-

The remainder of this section is devoted to the proof of this lemma.
5.2. Preliminaries. Fix ¢ € ¥, k € Z, and let ) be as above. The
estimate £(Q) ~ ry, follows immediately by the definition of Q). As noted

just above (5.3), we have supp dy(z,-) C B(x,4ry,) C 0.5Bgq.
We make a few simple reductions.

Remark 5.4. Without loss of generality we may assume that o, (Q) < &
for some small e. Indeed, if we had a,(Q) > ¢, then using (5.3) and the
fact that supp di(z,-) C Bg

Def(a)] = \ [dvte.niw da<y>\ <ol [ 17 doto)

Q
< U@ /B P do(y) ~ |f15q Se 11500 (@),
Q

and so in this case (5.5) holds. From now on we assume o, (Q) < €.

Remark 5.5. Similarly, without loss of generality we may assume that
L N0.5Bg # @. If we had L) N0.5Bq = @, then L Nsupp d,.(z, ) =
& so that

/ dy.(z,y) dLL (y) = 0.

This implies

Def (@)] = \ [0 dot)| S ara (@)

and so (5.5) is true also in this case.

Recall that cg, cg are the constants minimizing oy, (Q), o (Q), re-
spectively. Since o is Ahlfors regular and o, (Q) < &, choosing ¢ > 0
small enough (depending on the Ahlfors regularity constants of o) we
get by [3, Lemma 3.3]

(5.6) cg ~ 1.
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To show (5.5) we begin by using (5.2) and the triangle inequality:

D f(a)| = ' [ aerw da<y>\

/dkazy y)do(y) _/dkxyda()‘
. < [Sdk(x,y)f(y)da(y)— g, Jk(xvy)dﬁfzo(y)’

+ /Lf« di.(z,y) dLL (y )—zfg/ di.(z,y) ALY (y )’

+ C%: dk(mydﬁQ /dkxydff ‘

—: (I) + (II) + (II1).

Using the Lipschitz property of dj, (5.3) we immediately get that (I) <
afs(Q), and that

fo
(5.8) (I11) S Z s (@) el |an (Q).

Lemma 5.6. We have |cg’| S|flBg-

roof: Indeed, if we had |c¢ > Be lor some big > , then
Proof: Indeed, if we had |c| > Alf|p, f big A > 10, th

68’ = 0 would be a better competitor for a constant minimizing o ¢, (Q).
To see that, note that for any ¢ € Lip,(Bg)

’/(pde—O

That is, Fp,(fo,0) < CUQ)*™|f|s,. On the other hand, taking a
positive ¢ € Lip,(Bg) such that ¢ (z) = £(Q) for x € 0.7Bg and using
the assumption L({; N0.5Bg # @ we get

0o (@QUQY™ 2 | [vrao- / b

> e 16(Q )Hd(()?BQmLf” ’/zpfda

< CUQ™ | flBg-

> CAIf|Bo L@ = CUQ)I™ | fsq
CA dt1
Z T|f|BQ€(Q) >FBQ(fU)O)7

assuming A big enough. This contradicts the optimality of cgj. O
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Using the lemma above and (5.8) we get

(II1) S |f|Boos(Q)-
Hence, by (5.7), to finish the proof of (5.5) it remains to show that

” Jk(x,y) dH(y) —/U Cik(ﬂf,y) dH(y)

S 50 (Q )+ |f|Boaa(Q).

This can be seen as an estimate of how far from each other the planes Lg’
and Lg, are.

The inequality above follows immediately from Proposition 5.7 proved
in the next subsection, together with the already established esti-
mate |efy | < |F]5-

| o

5.3. Angles between planes approximating fo and o. In the
following proposition we do not use uniform rectifiability in any way,
and so we state it for a general Ahlfors regular measure p. Recall that
given a ball B we defined Pl = HeL L.

Proposition 5.7. Let p be an Ahlfors d-regular measure on R™, and
let f € Ll (n). Let x € suppu, r > 0, B = B(x,r), and suppose that
LI 'n0.5B # @. Then,

(5.9) g FB(PfévP ") S apu(B) + lef'|au(B).

pd+1
In the proof of Proposition 5.7 we will use the following lemma.

Lemma 5.8. Let B = B(x,r) and let L1, Lo be two d-planes intersect-
ing 0.5B. Set Py = HY L Ly, Po = H?L Ly. Then,

1
(510) ﬁFB(Pl,Pg) 5 diStH(Ll NB,LaN B)

Proof: First, set
diStH(Ll NB,LaN B)
r

Note that we always have Fg(P,P2) < rétl so that if D > 1, then
(5.10) follows trivially. Hence, without loss of generality we may assume
that D < e for some € > 0 to be fixed later.

We claim that if € is chosen small enough (depending only on n, d),
then there exists an isometry A: Ly — Lo such that for y € BN L, we
have |y — A(y)| < Dr. To see that, let y; € Ly N B be arbitrary. Set

Y2 = 7L, (y1). Clearly,

D =

ly1 — yo| < Dr < er.
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Let vy, ...,vq be an orthonormal basis of the linear plane L := Ly —y;.
Fori=1,...,d define

w; =, (Y1 +vi) —y2 € Ly —yo =: L.
In fact, since yo = 7, (y1), we have w; = 7, (v;). It is easy to see that
for all v € L] we have

7wy (v) — | < Dlvl.
Hence, |w; —v;| <D < e and for i # j
lwi - wj| = [(wi — i) - (w; —v5) + (wi —v3) - v +vi - (w; —v;)| S D <e.
Choosing ¢ small enough (depending only on dimensions), we get easily
that {w;} is a basis of L. Moreover, if {w;} is the orthonormal basis

of LY constructed from {w;} using the Gram-Schmidt process, then it
follows from the estimates above that for all i =1,...,d

|’lﬁ2 — ’UZ" g D.
We define the map A: L; — Lo as the unique isometry such that A(y;) =
yo and A(y; + v;) = yo + w;. It follows immediately from basic linear

algebra that for y € L1 N B we have |y — A(y)| < Dr-.
Now, let ¢ € Lip,(B). We have

/Ll p(y) dH (y) - /L ¢ (y) d”r"ld(y)’

[ ewarin) - [ caw) d%d@)’

< / Telt) = A R 5 [ prawt) s o

LiNB
Taking the supremum over ¢ € Lip, (B) finishes the proof. O

Proof of Proposition 5.7: For simplicity of notation we will usually omit
the subscript B, i.e. we will write L := Lk, ¢/#* := cé”, and so on.

Without loss of generality we can assume that ¢/#* > 0. Indeed, if that
were not the case, we could consider ¢ = —f. Then the plane LI* = L/#
and the constant ¢9* = —c/# > 0 are minimizing for ay,(B), and we
have o, (B) = o, (B). Thus, proving (5.9) for g is equivalent to proving
it for f, and ¢9* > 0.

Note that we always have F(PH, P/#) < r¢t! so that if a,(B) > 1,
then (5.9) is trivial. Assume that a,(B) < ¢ for some small ¢ > 0
(depending on dimensions and Ahlfors regularity constants), to be fixed
later.
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Note that if € is small enough, then one can use the Ahlfors regularity
of 11 to conclude that L# N0.5B # & (see for example [19, Lemma 3.1]).
We use this observation, the assumption L/# N 0.5B # @ and (5.10) to
estimate

1

e a1 Fp(PH, Pty < cf“diStH(LH nB,L"NB)
T

r

= /"D.

Our aim is to show that
(5.11) "D < eta,(B) + agu(B).

Let 0 < n < 0.01 be some dimensional constant. Note that, since
L*N0.5B # @, the set L7#N0.9B is a d-dimensional ball with H¢(Lf*N
0.9B) ~ r¢. We claim that we can find a d-dimensional ball By contained
in L/* N0.9B, of radius nr (in particular rg, ~, rz), and such that

(5.12) dist(z, L") > 10nDr for all z € By.

Indeed, if there were no such ball, i.e. if for all d-dimensional balls By C
Lf#N0.9B of radius nr there were some z € By with dist(z, L*) < 10nDr,
then it would follow easily from the definition of the Hausdorff distance,
and from the fact that L* and L/* are d-planes intersecting 0.55, that

disty (L* N B, L'* N B) < nDr = ndisty (L* N B, L* N B).

For 1 small enough, this is a contradiction. We omit the details, which
can be readily filled in e.g. using [2, Lemma 6.4] (with & ~ nD and X
an appropriate subset of 0.98 N Lf* spanning L7*).

Consider an open neighborhood of By given by

U :={y e R" : dist(y, By) < nDr},
and also for A > 0 set
AU = {y € R" : dist(y, Bg) < AnDr}.

Since D <1, one should think of U as an n-dimensional pancake around B
of thickness nDr, so that the smaller D, the flatter the pancake. Note
that by (5.12) for all 0 < A < 10 we have \UNL* = &, and also AU C B
because By C 0.9B.

Let ¢: R™ — [0,nDr] be a function satisfying ¢ = nDr in U, supp ¢ C
2U, and Lip(¢) < 1. Clearly, ¢ € Lip,(B), and so
(5.13) ‘/gofdu—/cpdﬁf”

< af#(B)rdH.
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Furthermore, note that ¢ = nDr on By, so that

/gpdﬁf“ =/t /Lf wdH® > I*nDrH(By) = C(d)e/* Dyt ipd Tt
Together with (5.13) this implies
(5.14) /gaf dp > C(n,d)c" Dritt — oy, (B)rdt?h,

Recall that we are trying to prove ¢/*D < ¢/ta,(B) + ay,(B). If we
had ¢/*D < Aay,(B) for some A = A(n,d) > 100, then there would
be nothing to prove. So without loss of generality assume that ¢/#D >
Aay,(B). In that case (5.14) gives

5.15 fdu >, ¢HDritt,
( ofdp Zy

Now we define a modified version of ¢. Recall that suppy C 2U.
For all y € supp N 2U let By = B(y,nDr/5). We use the 5r covering
theorem to extract from { By }yesupp un2v @ subfamily of pairwise disjoint
balls { B; }ic; such that supp pN2U C |J,; 5B;. Note that | J; 10B; C 4U,
and in particular, |J, 10B; N L* = @&. Moreover, the balls 10B; have
bounded intersection. Thus, we may consider a partition of unity

U= "y,
iel
such that supp; C 10B; for each i € I, ¥ =1 on | J, 5B;, and Lip ¥ <

(nDr)~".
Consider ® = pW. We have

V@[l < [[Vellool|¥lloo + [lolloo [ V¥l
Hence, C® € Lip, (B) for some C ~ 1, so that

<1+nDr(nDr)~t =1.

~

(5.16) ‘/@fdu <I>d£f" < O tay, (B)rith.

On the other hand, observe that ¥ =1 on supp ¢ Nsupp p. By (5.15)
/@fdu = /gpfd,u Zn cfH Dratt,

Together with (5.16) this gives

(5.17) /@dﬁf“ > C(n)c/* Dritt — 07y, (B)rdt >, e/HDrdtt,

where we use once again the additional assumption ¢/#D > Ay, (B) we
made along the way (and choosing A large).
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Now we will show that
(5.18) /Lf ®dH* <,y a,(B)rttt.
I

Since L# = ¢/PHA L LI#, together with (5.17) this will give ¢/*D <,
c’ay,(B), and so the proof of (5.11) will be finished.

Recall that supp ® C supp ¥ C |J; 10B;, and that ||®]|s < ||¢]lec =
nDr. Hence,

/ o dH* <, Dr Y HYULI"N10B;) <, #1(Dr)*H
Lfwr .
el
To estimate #I we will use the Ahlfors regularity of u. Recall that

{B;}icr are pairwise disjoint, they are centered at points from supp g N
2U, and r(B;) =nrD/5. Thus,

BID) oy S () = u<U B)
i€l icl
On the other hand, since the balls {B;} are centered at points from 2U,
we have | J,.; B; € 3U and

M(U Bi) < u(30).

el

el

To bound p(3U) consider ¢ € Lip, (B) such that ¢ > 0, $ = nrD on 3U
and supp ¢ C 4U. Recalling that 4U N L* = &, we arrive at

Du) S [ G ‘/@du—/sbdﬁ“

Putting all the estimates above together we get (5.18):

< a,(B)ritt,

/L . ddH? S, #1(Dr) T <, rDu(3U) <, e (B)rt . O
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