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Abstract:

Let ¥ be a function defined on R, end assume we may consider in R a
finite number s+1 of intervals such that f is monoctone in each of them.
The minimum value r that s may assume is the variation index of f. Let

f be a non-negative, integrable, unimodal funf}}on possessing k-th
order derivative. If the veriation order of £ 7. is i+, 0£isk, we shall
say that f is unimodal of order k. If f is unimodal of order k for all
keM, we shall say that § is totaslly unimodal,

We shall prove that any stable distribution possesses s totally unimodal
distribution in its domain of attraction,

Let f{.) be a function defined on the real line , and assume that we may
consider In IR a finite number s+1 of intervals such that in sach of them
fix) is monotone, The minimum value © of the possible values s may assume

is called the varistion index of f.

Let f(.) be a non-negative. integrable, unimodal function passessing k-th

f(k)a

order derivative, If the wvariation indices of f'.f",..., Te

respectively 2,3, .,.,k+1, we shall say thet ¥ is unimodal of order k., If
f 1s upimodal of order k for k=1,2,..., we shall say that f is totally

unimodal,

onsider the f i 5Q36,.C,38,, . $Co 2
c e function fp[x @;0,.C, 58, az) where <, 02,0 and ¢ +c,.q,
2,.8,>0, defined as follows:
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. _ -{e+1]
i) For x< a4, fpfx:c;c1,cz;a1.azi—c1Exl

€,:8,.38,)=¢C Ix[_(a*1}
T2t T2 2

2 1

1i1 For x>a,, fp{x;c:c 2

1.C2:61

, and otherwise of degree 2p+1) defined by

1ii) For xsfaq.aé} fp(x:c;c ,62] is identical to the polynomial

{of degree 2p if 8,73, & ©,=¢,

the condition that fp[x].fé(x],f;(x],....fép](x] are continuous at -8,

and at 62'

1+C2i9

cther hand it is eesy to check that

It 45 immediate that fp{x;u;c '32) is unimedal of erder p. On the

fp(fx;c;?,1:“b,“b)= p-(a¢1}/p fp[x//b:d:1,1;1.1]

and hence, when p is large,

{a+1)/2 P
el

Zz
fp(x: a: 1,1 fp.a/pl & hEO Y, exp (-kx" /p)

where Y, ore the coefficients of the developemsnt in Taylor's sserles of
(1-x)-[a+1]/2 ond hence
o LG ' L
r lF_‘*z Ty JLem13/2
¥ = -+
K TN e Mt
- 2 2

From this, letting poe, fp(x; a; 1,%: fp./D} copverges to the Integral

1
fix) = S I y{“_1]/2 exp[-yx2] dy =
at+i
It Z 1
><2
- 1 é y{a-1)/2 expl-y} dy
r{{1+1] ix{(l*'l

2

Since ?p{x; a; 1,1; ¢p./pl 1s unimodal of order k for any ke<p, fix) is
totally unimodal.

On the other hand
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lim |x'd+1 fix) = S © y[m_”/2 expl-y) dy = 1
K rrm a+1
— Tl > ]

ang hence f(x) is in the domain of asttraction of the symmetric stable law

with index parameter a* = min(a,2]).

Along similar lines. it is possible to prove that the function

~(a+4) lx1 X v a 2
g(x)=]x| o M/ Tlav1)/2)% e ———— )y expl-y )dy,
8 | %] ATl {a*21/2)

which belongs to the domain of attraction of the stable law with parameters

parameters a*, B(O<a*=min(2,¢),]|B[<1). is totally unimodal.
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