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Abstract - We mention some theoretical aspects of matricial norms, including

some recent developments Elobert, Deutsch, Bauer, Barker, Meixmer,
Coitlnbraj. Then we refer several applications of matricial norms:
convergence of iterative procedures, weak contracticn in vectorial
norm/fixed point questions Egoberil; approximation in v-metric spa
ces Coimbrél; localization of zeros of polynomials [Eeutsch, Vi-
tSriéI; bounds for latent roots of lambda-matrices [Eitariéz; wi-
brating systems [Elimaco+vit5rié1; lower bounds of linear mappings
[§°dé1' Finally, we include some open questions concerning both

theoretical and practical aspects.

1. Applicatlons of matricial norms

In this section we refer some applications of propertiss of vectorial
Eaatricialj norms.

1.1. Convergence of linear iterations
One utllizes properties of matricilal norms to control the convergence
of iterstive procedures - spsed and error. Block-lterations: Bauss-Seidel, Ja-

cobi, over-relaxation.

* The work for this paper was supported, at different stages, by Fundagao
Calouste Gulbenkian (Lisboa, Portugal), Universidade de Maputo (Mozambique)

and Instituto Nacional de Investiga¢dc Cientifica (Lisboa, Portugal).
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1.2. "Série-paralele” lterative methods.

One constructs algoritims for linear iteraetions fitted to automatic
calculations "in parallel" - several arithmetlc units, working simultaneausly.
branched to a common memmory. Thess algorithms can be placed at an interme-
diary level between the Geuss-Seidel method =sequential — and the Jacobl me-

thod — parallel.

1,3. Weak contracticn in vectorial porm/fixed polnt problems

Perran-Frobenius theory for matrices partitioned into blocks.

1.4, ﬁunvergance of matrix seguences
There are results, using (scalar} norms, on convergence of mairix se

guences. Such results can be penerallzed hy using vectorial norms.

1.5. Bounds for the zsros of polynomlals
n-1

One takes the companion matrix C of a polynomial pl(z) =a, z"va,z +

1
+...+an_1 z+ a . ay eC, (i=0,1,...,n? and constructs several adeguated matri-

cial norms related te metrix C. 50 we get upper bounds for the spectral ra-

dius of matrix C, i.e. toc the absolute values for the roots z of plz].

1.6. Bounds for the latent roots of lambda-matrices

-welconsider the lambda-matrix HM(A) =Ikn+Al ln_1+...+An_l-k+An. where
Ai.I ENéC% » (1=1,..,,n]. We need to know thas zeros of det M(A) =[IAH+A1 A

...+ﬂn'1 1+An| =0, that i1s to say, we noed to know the latent roots A to ths

n—1+_.
lambda-matrix . M{A)}., The celculation of the latent roots may becume a formi-
dable tssk., this depending on n and p. Instead of calculating them, we look
for localirzation domains of the latent roots.

We associats to the lambda-matrix its block-companion matrix M. The
eigenvalues of block-companion matrix M are the latent roots of the lambda-
-matrix. Then we construct several matricisl norms related to the matrix M.

and get upper bounds for |

. Incidentally, we obtain known [(and new) results

for zeros of (scalar] polynomlais.

1.7. Approximation 1in v-metric spacas
Gerneralizations to v-matric spaces [éseudo-metric spaceéI of results
in metric spaces. Ganeralization nf Newton's method te super-v-metric spaces.

the wectorial metric belng induced by & vectorial norm,
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1.8, Lower bounds of linear mapplings

Given a [(regular) vectorial norm ¥ of arder k on k", Lower bound
of a matrix [§peratoﬁ1 A Emn,n[K] with respect to the vectorisl norm ¥ is
a matrix N(MK,K[R] such that ¥x EKn' MY {x) <¥(Ax},

We can spply these lower bounds to the estimation (in vectorial norm]

of the obtained approximation to the solutionm of a linear sysfem.

1.9. Eigenvalues in tlock-partitioned matrices

Generalization of Gerschgorip results to matrices partioned into
blocks,

1.10. vibrating systems

For studying the motion equations, one can use (classlcal) Lagrange
method. The solution of such equations will represent a sinusoidal motion, so
we look for solutions of an eguatlon of typs H%+B§+Cﬁ¥5. For solving thesa
eguations we need to know the latenti roots of the lambda-matrix N(k]=ﬂl2<
+BA+C . But in certain situatlons we do not need to calculate the latent roots
of lambda-matrix M(A), It suffices to know a locelization domain of the la-

tept roots. In this case are well suited the results referred to in 1.6.

2, Upen questions
In this section we mention some ssemingly open questlons, 1lnvolving

matricial norms:

2.1, Deviation of a matrix from singularity
2.2. Doviation of a matrix from normality
2.3, Spectral variation of two matrices

2.4, Generalizations of a fundamental inequality on matricial nomms
(%) p{A) <p E@(A]j . p[M} : spectral radius of a matrix M,
$(M) : matricisl nporm of a matrix M,
We raise the following questions:
a) It is ﬁossibla to consider a relation "similar” to {(*} in
the context of matrices whose elements are intarvals?
b) How "seems” relatlon (%) if the elemants of matrix A be-

long to a p.i.r. (principal idessl aing)?

319



c} Let A ,A A be the eigenvalues of A GNn n[K] and

1) 2!"'1 n R
L TRy be the sigenvalues of 1ts matricisl norm ¢(A) EM; K(R]. Suppose
that

Dolz otz 20 1 and 2 eyl 202ivy

From {*) we have

A ] = p(A) <p (2(A)) = |u

1} 1!

What can we say about matrices such that
P‘zlf_tuzi |)‘3|i|u3| . gtc,?

Remark

A complet version of this paper will appear elsewhere,
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