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Introduction

There have been many attempts to define determinants
on non-commutative rings {cf.e.q.[13] and the references quo-
ted there), of which perhaps the most successful is the defini
tion of Dieudonné [10), 1leading for any skew field K and

any n = 1 (except when n=2 and K=F2} to an isomorphism

(1) 6L (k)30 =

*ab
n .

Suppose now that K is obtaimed from a.ring R by in
verting certain matrices over R, forming a set ET. The way
in which the elements of K are obtained from R and T was
described in Ch.? of (3], and we may ask whether 6L (k)"
can be described directly in terms of R and Z. Since (1)
is an isomorphism for all ﬁ, we can limit ourselves to a sin
gle value of n, or we may simply take the limit GL(K)=JJELGLH(Q.
Our aim here is to describe the Whitehead group KI(K) =
GL(K)ab in terms of Z; this can be done under fairiy general
conditions, though for more precise results we need to take R

to be a fir and K its universal field of fractions. In parti
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cular, by taking R to be a free associative algebra we ob-
tain an explicit expression for determinants over a free field
(Th.5.2).

To state the resuits, let f :R — X be a homomor-
phism of any rings and suppese that every element of K can be
obtained from the entries of the formal inverses of the matri-
ces from a set I , which is multiplicative fas defined below,
cf. aise [3], p.249), then it is not hard to show that f in-
duces an epimorphism of abelian groups
(2) ¢x . xab
zab

- KI(K).
where is the universal abelian group of Z (Th.2.2 and
Cor.). In Qenera] there is no reason for f* to be injective,
but when K is the universal field of fractions of a Sylvester
domain R and Z the set of all full matrices over R, then
(2) is an isomorphism. This is proved {for the slightly largaer
class of pseudo-Sylvester domains) in Th.3.1 by constructing
an inverse mapping to f* . For & somewhat different treatment
of the same problem see {12] and also [6].

For Sylvester domains it is difficult to say more be-
cause little is known about factorization in such rings. But
when we have a fir R , or more generally a fully atomic semi-
fir (i.e. one in which every full matrix can be expressed as a
preduct of atoms) then a more precise statement is possible.

In R define a prnime as a class of stably associated atoms and
the diviser gaoup D{R} as the free abelian group on all the

primes, and let U be the universal field of fractions aof R ,

132



then we prove in Th.4.4 that

K {U)= u*3= p(R) x [GL{R)/GL{R)NGL{L)'].

In particular, when R = k < X> is a free algebra, this be-

cames
u*?P 2 (R) x k*

{cf. Th.5.2.). These results have also been obtained by G.Ré-
vész [12] by a different methed.

Qur second main result is concerned with localization
of firs. Let R be a fully atomic semifir and T a multipli-
cative set of matrices such that Ry is again a semifir, then
RE is also fully atomic and the divisor group of R2 is iso-
morphic teo DE(R), the subgroup of TD{R) geﬁerated by the

primes which survive in Ry {Th.6.3).

z
1 am indebted to 6.M. Bergman for his extensive com-

ments on an earlier version, and to G. Révész for several help-

ful remarks.

1. Notation and general background

Mmah

Let R be any rirg; we write R for the set of all

m x n matrices over R and also put MR for le and R"

1RP . The characfenistic of an mx n matrix is defined

as n - m. If a matrix is expressed in block form (g), wWe

for
often write this as (P,Q]T to save space;here T indicates

that the blocks P, 0 are to be written as a colump, but are

not themselves transposed. Similarly for more than two blocks.
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The diagonal sum of two matrices A, B is defined as
The set of all invertible n x n matrices
cver R is denoted by GLn(R) and we embed GLn(R} in

6L (R} by the rule A |—— A + 1. Further we put GL(R) =
11T+ GLn(R). As uswal, a matrix is said to be efemenfary if it
differs from the unit matrix in at most one off-diagonal en-
try; the group.generated by all elementary n x n matrices is
written En(R} and as before we put E{R) = 1im En{R}.

e
For any A €™r",  the least integer r such that

A = PQ, where P EmRr, Q €"R" is called the innern nanhk and
-a matrix is said to be fuff if it is square, say n x n and
of inner rank n. In general, if A s full, it need not be
the case that A + 1 s full; if A % I is full for any unit
matrix I, A s called stably {uff and the set of all stably
fut! n x n matrices over R is written Fn(R); we embed
Fn(R) in Fn + 1[R} as for GL{R) and write
F(R} = liT,Fﬂ{R)' Sometimes we shall need a generalization
of the inner rank. The stabfe aank of a matrix A is defined
as lim {rk{A + In) - n}, where rk denotes the inner rank.
This l1imit always exists and is an integer or - e, but if
In is full for all n, the inner rank is actually non-negati
ve f(cf. [B]). We note that an n x n matrix is stably full
precisely whep it has stable rank .

- Two matrices A, B are said to be associated if
A = PB} for some invertible matrices P,Q. If P, @ can be
n

taken in E_(R), we call A and B E-associated. If A + 1

is (E-) associated to B + 1 (where the unit matrices need
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not be of the same size}, then we say that A and 8 are
stably (E-) associated. Two stably associated matrices are
not necessarily of the same size, but they have the same cha-
racteristic, provided that R is a ring with invariant basis
number {i.e. atl invertibie matrices are square).

By a ¢{efd we understand a not necessarily commutati-
ve division ring;soﬁetimes we use the prefix ‘skew' for em-
phasis. If & is any group, its derived group is dencted by
G' and we write Gab = G/&' for the abelianization of G.
For a field K we write K* for the group of its non-zero

elements and by abuse of notation we simply write Kab for

K*ab. If R s any rirng, an R-4iefd is a field K with a
homomorphism R —— K; if K is generated, as a field, by
the image of R, we speak of an epde R-field.

An M X n matrix over & field X, of rank r, is
said to have Peft nulfity m-r and right aullify n-r. These
nullities are only defined over a field, but if A 1is a ma-
trix over R and K is any R-field,we can consider the nu-

1Tities of A over K;they are simpiy the nullities of the

image of A din K.
We shall not repeat the definitions of fir and semifir

{cf. 3], Ch. 1 or [4], Ch. 4). We mereiy recall that every
semifir R has a universal field of fractions U, obtained by
formally inverting all full matrices over R {cf. [3]1, p.

282 f.). More generally, if R is any ring and £ a set of
square matrices over R, then a map f : R —> § is called

a ZE-lnverting epimorphism if § 1is a homomerphism mapping
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each matrix of Z to an invertible matrix over S and S
consists of the entries of inverses of the matrices Af, AE Z.
It is easily seen that this is in fact an epimorphism in the
category of rings. In what follows, E will gemerally be muf-
tiplicative, fi.e. 1€%T and if A, B €T, then (é g) €z
for all C of appropriate size. For any ring R and set Z
of full matrices over R, the focafization Re: of R by 2
is defined as the ring obtained from R by formally inverting
all the matrices in £. Then in any Z-inverting epimarphism
f: R—> 5§, § 1is clearly a homomorphic image of RZ' Suppo
se now that ¥ Iis multiplicative;then each element of S wmay
be obtained as the last component v ~ of the solution of a ma

trix equation

f,, _ _ non+l
{1} Alu =10, A= (Ao,Al,...,ﬁn) € "R R

where (Al,...,An) €EZ and u = {1,u1,...,u )T. If p=u_, we

n
say that {1} 1is an S-admissible system for p and call
(AO,AI,...,AH_I) the numeraton, (Al,...,ﬁn) the denomdinaton
of p {cf. [5], § 4). It is often convenient to put
(AI,....An_l) = A, and An = A_), then the numerator will be
(AO,A*) and the denominator (A,, A_).

2. The calculation of Kl for & localization

It is a well known fact that for any ring R, E(R) =

GL{R}® {cf. [1], ¥.1.5, p.223), so that 6L{R)3D= GL(R)/E(R);
by definition this 1is the Whitehead group Kl{R). If we

have a skew field K, then for any non-singular matrix A over
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K there exists o & K* such that

(1) A=a (med £ (K)},
and here o 1is determined mod X*'. The residue class Qab
ef a« in Kab is called the Dieudonrné defeaminant of A,

written det A. We note that by (1),

(2) K, () =k*P,

for any skew field K. .

Suppose now that R, S are any rings, T is & multi
plicative set ¢f matrices over R and f:R—> § is Z-inver
ting epimorphism. OQur object is to express KI(S) in terms
of R and Z. 1In order to do this we need to express matri-
ces over S as solutions of systems of eguations over R
{(as was dene in {1} of § 1 for elements}.

Proposition 2.1 Let R, S be any nings, I a mufiiplicati-
ve det of mataices ever R, and Lef fiR —> S be a ZT-inver-
Ling epimohphism. Given anyg peMsh  fhene exists an integex

r>0 and matrdices

n+r+me.n

r+m,ntr+m T
R »oou T {ugusnug) € s,

(3) A= (A LALA) €

whene the numbens of columns o4 AO,A*,AM and Likewdise the
rumbens 0§ hows 0§ Ugrlygsly, ate N,T,W, nespectively, such

that

(4) Alu =D, (A*;ﬁm) €%,
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and

{5) u_ =1, u_=P.

. . n¥r+tm.n . .
Moreovern, u is the unique efement of ST satdsfying

{(4), {5} 4on the given mataix A.

We shall call A an S-admissibfe system for P.
Proof. The unigueness of u follows frem (4}, (5}, since any
matrix in % is invertible over S,

To prove the main assertion we note that if it holds

m n

for two matrices P', P" € $%, then it also holds for
P =7P' + P Indeed, if P', P" are determined by systems
afye = 0, avfyn - 0, analogous to A abeve, then {as in

the case of elements, ¢f. [3), p.250), P is qiven by the
system
ALAL AL o o .
(1,0 ,P",ui,P} = 0.
A; 9 -AL AL ﬂ;

Hence it suffices to prove the result for matrices with only
one non-z2erg entry, since the general case may be obtained
by adding such matrices. B8y row and column transformations
we can reduce everything to the case P = {8 g), p € 5. Let

A'u = 0 be an 5-admissible system for p, then

R, O Ay A, 0 AT /1 o
c 1
n-1
6 00 0 I .0 .
p 0
6 0

is a system for P, as reguired.
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The equation (4) may again be written in a form of
Cramer's rule ([3], p.25%1 and [5], & 4):
.F
.

0

aha

(6) {(Aesr As) = (Ay, - A
0 P

We shall again call {A,, A} the denominator of the system
A, but define the numerator as (A,, -AO}. This is right
asspciated to the numerator as defined in [5] (and recalled
in 8 1), so the change has no effect on the considerations of
[5] except notatignally. From (6) we see that P is stab]y'
associjated over § to its numerator, in particular it has sa-
me characteristic, and it is invertible if the numerator is
invertible over S, i.e. if the system can be chosen so as
to have a numerator in IZ. Moreover, when 5 is a field, the
left and right nullities of P over § agree with those of
its numerator.

Let R, S be any rings, ¥ a multiplicative set of
full matrices over R and f:R—— § a Z-inverting epimor-
phism. Since £ is multiplicative, its matrices are even sta
bly full and we may embed £ in F{R) by the ru]e’

A+ A i1; this allews us to regard % as a submonoid of
F{R}, with the muTtip]ication. AB. Now consider the universal
abelian group Eab of £; this is defined as an abelian group
Eab with a homomorphism Z —— Eab which is universal for
all homomorphisms of I into abelian groups. To describe
Eab explicitly, let us denate by [A] or [AiE when confu-

sion is possible, the class af A € £ under stable E-associa-
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tion over Ry. Since E{RE) = GL(RE}', we may regard [A]
as the residue class af A (mod GL(RE]')- e define a bina-

ry operation on the set G of all these calsses by putting
[Al + {B] = {A + B].

This is well-defined, since replacing A or B by a stable
E-associate replaces A + B by a stable E-associate. It is
clear that the multiplication is associative, with neutral
[1], and it is commutative by Whitehead's Temma ([1],p.226).
Moreover, the mapping A +— [A]l s a homomorphism, because
AB is stably E-associated to A + 8. Thus G 1is essentia-

Eab is the universal

11y T made commutative, and so
group of the monoid G. The elements of Eab are of the
form [A} - [B], where A, B E€ X, with {A] - [B] = [A'] -
[B'? if and only if (A +# B' +# C] = [A' + B + C] for some

C €z,

Now the matrices of Z are all inverted over §, so
we have a map from Z to GL(S) induced by f:R — S. Let
us write [A]S for the ¢lass of A (mod E(S)), just as
[A]2 is the ¢class of A (mod E(Rz]). Since {A]S + [B]S =
[A + B]s in Kl(S),' this map f gives rise to a homomor-

phism

(7) IR AP L1 . K, (s},

*
obtained by mapping [A]E to [A]S. We claim that f is
surjective. For let P € GL(S) and take arn S-admissible 5¥S

tem Au = 0 for P {as in Prop.2.1), then {6) holds; hence
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on passing to KI{S] we find
[(.A*,Am)]_s +[Plg = [('_Af"Au”S'

This shows [Pl¢ to be the image of [(A*,-ﬁo)]g - [(A*,Am]]z
and so f_ is surjective. Thus we have

Theorem 2.2. lex R, S be any nings, % ‘a mulfiplicative
42t of fufl matnices over R and F:R—— A a Z-inveating

ah

epimonphism. TDenote by I the universaf abelfian group fon

T, then there {8 a natunal epimorphism
(7) £ 228 — K (5),

whene A, BEZ have the same Amage under f* 4£f and only {§
thene exists CE€ZL such that A+C (s stably E-associated
to B8%C over 5.

In case S = K is a field, we have the isomorphism
{2} by the Dieudonné determinant, hence we obtain the
Corcllary. Let R be a ning, % a mutzipticatiue_aet o4
full matrnices ovear R and K an epic R-4{ield such that the
natural map R — K 4s Z-dnverting, then there is an

epimorphism sab __, yab

3. The case of pseudo-Sylvester domains

* .
In general there is no reason for the map f in

Th.2.2 to be injective, because f need not be so {and even
*
the injectivity of f will not guarantee that of f }, but we
*
now turn to a case where f is an isomorphism. We saw that

the universal field of fractions of a semifir R may be des-
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cribed as the localization RF’ where F = F{R)} 1is the set
of all full matrices over R {of course over a semifir every
full matrix is stably full). The rings R such that RF is
a field, - necessarily the universal field of fractions of R -
have been studied under the name Syfvestexr demain by Dicks and
Sentag [9]. Thus Sylvester domaiﬁs form a class including se-
mifirs; an example of a Sylvester domain not a semifir‘is gi-
ven by the free Z-algebra on a non-empty set X:Z < X >,
5ti11 more generally, we may define a pseudo-Sylvesten domain
as a ring R with a universal field of fractions U obtained
by inverting all stably full matrices, ¢f.18 . This seems to
be the widest class to which the method used here is applica-
ble.

Let R be a pseudo-Sylvester domain and U = R its

£
universal field of fractions; we claim that the induced map

(1) (R0 — k() = eL(u)?P

&
is an isomorphism. We shall prove this {following a sugges-

*
tion of Bergman) by constructing an iaverse for ¥ . Thus let
P € GLn(U) and take @ U-admissible system Au = 0 for P, as

in Prop.2.1. In detail we have

T
(AG,A*,AM)(IH,Ui,P) = 0.

Since P i3 invertible over U, so is its numerator {A*,-ﬁo),

hence the latter is stably full over R. We define a map 60:

GL(U) — F{R)?® by the rule
POO = (A, .-A ) - [{As,AL)]
xR e s hod o
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where F = F{R}. 7To prove that 50 is well-defined, we take
another system for P, say Bv = 0, then we have to show

that in F{R)?3D,

FA-A e - T(AGALN E = [{By,-B N g - [{B4,B M 5 T.e.

(2) T(Ay,-A ) ¢ + L(ByB Mg = (8,,-B )] + [ (Au,Ag) .

Now consider the relation
{3} {InsU*’V*’P

We shall need to know the rank of the left-hand matrix over

U; this is the stable rank over R and may well be less than
the inner rank, but if we can-form its diagonal sum with & su-
fficiently large unit matrix, the two ranks will be equal.
This can be done by modifying A, or B, as follows. Since

Au = 0 is a2 WU-admissible system for P, so0 is

Fo Ae O A”)f(l,u*,o,p)T - 0.

0 ¢ 1 0

Moreover, if we modify A, in this way, the values of
E(A*’-AO}IF and I(A*’_AO)IF remain unchanged. We may thus
assume A, B modified in such a way that the left-hand ma-
trix in {3) is stabilized, i.e. its stable rank is just
its {inner) rank. Let the number of columns in A,, B, be r,
s respectively, than the left-hand matrix in (3) 1is square

of order r + s + 2n; by (3) it has right mullity at least
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n over U, hence its inner rank over R {or also the stable

rank} is at most r + s + n, Thus we can write it in the form

(4} 'AO A, O A P
= {DosDi:D"st)a
B, G B. B, ¢
+
where P e ' nRr+s+n’ 0 € 5+nRr+s+n and DO,D',D",DOo have
n,r,s,n columns respectively. From (4} we obtain the follo-

wing factorizations:

{5)

(A* -A, O 0)=P0]D' -0, D"O)
6 -8, B, 8B ¢ 8,0 o o 1/,

¢
(P 0 )(0* -0, D" -Dw)
Q B,it0 0o o0 1 ).

M
[ 2
*
1 1
W T
o
s}
1
Lo T
8
P
n

By

If we apply [IF to both sides and bear in mind the evident

relation

.

< x>

[vs] [g]

st
1]

3 A G
[ = Al + (8]
F D. B F F

we find that the right-hand sides of (5), (6) are equal,

while the left hand side of ({5} gives just the left hand si-

de of {4}. The left-hand side of (6} will similarly give

the
and
Now

the
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right-hand side of (4} if we can interchange the second
fourth column blocks and change the sign of the latter.
any two columns, x and y say, can be interchanged with

sign of one of them changed, by elementary column gpera-



tions:
(x,y) — (x,x + y) — (-y.,x +y) — {-y.x}.

Hence we can in {6) exchange the columns of (-Ao,-Bo)T
against those of (-AM,O}T one by one and change the signs of
the latter. In this way we obtain the right-hand side of {4%
this then shows that {4} holds and it proves that 50 is

ab

well-defined. Since F{R} is abelian, we can factor 60

via 6L{U)?" and so obtain 8:6L(U)3P —— F(R}3P, defined by

[Plﬂ - pbo,

From the definition it is clear that
$

L *

(107 - (h A - LALAI T = (1,

using an admissible system A for P. Next, if P € F{R},

then by taking the admissible system

<-p,1)( 1) .o,
P

*

we see that (P15 % = (P18 =(pI_ - 111, =(Pl,. Thus f, °

: F y F F F ’
are mutually inverse, and this proves incidentally that & is
& homomorphism. Hence we have proved
Theorem 3.1. Let R be a pseudo-Sylvesten domadin, F = F(R)
the set o4 all stably (ull matrices over R and U = Re  4ts
undversal fiefd of fractions, then

Ky (0) = g°° = F(R)2D,

In particular this provides a means of calculating de-
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terminants of matrices over pseudo-Sylvester domains:
Corollary. tLet R be a pseudo-Sylvesten domain and U L&5
universal field of fractions, then fon any stably full matrix

A over R we have
det A = IAIF s

*
whene f L& the map {1} dinduced by f:R —— U and det is
taken cver U.
For over U, A is stably E-associated to¢ a € U,
*

such that &b - det A. Hence {AI; = aab

= det A,

For Sylvester domains Th.3.1 has also been obtained
by G.Révész [12], by another method, based on the above Co-
rollary (for the case of firs there is yet another proof in

[61}.

4. The diviser group of a fully atomic semifir

In order to investigate the structure of Uab

more
fully we need to assume the existence of complete factoriza-
tions in our ring R. We recall that a square matrix A s
called an atom if it is & non-unit and cannot be written as a
preduct of two {square) non-unit matrices; it is clear from
this that an atom is necessarily full. A ring is said to be
fully atomic if every full matrix can be written as a product
of a finite number of atoms, or is a unit. In particular,
-every element not zero or a urit then has a complete factori-

zation into atoms.

Let R be a semifir and U its universal field of
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fractions. By a Z-vafue on R we shall understand a homomor-
phism wv:GL{U) —= Z such tﬁat v{A) = 0 for all A € F{R).
To gi#e an example, let us assume that R is a fully
atomic semifir and recall from [3},p.201 the unique factori-
zation property: Every full matrix over R s either a unit
or has a factorjzation into atoms which is unique up to stable
association and the-order of the factors. MNow let P be an
atom and for any A € F(R) define v(A) = r if in any comple
te factorization of A the number of atomic factors stably
associated to P is just -r. By unique factorization this 13.

well-defined and we obtain & Z-value on R by putting
V(LA - [BIF) = v(A) - v(8).

This is called the simpfe Z-value associated with the
atom P.

Proposition 4.1. Let R be a {ully atomic semifir and Let v
.be any 2-vafue oa R, Then (i) v(P)=0 4or PEGL(R), and
(ii) v(AY=v{A') whenever A, &' ane stably associated.
Proof. (i) Let P € GL(R), then v(P) 20, v(P ly>0, but
b

viP) + v(P™') = v(1) = 0, hence v(P)} = 0. (ii} Let A, A'

be stably associated, say
(A + 1)U = V(A" + 1), U,V € GL{R);

since w(¥) = v(V) = 0, we have v(A) = v{A') as claimed.
Let us define a prnime of R as a class of stably asso
ciated atomic matrices. With each prime Pi there is associa-

ted a simpie 7Z-value vy- More generaily, pick an integer
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n; 2 0 for each prime Pi» then w = 2"1“1 is a Z-value,
for it is defined on each full matrix A: w{A) = Enivi(A},

where the éum on the right is finite because vi(A) =0 for
almost all 1. We observe that every Z-value arises in this
way; for if w dis a Z-value on R, let Pi be an atom in
the class Py and put =n. = w(Pi), then w and ZXn.v. ha-

i it
ve the same value on each atom and hence on all of F(R]ab,
50 W =Enivi. This proves
Theorem 4.2. {et R be a fully atomic semifin and fLei (Vi}
be the simple I-values corncsponding to the primes of R.
For any damily (”i) a4 non-negative inteaens, Zngv, 4s @
I-vatue, and convensefy, eveay I-value on R {38 0f tidis
foam,

We remark that with every full matrix A there is

associated a Z-value Wa which is simple if and only if A

is an atom, viz. Wy = Eniv where the v. are all the sim-

i

ple Z-values and ng = "i(A}‘ _
We can also use Z-values to characterize fully atomic

semifirs:

Proposition 4.3. Llet R be a semifin, then R (s fully ato

mic if and only Lf there ({4 a 7Z-value w onrn R such that

wlA) = 0 precisely whén A {& a undit.

Proof. If R s a fully atomic semifir and v; are the sim-

ple Z-values corresponding to the different primes of R,

then w = Evi has the desired property. Conversely, when w

exists, take any factorization A € F(R) and factorize it

into non-units in any way:
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(2} A=p_...p

Since w(Pi) = 1 by hypothesis, we have w(A) = Ew(P%] =r,
and this provides a bound on the number of factors in (2).
By taking a factorization with maximal r we obtain a comple-
te factorization of. A. This compietes the proof.

Now take a fully atomic semifir R and let P (i ET1)
be the family of all primes. For each p; we have a homomor-

ab

phism: vyt F(R) — Z, and combining all these maps, we ha

ve a homomorphism
F(rR)2b — 2T,

But each full matrix maps to O Sn almost all factors of ZI,

hence the image lies in the weak direct power Z(I}. Let us
write D0 = D(R) for the free abelian group on the P; {wri-
tten additively). then we have a homomorphism X : F{R]ab —0

and hence, by Th.3.1,
{3) A *s K (U) — D{R).

Frem its construction the map X is surjective, hence so is
{3). MWe claim that its kermel is GL(R)/(GL{R) n E(U)). For
any A € GL(R) satisfies vi(A] = 0 for all 1, hence A€
ker ?\*. Conversely, if ([A] - [8] }R* = 0, then Ah = BA,
hence A, B have the same atomic factors, up to order and
stable association. Let A = Pl“‘Pr be a complete factori-

zation and let B be the product (in some order) of Qpseves

Q., where (

r is stably associated to P;. Replacing A, B

i i

by A+ 1,8+ I for suitably large I, we may assume Qi to
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be associated to Py say P, = Uiini, where U,

i s UiEGL(R).

Then except for the order of the factors we can write

A = QI"'QrUI"'UrVI"'vr = BF, where FEGL{R). Hence A = BF

{(mod GL(U)') and so [A] - [B} = [FIEGL{R}.GL{U}'. It follows

that ker R* = GL{R).GL{U)'/GL{U) = GL{R)/GL{R) N GL(U)'. He

H

re we may replace GL{U)' by E{U); mereover, since D s
free abelian, A" is split by D dver its kernel and we ob-
tain

Theorem 4.4, Let R be a fully atomic semifdin with univernsal

dield of fractions U and divison grhoup D{R)}, then

ab

(4) Kp(u) = U7 =0 x [GL{R}/(GL(R} N E(U)}].

The divisor group D inherits a partial ordering from R, by
writing # >0 whenever 7 is positive on R. However, the or
dering on D is not enough to define R within U, as is
shown by the fact that the determinant of a matrix over R isg
usualty & proper fraction {i.e. has no representative in R).
It is also of interest to compare 7-values with valua
tiens {cf. [il]) . Clearly a Z-value v will be a valuation

if and only if
(5) vip - 1) 2 min{v(p),0}, for any p € U.

Let A = (AO, Pes AL} be an admissible matrix for p, then an
admissible matrix for p-1 is (A0+AM,A*,AM), so the condi-

tion (5) becomes, after a slight rearrangement,

(6) v(A0+ 5W,A*) Z min {V(AD,A*), viA,, A ).
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We recall that when two matrices differ ir oniy one column,

11---:An)’ B = (Bl’AZ’

matrix obtained by adding the first columns and leaving the

say the first: A = {A ..,An), then the
other columns unchanged is called the deferminantaf sum and is

writien

A v B = (A + Bl,AZ,...,An).

1

With this notation we see that v is a valuation if and only

if
{7) v{A v B} 2 min{ v{A),v(B}},

whenever the determinantal sum is defined ({cf. [11}). In gene
ral this <condition need net hold, e.g9. in k <x,y> censi-
der the simple Z-value v associated with x. We have

vixy) = viyx) = 1, but vixy - yx) = 0. Nevertheless there
is a valuation on the universal field of fractions U asso-
ciated with x; to obtain itlwe write U as a skew funciion
field K(xi;a}, where K is the universal field of fractions
of k <yi| ie 2> and @« 1is the shift automorphism

Y5 |/ Yi+q {thus y; s realized as x'iyxi). On  K{x;a)
the order in x s the required valuation. In terms of Z-va
lues this valuation is obtained as the sum of certain simple

Z-values, but this is not a very efficient way of constructing

this valuvation.

5. The case of free algebras

To illustrate Th.4.4 we shall consider the case of
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free algebras, where it is possible to compute the second fac-
tor on the right of {4) 6f 4. We first prove a lemma.
Lemma 5.1. Llet k be a commutative field and U=k €X¥ the
univensal field of frnactions of the f4ree k-afgebra k<X >,
Lhen E(U)fWGLl(k) = 1.

Proof. Let A=a+ I€E(U), where «€k; we have to show that
a=1. MWrite A as a product of elementary matrices over U and
let P be the diagonal sum of all the denominators of the
entries occurring in these matrices. Our plan will be to find
a k-field K such that we can specialize X to values in K so
that P remains invertible and A maps to I. For each n not
divisible by x, the characteristic of k, we adjoin a

primitive nth root of 1, W, saY, to k and define
(1) K{n) =x(xy | yx =o xy).

It is easily seen that Ki{n) is then a skew field, in fact a
division algebra of index n. Let K be an ultraproduct of
the X(n} with a non-principal ultrafilter, and denote by

N, oy, w the elements of K whose components are all «x,
¥, w, respectively, then y’x' = w'x'y' and W™ #F 1 for
all n. It follows that K 1is infinite-dimensional over its
centre. We now apply the specialization lemma from {4},
p-141. Clearly the centre of K, C say, is infinite and

k €X¥ is embedded in KC{ZX$ so we can specialize X to va-
lues in K so that P remains invertible. It follows that
for all but finitely many n not divisible by x we have a

specialization from X to K{n) making P invertible. In

each of these fields K(n) the reduced norm maps each matrix
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in E{U} to I, hence a" = 1 for all but finitely many n

not divisible by x. This still leaves infinitely many values
of n and so is impossible unless &« = 1.

For the free algebra & <X> = R, every invertible ma
trix is a product of elementary and diagonal matrices, 1i.e.
GL{R)} = E(R).k* {by Prop.2.7.2 of [3],p.95), hence
GL{RJNE(U) = E(R).k"ME(U) = E(R) {k'ME(U)} = E(R), by the le-
mma. Therefore GL{R}/GL{R)NE{U} = E(R).k*/E(R) = k*/k*ﬂE(R)
& k*, and so we find
Theorem 5.2. tef R = k<X>» be the free k-algebra on a set
X and U = K€XF its field 0§ fractions and D{R) its divi-

son group, then

This solves Exercise 7.6.10 of [3]. In many cases it is
true that E{UIGL{R} = E(R), as in the case of k<X>, but
by no means always. For a study of the general case we refer
to Révész [12].

At the other extreme, let K be a skew field in which
every non-zerg element is a commutator {cf.[6]), Tlet £ ©be
its centre and consider the free K-ring KC<CX3* and its uni
versal field of fractions U = Kcilx} . The ring R Thas a
weak algorithm (cf. [3], p.78), hence GL(R) = GL,(R).E(R),
and so¢ GL{R)/GL{RI}NE{U) = GL{R}.E{U)}/E(U) = GLI(R).E(U)/E(U}.
Now GLl(R) = K*ﬂE(U), hence the second factor on the rightiof

{4) in § & s trivial and so

Ko €X3 2 = p,
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where [ 1is free abelian of countable rank (or of rank | X|

if this is larger).

6. Localization

tet R be & semifir and E any set of square matri-
ces over R; it is natural to ask under what conditicns the 1lg
catization RE is again a semifir., This has beep answered in
[7], where it is shown that RE is a semifir if and only if
% is facton compfefe, i.e. whenever ABET, then there
exists a matrix C over RZ such that (B,{) 1is invertible
over RE' We shall show thatowhen R is fully atomic, fhen
s0 is RE and our aim will be to study the relation between
the divisor groups of R and Re in that case.

An atom A in R and also the associated simpie
Z-value is called Z-.inzefevant if A becomes a unit in Ry
and Z-nrelevant othérwiser
Theorem 6.1. tetr R be a fulfu atomic semifin and Lef I
be a facton complete sel of matrices over R, Zhen Ry s
again a fubly atomic semifin, and euery atfom over R edlthexn
becomes a4 unif on nemains an atom over Ry.
Proof. We begin by proving the last part. Let A be an atom

over R and suppose that over Ry we have A = 8182, where
the B8, are non-units. Then by Cramer's rule, Ui(Bi + K)V1 =
Ci (i = 1,2), where C,i is a matrix over & and Ui’ ViE

S5L{R;} Hence

: - -1 -1,.-1 -1
{1} A+ 1= U1 C1V1 U, C2V2 .
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Let v be the simple Z-value defined by A, take complete
factorizations of CI’ C2 over R and let Wy, W, be the
Z-values corresponding to Cl’ C2 but counting oniy Z-rele-

vant atoms. Them by ({1}, v = Wyt oW, But wi(ci) =1 and so0
2 < wl(cl) + wz(cz) = v{A) = 1

a contradiction, and this shows that A 15 an atom or a unit
over RE.
Now Tet P be any full matrix over RE and write

{2) gip + 1)V = A,

where AEF(R}, U, VEGL(RE). We can write A as & product of
r atoms say, over R; each will be either an atom or a unit
over Rz, hence P can be written as a product of at most r
atoms over RE and this shows RE to be fully atomic,

The fact that RE is fully atomic may also be proved
as folfcws: Denote by w the sum of all Z-relevant simple
Z-values on R, then w 1is a Z-value on RE .and wi{A) = 0
for AEF(Ry) enly if A is invertible {by Cramer‘s rule},
hence the criterion of Prop.4.3 1is satisfied.

By Prop.6.1 we can define the divisor groups of both

R and R to describe the mapping between them we need

55
Proposition 6.2. Let R be a fully atomic semifin and I
a gacton complete sef o4 matrices over R, 40 Zhai RZ A5
again fufly atemic. Then {i} any fwo aloms cven R thatl
are not stably assocdiated oven R are noil atably assocdated

overn Ry, unfeass both become undils, ({ji) every mataix P
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over Ry <4 stably assocdaled to the {mage of a mataix P!
overn R, and {§ P A& an atow, then 50 is P'.

Proof. (i} Let A, A' be atoms over R, not stably associa-
ted, and suppose that R 1is Z-relevant. Let v be the sim-
pte Z-value corresponding to A, then v is a ZI-value on
RE- and v{A} = 1, «v{A") = 0, hence A, A' <cannot be stably
‘associated over Ry. (if) Let P be a matrix over Ry, then
we again have an equation {2}, hence P s stably associated
to AEF{R}. How suppose that P s an atom and denote by w
the sum of a1l T-relevant simple 7Z-values on R, then w is
@ Z-value an RE‘ Since P is an atom, we have 1 = w{P) =
w{A); this means that in a complete factorization of A over
R there is only cone factor, P' say, which is Z-relevant,

and clearly P s stably associated over R to P'. This

z
completes the proof.

Let A be an atom over R and denote by [AIR the
corresponding prime of R; if A is Z-relevant, it remains an
atom over Ry and so defines a prime [Aly there. It is
ciear that stably associated atoms over R remain stably asso

ciated over RE’ hence the correspondence IA]R P—*—*[A]X

defines a homomorphism
AD(R) — D(RE).

Let DE(R) be the subgroup of D(R} generated by the T-rele
vant primes; we c¢laim that DE(R} = D(RE). For the restric-
“tion of A to DEﬁR} is injective by Prop.6.2 {i} and sur-

Jective by (ii)}. Thus we have proved
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Theorem 6.3. fet R be a fully atomic semifin, L a gac-
fon ecomplete set of matndices and denote by BS(R) the sub-
group of D(R) generated by the Z-nefevant primes of R.

Then the embedding R — Ry .induces an isomorphism

Heneover, £§ A:D{R) — D{RE) L3 the induced homomorphism,

then
D{R} = DE(R) x ker A,

here ken N  is the subgroup of U(R) aenerated by the
Z-innelevant phimes.

We conclude by discussing an example, suggested by A.H.
Schofield, Consider the free algebra k<X>; we first exami-
ne the form of atoms stably associated to the generators.
Proposition 6.4, et =x€X, 1then over k<X>, any 0 x n
matnix stably assocdiated to x {4 associated to x ¥ I .. In
particular, any element sitabfly cssocdated to x has the foxam
ax  (aek’).

Proof. Let A' be an n x n matrix stably associated to

X, then (by Prop.2.2, [51), there is a comaximal relatien
(3) xbl = bRt,

where b, bI er”, By the weak algorithm in R = k<X> we

can reduce b to e (1,0,...,0); then (3) becomes

1 =
xb‘j = alj’ hence A' = (x + I)JA" and here A" must be a
unit, by unique factorization. This proves the first part;

now the rest is clear since any associate of x has the form
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Ax, AEK.

We now assume X fo be infinite and partition it into
two parts X', X' of which X" s again infinite. Let
T =Z(X*} be the set of all full matrices over k<K> which
are totally coprime to X', i.e. which have no factor stably
associated to an element of X'. MWe claim that Z s factor
cemplete., Let CEX, and suppose that € = AB, where AEnRN.

BENRn {n<N). Given that C is totally coprime to X', we

have to find 0e NIRN cuen that (A,D)T is full and totally
coprime to X*'. We shall take the entries of 0 to be dis-
tinct elements of X" not occurring in A or B; this is po
ssible because X" s infinite. Since € ds full, A  has
rank n, s$¢ we can choose n colgmns of A forming a full
matrix, say the first n, then {A,DO}T will be full if we
choose Do = {0,1}). This can always be done by specializing
the choice of D wmade earlier, so it follows that (A,D)T is
full. It remains to show that (R,D}T is totaily coprime to

X! Suppose that

A .
(4} ( ) = PTG, T = x + IN-I’ xXEX* .

We partition P 1in accordance with the Jleft-hand side of (4},
i.e. we put P = (Pl,PZ}T, so that A = PITQ, b= P,Tq. Wri

te P2 = (pz,Pé) where p, is the first column, Further,

1 = oz ' = -1 1
write Xo IN{x}, X X ﬂXO, So k'<X0 % ( then S s

XI}!
¢

a localization of Soi k[ x] , again a fir, and over the latter
ring we again have a factorization (4). Consider the homomor

phism f |——¥ Oobtained by putting x = 0. This does not
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affect D, so D =D = (0,F5)Q. But this means that pe N-mRN

has inner rank at most MN-n-1, which is clearly false. Hen-
ce no equation (4} can exist and (A,D)T is totally copri-
me to X'. This shows Z(X') to be factor complete and it
proves
Theorem 6.5. Let Kk <X> be the gree afgebra on an {nfini-
te sef X, Pfet X' be a subsef o4 X wiih an Lnfindife com-
pfement in X, and denote be I = Z(X') Zhe set o4 all {ull
mathices over k<X> tofally coprime o X', then the foca-
Bization k<X>5 45 a fda.

For when I is factor complete, the Tocalization 1is
a semifir by' [71; it s hereditary by [2], and hence a fir.

We now partition X dinto X', X", where both X'
and X" are ipfinite. Our aim will be to prove that in this
case k«<x:*2{x.) is simple. Let us write R = k<X>,
S = Ry and take cE€S, c€k. Choose x&X' such that x
does not occur in ¢, then we claim that cx - xc 1is a unit
in $. Once this is proved, it will follow that ¢ cannot
lie in any two-sided ideal =+ 0 of $, and since ¢ was
any element of $ not in k, ‘it follows that S 1is simple.

Let XO be the subset of ¥ invalved in ¢ and let
z be the set of matrices in T with entries involving on-

o]

Ty XO, and put S0 = RE , then S 1is a localization of

o
So’ and the Tlatter js a fir.
Consider ¢x - x¢ in SO; if this is not a unpit or
an atom, then
(5) cx - xc = ab, a,b€S , a,b mon-units.
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Let us write a = a{x), b = b(x) to indicate the dependence
on  x; we note that f(x) |———f{0) is a homomorphism from
S0 {to the corresponding algebra with x vreplaced by 0,

again a fir), hence by (5), a{0}b(0)

0, so a(0) =0 or
b(0) = 0, say the former. If t s a commuting indetermina

te, then by (5],
{6) a(tx)b{ﬁx) = t{cx --'xc) = ta{x)b{x).

Cleariy a,b are polynomials in t, and a{0}) = 0, so by
(6) a,b are homogeneous of degrees 1, 0 respectively in
t, in particular, b{x) = b{0) 4§s independent of x. S0 we

have
{7) cx - xc = a(x).b.

By hypothesis b is a non-unit in So’ say it has a factar
stably associated to xle X', and x1=#x by what has been
proved. Then on the right of (7) all terms have x to the
left of the right-most factor Xq and likewise in xc, whe-
reas in c¢x, x occurs on the right. Thus the terms in «c¢x
must cancel, i.e. ¢x = ¢, which is not the case. Hence b
is a unit, and this shows that c¢x - x¢ 1is an atom. Suppose
that it is stably associated to an element of X'. MNow S0
may be written as T ¥ kI x1, where T 1is a localizatian of
the free algebra in the elements # x. Let U be the field
of fractions of T and form U § k{x); this is a localiza-

tion of S0 in which all the elements of X' occurring are

invertible, hence c¢x - xc¢ must be a unit in U * k{x), but:
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that is c¢learly not so, hence c¢x - xc is totally coprime to
X', and it is therefore a unit in S. This then shows S to
he simple.

Kext we show that S is an Ore domain, and hence
principal. Take p,q€5, p,q*0 and without Toss of genera-
lity p,q¢ have no common left factor (apart from units}. Ta

ke €X' not occurring in p,q and form «c¢ = PXy - GX,

XysXs
= = .‘) =

Let Xo x\{xl,xz}, R0 k<ix° S0 ROE(XS)’ whera

Xé = x'rwxo, then ¢ 1is an atom in Sutk <x1,x25 , fer if

not, consider an equation
¢ = ab.

We have b = blxl + bzxz, hence p = abl, q = -abz, hence
a is a unit, by the choice of p,g. This then shows ¢ to
be an atom. If ¢ is stably associated to x€X', then in
VO * k(xl} + k(xz), where Vo is the universal field of
fractions for 50, ¢ will be a unit. But it is cleariy not
a unit, hence it must be totally coprime to -X* and seo is a
unit in  S. Now we have pxlc‘1 - qxzc'1 = 1, hence
p{xlc'lp - 1) = q(xzc'lp] is a common right multiple,.

Thus Rz(x.) is a simple PID whenever X' 1is an
infinite subset of X with infinite complement. Suppose now
that )(0 is a finite subset of X; let X' be any subset
of X <containing X0 and having an infinite compiement in
X, then it is clear that RE(XO) is a localization of

RE(X') and the latter has been shown to be a simple PID.

Any localization is again a simple PID, so we have
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Theorem -6.6. Let R =k<X™> be the free algebra on an Anfi-
nite set X, and Ret Xo be a subset of X wifth an infinite
complement. Denole by z =E(Xo) the set of aff fulff matrnices
totaﬁﬁé coprime %o Xe, then RE {6 a simple principal ideal
domain.

In particular, ‘taking . XD te consist of a single
element, we obtain a simple FPID with a single atom, but not

a lecal ring.
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