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GROUP RING OBJECTS DEFINED BY MOD p DECOMPOSITIONS
OF BU AND ALGEBRAIC K-THECRY

D. Husemdller

Let % be a coefficlent (commutative) ring, and let (cc]k
denote the category of positively graded, (co)commutatlive coalgebras
over K. Let C denote any full subcategory of the category (sp)
of topeclogical gpéces which 1s closed under taklng finlte products.
For X and ¥ in C the homology product for H,{X,k)} (or just H,(X)
when there is no ambiquity) 1is defined

a 1 He(X) 8 Hy(Y) —> H (X xY),

and we assume that it is an i1somerphism which 1s always the case
when k is a field. In this situation the natural dilagcnal map
& : X —>» X xX induces H,{8)

Hy{4)
Hy(X) ———————> H (X xX)

\ o T
BHg (X} He(X) 8 R, (X)

which composed with the inverse of o to define a coalgebra
structure B8H,(X) on Hg(X). We view homology as a functor

Hy 1 & — (ee).
Since the tensor product of commutative eoalgebras 1s the product
in the category (cc)k of commutative coalgebras over k, the
Kilnneth isomorphlsm a ¢an be interpreted further to say that
Hy :C —> (cc)k rreserves products. There 18 a corresponding
assertion for the respectlve categories spaces with base points

and augmented coalgebras.
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A baslec structure on a space {(with base point) 1s that of
a "product" map u X xX —3 X making X into an H-space. We
will only be interested in homotopy assoclative H-spaces, e.g.
topological groups and loop spaces R(¥), In these cases H {X)
has a multlplciatioen which is.the composite -

He(X) @ H (X} —25 H (X xX) -H'Lp H, (X).

Wnen X 1s connected, or more generally, when the semigroup-woﬁx)
of connected components is a group, H,(X) becomes a group object
over the category (cc)k, that is, a Hopl algebra. Hence an H-space
1s'th0ught of very much like an objJect which 1s a "homotopy group".

Now 1n K-theory, both topolegleal and algebraic, one
encounters spaces with two H-space structures usually given by
some dlrect sum and tensor product operatlon on bundles or modules.
The main examples are Z xBU, Z xB0, and Z xP(y1 - 1) 1n
topological K-theory, BGL(A)+ in algebrale K-theory, and B(§u)+
in stable homotopy where S =lJn §n is the infinlte symmetric
.grcup. Here BG+ 5 the Qﬁillen plus éonstruct}an, sE€ ﬂauamann
and Husemoller [2]. 1In these cases H,(X) becomes a ring object
over the category {cc), . In Husemoller [5]) we studled this
situation and introduced the concept of group ring of 8 group
over (cc)k and identified the homology of several spaces as
group rvings over a specific group object, for example,

Hp{ ZxBU) = group ring of H,(BU{(1)).

cver the category (cc)k.

In this article we extend these results to the factors of
BU lccallzed at a prime. While this article was being prepared
the author was.a guest of the Max Planck Institut fur Mathematlk

he
in Bonn wherenprofited from discussions with D. Qulllen on thils work.

He would like to express his appreciation for thelr support.
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$1. Decomposition of BU and BSO at a prime.

The following theorem has been known since the 1960's.
Peterson [ 7 ] was the first to publlsh a proof of it.

{1.1} Theorem. Tnhere 18 a space Yp localized at an odd
prime such that

BU{p) and ¥, x Qapr ch. X nz(p_g)Yp
have the same homotop; type, and moreocver, Yp does not decompose
into a product. Further,

BSO., and ¥ n"yp x ... x P76 o
have the same homotopy type.

Peterscn proved the above theorem in terms of a characterization
of BSO(p) and BU(p) in terms of k-invarlants, see [ 7 ,theorems 2.1,2.2].
He constructed the space Yp using Sullivan's bordism with "singularities"
theory. The orginal precof of this theorem seems to be due to
Adams, Anderson, and Atiyah all independently.

This space BSO(p) was of wlde Interest because Sulllvan in

his thesis proved that Bso(p) and the surgery space (F/PL](p}

are of the same homotopy type. In the paper of Peterson he also

glves a proof of this assertion.

The proof of the decomposition of BU(p} {and similarly BSO(p)}
which 1s most transparent is essentually 1n Atliyah and Tall {1].
The space BUp, which 1s BU completed at p, represents the K-functor .
oIl finite'complexes tensered with Ep, the ring of p-adie integers.
The Adams coperations mk for k integral extend to w“for a any
p-adle integer, and the group of units T 1In Zr)acts as a compact
autom?rphism group of a compactZ p—algebra valued functor. Now

T is the direct product of C, a cyclic group of order p-1, with

C
14+ pm;ﬁ The space Yp represents the subfupctor (K{X) 8 Rp)
of K(X) @8 Zp left fixed under C. The other p-2 summands

correspond to y-eigen-spaces as y runs over the cyclic character
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“group of C. Since ¥ and y**! are related under the Bott
isomorphlsm between BUp and ﬂaBUp, and since C has the form

{z,a+1,...,a+p-2}, we see that the even loop spaces p°d

Ypfor
1 = 0,...,p-2 represent the other factors,

{1.2} Remark. Since Yp represents a subring valued functor,
it has a homotopy ring structure, and we can ask the guestion:
Is the ring object H{(Z x Yp’a(p)} a group ring object over
(cc)z(p)? This we answer affirmatively 1n the next section
by relating it to the algebraic K-theory of Quillen.

{1.3) Remark. In HusemBller [3] we have a decomposition
of the {2dditive) Hopf algebra

N He (BU,Z( ) = l.’,f)‘l_i Bipy[xy,280.
It 1s easily seen by the nature of the actlon of v%{x) = a'x
for primative elements x of degree n that
HelY ,Z(py) = O(p—1)|1 BpyL¥y,21] = Blx,2(p-1)]

in the notation of [3].

52. The space Ya and alpebralc K-theory; H, (7 x %’,E(m}) as

g proup rine object.

Let E be an o0dd prime and consider BU{Q). In Quilien (3]
and [9] fundamental use was made of the Brauer lifting to
define the horizontal maps in the following commutative diagram.
BOL(F) —> BU
1 !
BOL(F)' —s F(y®-1)
where F is the fleld of q elements, g = pa where p is é prime,
and F is the algebralc closure of F. These horlzontal maps
induce 1somorphlsms in homology with coefflelents in a field
of éharacterisitic L.

Given L we are free to conslder any p different from 2 for
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*
the analysis. Quillen proves that if p has order £-1 in E&

then there is a subfield k of F such that

H,(BGL(k)+,E1)-4> He(Y,,F ) = B[x,22].15 an isomorphism.
For this see[%, pp. 577-8] and again we have used the notatlon
of [3]. By [5,Theorem 3] the ring object H*(YE) is a group ring

£

are free, the same 1s true for -homology wilth wvalues in thils ring.

cbject with field coefficients. Since all the modules over Z

In summary we ‘have the foliowlng theorem.
(2.1) Theorem. The ring object H‘(YE’E(E)) is & group

ring cobject over the category (CC)E .
. ()
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