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Abstract:

Coding theory began as an engineering problem suggest by
the Shannon, Golay and Hamming works and has developed by using
more and more sophisticated mathematical techniques. This sub-
ject overlapé with so many other: group theory, number theory,
switching funétionS, combinatorial geometries, association sche-
mes, etc.

We present in this paper a sumary of some combinatorial
properties of the family of regular codes, recently developed in
{4}, based on the coefficients of the dual weight enumerater of
its cosets and the Krawtchouk polynomials. From the Goethals-
va Tilborg's characterization (3) and from the Delsarte's work
(1) we proof that for every s-weight linear code C(n,k), whose
orthogenal cede C*is regular, we can define a s-classes associa
tion scheme such that the rows of its eigenmatrix P are the coef
ficients of the dual weight enumerators of the orthogonal code
and its cosets.

.- ASSOCIATION SCHEME AND DESIGN STRUCTURE

An association scheme with n-classes on a set X consists
of a partition of the set XxX into n+1 classes I'y,Iy,...,I, sa-
tisfying the following conditions:

1: r0={(x,x]sXxX}

2: Given xgX, the number v,;:= # {yeX: (x,y)eri} depends only on y.
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3t Given (x,y)ark, the number pﬁj:= #{zeX: [x,z]aFi and (y,z]erj}
depends only on i,j and k.

{ # denote the cardinal of the set )

If we denote by Di the adjacency matrix of the graph (X,FiJ
(the second condition asserts that each graph (X,Fi) is regular)
which entries Di(x,y] are equal to 1 if (x,y)eri and 0 otherwise;
we observe that the (x,y)-entry in the matrix product Di‘Dj is ka
if {x,y)erk. Moreover the diagonal entries are equal to zero un-

less i=j, in which case they are equal to V- Then we can write:
It
= = E k - _
DA Dj Dj.Di k=0 leDk 1
0 k

where Py ij éij and p i0 Ppi™0ik-
This shows that the commuting symmetric matrices DO’
Dn span a (n+1)-dimensional real algebra called the Bose-Mesner
algebra of the scheme, which is semisimple (rf (1), Th. 2.1 and

Th. 2.2) and hence admits a basis of mutually orthegonal idempo-

tent matrices JO,J ...,Jn; that is Ji'szﬁik‘Ji' Respect to
the basis {J 1,... Jn}, every D]< can be written as an expression
of the form:
D, = .Z? p (1).0. for k=0,1,..., n ’ -2-
k i=0 Yk i ?

where pk(il are the eigenvelues of Dk’ because Dk.Ji=pk(i).Ji.
The square matrix P of order n+t whose (i,k)-entry is pk(i),
0gi,kg¢n, is called the 1genmatr1x of the scheme

The matrix Q defined by Q:= [X|j.P ', whose (i,k)-entry
will be denoted by qk(i], is called the dual eigenmatrix of the
scheme. Mote that from -2- we obtain

-1 " : P L3
i X] 1=0 qk(l).Di for k=0,1,...,n 3

For every association scheme defined oen a set X which has
P and Q as eigenmatrix and dual eigenmatrix repectively, holds:

t=

-1
P 8,-Q.0 -4-

where &, and &p are diagonal matrices having the same order that
P and Q and which diagonal entries are the valences vy and multi-
plicities P that is, vy is defined as 2: and My is the dimension

of the subspace Vk which has associated the eigenvalues pk(G),
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pk(i),...,pk(n} of Dk' Moreover:

Py (0)=vy and q (0)=uy -5-
being pk(O) the eigenvalue of Dy which is associated to the ei-
genvector (1,1,..,1].

We define now a combinatorial structure, called design,

over a subset Y of z point set X of an association scheme with

n-classes,.

The inner distribution of Y is the (n+1)-tuple gf(ao,..,anJ
which coordinate a ig:

ac= Y7 2 5B,y -6-

i xeY Ye¥
and the dual distribution of ¥ is the {n+l1)-tupile h=(b0’bl""bn}
that consists of the inner distribution of Y& :={xeX: (x|y)=0 ¥yeY}
where {.]|.} is the scalar product.

A subset Y of a point set X of an association scheme with
n-classes such that their inner and dual distribution satisfy:
s= #{a, #0; k#0}
and _ ' -7-
b1=b2=...=br=0 and bt+1#0

is called a design of degree s and maximum strenght .

theorem 1 {Delsarte)

Let YeX be a design of degree s and maximum strenght «

which satisfies 1=25-2 or 2s-1 or 2Zs, Then we can define an
association scheme with s-classes rg,rf ,...,Fg
-1 s
Y _
Fij— YxYnFj -8-

where rj is the j-th class of the association scheme on X which

associated coordinate a of the inner distribution of Y is non-

zero. Moreover, the dual eigemmatrix Q=(qk(i)) of the association

scheme (Y,PY) is given by the formula:

' _JPk(lj) if k=0,1,..s5-1

qk(lj)_ i N .
la{xj)—¢c_1(1j) if k=s
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where o(z) is the annihilator polynomial of ¥, that is:

af{z)= IY[]ng {1- %_), being i. the nonzero coordinates in
the inner distributdon of Y; and ¢s-1(z)= k£3_1 Rk{z), being
Pk(z) the Krawtchouk polynomial (see -18-} of degree k in the

variable z.

Remark: this theorem corresponds to theorem 5.25 and corolary
5.26 of Delsarte's work (1), and it is a crucial result for our
theorem 5.

In the particular case where X is an additive finite a-
belian group, useful in ceding theory, the {n+1}-classes FO,P1,..,
T are invariant under translations; that is:

Tl
(x,yYer; => (x+z,y*z)el; VzeX -10-
Thus we have a partition of X into n+1 classes XO’X1""’xn de-
fined by
(x,y)eri <= + (y-x)eX; for i=0,1,..,n -11-

In the other way, let § denote the square matrix of or-
der |X| with y_(x} its entries indexed by the elements x,yeX
(Xy is the associated character to y on X}. The orthogonality
Telations satisfied by them can be expressed by the matrix equa-
ion

+

¥.s5=5.%=1|x].1 —12-

where § is the conjugate transpese of §. They follow from

; (x)=x,{-x) and from the relations I ¥ {x){lxllf y=0 that
y Y xeX 7 0 otherwise
the columns of § are the eigenvectors of all the matrices in

the Bose-Mesner algebra of the association scheme {(rf. (1),(2)),
hence we can write a new partition of X into n+l classes Xé,x{,..
X)) where Xi is the set of indices zeX for which the correspon-
ding column of S is in the i-th eigenspace V- In this way, we
have:

X4={0} and |X]|=p; : -13-

From these partition of X we c¢an define 2 new partiticn
rt,rl,...,r! on XxX as follows:
g’ n

{x,y)el: = f(y-x)aX; -14-
resulting that the n+l1 classes Pi form an association scheme on
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X, called the dual scheme from the constructed one by the classes
r. (rf(2)).

The respective eigenmatrices and parameters satisfy (rf.
(1) th 2.8):

P=Q" and Q=p
_15_
ViTH and WTVE
Let X=(Fn,+) be the set of all the n-tuples £=(x1,...,xnj
from a Galois field Fq of order q=pr for a prime number p. We

make X a metric space by definning the Hamming distance dH(i’ll
betwen two n-tuples to be the number of coordinates in which
they are different.

For 1=0,1,...,n we define Ti by the set of all pairs of
n-tuples at distance i, that is:

| ri= (0 eXxXs dyglx,y)=1} -16-

which constitutes an association scheme, called the Hamming sche-
me, This one is a self-dual association scheme (P=Q) and its
eigenmatrix elements are given by:
py (i)=q, ()=P, (i) -17-
where Pk(i) denctes the Krawtchouk polynomial of degree k in the
variable 1, which is defined in (5} by
L N andgn_qyk-3,1y,m-k gl
Py (i) jf 17 @G G 18
for two orefix numbers: n and q.
From the expressions -5-,-17- and -18- we can write the
parameters of a Hamming scheme by
k
weEvs G (a1 -19-
Remark: For the design structure defined by -7- over a subset Y
of the point set X of a Hamming scheme; that is, Y ean be consi-
dered as a linear code, the inner and dual distribution coincide
1,...,An) of Y and
..,Bn) of its dual

with the enumerator weight coefficients {AD,A
the enumerator weight coefficients (BO’B1"
code Y& respectively.
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2.~ REGULAR CODES

A linear code C(n,k). over Fq, is a k-dimensional sub-
space of the n-dimensional vectorial space that consists on all
the n-tuples with the elements of F_: V={g=(u1,u2,...,un): uiqu}.
The orthogonal code CL(n,n-k) is the (n-k}-dimensional subspace
ef V censisting on all the n-tuples veV which inner product with
every codeword of C is zero.

The weight enumerator of a code C is the polynemial in
the variable z:

Ac(z)= = V(W iig Ai.zi -20-
uel
where w{u) denotes the weight of the codeword u, that is the
number of nonzero coordinates us, and Ai is the number of code-
words of weight 1. n .

Let Bc(z)=AC;(z)= jEO Bj.zJ be the weight enumerator of
Cl._ Between the weight enumerator of a linear cede and the one of
its orthogonal code, there exist the following relation:

Be(2)=1c] 7T (1+(a- 1) 2) " (rpatays) TR

called the MacWilliams identity; or equivanlently:

-1 n ; i
Agtd=let) ™! 2o B (1-2)) (a1 “22-

where the right hand is called the dual form of the weight enu-
merator of C, (rf.(5)).
In order to generalize expression -22- for the weight

enumerator of any coset CJ.:=C+g_:i of C, we write

n .
z i
=0 Ai[Cj).z -23-

AC_(z)= i

J

where Ai(Cj) denctes the number of vectors of weight i into the

coset C;, for j=0,1;..,qn7k~1.

Remark: V=C0UC]U...UC -k is the partition given by the equi-
-1

valence relation Rc={(u,v)anV: u-veC}, and the leader u, is a
minimum weight vector into Cj. Cbviously, C0=C itself.

Taking the complex algebra of all the polynomials in

the variables Xq

for qiqu and 1<j¢n, denoted by A, we can
1

»
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define the two following applications:

f: vV > A
— _ n _
a=(aq,...,a) > f(a)= 151 Xai’i -24
and g: Vv > A
a=(ay,...,a,) > gla)= & x,(B).£(b) -25-
bevV =

where Xa denotes a character defined on the additive group (V,+).
“From definitions of f and g, and from the characters

properties, we can write (rf. (4)):

lemma 2
For any coset Cj of a linear code C(n,k) the following
identity holds:

Iogw = |C] &y, (b).£() -26-

EECJ- bect 7

Identifying X.,.=1 and X, =z if ai#O, intc -24- and

0’1 . ,1
-25-; the duality of the MacWillidms identity -21- and our

lemma 2 proves (rf(4)}):

theorem 3
The weight enumerator of any coset CJ.:=C+L_1_j of a linear
code C{n,k} can be written under the dual form:

-1 8 h n-h
ACj(Z)=|C [ rs Bh(Cj](1—z] (1+(g-1)z) 27
where the coefficients Bh(Cj) are defined as:
= L ox. -28-
B, (C.)= LS
nEC7 Y
w(v)=h

Remarks: When the coset Cj is the code itself, this theorem is
equivalent to MacWilliams identity -22- because we have, from
the properties of characters: Bh(C)=Bh.

The coefficients Bh(Cj) are easily obtained if C is a
regular cede, through the Krawtchouk polynomials.

Let "s'" be the number of distinct nonzerc weights in
the orthogonal code ¢t of a given cecde C; s is usually called
external distance of C. A linear code C is named r-regular,

75



Ogrgs, if and only if the weight enumerators of their cosets Cj,
which have minimum weight igr, depends only on i. When r=s, C

is called completely regular.

Goethals-van Tilborg give the characterization of the
regular codes as a function of the minimum weight d and the ex-
ternal distance s of the code (rf.(3) th.7) as follows:

1) if s<d¢2s-1, then € 1s {d-s)-regular -79.

2) if d>2s-1, then C is completely regular

theorem 4
For every coset CJ.:=C+Ej having minimum weight 1, i<r<t,
of a r-regular t-error correcting code (dz2t+1), we have:

1

B, (C;) = (-0 e ()., -30-

where P, {h) is the Krawtchouk polynomial of degree 1 in the va-
riable h (rf.-18-} and Bh is the number of the n-tuples of
welght h into ct.

proof:

By the duality of -27- we can write:

-1 "
m=0

i h

neoBnez = €17 naghAg(C) (-2 (14 (-1 )™ T -31-

and since Am(Cj) depends only on i, we have for igr:

L ¢ g" IS . DI n-m
LAY WD ISR LIS C R L My

J +
wlyg)=1i
. n .
= Ma-n? Ly A -2 0@
. n
= Mtk BNl -32-

By the character property: EEV XE(Q) = Pi(w(g)]
w(wei
where Pi(w(g}) is the Krawtchouk polynomial of degree- i in the va-

riable w(¥); we can write , in the cther way:
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£ L h _ . orx
; ICl =0 Bh(Cj).z j 1C| h=0{vecl (v)).z
w(u,)=i w(l,)=i w(y)=h
=) }
= loj fa® L K@
wfg)=1
= lclyiess ™ Py ww)
b h
= |ClyEg B, Py (h) .2 -33»

From -31-, the equality between -32- and -33- holds and so -30- is
proved. ##

Rematk: The particular case when sgt+1 is very interesting sin-
ce the coeff1c1ents B (C.) can be found for every coset of a’
Tegular code. (I1f 1$t following the above theorem, and if’
i=t+1 following the next cerolary).

corolary: (rf.(4))
a) With the same assumptions of the theorem 3 we have:

M-1 J 0 if h¥0
L B, (Cy) = -34-
3=0 [ n-k .
M=q if h=0
b)  With the same assumptions of the theorem 4 we have:
¢ if O<igr
" g J -35-
- (C ) =
h=0 n-k
I |ct]=q" " if i=0
3.- REGULAR CODES AND ASSOCIATION SCHEMES

A linear code 1s said to be projective if its generator
matrix has not a linear dependence between any two columns, Let
C(n,k} be a linear projective code with "s" distinct nonzero
weights WyaWo e, W, and such that fhe minimum weight in the or-
thogonal code 4' satisfies: d'32s-1; that is C% is completely re-
gular (rf-29-), then we can define two dual association scheme on
the additive group associated to code C.
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Let X=(C,*) be the additive group associated to the pro-
jective code C(n,k), that is, the set of all the codewords with

the componentwise modulo q addition. We define the partition FO‘
T],...,FS by:
F0={{x,x)gXxX} and Tl={(x,y)eXxX: w[x-y]=wi} -36-

which constitutes an association scheme with s-classes on X where

i=|Xi]= A, ~for Ogi¢s beingX; a class of the partition induced
1
by ri on X. (r£.(1) and (2})).

In the other way, we can consider C=V/CJ.as a quotient

of additives groups and consequently the decomposition of V into
N*qk cosets of Cl, that is C=YOUY]U.<.UYN where Y0=C4'and Yi=Ci+£j
for j#0. Since Clis a completely regular code all its cosets,
having the same minimum weight at most s, have the same weight enu-
merator. Moreover, since d'22s-1, ¢t is a (s-1)-error correcting
code and each codeword of C with weight at most s-1 belong to dis-
tinct cosets Y. of CL, In this way, we can write a new partition

Tf,r‘,...,F; over X as follows:

Iy= {(Yj,Yj)aCxC I and Ty= {[Yj,YkJerC: NH(Yj—Yk)=i} -37-

where WH{Ys-Yk) denotes the minimum weight in the coset Yj~Yk:=
CL+(gj-gk). This partition defines an association scheme with
s-classes on €, this one considered as the set of all the cosets
Yi of ¢, and constitutes the dual scheme of the one defineq bYg .y
-36-. In this case, ui=1X%]=(?)(q-1]l for 0<igs-1 and u5=qk—k£0 My

Using the theorem 1 we can show an important combinatorial

result, explained in the following:

theorem 5:

For every linear projective code C(n,k) with "s" distinct
nonzero weights such that the minimum weight d4' of the orthogonal
code satisfies: 2s-1g¢d'$2s+1; we can define an asscciation scheme
with s-classes on € such that the rows of its eigenmatrix P coin-
cide with the coefficients of the dual weight enumerators of C*
and of its cosets.
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proot:

According with definition -7- and remark of page 5; this
code C is a design of degree "s" and maximum strenght t=d'-1, which
satisfies the assumptions of theorem 1. Then (C,FC) is an asso-
ciation scheme whose dual eigenmatrix Q is obtained by -9-.

From -29- we claim that C" is completely regular and mo-
reover that is a (s-1)-error correcting code (d'>2t+1 being t=s-1
the capacity of error correction). In this way, we can apply the
theorem 4 for every coset of Cl'having minimum weight ig¢t and -34-
for them which minimum weight is t+1.

If we arrange those results in a (s+1)x(s+1) matrix B who-
se entries {j,wi) are the coefficients Bw‘(C +gj}, where this co-
set has minimum weight i, i=0,1,..,s and %0=0; we C4an write:

1

B=cl.q%.4 -38-

where A and ¢ are diagonal matrices whose entries are, respective-

ly; a;;=A_  (the coefficients of the weight enumerator of c=(chh
1

=J(?](Q‘131 for O=iszs-1

and c,.

i {the number of cosets of C with mi-

5-1 - X .
1 qn-[n-k)_‘g; c .. nimum weight i)
3=0 "j3
From definitions -36- and -37- we assure that the right
hand in -38- coincide with the transpose of the right hand in -4-.
Then, B=P and this proof is end. ##

example 1:
For the perfect binari Golay code with a weight enumera-
tor (rf.(5)):
Ag(z)=1+25327+50625+12882" 1412882 2o 5062 *+2532" 84?3
from which we know it is completely regular and that its orthogonal
code has three nonzero weights:

8

Agi(2)=1+5062 +12882 1%

+253,10

we can obtain easily all the coefficients Bh(Gj] of the dual weight
enumerator of all the cosets G].:=G+§_j through- theorem 4 and from the
three-term recurrence of the Krawtchouk polynomial (rf.(4}), and we

have the next table where B is the central piece:
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. | N° of cosets with
: BO(Gj} BS(Gj} B12{Gj) B16{Gle minimum weight 1
0 1 506 1288 25%

1 1 154 -54 -99 l 23

2 1 26 -56 29 253

3 1 -6 8 300 1771

Consequently, let C be this three weight linear code
which orthogonal code is the binary Golay code with minimum
weight d'=7. By theorem 5, we can define an association scheme
with 3-classes on € whose eigenmatrix P is:

506 1288 253
154 -56 -89

1
p=| !
1 26 -56 29
1 -6 8 3
remark: We refer to the reader to exemple 6.1 in {1) where this

eigenmatrix is constructed in a different way.

. example 2:

In the same work (1) Delsarte gives an association sche-
ma, with two classes, on the orthogonal code at the ternary Golay
code G3(11,6], where the corresponding eigenmatrix P is given by:

1 132 110
P= 1 24 -25
1 -3 2
Applying the inverse reascning to example 1, we can ob-
tain from theorem 5, since the ternary Gelay code is perfect
{rf.{5)), that is completely regular (rf.(3)); that the two non-
zero weights of the ternary Golay code are w1=6 and w2=9. Those
results are obtaineds from -30- and from the Krawtchouk polynomials
P, (x)=22-3x and P,(x)= =220-122x43x% (r£.(5)) (e-s. B, =132; and
1

('h.z

24= .PT(w1).132 in second column of P, then w1=6).

In this way, our theorem 3 permits give the dual weight
enumerator for the ternary Golay code and for its 243 cosets:
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Ag (2) = gl (122) i3z (100 Qe22) e 11001-2) P (1e22) P )
3

For w(gj}=1; there are (I}).2=22 cosets with the same mi-

nipum weight, we have:

AGS+

Ej(z)=§-}3( (e2z) Ne2a01-0%+22)% 25 (1-2)% (142232 )

And for w(gj)=2; there are (1;).22=220 cosets with the sa-

me minimum weight, we have:

AG3+Ej{z)=§%§( g2 3-8 ae22) % 200- )% (14220 % )
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