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NILPOTENCY IN GROUP THEQORY AND TOPQLOGY

Peter Hilton

C. Introduction

Qur object in these lectures is to indicate an aspect of the
interplay between algebra and topology. This aspect is through the
application of the notion of nilpotency, applied to groups and to
modules over grouprings, to homotopy theory. We start with a study of
nilpotency in group theory but, even here, the lines of development
are heavily influenced by the homotopy-theoretical applications we
have in mind: in this respect, we proceed very much according to
standard strategic principles of applied mathematics. However the
link between the algewra and the topology is, in a key respect, closer
than that between a mathematical model and the 'real world' situation
heing modeled, in that we can obtain resuvlts in homotopy theory
which may be interpreted as generalizations of our algebraic results.
Thus it is even possible to prove algebraic results from homotopy-
theoretical results, $o0 that we can carry cut 'applicaticns' in beth
directions. It will not be passible to give extensive examples of this
process here, but it should at least be clear how the localization
theorems of Section 3 could, in facect, lead to.(rather than foli&w!f

the establishment of a localization theory for nilpotent groups.
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Apart from this important notion of application within mathema~
ties itself, the three key features of mathematical methodology which

we stress are generalization, relativization and reasoning by analogy.

As to generalization, this process is, of course, familiar to

all mathematicians. It is an art, in the sense that there is no

unique choice of generalization of a given concept - the criteria
determining the validity of a given generalization reside in a subtle
blend of the scope of the generalization and the availability of
significant theorems analysing the generalized concept. Generalization
ig also an art in the sense that there can be ne algerithmic rule
determining when it is appropriate to generalize and which collection
of familiar concepts s%ould be subsumed in a common generalization.

The satisfaction of the following principles is clearly necessary

{and just as clearly not sufficient) to justify a given generalization:
{(a) the 'collection of familiar concepts' should be bigger éhan a
singleten set, (b) theorems in the generalized context should cast
light on special cases where the assertions contained iq those theo-
rems were hitherto unknown. Our own generalizations, in these lectures,
are, of course, conditioned by the regquirement that they contribute

to the interplay of algebra and topology.

It is, of course, true that relativization is a special case of

generalization - in other words, "generalization' iz a generalization

of frelativization'! Nevertheless, it does seem to deserve explicit
mention since it is a common or, as one might dare to say, a standard
type of generalization. The classical method of relativizing was to
pass from a single object X to a pair of cbjects (X,¥Y) , where Y
is 2 subobject of X ; moreover, it might be necessary to inpose some

specialscondition on Y as a subobject. We give an example of this
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type of relativization in connection with Definition 1.1 where we
consider a pair (N,N') consisting of a group N and a normal sub-

group N' of N . Other important examples consist of a topological
space X and a closed subspace Y of X ; and a manifold M and
its boundary oM . However, the categorical point of view suggests
that we should not confine ocurselves to pairs of cbiects (X,Y¥) in
which Y 1is a subobject of X . Rather we should broaden the concept
of relativization as follows. Given any category ¢ , we form the
category Er of €-morphisms; thus an object of €, is a morphism

£ : Y~X of € , and a morphism of T, . from £ to f' iz a

pair of morphisms {g,h] such that the diagram

: Y

X

.|

£

Y X

commutes. Composition of moerphisms in c, is defined in the cbvious
way. Then a relativization of ¢ is a full subcategory of €. - This
definition is implicitly brought into play in Section 3 when we rela-
tivize the notion of nilpotent space to obtain the notion of nilpotent
fibre map; since the notion of nilpotent space is a homotopy {(rather
than a homology) notion, the 'principles! of Eckmann~Hilton duality

dictate that, in relativizing, we pass from spaces to fibre maps.

This relativization detemmines our notion of a relative group in

Section 2.

In talking of reasconing by analogy we do not intend to convey

the impression that we use analogy to achieve mathematical proof -~
although we would also not wish to deny the possibility of doing so in
a specific mathematiczl context. Here, in these lectures, we confine

curselves to the elaboration of a situwation in which we employ in-
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tuition and experience to suggest that an idea, taken from a certain
mathematical situvation, might prove fruitful, if intelligently
interpreted, in a somewhat different situation. This type of reasoning
is. of course, of the very stuff of rational hehavior, and we owe to
Rend Thom the observation that a principal defect of an elementary
mathematics edﬁcation based on elementary set theory {(Venn diagrams)
is precisely that it is bound to ignore reascning by analogy. We also
owe to Thom the exciting possibility of building reasoning by analogy
itself on the foundation of mathematical analysis.*

To summarize the content of these lectures: in Section 1 we
discuss nilpotency in group theory and we recall how we may establish
a localization theory for nilpotent groups; in Section 2 we relativize
these concepts and results; in Section 3, we discuss the localization
of nilpeotent spaces and nilpotent maps: and in Section 4 we take up a
topic hinted at in [HMR] and give the elegant criterion due to V. Rao

fR] for the nilpotency of a mapping cone.

It is a pleasure to acknowledge the kindness of my colleagues
Jaume Aguadé and Manuel Castellet in inviting me to participate in
the Workshop in Algebraic Topology held at the Universitat Autdnoma
de Barcelona in March, 1982, and to express my appreciation of the

excellence of the arrangements made to ensure a successful meeting.

*) "All these points show what limitations are set by set theory for
the description of the usual thought processes. Our usual thinking
depends on deep psychic mechanisms, as for example 'analogy',
which cannot be reduced to set-thecretical operations. An important
role is played in such cases by the organizing isomorphism between
semantic fields which are connected by homology with each other."
{my translation) R. Thom, 'Moderne'! Mathematik - ein erzieherisch-—
er und philosophischer Irrtum?, Mathematiker iber die Mathematik,
Springer (1974), p. 388,
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L. Concept of nilpotence in group theory

Let ¥ be & group. We define the lower centrul serdies of K

by the rule
(1.1) rhy e n, e ol 12 15

and we say that N 1is nilpotent of clasg =¢, and write nil ¥ = c,

1f TC+IN = {1}. Thus the concept of nilpotent group generalizes that
of computative group: N is commutative if and only 1f nil W = 1. We-
write N for Fhe category of nilpotent groups, Nc for the full

subcategory of groups W with ail i = c.

Examples (a) Let N = Nip) = {a,biap =¥ = [a,b]}, where p 1is a fixed
prime number. It is easy to see that the centre, 2N, of N coincides
with the commutator subgroup (N,N] = PZN, and 1= gydlic of arder p.

For [a,‘b]p - [a,bp] = 1, Moreover N/IN 1s generated by the residue

¢lasses a, b of a, b and a? » 5P = 1. Thus we have a central

extension
(1.2) Z/p > N(p} ~—> Z/p xZ/p,

showing that |N| = p° aod nil N=2. If p =2, N is the celeprared
quaterniontc group of order 8. .
(b) Let F = F(xc) be the free group on the symbols (xu)
and let N(xa) = F!rc+1F. Then N(xu) 1is the free nilpotent group of
class c on the symbols (xu). Bvery group io Nc is the homomarphic
image of N(xu). for some suitable choice of (xu)- This example alsc
shows that there arve groups of arbitrary nilpoﬁency——hardly surprising!
Our first main Tesult generalirzes the observation, based on

(1.2) 1ia Example (a), that N(p) € N,

Theorem 1.1. Jet K' > N —s> X" Dbe ¢ central eztension of groups
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*
(that 19, ¥' <z in the center of N and N/N' =« W"). Then )

ail N" 2 pil N = il ®" + 1.

Proof. That ofl ¥ % nil ¥ 1s obvious from (1.1) 2nd requires =o
hypothesia of cén:rali:y. On the other hand, if peHiye - {1}, thea
r<thy S NH' and rc+2N < [N,H'] = (1}, simce ®' {s central.

We now seek to gengralize Theorem l.1. We must bear in mind
that, given am extenslon of groups N' »—= N —> W', wve canrot infer’
the nilpotence of N from that of W' and ¥" (the converse implication,
ou the other hand, obvicusly holds). TFor lec N = 53, the aytmetric group
on 3 aymbels, 1, 2, 3. If x 1is the cyclic-permutation (123},
then x generates a normal subgroup W' = Z/3 ar-xd N" = N/N' = Z/Z.
Thus N' and N" are nilpotent--indesd, cowmutactive--but N 15 not
nilpoteat. TFor am easy ¢alculation shews that FiN = %', £ = 2. Thus
cur generalization cannot consist of gimply discarding the centralicy
coudition in Theorem l.l; we must weaken it judiciously. We are indeed

lad to the fellswing reletivization of the concept of nilporency.

Definition 1.1. Let N' be normal ia N, writtem K' a'K. Then the

(relative) lower central gerdies of W' inm ¥ ia given by

(.3 e LI LN rﬁ*lu' N ER = DS EE

We say that the embedding of N' in R is nilpotent of class =Ze¢ and
urite il N' sec if rethe = ). '

Netice that wé have simultanecusly reletivized ailpotency
(F;N = riN} and gemeralized centralicry (N' ds central in W if and
anly if niJ.NH' = 1). Notice aisc that each 1":‘14' is pormal ia N.
We now generalize Thecrem 1.1.

Theorem 1.lg. Let W' >=—a N —a> 0" pe an extension of groups. Then

*}our result zemains valid if we adopt the convention, as we will
hencaferth, that N muot nilpoteat =~ pll ¥ = =,
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max(nil N", nile') = nil N = oil ¥ + nil N'.

-

Proof. We easily generalize the argument of Theorem l.l. In partigular,
g¢ 1%y e (1), TNt = (1), cnen T¥Twe N mrpn, eV T
rety e rSthe -

tet G be a group. In the theory of G-modules, there is

o

alse a potionm very much akin to that of the lower central series. Indeed,

if & 1s a G-module, we defina the lower cantral G-series of A by the rule

1 1+,
(1.4) TgA = &, T; "A = gp(a~xa), x €6, a ¢ r;‘x, {21

and we say that A i G-nilpotent of cilass =ec, written nilGA =,

c+l i
1f FG A = {0}. Noticea that each TcA 1s a submodule of A, aod that

s rafa = riala.

Just as nilpotency generalized commutativity (c=1}, sco here the case
¢ = 1 1g the case of trivigl action of G onm A. This brings the ideas of
nilpetency and G-nillpotency very close, since a commutative group is precisely a
group N such that the action of N on itself by vopjugation is triwial.

As we shall see ip Section 3, the two concepts of
nilpotent greup and G-nilpotent module are the essential irgredients
in our gpplication of nilpotency to tepology. Here we purgue our
programme of gen-erelizing our concepts, motivated by the desire
to find a useful cau-'mon genaralization of the two comcepts just
menticned; of course, we should select such a geueralization to {nclude
alse telative nllpotency as axpressed in Definition 1.1.

b
This last remark provides the clue. For if N' ¢ ¥ then N
operates on N' by conjugation; thus we may hbpe ts find a fruitipl
generalization of Defipition 1.1 and of the lower ceantral G-series of

a C-module by supposing ¥ to be a G-group, that 1s, a group oom which

the group G acts, end defining & lower cemtral G-series of N.
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Definmftion 1.2. Let W be a G-group. We define the Iower central

G-geries of N by the rule
(i.6) ré‘u a N, ré‘”‘u o gpla.xb.a b1y, a €N, b € l"é’.i,x €6, L2 1;

and we gay that N is G-nilpotent of class =c, written nilGN = ¢,
TN i RIS
It i3 immediately obvious that this definition coincides

with (1.4) above 1f ¥ 15 commutative. It is also easy to see that

‘Defipicion 1.2 generalizas Dafinition 1.1. TFor suppose N < G and
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let G operate on N by conjugation. We theo have, from Definitions
1.1 and 1.2, rwo definitions of réN, and to see that they colncide,
it suffiees to verify that if M ¢« G and if K = zp(axhx‘la“lb-l), a €XN,
b €M, x €G, them X = {G,M].
The following remarks are also pertinemt: {a) if N {s
G-nilpotent it 1is certainly uillpotent {as a group)land nil ¥ = nilGN;
(b} each TéN, in (1.8), is a normal G-clesed subgroup of W;
(@ i = gp(INroN], =BT, x €6, b € TN (4) (1.5) does not
generalize—on the other hand, we still bave the ipequality Pé(réN) S_ré+LN.

8o that we may infer
(.7 | il FAR = il R - 1.

The relation (}.7} i3, naturally, very useful in fashioning
proofs by induction on G-nilpotency class.
J A moTe surprising‘cbservation ia that not only can Definitlon
1.1 be subsumed under Definition 1.2, but alsoc the other way round!
For let ¥ be a G-group. We form the semidirect productof N aod G
thus P = Nj G 1is defined as follows. The underlying set of P

ig the cartesian preduct of the underlying sets of N and &, and the

group operaticm in P 45 given by

(1.8 {ay,%,)(a,,%,) = (2).x18,,%,%,).



There is an ocbvious embedding N >+ P aund a projectiorn P —> G,

giving rise to & group extension
(1.9} Ho—rP —o> G

which splits on the rigat in the sense that there is a section homo-

morphism G + P (the obvicus embedding). We then have
Theorem 1.3. . riN = roN.

Proof. We argue by induction en i, the case i =1 being trivial.
Now if we coniugate & € N by {c,x) €P, ¢ €N, x € G, we obtain

-1
c.xa.c .

Thus, let us asgsume T;N - réN. for some 1 = 1. The

preceding remark, together with Definicion 1.1, immediately shows that a

system of generators of F;+1N consists of elements of the form a.xh.a_lbtl.

a €N, b e FéN, x € G, eatablishing the inductive hypothesis and the theorem.
We pext draw an immadiate consequence from Theorems 1.1g

arpd 1.3. |

Coroilary 1.4. Let K be @ Ggrouwp ard lat P be the semidirect

product of N and CG. Then P 1is nilpotemt if wud only if G i

nilpotent and N <8 G-nilpotent. Indeed,
max{oil C,nilGN) =nil P =nil C + uilGN.

We close this section with a theorem which shows that the
G-oilpotence of a grouwp N 1s, io a very strict sense, determined by
the nilpotence of ¥ and the G-nilpotence of Nab’ the abelianization
of N. It is thus a generalization of a very apt kind of the two

oilpotency concepts which led to its formulation.

Theotem 1.5. Let N be @ G-group. Then N ia G-nilpotent if and only

if N ig a nilpotent sroup and N ig G-nilpotent.

b

Proof, The entire argument 1s essentially due to Derek Robinmson [R],

although he considered a very slightly different situation. Certaiply If
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¥ 4ia G-nilpotent it is ailpotent; and, Just as cercainly, If ¥ is
G-nilpotent then any G-howomorphis image, and se In particular Hab’ is
G-ailpotent, Conversely, let Nab be G-nilpotent. It is easy to see
that then Qi Nab' the i~fold tensor power of Hab' with diagonal actien,
is also G-pilpotent. But rinfri+lﬁ. as a G-homomorphic image of et Noys
is algo G-nilpotent. Since N is nilpotent and

(1.10) rhyrity s— wr*y —s wrln

is a central extensien of G-groups, Theorem 1.5 follows from (1.10) by

induction on 4, using the following easy gemeralization of Theoren 1.1,

Theorem 1.1g'. ZLat N' =2 § —bo N' bg a central estension of G-groups.
Then

4 n ] [ < 3 < : ” : [ 4 .
max[nLlGN ,nLlGN ] = nllGN S nleN + n11GN

We will now formulate a common generalization of Theorems

1.3 and 1.1g°%,

3
Let N'—e N —e N" be an extension of G-groups and let P
be the semidirect preduct of ¥ and G . Now N and G both act

an N' , with N acting by conjugation and the actions are related

by the rule
{1.11) x{a,b) = xa.xb , x¢G , aeN , beN' .
-1 -1
For x(a.b) = xfaba ) = {xa){xb){xa ")} = xa.xb .
We may then prove

o
Theorem 1.6, Let N,N' be G-groups and let N act on N' . Let P

he the semidirect product of W and G . Then there exists an action

of P on N' extending the given actions of N and ¢ if and onlv

if (1.11) is satisfied. Moreover this action, given by




{(1.12) {fa,x)b=a.xb , XeG , a¢eN , beN!
is unicgue.,
Proof., We will be content to show that {1.12) is a group action if

and only if (1.11} is satisfied. For we have

(a,,x,) ({a,,x,)b) = (al.xl)(az.xzb) = a,.x, (ay,.x,b)

((al,xll(az.xzi}h = (al{xlaz),xileb

al(xlaz} .xlxzb =
= al.(xlaz.xlxzb) s
s0 that {al,xl)((az,xz)b) = ((al,xl)(az.xz)]b for all

aiéN s xieG .1 =1,2, beN' if and only if (1.11} holds.

Thus if N N . N" is an exténsion of G-groups, we may
regard N' as a P-group, and the common generalization we seek is

the folleowing.

Theorem 1.7. Let HN%—s N —=N" Dbe an extension of G-groups. Then

L n 3 ] q = < - n + = 1 .
max(n].lGN ,nJ.lPN 1= nJ.'I.GN < m.lGN nJ.lPN
That Theorem 1.7 does generalize Theorem l.1g"' may be seen from the
observation that, if N' is central in N then the action of N on

N' is trivial so that nilPN' = nilGN' . More generally we have

Theorem 1.8. Let N,H' be G-groups. Then the trivial action of N on

N' yields (1.11) and the induced action of P on N' is just the

acticon via the projection P-—w G . For this action we have

i, - i,
I‘PN I‘GN

The crucial recle plaved by the relation (1.11) in our discussidn

may be reflected in the definition that the G-groum N acts on_the

G-group N' precisely when N,N' are G-groups and the group N acts
on the group N' so that (1.11) is satisfied, We can in this way

generalize nilpotent group theory to nilpotent G-group theorv.
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A useful result in connexion with Theorem 1.7 is the following

[HRS] .

Thecrem 1.9. Let the G-group N act on the G-groun N' and let

P =N1G . Then N' ig P-nilpotent if and only if N' is N-nilpotent

and G-nilpotent.

Here we will merely observe that a crucial role is played in the

proof by Theerem 1,5 which allows us to assume N' abelian.

We close this section by recalling from [HMR] certain key
properties of the P-localization of nilpotent groups. We work in the

categery % of nilpotent groups and we describe a group M in M as

L] -
P-local, where P ia a family of primes ), provided the function M -+M,-

given by R %3 , X ¢ M, is bijective for g outside P

We then say that, for a group N in @« , the homomorphism e: N - L

in % Pp-localizes N provided that Np is P-local and that, for
any ¢ : N+ M in % with M P-local, there exists. a unique
¥ o NP* M with ye = ¢ . Plainly if such a homomorphism e exists

it is unigue up to canonical isomorphism.

Thegrem 1.310 [HMR] Every group in & may be P-localized. Moreover

N, &%= if N e m_ .
F c - c

Note that Theorem 1,10 implies that the localization theory in o
extends the fairly elementary localization theory in %y » the cate-

gory of abelian groups.

A further crucial result is

Theorem 1.11. lLocalization is exact,

In order to be able easily.to handle questions related to loca-
lization it is necessary to have a means of recognizing the localizing

nhomomarchism, To this end we make the following definitions.

*} Note that P is now no longer a semidirect preduct!
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Definition 1.3, Let ¢ : ¥+ M be a homomorphism of nilpotent groups.

Let P be a family of primes and 1e£ Pt be the semigroup (with
identity) generated by the comnplement of P . Then
{1} ¢ is P-injective if kerg is a Pt=torsion groupl;
{ii} ¢ is P-surijective if, for all y<¢ M , there exists ne¢ Pt with
yné imeg s
{iii) % is P-bijective if it is both P-injective and P-surjective.
We then have [HMR]

Theorem 1.12. Given ¢ : N - M in o, then

(i} ¢ 1is P-injective if and only if Gt Nw M is injective;

{ii} ¢ ﬁ P-surjective if and only if WP’ NP* HP is surjective

Theorem i.13. (Hecognition principle} Given ¢ : N - M in = , then

¢ P-logalizes N if and only if M is P-local and ¢ is P-bijective,

As an example of how Theorem 1.13 may be used, let us prove
Theorem 1.14. Let N be nilpotent, H.K subgroups of N . Then
(HoK = H nK .

Procf., We know, from Theorem 1.11, that HP’ KP are subgroups of

NP . Certainly e : H - NP induces

eO: HnK-—HPnKP .

S50 it remains to prove

{a) H nxp admits qth roots, g€ B’ ;

P
{b} if y.,z¢ Hprmxp and yq= zq , deP' , then y = 2z ;
{c e; is P-injective;
{4) e, 1is P-surjective.

Mow (b} and (c¢) are trivial, being inherited from e: N - NP'

Aas to (a), let vy« HPn Kp . Since vy« HP , there exists a eHP

with y = a” ; and since y X there exists be Kp with y = b .

b ’
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Thus aJ= b? and, since qth roots are unigque in NP , & =b ., Thus

q .
= a with a¢H nK_ .,
Y S 3

Te prove {d), let vy eHPn Kp . Then Sme P' with ym= ea ,

a¢H ; and 3n¢P! with yn= eb, beX , It follows that ea = eb

56 that al= bmz , with z a P'-torsion element of N . It may then

be shown that, if % =1 s Be P'c, and if nil B < c , then
c
an9c= bmgc . It follows that anﬁ e Ha K and ymn? e im e,

establishing {4).

2, Relative groups

We define a relative group tc be a group extension

(2.1} N— 6 S 0 .

Hote that, if we apply the Eilenberg-MacLane functor Ki{-,1}) , we
convert a relative group into a fibration. Thus, following cur remarks
in the introduction, we will be particularly interested in the cases

where N is nilpotent {we then say that (2.1} is a weaklv nilootent

relative group) or where G acts nilpotentiy on N by conjugaticn

{we then say that {2.1} is a stronglv nilpotent relative group}. By

analogy with homotopy theory, we will designate {2.1) simply by means

of the projection « , and describe ¢ itself as & relative group.

our first result relates to the construction of relative groups.

Given the diagram

N —t-ﬂ'Q

{2.2) ‘a
M

it is natural to ask whether (2.2) can be embedded in 2 diagram of group

extensions
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No—w G —= Q
{2.3) Gl 9[ i
: M)—rH—-ﬁ-—A Q

Now the homomorphism a: N - M detemines an action of N on M

by the rule

{2.4) a'b = mﬂbhfd),aew , beM .

We now prove

Thecrem 2.1, We may embed {2.2) in a full diagram (2.3) if and only if

there is _an action of G on M, extending {2.4) and satisfying

(2.5) x-ca = a{xax"2) , XxeG , ach
Procf. If the diagram (2.3) exists we may define an action of G on

M by the rule

i

{2.6) x-b = (Bx}b{px ) , x¢G , beM .

‘"It is then obviocus that thig action extends {2.4) and satisfies (2.5}.

Conversely, suppose We are given an actien of 6 on M , extending
{2.4) and satisfying (2.5}. Form S = |G l the semidirect product of
M and G , and map & to S by the function ar—(ca~l,a) , aeN .
It follows from (2.4) that this is a homomorphism. It is plainly in-
jective and , in fact, maps N onto 2 normal subgroup H of s

For we may show, using (2.4} and {2.5), that

(b,x) {aa™t,a) (5,00 70 = falxa™'x M) ,xax"h) L aed,, beM , xcG .

Set H = S§/F and write {b,x} for the element of H containing

{b,x} €5 . It is easy to see that bwy{b,1} embeds ™M in H as a
nermal subgroup. We define A : H - Q by Af{b.x}=cx . It is plain that -
A is well-defined, and that A i3 surjective with kernel the image

of M . Finally we define g : G~ H by gx = {i1,x} . and clearly we

have achieved the full diagram.
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Remarks. (i} It is easy to see that we have constructad, by the argument
above, a full diagram in which {2.6) holds. This will be important in
considering the uniqueness guestion.

{ii} It is plain that we cannot always embed (2.2). A simple
counterexample may be constructed using the following observation.
If (2.3} exists, then kera=kerp . Now suppose given NG —=Q and
a subgroup - N, of N which is normal in N but not in G . Then if
a projects N onto M = N/N1 , we cannct construct (2.3). Such an
example is provided by taking G to be the dihedral group, as follows

2. 2 2

G = {x,a,a’|x"'=a"=at"= 1, aa' = a'a , xa = ax, xat'= aa'x}

M

{a,a*} , N ={a'} , « projects N onto M = N/NG .

Plainly, if « is surjective, the condition that kerg Dbe
normal in G is both necessary and sufficient for the embedding.

Indeed we then defipne the action of G on M by (2.5). In general,
this condition ig not ;ufficient; indeed, there are counterexamples
with a injective.

We now take up the guestion of the unigueness of {2.3) . Obviously

we do not wish to distinguish between (2.3} and

(2.3 Nr—r G ——s—am Q
S |
‘, %
MMH’——K—J"Q +

if there is a homomorphism w : H ~ H' (which is then necessarily

an Lsomorphism} such that wg = p* and the diagram
A

Mr— H ——

{2.7} il ml i
1\.'

M— H'—-—*ﬁ‘ Q
commutes. We prove unigueness as a corellary of the following universal

property of (2.3).
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Theorem 2.2, Given (2.3}, constructed as in the proof of Theorem 2.1,

and the sssociated action {2.6) of G ¢on M , given o : M M and

given the commutative diagram

K

N— G g
iqo ly 16 ao = Q& ,
Mr— K I. R
<)
there exists a unigue homomorphism w : H -~ K satisfying wp = ¥

and rendering commutative the diagram

£
o o
lQ lw lé
My K —— R
2]

if and only if

(2.8) elx-b} = (yx)gb(yx 1) , x <G, beM .

Proof. Define w: H=-K by w{b,x} = (pght{yx) , beM , xeC . We
opserve that w 1is well-defined, and we use {2.8) to show that it is
2 homomorphism. Plainly w|M = g and op = y : and o is unigquely

determined by these two conditions. Finally,

Te{b.x} = v{{eb) (yx}) = vyx = bxx = sr{b,x}
completing the proof of the existence and uniqueness of o , The con-
verse follows from the observation that w , as defined, is only a

homomorphism 1f (2.8} holds.

Corollary 2.3. Let NG —5 4 Q

la IB' . i
A

Mr—s HY ——

be a diagram such that the associated action of G on M , given by

x-b = (B')BIATK L) . xeG , beM ,
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coincides with {2.6). Then there exists an isomeorphism w : H -~ H' such

that wf = 8' and (2.7} commutes,

Remark. No further unigueness could possibly be expected. For without
demanding that the extension respect the given action, we do not even
determine H up to isomorphism. Thus consider any action 8 of ¢ on
N and let H be the associated semidirect product. Then we have the

diagram 1 Q Q

l l ]

No— H —
6 Q

and the bottom row is certainly not determined by the groups N and Q.

We confine ocurselves henceforth to weakly nilpotent relative

groups « , that is, toc group extensions '

[ 4

w G = Q

with N nilpotent. Let us P-localize N ; thus we cobtain

N> G L Q

Np

‘and we are ready to apply our previous results. Plainly the conju-

gation action of G on N 'extends' wuniquely to an action of

G on N? in the sense that the diagram (we write e for e, if no

confusion need be feared)

—_—

[
¥ -

—

P P

A1

N
(2.9) el
N

commutes for all x€G . This action extends the action of N on NP

For if we define a : Ny = N, by a-b = (ea)¥(ea™l) , then the dia-

gram
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a

B — s B
{2.10) el le
a
NP NP

commutes: and there is only one action of N on N, making {2.10}
commute for all N ., Alsc the condition corresponding to (2.5} is
precisely the commutativity of (2.9) . Thus Theorem 2.1 allows us to
infer the existence of a diagram

N)—DG_-«E—&,Q

(2.11) e‘l El i i

N§~rG(P)

2w .

Note that it is not necessary here to specify the action of G
on N, since it is vniquely determined by the reguirement that it
satisfy the equivalent of (2.5}, that is, that {2.9} commute for .al}.
X &G

We call < the P-localization of ., To justify this term, we
must show that it possesses the universal property corresponding to
that in the ébsolute case, We call a (weakly nilpotent} relative group
T P-local if ker r is P-local, so that x 1is P-local and we

suppose given a map from ¢ to v , with 1 P=-local,

N)—bG—‘wQ

{2.12) l i
@ g

M—e K —— R

We may then factorize @« as a =ge with ¢ : NP-* M uniquely
Jdetermined. We wish to show that there is a unigue factorization of

{2,12) as M—+ G —w

{2.13) _ Ny G, == g
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According to Theorem 2.2, we must show that
(2.14) elx-b) = (Bx)gbipx™ "), xe¢G , beN, .

We consider the diagram, for arbitrary x¢G , extending (2.9) ,

e e

(2.15)
p
Q Q

X
A
.
P
X

e
R e

In this diagram, the bottom row is conjugation with @x . Thus (2.13)
asserts the commutativity of the bottom square of (2.15L We know that
the top sguare in ([2.1i5}commutes, and, since ge = a = §|N , we know
that the composite square of {2.1i5)commutes. Thus xqﬁ = gxe : N~ M ;
but then uniqueness implies that XQ =@ x : Ny~ M, vielding (2,14).
This shows that we have indeed uniquely factored our map x—T through
% , so that we have achieved the P-localization of the relative group

x . We note that, by the unigueness of the action of & on Np exten-—

ding the conjugacy action of &6 on N , it follows that, given any map

then A is the P-lcocalization of « .

We clese this section by showing, by an example, where we need
the concept of strong nilpotency. We first quote a key result which
we will not prove here.

We say that = is strongly nilpotent if the embedding of N in G

is hilpotent {Definition 1.1)., The result we need, however, only re-

quires weak nilpoteney.
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i

Theorem 2.4. [H}) If = is weakly nilpotent, then (rlN) = r N
- _ G P G(p) P

Now consider the diagram, and its P-localisation * ,

(2.16} Ja lp || lup Iﬁ(P) H
Mr—w» H — O MP)—--? H(p} —_— 0

with x,A weakly nilpotent. By Theorem 1.12 and some elementary

reasoning, we see that
{2.17} p P-surjective = aP-surjective w ag surjective.4g{9)surjective.

However, in general, we cannot infer the P-surjectivity of £ from

that ¢f @ as Example 2.1 will show. We may, on the other hand, prove

Theorem 2.5, If A 1s strongly nilpotent, then o P-surjective o

8 P-surjective.

Proof. Let yeé¢ H . Then plainly y = {8xju for some xe¢G , ue# ,

assume inductively that
. i
v = (Bx)u , for some n prime to P , XxeG , v Tt -

Since « is P-surjective, there exists m prime o P with

um= ad& , @a«N , Then

mn m m m i

y = {{Bx)u) = BX wa = P(x a}mod[H.r‘HM} R
sg that

mn i+1

y = (ﬁxl}ul v Ry € G . u, ¢ Ik M .

This establishes the inductive hypothesis; by taking i sufficiently

large, we infer that § i35 P-surjective,.

* We deduce the existence and uniqueness of from Thecrem 2.2

? ey
exactly as for w in (2,13},
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Coroliarv 2.6. If «x 1is strongly nilootent, then e: G - G{P} is

P-surjective,
Proof. By Theorem 2.4 it follows that x is strongly nilpotent if

r 1s strongly nilpotent. But e: N - NP is P-surjective.

We may make another interesting deduction from Theorem 3.3.

Corollary 2.7, Let o in (2.16} induce g : IbN - [;H . Then if g«

. . . . i
i P-surjective, sSC 15 a .

Proof. We consider the commutative diagram

i e i
T — Tom ¥
i i
@ Sp
i e i
rHM —_— I"H MP A

where the labeling of the horizontal rows is justified by Theorem 2.4.

llows from {2.17) that and p
{ i GP p(P}

are surjective and hence (by an easy induction on i } a; is sur-

Since a ig P-surjective, it £

[+

jective. Thus al is P-surjective by Theorem 1.12.

To show that we need to assume « strongly nilpotent in Corollarcy

(2.6) consider the following example.

-

Example 2.1, Let N = Z , written additively: let Q =2/2 = (x)

act on N by xa =-a . Let G =0N{Q . Let P = (2) . Then N, is

. . m .
the group of rational numbers representable as fractions o with n

odd. Moreover G, is again the semidirect product NEQQ , where Q

acts on - NE by xb = -b , We show that e : G = G(Z) is not 2-sur-

jective. For consider the element (b,x) ¢ G(z) . Then

(b.x)2 = (b+xb,x2) = (0.1} , so that b, = (b,x) for any odd

exponent g . Thus if b is not in the image of e : N « N that is,

z
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if b is not an integer, {b,x)? is not in the image of e for any
odd q , so that e is certainly not 2-surjective,

This example was discovered independently by Urs Stammbach.

3. Homotopy theory of nilpotent spaces

In this section we very briefly review the homotopy theory of
nilpotent spaces, with special reference to definitions and results

from the previous twWo sections. See [HMR] for further details.

Let §, be the homotopy category of peinted connected spacges
of the pointed homotopy type of a CW-complex. For any such space X
there is defined an action of nlx , the fundamental group, on the

higher homotopy groups nnx ., nz2 .

befinition 3.1. The space X in 2, is nilporent if = X is nilpo-

tent and acts nilpotently on the higher homotopy groups X .

Examples {a} If X is i-connected it is obviously nilpotent.

(b} X in 60 is called simple if xlx is commutative and

acts trivially on X, nx2 . Simple spaces are plainly nilpotent;
in particular, topological greoups and H-spaces in 8, are nilpotent,
{c} If G 1is a nilpotent Lie group, then the classifying
space BG 1s a nilpotent space.
{3} ‘Let W be a compact pelyhedron, let X be a nilpotent

space, and let xw (xw ) be the space of pointed (free} maps of W

fr

"ér) is nilpotent; indeed, if

. . W
W is connected, the nilpotency of each component of X follows

. W
into X . Then each compeonent of X (X

without assuming X nilpotent.

69



Example {d) shows how naturally niipotent spaces arise even if
onet's interest is confined to the homotepy theory of l-connected
spaces.

A key property of l-connected spaces, which facilitates many

arguments and constructions, is-that their Postnikow tower consists

of principal fibrations. Thus, given X in 60 ; We may construet a

series of fibrations

{3.1) Pt X, " X, 4 » N = 1,2,...

such that

{a} xo is the base point;

{b) P is a fibration with fibre the Eilenberg-Maclane space
K{x X,n} 3

(¢} there are maps 9,7 X = X_ such that q, is an n-eguivalence and

We cail (3.1} the Postnikov tower of X and wo have the

Theorem 3.1. If X is l-connected, thég P X - X _, 1is induced bv
- I
a lclassifving) map X —b., K(rnx.n+1} . Such an induced fibration

is called princival.
Now let us suppose that A is in By and that = = 7, X acks
nilpotently on A = nnx , nx 2 . Indeed, let us assume, in the notation

: . +1
of Section 1, that nxlﬂA £ ¢ sp that ri A = {0} . We may then prove

. . . +1 . :
Thecrem 3.2. With the given notation ri A = {0} if and only if
we mav_ factor PLt Xn - Xn 1 85 a composition of fibrations
9y
3.2 = - - . . R P — - =
¢ ! xn ¥e Yc-i Yz —> Y ¥y YO Xn—l '

where u, is a principal fibration indwced bv & map

i, i1 . :
v, Yi—l Kir a/r An+ly , 1= 1,2,...,0 .

There is a very similar theorem, which the reader can supply,
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relating to the nilpetency of x and the fibration xla pt . We thus
have the

Corollary 3.3, The space X in 50 iz simole if and dnly if its

Postnikov tower consists of principal fibrations.

However , our main concern here is to point out that we may genera-
lize many theorems from l-connected spaces to nilpotent spaces by
using the refined Postnikov tower, consisting of the principal

fibrations u aof "(3.2).

In particular, we may use the characterizatioﬁ of nilpotent

spaces by means of Theorem 3.2 to establish a localization theory

in the full subcategory oy of 8, consisting of nilpotent spaces.

Let - X be in MHp . We say that X 1is P-local, where P is a
family of pr:i.:r'tes,I if each xnx , n21 , is P-local. Exploitation of
the refined Postnikov tower enables us to prove that this condition
is equivalent to asking that the homelegy groups an be P-local,
is

nz1l . We say that e : X - xp in wmp P-localizes X 1if X

P-local and if, for all £ : X -~ Y in g with Y P-local, there

P

exlsts a unigque g : X~ ¥ with ge = f . Notice that this definition
refers to the homotopy category m$ ; thus uniqueness and commutativity
of diagrams are only asserted up to homotopy. Indeed, the construction
itself is to be understood as a homotopy construction. In fact, we prove

two main theorems.

Theorem 3.3. Any X 4in %5 may be P-localiged.

Theorem 3.4, Let £ : X - Y in #®i5 . Then the following assertions

are eguivalent:

{i) f P-localizes;

(ii) nnf: xnx - nnY P-localizes for every n=z=1l ;

{iii) an: HX ~HY P-localizes for every nz1l .
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The proof heavily exploits the refined Postnikov tower. Within

the category 51 of 1-connected spaces (so that &, is a full sub-

1
category of ®m$ ), it is possible to carry out a construction of X
which is simpler both conceptually and practically. In this construction
we use the cellular structure of X as a CW-complex. Such a procedure
is satisfactory in §  because we may assume that we always remain in

%, as we attach cells teo kuild up X (it is always legitimate to

1
choose, within the homotopy type of a l-connected space X , a model
space such that x® is the base point and x2 is a bunch of 2-spheres)
We then imitate the cellular structure of X by building up XP by
means of P-local cells, that 1ls, cones on P-localized gpheres. However ,
such a procedure does not work for a nilpotent space since, as we build
up a nilpotent space X by attaching cells we constantly pass in and
aut of MNp . For example, in the natural cellular structure of

X = RP(n) , it is natural to take X'= RP(m) , m<n . But FRP(m) is
ﬂilﬁotent if and only if m is odd. Thus we need the vrocedurg via.
the refined Postnikov tower described in [HMR]. We will take up again
this problem of the 'had behaviour' of % with regard to attaching
cells in the next section.

Meanwhile we consider here the appropriate relativization of the
theory sc far -putlined. First 'the relativization of a pointed connected
space, in homotopy theory, should be a fibration p + E~B of pointed
confiected spaces such that the fibre F is conneccted; this last con-
dition is equivalent to the requirement that p induce a surjection
of fundamental groups. Notice that we recover the notion of a pointed
connected space by taking B to be a point. We then have an evident

homotony category of which such fibrations are the objects and we must

now consider when such an ocbject deserves to be described as nilpotent.

Two possible definitions emerge: we describe p as weakly nil=-
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potent if F 1is nilpotent, and as strongly nilpotent if the action

af rlE on nnF is nilpotent for all n=1 , These definitions each
provide a relativization of the notion of nilpotency contained in
Definition 3.1; and they generalize the notions of the same name
described in Section 2. For a group extension (relative group)

By G —% wQ may.be realized by a fibre map K(,1) - K(G,1) B K{Q.1)
of Eilenberg. Maclane spaces and « 1is (weakly, strongly) nilpotent

if and only if p is (weakly, strongly]) nilpotent.

We may relativize the notion of the Postnikov tower of a space,
to obtain the Moore-Postnikov tower of a fibration. We may then rela-
tivize tﬁe characteristic property of nilpotent spaces by proving that
p 1is strongly nilpotent if, and only if, its Moore-Postnikov tower

admits a principal refinement.

The next step would then ke to introduce b-lgcalization. As
suggested by the previous observation, this can be done very much along
the lines of the construction in @y , provided that p 1is strongly
nilpotent. The result of P-localizing the fibration F - E .. B would
then be a fibration Fp - E(P]—éw B_ and this would have an appropriate
universal property. Moreover, the localizing map e: E — EfP] cquld be
recognized by the fact that it P-localizes the homotopy groups of P . The
localization of weakly nilpotent fibrations presents additional
difficulties which can probably be overcome by using the powerful
techniques of [BK]. It would, however, be much more satisfactory to
proceed entirély within the (relative) homotopy category described,

exploiting the localization of weakly nilpotent relative groups of the

preceding section.
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4. Mapping cones and nilpotency

A fundamental fact about nilpotent spaces is expressed by the

following result.

o

Thecorem 4.1, Let F -~ E B be a fibration with a2ll spaces connected.

Then F is nilpotent if E is nilpotent.

It has long been realized
that this result does not dualize in the sense of Eckmann-Hilton
{nor, indeed, would one expect it to}. Thus let f : X - ¥ be a map
and let 2 be the mapping cone (c¢ofibre) of f . Then it is easy to

construct examples where Y is nilpetent but 2Z 1s not. For example
1

if £ : S~ s1 has degree 2 then Z is FRP{2) and so definitely not

nilpotent. A remarkable result due to Vidhyanath Rao {R] shows just

*
how rarely 2 inherits nilpotency from Y .

Theorem 4.2 [R}. Let f : X - ¥ be a map with Y nilpaotent and X

connected., and let Z Dbe the mavping cone of £ Then 2 is nilvorent
if and only if one of the following conditions is satisfied:

{a}) f. is a surjection of nlx onto nlY :

{b) X is homolegically trivial:

{e) there éxists a prime p such that nlz ig a finite
p=arcuo and_each HnK , M=l |, is a p-group of finite exponent.

Before proving this, we point ocut the following conseguence.

Corgllary 4.3. Let ¥ be nilpotent but not l-connected and let n2 3

n .
Then Yu e is not nilpotent.

Thus we cannot construct a nilpotent space of dimension 2 3 which is
not l-connected by attaching cells and remain always within the riil-

potent category.
P —p— -

* A similar result, but involving hypotheses of finite type, had
been gbtained by R.H. Lewis [L1,2].
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We now prove Rao's theorem; our proof will differ a little from
that of Rac. We divide the argument into a topological part and an
algebraic part. The topological part consists of proving that 2 is
nilpotent if and only if z:r@HnX is a nilpotent rn-module for allzi,
where #n = xlz - To show this, we first replace £ , as we may by an
inclusion (cofibration} Xc¢Y so that 2 = ¥/X . Let Z be the uni-

versal cover of 2 . Then, by pulling back, we obtain the diagram

-

TXX g

b A=
i~

Mo 1G]
M — N

~

Note that Y is the regular covering of ¥ with cover transformation
group ¥ . How 'E is obtained from Y by identifvying each t x X to

a point 2 t &€ m . Thus Y/nxX 1s obtained from z by identi-

fying the discrete set of points {zg} to a single peoint., It follows

~~

that the map ¥ - Z induces an isomorphism

i

HZ , nz22 .
n

Hn Y, nx X}
Thus the homology sequence of the pair (¥.%"x X} may be transcribed

as

—~

{4.1} e Zn’@HnX - HnY - an - zw@ﬂn‘ix e HzY - HZZ -

-~ ZR@H X - HY .

Morceover, {4.1) is a sequence of n-modules. Now =n 1is certainly
nilpotent as a quotient of :rlY . Thus Z 1is nilpotent if anrd only if
1 acts nilpotently on Hn:.a' , nx 2 , Since Y is nilpotent it is easy
to see that‘ X acts nlilpotently on Hng , nz2l . It therefore follows
from {4.1} that % 1is nilpotent if and only if =n acts nilpotently

on zn@HnX S + - R

There are two trivial cases in which this will occur. First, it
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will occur if =x = {1} . However, T, Y being nilpotent, this ocecurs
precisely when £, maps 1:1}{ onto le , that is, in case (a) of
Theorem 4.2, Second, it will ogcur if an = {0} , nz1 , which is

case (b} of Theorem 4.2, Thus our proof isgs complete when we have

established the following proposition,

Proposition 4.4, Let n be a non-trivial group and A 2 non-trivial

abelian group. Then Zn®A is a nilpotent n-module if and only if

there exists a prime p such that n is a finite p-group ang

n L. .
P A=0 for some positive integer n.

Proof. We appeal to the following well-known facts:

{1) Zn is never a nilpotent x-module;

{ii) (Z/p}x is nilpotent if and only if =n is a finite p-group.

Now suppose that = is a fipite p-group and pnA = 0 . Consider

the exact seguence

i=1 1

plé\)—rp A —=p -lh/pln ., L =0,1,...,n .,

: i-1 i . :
Since p A/plA is a vector space over Z/p . it follows from fact
(ii} that ZTr@pl-lA/plA is a nilpotent n~module. Since Zn 1is free

as an abelian group, we have an exact sequence of w-modules

(4.2} zZrn@ 913\)'-'—" g pl_iA — T Qpl_lh/pLA , 1 =0,1,,...,n

and we use (4.2) and downward induction on i to infer that zng A is

a nilpotent w-module.

Conversely, suppose that ni.ln_er@A =¢ . If A had an element
of infinite order, then {since 2Zn Lis free abelian) zrz‘@ A would
contain Zr as a submodule and fact (i) would be contradicted. Let
A have an element of order p . Then Zn &A containg ze z/p =
.2/p{m) as a submodule and fact (ii} tells us that = is a finite

p-group. It follows that there exists a prime p such that gx is a
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finite p-group and A is a p-torsion group. It remains to show that

the p-exponent ¢f A is finite.

To this end, supposé that A possesses an element of order pm

Then zypm €« A and Cp < ® , Where Cp is the {multiplicative) cyclic

group of order p . Since sz is a direct summand in zz we have

inclusions

zc_© 2/p" < 27® Z/p < Zt® A,

D £
where the first inclusion is an inclusion of Cp—médules and the

second is an inclusion of r-modules. It follows that

(3.3 nil_ z/p {C) € ¢ .
'1.'.'p o]

We now conclude the proof with the following computation, due to

Urs Stammbach.

1

m(p-1) +1

Proposition 4.5. nilc z/pmicp)
P

Proof of Proposition 4.5. Let J be the augmentation ideal of

R = Z,x’pm(Cp} . Plainly

m 2
IR| = p"® , |R/S] =", |33 =5 .

Z/poz/p" . Now it

i}

The last result follows from the fact that J/J2

15 €asy to see that the product map

2 ‘-. + - .+ :
3/3° @ 3t o St el
- . . . i, i+ '
1s surjective. Thus, for i=2,3,..., |[J°/3 | =p or 1 . Let k
be the smallest value of 1 such that |J1/Jl+1| = 1 . Since we know
from fact (ii) that IJl] =1 for scme i , it follows that ijﬂllz
Jk =1, so k= nileR . On the other hand we have
2 -1 -
IRl = R/ ]I/F°] ... [Jk /3k| , so p'P= pm+k 1 , whence

k = m{p-1) + 1 .

c-1
] + so that

From Proposition 4.9 and {4.3) we infer that m < [p T

-

A has finite p-exponent; and Proposition 4.4 and Thecrem 4.2 are

proved.
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It would clearly be desirable to generalize Thecorsm 3.2 to a2

study of homotopy pushouts; this generalization is currently being

yndertaken by V. Rao. It would alse be interesting to generalize Pro-

position 4.5 to obtain the ¢ E—nilpotency of Z/Pm(Cpf) .

[BKj}

[#]

fHMR]

{HRS]

fri]
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