Pub. Mat. UAB
Vol. 26 Ne 3 Des. 1982

NOTE ON BLOCK INVARIANTS
Shen Xin-Yao

In [6], the T-torsions of an N-dimensional CW complex
X are introduced. Using these block invariants, we can list
the generators'ékd their order of the 2-primany component of
cohomotopy groups "Ly ana ¥ T %2). Now, we genera-
lize these block invariants and discuss their property. Espe-

cially, some necessary conditions are obtained for the existen

ce of a cross-section.

1. Let X be an N-dimensional CW complex, n =N -1,

m =N - 2. We have an exact couple which is based on the coho-

motopy exact sequence of the triple (K, K%, k9 ~ Ly,
- j _
s pT ik, k% b 2Tk, kT T L) S AT 3 k9T
—r ﬂr'+1(K, k%) — ey

where i and 3 are the homomorphisms induced by the inclusions

K, X3 " 1y 5 &, 8% ana I3 x¥I "L - &, k34
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respectively, and k is the coboundary operator of the triple

, K%, x7 7 1y pefine precisely,

¥

A= _Z Ar,q'

r.yq
+
o, kY, >R
atrd -
N +1
o, rS—7s—;
Cc = ¥ Crlq
Ir.q ’
, - N+1
k3 k97, r > ==,
. ‘ K
+ + - +
e =lker (vt x, x% I 2FTx, kT, x-= [N—zl].
+
0, r<[N_2l ’
and the homomorphisms
irrq . Arrq — Ar'q_l'
jr.q . Ar.q s Cr'q+l,
I . crrq — Ar"'qu
’ +
are the appropriate i, J and k for r>N—2l, when r=[N—;1],

k**9 is the inclusion, and the remaining homomorphisms i, j

and k are all null homomorphisms.

Tt is ¢lear that <A, C; i, Jj, k> 1is an exact couple.

+ +
1) PLi] stands for the largest integer not exceeding E?A .



Consider the first derived ccuple <TI',H; i,j,b> of the
cochomotopy exact couple <A, C; i, j, k> . By definition,

re«9 - m i%+9

¥

r,g _ ker arrd ;

H - Z
Im qf~1-a-1

where a™’9 = jr+l,q o kv o cTrd . oMbl and homomorphisms

;09 preq Fr,q—l'
r,g ., pr.qa _, Hr,q+1'

pfrd . g¥:d o, prtl,g+l
are induced by ir'q_l, jr,q(ir,q)-l and k*r9 respectively.

The group 75 (K9, k97!) can be interpreted as the g -th
cochain group of K with coefficient group ﬁg(sr)[ll- Thus

uTra qu(K;ﬂa {s¥) ). The homomorphism

4, =3b: HUK; =g (sT7h)) — Hq+2(K;ﬂ:+2(Sr)}

-3
is a cohomology operation [4}; in particular,

2 q+l))

o

d, =job: BI®;ng (s — ¥ (K;n3+2(s

and

s

—sots HI(w.pSiaT1 qt2 .. q
d, =job: H (K,rrq(S W — H (K,wq+2 {s))
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are Steenrod squares from integral coefficients to coefficients

{3].

mod 2 and from coefficieﬁts mod 2 to coefficients mod 2.

on ker dr,q’ we can define a secondary cohomology opera-

a9

tion

r+l,q+3
h} : ker df’q — Hf+1rq+3 _ ker S -
Im a9
as follows.
1f acker &9, then jr+l'q+}br'q(a) = 0, hence

b ) em 17T per B g AL AT P i'r”'q”{ﬁl) =

jr+1,q+2 r+l,q+3

b*'Yx). Then (8,) €ker 4 It is easily to

T+l ,g+2

verify that the class h:(a} =13 r+l,q+3

(8,)) €8] is
independent of the choice made by the element ﬁl' Thus we
obtain the homomeorphism h}.

In [5], the following theorems are proved.

Theorem 1. The secondary cohomology operation

h} : ker dg'q g H?+1'q+3

is the Adem's secondary operation ¢.
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Theorem 2. For N>3, we have a short exact seguence

+1
u" (K7 Z,)

0 — Loy & vz — o (1
sq® 1" (x;2)
When N>5, for 7 (K} we have
6 — I —1™(K) — ker Sq° (CHM(K:;z)} — 0 (2)
g0 = Coker & — T — Coker qu — 0
Hm+2(K:22) ) " (K z,)
where Coker ¢= and coker S¢q° =————".
sq2 Hm(K;Z2)+Im<b Sq2Hm_l(K;Z)

This theorem makes it clear that, using cchomoclogy groups and
cohomology operations, we may determine the structure of the
cohomotopy groups 7% (K) and 77 (X) within an extended limit

of precision.

2. For determining these groups exactly, we first note
Corollary 3. 77 (X) and H"(K;Z) have the same rank and
odd primary components.

Now, we consider the 2-primary component of 70 (K) .

Denote the p-primary component of group G by G( and

p)
m’ = {g: mg = 0}, Assume

n
R )T Taly T Bty Mlat - Ep g e tlpte e Ty
: Sl 82 Sr

ll>12>... >1r'
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In (6], the cohomology operations

nt+l
(1) n Rl
T {k)} = zlkH (K;2) — Coker sg = 2 n-1 )
Sg“ H (K;Z2)

k=1, ..., L,

are defined. Each operation has the properties:

n
(i) For {Z}GizlkH (K;2), we can choose ¢ ex (K} such

that j e = {z}. Because 2 kiz) = 0, then j{2lke) = 2lkjE1=
2'k(z} = 0. Let F ecCoker qu be an element such that iF=2Yke.

Then

k) (zh = F.

{Notice that the element F is uniquely determined in

Coker qu)

i Moo | etz =0, k>e

Using these operations, we can determine the cohomotopy

[2,6]
!

group ﬂn(K)(z} from (1). In fact we can reconstructe

the group 7 (K) by H (K;2) ; Coker qu and T(l)(k]
(2) (2)

+ : +
as follows. Let e? l,..., eE 1 be a basis of Coker qu, and
n n n n n. n
€ reeer €. esl+1,..., esl+sz;...; -1 reeer € be the
1 T s+l DS
i=] L& i=1
1
generators of Hn(K;Z)(zj, the order of ei_l be 27K,
z Si+j
i=1
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j = Lyvvossys k=1,...,r. Then we can construct a group ET(l)

]
{Coker sqz, Hn{K:Z)(z)) as follows. Pirst, we have the set

Coker quan(K;Z)(z}. Note the order of the generator

eﬁ_l f 3= lies, 8, is 21k, 5o the element of H (K3 2)(2)
Syt4
15517
has the form
r ko ' ko1
Iy 35 ep_; , 0<al<2 k.
1215143

Let F €Coker qu, then the element of Coker qu.an[K;Z){zj

has the form

Using the operation T(l)(k), define an addition of pairs as

follows.
k _n r,3 1K QR =
oy sk DRy S T
iElsi+j 1§ s;+3
_ . (1) n K proX_ekoliy
(F+F +k2: EJT (k) ep_y .kz,j(aj @ j2 )ekl ).
151843 i%1°%1"
where
a, if  of +raf <2k
X 3 y
Ej =
1, if a};+'a};;21k
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This addition is associative, makes Coker qux Hn{K:Z)(z) a

group. That is the group En(1) (Coker qu, Hn(K;Z)(zﬂ. Now,

let
Ttl](k) e = g S 3 =1 ., k=1,...,r
k"'l E=l jz E r Fee ey kf ’ r r
121514
~n+l _ n - ~ T - n
then e/ = (e’, 0}, 1 Lyeeasu, &y (0, ey ‘),
115143 1Z1%4%3
j = l,...,sk,k = 1,...,r, 1is a set of generators of
ET(l)(Coker qu, Hn(K;Z}(Z)),,and the relations are
28 -0, 1 =1,...,,
21kg D T S S S s., k=1 r
k-1 T e rre Sy RRRREE

[ 1515143
It is not hard to showls]

n ~ 2 n
T (K){2)= En(1) (Coker 8q” , H (K;Z)(z)}.

So we have

Theorem 4. Let K be an N-dimensional CW complex.

Hn{K:Z}(z), Coker qu and their generators are as above, then
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the group ﬂn(K}(zl has a presentatiocon

-n+1 ~n+l ~ ~ ~ T+l , ’
<&t e R E] 28" =0, i =1,...,u,
18184
1~ n v kzn+l '
= e 1 = =
2 ekgl EglajEE e 3 l,...,sk,lc 1,...,x>
i=154%d
~nt+l ~n .
where € T .y are corresponding to the generators
iZ155%3
e?+l e£11 respectively, and (ags) is the matrix repre-
L
1515i%3

sentation of T{n(k) with respect to the ordered bases

’ +1 +1
{ e? - E } and { e? ,...,eg Y.
B, S
i=] 1

For the group rrm(K)(2} s wWe have sirlnilar results. But the
situation is more complicated. In fact, instead of T(l)(kL

we have three groups of homomorphisms, namely

2

r

T;z] {k): ,1, ker qu — Coker S5q
12 (k) : ker T(2)(K) — Coker ¢ ,
2,0 2

and

T{m: Coker qu — (Coker ¢ ,
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where

ker qu( cH™(K:2)) ,

) Hm+l(K;z2)
Coker 8q° = TS N
S5g H (X;2)

+
Coker ® = a factor group of 5" 2(K;Z2}.

Using these homemorphisms, we can obtain a presentation of

7T (X) (23, see [6].

3, In theorem 4, we obtain a presentation of the group
ﬂn[K)(z). But, for a fixed integer t >0, we do not know how
many copies of Z,¢ are contained in Fn(K)(zy.

(1)

Now we introduce the T - torsions as follows.

Definition. Let K be an N-dimensional CW complex.

-Assume Hn[K;ZI(Z] and Coker qu are as above. Then we have

1 2
r1 () ¢ 1" (;28) ) — Coker Sq°.

Define
I (1) ,. . (1) . _
7). = dim ﬂgk Im T {i} - dim rgk Im T (i}, k = l,...,r.,
r
Tre1 - BT kg 1 %k
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and call them the T(l)(k) torsions of K,

Cbvicusly, the T(l)(k} torsions are all homotopy numeri-

cal invariants

Using these invariants, we can list the generators and

their order of cchomotopy group wn(K)(2) as followslsl.

Theorem 5. Let k be an N-dimensional (W complex.

Then

rank ﬂn(Kl = rank Hn(K;Z}

n R .
T {K)(p] = H (K,Z}(p}, P2,

and ﬂn[K)(z) is determined by Hn{K;Z}(z), dimension of
Coker qu over Z, and T(l](k] torsions. More precisely, if

Hn(K;Z)(2), and Coker qu are as above, then

r r
T (K) &, 2 S 34 + .8 2z t.e..+% +Z+...+2,,
(2) T k=1 Z,L41 Slgtl k=1 Y1y ol 2 2
% 5 T % i1
where 7y is the T(I)(k) torsion of K.

(2)

In a similar way, we can define the P27 (k) torsions,

Tézé(k) torsions and the relative T{Z) torsions of K. As an
14
application of these invariants, we can list the generators and

their order of “m(K)(zj' seae [6].
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4. We mention that the operations Tél)(k] are only
defined for n = N - 1, and operations T(z)(k) for m=NW - 2.
Now we generalize the definition of operations T(l)(k] for

all s as follows.

At first, we recall the definition of T

ﬂn—l(Kn—llxn—2) k nn(K,Kn-l] J Wn(Kn'Kn—l}
{3)

- -1k i
B R S Lok W ML T RN (R0 8

Let [z} Gzlan(K;Z} and =z Eﬂn(Kn,Kn_l) be one of its
representations (see (3)) , then there exists an element
o Eﬂn_l (Kn-HKn—2) such that
jkila) = 2%kz,

So « is a cocycle mod 2.

-1
Note that there is also an element f Eﬂn(K,Kn 1 such

that
) = =z.

Now kie) - ZlkﬁGEnn(K,Kn_l) satisfies the egquation

jlkia) - 2'kg) = 2kz - 21Kz = o,

so there is ¥ Gﬂn(K,Kn) such that
17 = ka - 27K g,
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Then, by definition, T(l)(k)({z}) = {y} €Coker qu.

Now we analyse this process. First we obtain a cocycle
@ mod 2, it is from the c¢lass {z}'ezlan(K;z). Secondary,
we obtain the class {v} € Coker qu from the mod 2 class

[31]

o. We know that the second step is exactly equivalent to

the action of the Steenrod squares. So, if we can generalize

the first step, then we can generalize the operation T(l](k).
Now we do this as follows.

Let {2z} ezlkHS[K;z) and =z ECS[K;Z] be one of its re-

presentations, then there exists aec® 1 (k;2) such that
da = 21k z.
Now o is a cocycle mod 2, but it is not unigue. Obwviously,

the indeterminacy is an integral cocycle. So we can define

-1
. ) (K:2,)
3, ¢ ,ly HS(Krz) =

k s-1

pH {K;Z)

as

Bk(fz}! ={al ,
where pu is the natural homomorphism.

In this way, we can generalize T(l}(k), and define the

¢cohomelogy operation

S gy . 21kns(x;z) — Coker $q2



as

Spil)(y) = sq2: 3

Obviously, we have

Theorem 6. Let K be an N-dimensional complex and
n=N-1. Then on ,LH"(K;2), we have operations np (1) ey

and T(l)(k). But they are coincide:

np gy = o0y L1 H" (K;2) — Coker sq?.

The operation T'}) (k) has properties (i) and (ii)
(seec §2)

Now we consider the corresponding properties for operation

sl yy . .
Theorem 7. The operation
se(l) gy = qu'ak : ,1,H®(K;2} — Coker Sq2

has the property (ii), that is if { z} EzlkHS(K;z) and k>t,

then

sefl) (k) ({z}) = 0.

Proof. It is sufficient to prove
ak({z}) = 0.
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et «€cSl(k;z)  imply

da = 2lt z,
is a representation of {z2}.

where z eC®(X;Z)

S(Zlk-lta) = 2%k 2,

By definition, d,{z} = {Zlk_lta}. Now 23k7lt, as a cocy.

cle mod 2 is 0, so 8 fz} = 0.
In general, the kernel of

j : w (K} - H®(K;2)

is not Coker qu(cf. (2]). But on ker j, we can define

j' : ker j —Coker qu.

21k,

Let e€ #°{K) and the order of jle) be
Using the method of [6l, we can prove

j' (2'ke} = sq”o3, (3(e)).

5. Using the cperations

gn(1) -
T (k):zlkHS(K;Z) =+Coker (quzﬂs l(K;Z]'—*HS"-l[K;ZZ]]

we define

i<k

s0, = dimigk Im ST(l)(i) - dim, Y Im ST(l)(i), k=l,...,r,

Then we have

Then 2'ke cker j.
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and call them the

ST(I}(k) torsions of K.

Let K be an N-dimensional CW complex and let K" be
its n-skelton. Let n>0 and let Kn be the complex formed by
shinking K™ ! to a point e° which is not in kK-x""1  and is
the single O0-cell of Kn. Now we discuss the relation between
ST[I)[k) torsions of K and of K., K-

We first consider K.

Thecrem 8.

ST{”(k} torsion of X" = ST(I)(R) torsion of K,
if s<=n-1,
ST(IJIK} torsion of K. = 0, if s>n-l.
Proof. Obviously,
. s+1 s+1 .
1;+l : H (K;jz,) = H {(K;j2Z,}, if s+l<n,
and
i; : HY(K;z) = H (x";2), ifr=s, s - 1,
where i; is induced by the identical map i : K =K.

Whence

ST{I){k} torsion of K = ST“')(Jc) torsion of K, if
s<n-1. On considering the normal form of the incidence matrix
for

& = Cn’—’Cn+1.
where C" is the group of integral m-cochains in K, we see
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that

Sa n n n
ln : H{K, Zz} - HU (K, 32}

is monomorphism, and

HU(KT,2,) = 1'HT(K,2,)+ eE]

where H? is a free summand of Hn(Kn,Z}

which arises from
the basic cochain cecCP

such that &c (21+¥1)ec’ {10) and

g w7y > BN, z,)

is the natural homomorphism.

]
Since

¥ ' (x,zy = T (k",2), if r = n-1, n-2,

then we have

n-l (l}(k) torsion of X = n-lT{l}(kl torsion of K. But

H“{x“,zz}

n
_ B (K, 2.,) _
dim [ T T ]-—ﬁn lak of X"»2aim| —-— 2 _| _zn-1

g
SqZHn-2(K,Z) k k
cf K.

When s+1>n, then’

+
1,2, = o,

whence

Coker ( qu : S

- +
Ytz - iR z,)) = 0.
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We have
5T(l)(k) torsion of K = 0, if s+l >n.

Now we consider K.

n
Theorem 9.
sT(l)(k) torsion of Kn = {0, if s<n+l,
ST(I) {k} torsion of kK, = S’I'(l) {k} torsion of K,

if s=2n+l.
proof. When s<n, then
B° (K ,2) = 0,
whence
ST(l}(k) torsion of Kn =0, if s <n.

If s = n, then Hn(K ,2) is a free Abelian group since
n g P

K has no {n-l}-dimensional torsion. 5S¢ in this case

nT(l)kk) torsion of Kn = {).

Let :: X > K be the identification map. Since ¢ Ix-x"71

is 2 homeomorphism onto Kn - €° which maps each cell of
K-x""1 on a cell of R, - e®, it follows that

s+, g n
¢r o2 HU(K ,2) » H (K,2) (4}
" is an epimorphism, and

L =1 s
1y B (K . G} > H (X,G} {5}
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is a isomorphism if s>n. In the commutative diagram

qu
+
Hn(Kn,Z) — g" 2(Kn,Z

|- |-
Sq2

5 x,2) —— EVA(K,z,),

note (4) 1is an epimorphism and (5) is an isomorphism, the

homomorphism t* induces isomorphism

+
2kn,zp)  EE(K,2,)

t ¥

Sq2Hn(Kn,Z) Sq?EM (K, 32) .

Then from the commutative diagram

n+l g2 x orZs)
1 Ke2) e . P U
2 k" Sq°H (K, 2)
o ¢F =
+
o ntln(1) o0 HY2(K,2,)
21k ' sq2E™ (K, Z) ,
we have
2* (1) (k) torsion of K = 241p (1) 14y torsion of K.

If s2n+2, then from (5) is an isomorphism, we have

sptl) $p(1)

k) torsion of Kn = {k} torsion of K.

Let # : E+B be amap of E onto B. Map F : B - E
is called a section of 7 if #F : B = B is the identity of B.
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Theorem 10. If 7 : E'—=*B has a section, then
x s k
2%, of g2 £S%; of B,k=1,2, ...
i=1l i=1
Proof. Let F : B'>E be a section of 7, then from
TF = 18’ we have
= : B%(8,G) > H°(E,G)
is a monomorphism. In fact, we have
H°(E,G) = ker F; + Im ﬁ;

Whence

H5+2(E,32) . ker

s
ker F; + ﬂ;H {(B,G}.

* * =+2 N
F.5.+2. + ﬁ_5+2H (B, 22}

sqH® (E,2)

ker F?
+

n

8q° (ker F} + 72H%(8,2)

* S+2
1TS‘!,ZH (szz}

s+2
2 *
Sg ker Fo

Hence from the commutative

%(B,2)

7{"
5

u%(E,z)
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quﬁ;HS(B,Z) .

diagram
2
Sg
— HS+2(B,22)
*
l”s+2
qu

— HS+2(E,ZZ)



we obtain

H5+2(B,32) H5+2{E,22)
* —

il H

sq°H® (B, 2) Sq K5 (E,2)

is a monomorphism. Then from the commutative diagram

+
s+1 s+lp (1) (i) B Z‘B'zz)
1B (B,2) — " o
2-k * Sq"H (B, Z)
J L
+2
s+1 stlp(1) (x) HZTO(E,Z))
1 H (E,2} ————— —Z s
27k : Sq H (E,Z)
we have
k k c -
T 8. of E=>Z ", of B, K=1,2,...
i=1 * =1

t. Remark. In the previous paragraphes we have discussed
the generalization of T(1)(k) torsions and obtained their pro
perties. We can use the same stratege to generalize the
T(zkk)—torsions, and obtaine the similar properties. The details
will be published.elsewhere.
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