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A NOTE ON PROJECTIVE FOLIATIONS
Izu Vaisman

In [12], MWishikawa and Sato studied conformal and projective foliations
defined as foliations whose second order transversal bundle is endowed with
either a conformal or a projective projectable structure, (See, for instance
[7} for such structures on manifeolds.) Namely, they proved the existence of
corresponding projectable normal Cartan connections from which they deduce that
the same strong Bott vanishing phenomenon like for Riemannian foliations helds.
Then, Nishikawa studied characteristic classes of projective foliations in [13].

Independently, I discussed conformal foliations in [16] using the classical
definition of conformal structures by means of Riemannian metrics, and Montesinos
[11] proved the strong Bott vanishing theorem for conformal foliations, by using
this classical approach.

The aim of this Note is to present projective foliations by using the .
alternate approach to projective structures known as geometry of paths {6}, and
by constructing the normal comnection with a vector bundle version of the original
Cartan technique [4]. This appreach will provide us not only with the Bott-
Nishikawa-Sato vanishing theorem of [12, 13] but also with projectively invariant
representative forms of the real Pontrjagin classes of manifolds and of transverse
bundles of foliations. Furthermore, we shall obtain a cohomological obstructiéﬁ
to the existence of a transversal projective projectable (I am using the name
foliate instead) structure.

Beyond ail this, since two approaches to projective structures on manifﬁldé
are available, it seems natural to use them both in studying projective foliations

as well.
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1. Projective Structures on Manifolds. The definitions of this section are a
reform:lation of those given in [6}. Let ¥' be a differentiable manifold {in
this paper, we are always in the Cm-category), and U an open subset of V
endowed with a torsionless linear connection V. Then we call (U,¥) a c-chart.

Two c-charts {U,V),(U',¥') are called projéctively related if either UN U' = ¢

or UnNU*# ¢, and over U N1 U' one has
(1.1} ViY = VXY + XY + $(VIX ,

where X,Y are local vector fields and ¥ is a well-defined 1-form. A family

F = {(Uu,Va]] of c-charts is a projective atlas on V if any two of its charts

are projectively related, and {Ua} is a covering of V. A maximal projective

atlas is a projective structure on V. Of course, any projective atlas yields a

unique projective structure. A pair consisting of a manifold ¥V and a projective

structure on it is a projective manifold.

Following are some well-known facts concerning projective manifolds [6]:

i) A global torsionless linear connection on V, and in particular a Riemannian
connection provide a projective structure; Conversely, if we glue up local
c-charts by a partition of unity, we get a global c-chart of the same maximal
atlas. Hence a projective structure can always be represented by a global connec-

tion, but not in a canonical manner.

ii) The unparametrized geodesics of tlhie comnections Vu of a projective structure
are the same, and they yield the system of paths of the structure which, in fact,

is the characteristic object of the projective manifold.

iii) A projective structure can always be defined by a Ricci symmetric atlas (i.e.,

one whose conmections Vu have a symmetric Ricci curvature tensor). (Then, ¥ of
(1.1) is a closed form.) Moreover, we can even represent the structure by a single

torsionless Ricci-symmetric linear connection.
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iv) Let n = dim ¥V > 1, and set

1
n+l

1.2) WX, Y)Z = R, (X,Y)Z + [B,(X,¥) - B (¥,X)]Z +

+

nl-l {[nBu[Z,Y] + BG(Y,Z)]X - [nsu(z,x) + Ba{x,z)]y} R

where R is the curvature of Vu, and Ba is the corresponding Ricci tensor.
Then ¥ does not depend on the index o, and it defines the Weyl projective

curvature tensor. W=0 for n=2, and for n =3, W=0 iff V is a

projectively Fuclidean manifold, i.e., one which has a projective atlas consisting

of flat connections. (E.g., the Riemannian manifolds of constant curvature belong

to this class.)

v) [5) The Chern-Pontrjagin forms of a Riemannian manifold are invariant by
projective transformations between Levi-Civita connections.
This latter fact can be extended as follows. Using the usual local components

of the tensor (1.2), let us define the local 2-forms

—

ES 1 kb
{1.3) hj 5 W 52 dx™ A dx”

and the glebal differential forms

n
1 Koy M -
(1.4) Py - — L 5 s P AL AW
j (32530 nx=1 Mohy Tk ki

The forms (i.4) can be computed by using a global Ricci-symmetric torsionless
linear connection as a projective atlas of V (see iii) above). In this case the
computation of A. Avez [1] (originally done for conformal structures) applies,

and Pj(V) are seen to be equal to the usuval Chern-Pontrjagin forms of the chosen

connection.
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Hence, the Pontrjagin classes of a general projective manifold V can be

represented by projectively invariant forms, and these forms are given by (1.4},

Particularly, every projectively Euclidean manifold has vanishing Pontrjagin

classes.

2. Projective Foliations. WNow, we shall apply the schema of Section 1 to the

transverse bundle of a foliation. Let M" be a manifold, and F a foliation of
codimension 9 on M (see, for instance [2] for generalities on foliations).

Let E be the tangent bundle of F, and Q = Tr F = TM/E be its transverse
bundle. Then, we have the natural projection #® : TM + Q, and we shall denote
(X} =X, and ¥ any element of n-l(iﬁ, The dual bundle ©0* is a subbundle of
T*M. Our convention will be to attach the label foliate to everything which is
constant on the leaves of F, and the label basic to everything which depends only
on the "differentials in ©O* ", Particularly, a basic connection V on 0 1is

characterized by [2]
(2.1) v,Z = [X,Z].

Such a connection has the torsion

(2.2) TR = %Y - vX - 1X,7]

{which does not depend on the choice of X,¥), and it is torsionless if T = 0.
Moreover, (0 is a foliate bundle, and the basic connection ¥ is foljate if for
every foliate sections Z,X, the section Vﬁi' is also foliate. It is known that

Q has always basic connections but may have no foliate connecticns [9]. Finally,

two torsiopless basic connections on 0 will be called transversally projectively

related if for any vecter field X on M, and section Z of 0 one has
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(2.3) 'v;(i = 9,7+ A0T + ADX

for some basic t-form A (i.e., A € Q*), which implies that k[i} deperds on
Z alone).
Now, we shall refer to basic conmections on (, define 1like in Section 1

transversal c-charts and atlases, and get thereby the notion of a transversal

projective structure of the foliation F. Furthermore, if all the connections Va

of a transversal projective atlas are foliate connections we shall say that this

atlas defines a foliate transversal projeéctive structure. A foliation ¥ endowed

. R . . 4 R . R R
with a foliate transversal projective structure is called a projective foliation,

(In this case, the 1-forms A of {2.3) are foliate forms.} It is obvious that
the transversal projective structure of a projective foliation F of cedimension
q is locally the pull-back of a projective structure of RS by the local sub-
mersions which define F [2], and the latter are related by projective
diffeomorphisms. This proves that our definition of a projective foliation is

equivalent to that of [12]. Moreover, one can get transversal paths which are the

pull-backs of the paths of the projective structure of R? mentioned above,
Like in Section 1, we see that a plobal torsionless basic O-connection

defines a transversal projective structure of F, and every such structure has

atlases consisting of a single global chart. Particularly, the transversal part

of the second connection of a Riemannian metric of M with Tespect to F [14,15]

offers a transversal projective structure of F, which proves the existence of
such structures for every F. But, gemerally, only local foliate transversal
projective structures exist.

Following [14,15), we shall cover M, by flat coordinate neighbourhoods, with
local coordinates (x*,x") (a,b,... = 1;.;.,q ; u,v,... = q+l,...,n), such that
x* = const. define the leaves of F, and the changes of the coordinates are

locally of the form
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u _ -~u.b v

3 = 2 =x [x,x) .

.4 X =X (X}, X

Then, we choose once and for ever an auxiliary Riemann metric g, we identify Q

with the corresponding normal bundle of F, and take the local bases and cobases

3 u 3 3
(2.5) x = _ " 2 gqup), x =2 ¢k,
a ax? 2 ax¥ u Bxu
(2.6) ax® , 0¥ - axt . t: dx®

All the following tensor components are with respect to (2.5), (2.6).

Now, a basic commection on 0O has local equations
(2.7 VX =YS. %X , V. x =0,

and it has no torsion iff Yzb = Yga . A projective transformation (2.3} takes
the form
€ _LC c c
(2.8) Y ab Yab + Galb + GbAa ’

vwhere A = ladxa is the 1l-form of (2.3). The curvature R of V is given by

(2.9) R(Xa,)‘.b]xc = R cabxe N R(Xa,xu)xc =R cauxe , R(xu,xv)xc = 0,
where

e _ e e h e h e | e e
(2.10) R cab - Xa¥eb T Mp¥ea * YebYha T Yeahb R cau = "quca :

e e e _ _
(2.11} Rcab * Rape * R bca ~ 0, R cau - Rgcy -

Let us alse recall that the decomposition ™ = E @ Q (@ 1 E} induces a

decomposition of differential forms into components of type (p,T) (which contain
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p forms dxa, and T forms 9" in their local expression), and a decomposition
d =d' « d" + 3 of the exterior differentiation d into components of the
respective type (1,0}, (0,1), {2,-1) [14,15].

A basic connection V Thas the following important associated 2-form

[ P =]

dx© [R(X,Y}Yc) =

q
(2.12) B(X,Y) = }
=] [

axCROLVIX ]
c

1
which, obviously, does not depend on the choice of g. One has

Proposition 2.1. The form B 1is an exact 2-form.

Proof. From (2.12) and (2.10}, we get
c ,.a
{2.13) B = d(Ycadx Y,

but we are not yet done since © = Yzadxa is only a local l1-form. But denoting
h = g/Q , using the computations of {18], and applying {2.13) we shall find that
the B-form of the connection Fic induced on § by the second connection of g

{already menticned earlier} is

(2.14) g = d[I‘Zadxa] = d{[xc In V3t R)dx"| = dd* In V3et Tk =

= d(d-d"} In w&E?HH'= -dd" In VHE?Tf
Here, in view of formulas (2.4}, we can see that d" in det R is a well defined
global 1-form. Furthermore, tzb = Y:b - F:b is a 'tensor', whence tzadxa is a
global I-form. This yields
(2.15) R = d[tzad.xa - 4" In VIETEH) ,

and proves the proposition.

The idea of the above proof is the one used in [6] to get a projectively
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related connection with symmetric Ricei curvature on a projective manifold (see
tii} of Sectiem 1}. Indeed, on a manifold, the symmetry of the Ricci tensor is
equivalent to B = 0. However, in our case we cannot get 6 = 0 (globally) but,
if we apply the same proof as in [6, p.88], we can obtain z projectively related
connection on Q such that B = da with o of type {0,1).

Now, ;et us consider again a transversal projective structure of the
foliation F, defined by transversal c-atlas with hasic connections Va‘ and let

us define

(2.16) ROLVZ = R (XN - ?zi_l {BGEX,Y)f + BQ(E,Y)Y} ,

where the field Y is tangent to F. A straightforward checking shows that W
does not depend on the choice of z corresponding te Z, and it is imvariant by
{2.3). {The condition Y € E is essential.} This checking is easy by using the

local components

5 173 € - L® 1 epe.{o) PR ()
\en2hd “can ~  Rcau ” g+ PP * %aPey J,
£0)
(e <
where Bau R , and the formulas {2.10), (2.8).

"{a}cau

The operator W yields a well-defined 2-form of type (1,1) on M, with
values in the foliate vector bundle Hom(G,Q), which has the local components {2.17].

We shall denote this form by w, and call it the auxiliary Weyl form. It provides

us with a cohomological shstruction to the existence of a foliate transverse

projective structure since we have

Theorem 2.2. The auxiliary Weyl form w is d"-closed, and it defines a

d"-cohomelogy class which is independent on the transverse projective structure

of F. The foliastion F admits a foliate transversé projéctive structure iff w

is also d"-exact.

116



Proof. Let us start with a transverse projective structure of F, and the
corresponding form w. Let VG be one of the local connecticns of this structure,
and Ba be the corresponding form (2.12). Then, if we consider a transformation
(2.3} (or (2.8)) where A is a basic form, such that B + (g+1)d: = 0, we get
another connection of the same projective structure whose B-form is Zero. -By
(2.13) such a form A exists locally., Hence, we can always chocse a projectively
equivalent atlas whose connections Va have vanishing forms Ba' (But, generally,
this new atlas has more than one chart.j Now, since ¥ 1s projectively invariant,

we can express it with these comnections ?u, and (2.16) yields
(2.18) WX, Y)Z = RQ[X,YJE

Tt follows that w is precisely the (1,1)-type part of the curvature of
a basic connection, and it is known from [9] that the latter is d"-closed.
Now, let us note that the d'-exactness of w means that some "tensor" of

local components tza exists such that
{(2.193 W =Xt

But then, it follows from (2.10) and (2.18) that the d"-cohomology class of w
is well defined, and it does not depend on the transverse projective structure

used for F. It is known [15] that this class represents an element

[w] € 1 [M,8! (Hom(Q,Q)) | .

where the second argument denotes the sheaf of germs of foliate (1,0)-forms with

values in Hom(Q,Q). We shall say that [w] is the projective Molino-Atiyah c¢lass

of F [9]. Particularly, if a foliate transverse projective structure exists,
then (2.10) and (2.18) yield that its auxiliary Weyl form is w=0, whence [w]=0,

and w of any other transverse projective structure is d"-exact.

117



Conversely, if w is d"-exact, we have (2.19), and we can go over from
everyone of the connections Yic of the B-vanishing atlas to the commnection
?2C = Y%c - tzc ., which will obviously be [local) foliate connections. But, any
two of the connections Y have the same difference as the corresponding connections
¥ , hence they are projectively related. Therefore; we obtained a foliate
transverse projective structure for F, as desired. 0.E.D.

Hence, the projective Molino-Atiyah class is the obstruction to the existence
of a foliate transverse projective structure. {The original Molino-Atiyah class
of [8] was the obstruction to the existence of a foliate comnection of F.)

We shall end this section by constructiﬁg projectively invariant representatives
of the real Pontrjagin classes of Q analogous to the forms "(1.4).

Formally, the formulas (2.8), (2.10), and (2.11) are the same as in the case
of a projective structure on a manifold (where Xa =-a/axa), whence we conclude

that the computations of [6, p. 87-89] heold good, and, if q > 2, the "tensor"

/A A e _ & '-'I_ B p
L. e "eab T % cab Y @I SclBap - Bral *
b by [stany + m) - 6lan, 8,
q°-1 [ a*"cb Bbc b " ca ac’ | ?
where Bab = Rcabc (and, of course, all the components are with respect to (2.5))

is projectively invariant. Generally {2.20) depends on the choice of the
auxiliary metric g, but if F is a projective foliation, (2.20) is the pull-
back of the projective curvature tensor of the '"local bases'' of F, and it is an
invariant of the foliate projective structure of Q. We call the W of (2.20)
the projective curvature tensor of the basic commection ¥ of Q; it vanishes
identically for q=2.

Now, with (2.17) and (2.20), we can define the local differential forms
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e b e

we = a , 2 5 Y
(2.21) W cabdx dx” + W caudx 6",

1
c 2
where 8Y is defined in (2.6). We get

we _ ot e _ _L_ e
(2.22) . Qc + dx” A Cc g+ GCB R .

e .
where Qc are the usual curvature forms, and

{2.23) L. =

q b.,. .

(2.24) P,Q) =—- Lt 7 gt ¥ ol a.. AQd
2 2 ,

] (2m)*1(25)t a,b i 2

and these forms belong to the real exterior algebra generated by
(2.25) 0 =0 AR - A ...»aQ (h = 1,2,...)

Now, let us construct the analogous forms

=w'&'| J'\wazl\___ J\wah

(2.28) : Hh a, a, a

{h = 1,2,...3.

Then, since in view of (2.11), we have

c
(2.27) Lo Ad = - oy

it follows that ﬁh belongs to the real exterior algebra generated by Hk {k £ h)

and B. For instance, we have

= = 2 1
{2.28) lenl-S,H2=H2—qT1H1AB+qT18AB,et_(;_

Since Hh are closed forms, and B is exact, it follows that the forms Hh are

cohomologous to T Moreover, we get in fact

he
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Theorem 2.3. The real Pontrjagin classes of the transverse bundle Q of a

foliation F of codimension # 2 are representable via the de Rham isomorphism

by the differentizl forms

q
= by...by; a az;
(2.29) Prl@ = ———— 1 5 T Hula aw?
J (zmI 253 aba1 vty B 2j

Each form ﬁzj{Q] is_cohomologous to sz(Q), and it provides a projectively

invariant representative form of the j-th Pontrjagin class of Q.

1f F isa projective foliation, we can use the local feliate connections
of the projective structure, for which wecau = 0. Hence the forms {2.21) are

of the type {2,0), and we refind the result of {12]

Corollary 2.4, If F is a projective foliation of codimension q @ 2, one has

necessarily Pontkq =0 for k*q.

3. . The Cartan Normal Connection. Let {M,F) be a foliate manifold with

transversal projective structure defined by a global basic torsionless connection
¥ of Q. (We shall use again the notations of Section 2). Inspired by Cartan

[4], let us consider the canonical line bundle K{F) = AqQ* of Q, then define
(3.1) TN =kP @ (xpreq ,

which is a foliate vector bundle of rank q+l, with the lecal bases

(3.2) e=dxl A ... Aad 3

y ea = e® -a":a— 1
and the tramsition cocycle 3 0
6 1
(3.3} (e,) = . ax? .
g™
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where o,8,... =0,1,...,9; J= det(aiafaxb]. The elements of the inverse
X . B . _ Y B _ B

matrix of (3.3) will be denocted by Gy + 1.8, Pl = 6&

Now, with respect to (3.2), a comnection on T(F) 1is given locally by a

matrix [HE) of connection forms with the transition law

=B _ B ay B, A
(3.4) Ty = aly UL q)\dpa s
or, after using (3.3)
»ﬁO_ﬂ0+J-ldJ ﬁa_ﬁa_ﬂb ﬁﬂ_gﬂﬂ
(] * 0 axb 0 a Bia B
(3.5)
~b ~b c )
ﬁb - Bx 8 € . ax” d (35_) . 6b J-ldJ , FLE (-1} J'ldJ )
a ~a 5% € c axt 22 a a a

Whence, let us note that T(F) admits connections such that ﬂg is an arbitrary

basic connection on K{(F), and

- a 0.-
(3.8) o= dx> |, LI (q-l]ﬂo =0

Particularly, let us look at the comnections V ﬁu:] and V? ﬁn':] of the
projective structure of @, with coefficients ch s Y;E related by (2.8), then

take in (2.8)

¢

(3.7 la T3y (Yba * Toad

where ﬂg = ﬂgadxa is a chosen basic connection on K(F). This yields the

unique global comnection of the projective structure of Q for which

m': + ng = 0. Then we see by (3.5) that
b_ b _ b0
(3.8) = e 53“0

fits into the definition of a commection of T(F) satisfying (3.6). From (2.8),

(3.7), (3.8), we also get
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(3.9 LI —5—-52ﬁg IR

wheTre GZ = eb

b b 1 .be b_e
eac = Yae - g+l [6aYec ¥ chea] ’

which correspond to the coefficients of the projective connection of [6, p.98].

Hereafter, on T(F) we are refering to the connections (3.6), (3.9) only.

Now, let us consider the following Cartan change of the local bases (3.2) [4]
(3.10) e=¢, u =-e +£e ,

"and choose Ea = [1/(q+1)]ﬁga . Then we pet the following new connection forms

of our connections on T(F)

0_ g9 .0 a_ ,a b _ b q :b_ 0
{3.11) Ko = PYS) Ty » Kp = dx” K, = ea + 1 6aﬂ0 .

The transition cocycle of the bases (3.10) is

g 0 J 0
(3.12) - :
2o gl |1t a0 e b
P+l g2 T a7 ax® axPax® ax? e

and it is differentially but not necessarily foliately cohomologous with (3.3).
Hence (3.3) and (3.12) define different foliate vector bundles. Hersafter, we

shall always refer to T(F)} as the foliate bundle (3.12), and to the connections

(3.11).
Now, let us denote by KE = dKS - KI A K$ the curvature forms of our

connections, whence
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a 0_,0 _a, 0 b_ b 0 b b, 0
(3.13) KD = 0, KO = dKO dx™ A LI Ka = CB - KA dx” + Gadxo .
where
(3.14) P -ag® -6 aed
a a a <

and these are projectively invariant forms,.

Furthermore, let us note that (3.6), (3.9) and (3.11) imply

a 0
(3.15) - Ak = 0 .

This suggests us to impose as a further condition

0
(3.16) K, - aky = 0

(which has an invariant meaning by (3.12)). After explicitation, (3.16) turns

out toc be equivalent to

(3.17) ax® A =0,
a
and, if we denote KO =K dxb (3.17) becomes kK_, = K _ .
’ a ab ? ) ab ba
Finally, let us put
8 1.8 c e 8 c u
{3.18) L E-Kacedx AdxT o+ Kucudx A D

(there will be no part of type (0,2) in view of (3.13}), and define also similar

components for 02 . Then, consider
b b 0 _ ab 0 b
(3.19) Ka - SaKO = Ga - KA dx” ,

and the corresponding coefficients
(3.20) LA Lo S L S (P L

ace ace a Oce ace ac e ae

These coefficients yield the "tensor'
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(3.21) T =z .gb

ac ach ach {q_l]Kac ’

and it has an invariant meaning to ask T to be skew-symmetric, which gives
(for q = 2)

o b b
(3.22) “ae = 2(q-1) [eacb * ecab] )

. . . . . 0
This means that we are able to determine a canonical commection «, if Ty

is chosen, and we proved

Theorem 3.1. Let F be a foliation of M of codimension q = 2, endowed with

a transverse projective structure. Let us choose the auxiliary Riemannian metric

. . 0 . . .
g, and a basic connection “0 on K(F). Then, there is a unique connection on

T(F), which satisfies the conditions (3.1]] and {3.22).

The comnection of Theorem 3.1 will be called the normal Cartan connection

(compare with [4] and [16]). If the projective structure of F is foliate, we
may use in the above computations of KS local foliate connections V, and we
see that the normal commection of T(F) is "equal up to the choice of ﬂg " to
the 1lifts of the normal connections of the "local bases'" of F.

Now, in order to escape from the arbitrary connection form ng we have to
go over to the projectivization of T(F), and it is nice to do this in the
language of principal bundles.

Let us consider the princiﬁal bundle BT of the bases of <t(F), factorize
it by the relation of proportionality, and get the bundle PT of the projective
frames of the fibres of 7T(F), whose structure group is the q-dimensional
prejective group. Then, let us take the principal subbundie 82 of BT consisting
of bases with the first vector proportional to e of (3.2), and perform the same

0

factorization to get a subbundle PT of PT for which the structure group is the

central-projective group (i.e., the group of the projective transformations with
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a given fixed point}. Following {4], it is Pg which plays the main role; we
consider it as a foliate principal bundle with the tramsition cocyele (3.12).

It is known that the general projective group P{q,R) is Gl{g+1,R)/centre,
whence the corresponding Lie algebra p(q,R) 1is gl(q+l,R)/{pI} (I is the
unit matrix). Hence, (a'g) and (aﬁ) of gR(gq+1,R} definc the same elemgnt

of piq,R) iff

»

(3.23) a'g - E;'g L Gga

]
o 0

and we can always take ai - Ggag as the representative of the corresponding
element of pf{q,R). The central projective group Po(q,Rj and the corresponding

Lie algebra po(q,R] are defined similarly but using only matrices [ag} with

Now, the normal conmection of T(F) yields a connection on BT with the
gf{q+1,R)-valued local connection forms {KE], and this induces a comnection on
PT. Because of (3.12), the matrices obtained from (Ks] by replacing Kg with 0
will yield a connection on BS , and this induces a connection on PE , whose

potq,R)-valued tocal forms are represented by [KE - 5§Kg]. As shown by {3.11} and

(3.22), the latter matrices do not depend on ﬁg any more,

Finally, let us alse note another important property of Pg . We start by
introducing in the manifold BT the local coordinates [xa,xu,ﬁs], where 55 are

the components of the vectors of a frame of BT with respect to the bases (3.10]).

g

Then Ea

are "homogeneous ceoordinates' in Pg , and, in view of (3.12), the local
. . P 0

equations x* = const., quotients of Eg = const. define on PS a foliation FT

whose leaves cover the leaves of F (like in the Riemannian case [10]). The

0 . a0 .
mentioned property (which is a reason of refering to PT ) is that FT admits a

transverse parallelization. (This is known for g=n [7].)

Indeed, let (ng] be the inverse matrix of [ES].TheU, the global gl{q+l,R)-
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valued connection form of the normal connection on BT is the matrix [8]

=B B

(3.24) £ = n)\dEQ « 02

Aoy 7

and the induced p(q,R)-form on PT is given by

=B B.0 _ B..A RO, A By B 0 vy A A0
{3'25) v 60’-_0 = nxdga - éanAdEO + [ﬂkgu - 6aﬂ)\£0) {K,Y - 6YK0) N
which are q2+2q linearly independent 1-forms on PT . Furthermore, the

restriction of the forms (3.25), Eg excepted, to PE define the normal connection

on Pg , whence they provide q2+q independent 1-forms on Pg . But, it is easy
to see that EE/PE = niﬁgdxb , and if we add.them we obtain in all q%+2q
independent 1-forms on the manifold PE , which constitute a global field of
transverse coframes of the foliation Fg . Clearly, these coframes depend only
on the transverse projective structure of ¥, and on the auxiliary Riemann metric
g of M. Moreover, if F 1is a projective foliaticen these coframes do not
depend on g, and they are foliate with respect to FS . By going over to the

corresponding dual frames, we see that we have obtained

Theorem 3.2. Let F be a foliation of cedimension g2 2 on M, and g be

an auxiliary Riemannian metric. Then, for every transverse projective structure

of F, there is _a uniquely defined global transverse parallelism {the 'normal

parallelism") of the foliation FS on Pg . If the given projective structure

is foliate, this parallelism is independent of g, and is foliate as well.

Therefore, for projective foliations we have a situation which is similar to
the one encountered in the case of the Riemannian foliations [10], and one might

try to use the methods of [10] in the study of the projective foliations.

-

Reémark. Cartan's original method [3] could be used similarly in order to write

down the normal connection of a conformal foliation. Namely, if F 1is a conformal

126



foliation, and if {ha} is a set of foliate metrics of Q/Uu {where {Uu} is

a flat open covering of M), which defines the conformal structure [18], then

one has some relations ha = GBHB’ where ¢a8 are positive foliate real
functions on Ua n UB’ and define a l-cocycle of the covering {Ua}‘ This
provides us with a foliate line bundle € on ¥ having ¢38 as its transition
cocycle, and one can see that the norma} Cartan comnection [3] can be obtained on

66 (0%80) &0
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