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ESTIMATES FOR SOME SQUARE FUNCTIONS

COF LITTLEWOOD-PALEY TYPE

Jos& L. Rubio de Francia

1. Intreoduction

One of the classical results of the Littlewood-
Paley theory states that the LP_norm of a function is
equivalent to the LP.norm of the quadratic mean of its
partial sums corresponding to the dyadic intervals,
which form a decomposition of R". 'The precise state-
ment can be seen in [10], Ch. IV. More recently, other
types of partitions have been considered and, in particu-
lar, that obtained from a fixed interval and its trans-

lates, i.,e., in the one-dimensional case:

k+1

@ - . i/2
AE(x) = I{ | 1 f(g)elTix8gg |2

-

For the operator A , one does not obtain equi-
valence of norms {except for Lz), but only the inequality
|| &5 . Hf||p which, moreover, is only valid in the
range 2 s p < o, A sketch of proof for this result

appears 1in [1], where it is shown to be a basic ingre-

dient - of A. Cdrdoba's apprcach to the estimates for
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spherical summation multipliers. A more detailed proof is

given in [2].

This paper grew out of conversations on this sub-
ject with A. Cdérdoba, to whom I am indebted for sharing

his knowledge with me. The purpose is two-fold.

First, we give in section 2 another procf of the
result just mentioned and some slight generalisations.
This new a simpler approach is based on the unexpected
pointwise inequality: Gf(x)2 s Const, M[[f|2](x) (where
G 1is a smooth version of 4), from which, weighted LP
inequalities for the operator 4 are also obtained

almost immediately.

Secondly, we explore some of the analogues of A
in order to get a deeper understanding of what is really
going on with these quadratic operators. In particular,
some continuous analogues of A considered in section 4
lead to a striking result on pointwise convergence of
averages of ball multipliers. Further generalisation is
gained in section 5, where we deal with Af and its
smooth version G6f in locally compact Abelian groups, a
context which requires yet another different proof of the

Lp-inequalities.

The notation used is fairly standard. We denote
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by M = M1 the Hardy-Littlewood maximal operator in rR"

and, more generally, we define

M EO) = MO £ DY a0 9 - sup(g]™! J | £0y) [%ay) 179
x€Q Q

where 1 € q £« and @ stands for an arbitrary cube in
R™. The classes of weight$ considered are: A (the
usual Muckenhoupt's class) and A; , which consists of

all w(x) » 0 such that

sup (“]-l J] w)([I|'1 L w]_p')p_l < @
I

where 1 is an arbitrary bounded n-dimensional interval,
and the usual modification is considered for p = 1.
Weights in A; correspond to products of operators which
are bounded with respect to weAp, such as the strong

maximal function or the double Hilbert transform (see [5]).

2. Quadratic Operators of Discrete Type

Given meLm{Bln), we denote by Tm the multi-
plier operator: (Tmf)‘ = f.m, which 1s well defined in
LZ(Eln). When Tm can be extended tc a bounded operator

in LP, we shall denote again this extension by T . In
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particular, if m 1is a Schwartz function, medf(ﬂln], we
know that Tm can be defined in LP for all 1 s p s =.
The quadratic operator to be considered here is

(M BEG0 = T [T,y £ D/

kez?
where m(k+.) means the translation of our multiplier:
m(k+.)(£) = m(k+£). Finally, if @ stands for the unit

It

cube in R", Q = [-%, %]n, we define the functions:

a; () = |23q]-] g (x) = 279" q_(27x)

Theorem A: If HL%J%E?n), then the pointwise majorigation

(2) Gf(z) &3 cj{qj*|f|2(x)f/3 S C Myflx)
j=0

holds for every f@L14Lm, where the constants cj depend

o
enly on m and E cj = ¢ <= Ag ¢ consequence, G ig

j=0
a bounded operator in Lpfﬂ?n), 2 s p s, and more

precisely:

(3) JGf(x)p wlz) dz S C,(v) J|f(x)|p wlz) dx

for all wsﬂp/g, 2 8§ p < =,
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Proof: Let g egf{ﬂln] be the inverse Fourier transform

of m. For each finite sequence X = (Ak) of unit 22—

norm, we define

G, f(x)

A Tpa oy £ =
K

ey Je-inik.y () flx-y) dy -
K

n

J g(y) hx (y) f{x-y) dy

where hl (y) 1is periodic: thyék) = hl(y] (ke Z ™

and has unit norm in LZ(Q). Now, we define:

sup {|g(x)| : xeQ}

(g}
n

c; = 2in sup {]g(x)|: xe[ZjQ)4?j'1Q]}
(j=1,2,...)

so that Ecj < = (because g eaf), and

|GA f(x)l H E Cj z-jn J_ |hfo] f(X-Y)i dy
j=0 22q

/2

]

© . 1
s 7 c. (2730 [_ |f(x-y)|2 dy}
j=0 230



Since G f(x) = srp ]G}l f({x)], the first inequality in
(2) is proved, and the second one follows because
qj +» £ £ Mf for every function f.

Since M, is a bounded operator in L(R™ and
in LP(w) when p> 2 and we Ap/Z’ only theo case
p =2 of (3) remains to be proved. But this is a conse-
quence of the first estimate in (2Z) together with the

observation that
J(|Q|'1 Xgd * f(x) w(x) dx 5 C J|f(x)| w(x) dx
for every cube Q and every weight w e A,. &

The previous theorem is a smooth version of the
Littlewood-Paley type inequalities we actually wish to
obtain, which are concerned with the partial sum cperators
SI, where I is an arbitrary n-dimensional interval and
(SIf)A - £ Xp- Now, there is a standard truncation argu-

ment to obtain the strong result from its smooth version,

which is based on the inequality

p € G Il gDVl

J

2 2
@y el Isy £ 1B
j ]

(](p(m)

which holds for arbitrary intervals Ij and functioens

£ ¢ LP(R™ (see Stein [10]).
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The intervals {Ij} are said to be almost congru-

ent (with constant C z 1) if

sup ii(Ij) ¢ C inf Ri(Ij) (i =1,2, ..., n)
j 3

where gi(-) stands for the side length of an interval

along the xi-direction.

. L]
Theorem B: If 2 £ p < » and ve Ap/2’ then, for

eveny sequence {Ij} of disjeint almost congruent inter-

vals in R, the inequality

(s) 11t lsp #1372 RN P
: J
J

tPw) tPrw)

holds for all f e tP(uw).

Proof: Suppose first that all Ij are bounded. Since
everything is invariant under dilations in each coordinate,

we can assume that

1g£i[1j)sc {1 £€1i 5 n})

for every interval Ij in our sequence. Then, each

interval contains at least one lattice point: kj [ Ijr\Z n,
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Take a Schwartz function m such that m(E) = 1 when

tel=[-¢, c]?, so that

_ P
5 f - SIj (Tm(—k5+-) £ (f e LF)

and an application of inequality (4) together with Theorem

A vields:
2,1/2 .
e sy D2, <0y la el
J
¢ C! f A @
b el (2 5sp <=
This proves the case w(x} = 1. For a general w e A;/Z

the argument is exactly the same, but we must use the
weighted version of (4}, namely, that such inequality
holds not only in LP(R™), but also in LP(w) if w e A;
and 1 < p < e, (This actually a rather straightforward
consequence of a general theorem of Marcinkiewicz and
zygmund [6] together with the boundedness in LP(w) of

the multiple Hilbert transform; see also Kurtz [SJ).

Finally, it may be the case that, for some
i=1,2, ..., n, we have Ri(Ij) = = for all Ij. The
necessary modifications to deal with this case are rather

trivial, are are left to the reader. 1]
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Given a sequence of disjeoint consecutive intervals
in R, if they all have the same length we have just
proved that lnequality (5) holds true, while in the case
of lengths increasing at an exponential rate, the same
inequality is obtained (and not only for pz 2, but for
all 1 < p < =} by classical Littiewccd-Paley theory.

It seems natural to expect the same kind of result when
the lengths increase arbitrarily. A partial positive
answer 1s contained in our next result which, for the sake
of simplicity, will be stated in its one-dimensional ver-

sion.

Theorem C: Let {a.}

iliez be an odd sequerce of real num-

bers {i.e. a_j = -aJ.), and agsume that its positive part

is convexr and slowly increaesing, i.e.

5]
A
<
>
-
=a,
1%
-
S

w d . 1/2
A fix) = { |f Fres 278 |2y

defines a bounded operator in LP(R), 2 $p < o,
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Proof: It suffices to consider the operator A  corres-

ponding to the sum } . Define the intervals
i=1
Ij = [aj’1, aj) (j 2 1)

3 = [azk_1, 20 \UJ I (k2 1)

1f 2%V < j ¢ n s 25 we have {150 ¢ (1] by the con-

vexity of the sequence; but we also have
k

-k -
[T, s 27 (a -a ) §277C - 1) a
h Sk Sk Sk

-(k-2)
1Ijl 2 2 (azk_1 -a g o)z a4 s

Thus, lel 5 1Ih| $ % c(c-1) IIjI, which shows that the
intervals in each dyadic block {I.} are almost
i ,k=1_:,.5k
2 <js2
congruent . with a constant independent of k. Now, it is
important to point ocut that in Theorem B, Cp(w) depends

only on p, w and on the congruence constant of the

sequence of intervals. Thus, the operators

£ = {]
2

2 ,1/2
5 £ k N
k-1 5K i 1 x|} (k & N)

are uniformly bounded in Lz(w} for every w € A1, and
it is a well known fact (see [7]] that this implies the

vector valued inequality
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2,1/2 2,1/2
6 |l (% oy £ 8970, s i ¢ £ 15541,

[ 13

(23 p< =)

On the other hand, we have

k

|, 122 |12k| 2 2 fa.l ' (kz 1)

so that, by classical Littlewocod-Paley theory .{see t10]}
2,1/2 -
(73 H(E iSJk £ IIPgCp ||f||p (1<p< @

and we cnly have to combine (6) and (7} taking into

account that

z 2 z
f -
fa, £ |s13 Fxy )+ EN Mk{sJk £3(x)] -

3: Further Results for the Discrete {ase

a) Topether with the operator G in Theorem A, one can

consider its dilations:

&, X 2,172
6. £(x) = GESI(E) - ¢ T £ |4
5 3 L ZZni m(k+d-) |

g1



where fG(x) = f(8x) and m(k +6-)(€) = m(k + 8£). Since
M is dilation invariant, one still has the pointwise

majorization for the maximal operator

G*f{x) = sup Gaf(x) s C My £(x)
6>0

from which, pointwise convergence results (when & = 0)

can be derived. For instance, we have

Corollary 1: If mGJ(]RRJ, then

, 2
i< T () - m(k}) Flz)
5_’2 % } mik+S-} flx & fl= i

= 0

for every f € Lp{.ﬂ?n), 2 3 p < =

{see Section 4 below for details)

b} The metheod of Theorem A can be applied more generally
to an operator of the form

(8) 6 £ = (| [ T () KOy) £0x-y) dy}Ht/?
] n

r

where K{y} 1is such that its least decreasing radial
majorant is bounded and integrable, and {rj} is an ortho-

normal system in LZ{I) for some bounded interval I ¢ mﬁ,
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each T being extended by periodicity ( or a system of
homogeneous functions of degree zero which are orthonormal
en the unit sphere)}. Moreover, in this case, we still
have the majorization G*f(x) 5 C M, f(x) sand the corres-

ponding result of pointwise convergence.

In the particular case I = [0,1]% {ry} =
Rademacher functions ef n variables, we have a stronger

condition than orthogenality:

NS xs r. | no (] s | B2 (q < =)
g 1 ] |Lq[I) g l ]

which permits pushing down the exponent 2 in our G-func-

tion:

Corollary 2: If Gf <is_defined by (8) and {rj} are the

n-dimensional Rademacher functions, then, for every e > 0,

we have the pointwise estimate

G flz) € c_My.  flz) (ret? + 1)

¢) In the unweighted case (i.e, w(x) = 1} of Theorenm B,

we alsc obtain by the usual argument the dual inequalities:

el g s cq i Isp

fiZ]]/Z‘l (1 <q§ 2)
j q
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provided that the intervals Ij cover almost all RT.

The same can be said in Thecorem .

On the other hand, the following weighted ver-
sion of Theorem C can be obtained: ''The operator 4 is
bounded in LP(w) if 2 sp<wand we Ap/zﬂ' This is
proved by using the known weighted Lz-inequalities for
Littlewood-Paley operators (see[5]) together with the extra

polation theorem of [4] and [8].

d) The fact that Theorems A, B and C only contain results
for LP if p 2 2, deserves a word of explanation. Con-
sider the simplest case: One-dimensional intervals of the

same length and w(x) = 1. The inequality
2.1/2 p
I (E Is[k,k+1] £1%) ||p s ¢ f||p (f s LP(m )

cannot hold if p < 2 because, if we define fk ¢ LP(m)

-

by fk = x[k,k+1] and apply this inequality to

N-1
flx) = § £.(x) =Nf_ (Nx)
k=0 k o
1/2 1-1 .
we are led to: || N/ follp s ¢ N'-1/P ’[follp , which,
when N -+ «, forces 2 £ p.
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4: Continuous Type Operators

Given a multiplier m ¢ L”(R™), the conti-
nucus analegue of the square function considered in

section 2 1is
2z 1/2
(9) G f{x) = {[ |Tm(u+.} F(x)|° du}
RD

The LP estimates are even simpler in this case:

Theorem D: Suppose that me L2/]meﬂ?n), and let Klx) =

= Ié(—x)lg. Then:

1/2

i) ¢ fiz) € {k « |f1% (=) (fe t2(m™))

and G extends to a bounded operator from P(R™) te

itself, 2 S p £ =

i1} If we aessume moreover that

m(z)| § ClIvfx 3728 pop some e > 0, then
for some then

¢ flz) S C M, flz) (f e tP; 25 p g =)

and, for every function f et (R™), 25 P < w, we have

tim

§+ 0 J le(u+ &) flx) - mfu) f(m)lz du
Py

n

(=Y
s}
®

Proof: A priori, we only know that G is well defined in

LZ, Let g & L2 be the inverse Fourier transform of m,

so that G f(x) = lim GN f(x}), where

Waeo



Gy £0x) = .f[ IJ e MY 50y £lxoy) 4y | gyt
' lejsw RT

When f ¢ Lz, the inner integral is absolutely convergent,

and, if we fix x ¢ R" and N > 0, there exists a func-
tion A(E) (depending on both x and N) of unit norm in

Lz{ﬂln) such that

fix}

f ,
| aeey TR gy £(x-y) dy g
jefsh mT

Gy

[h(y) gly) f(x-y) dy

where h e L% and [ nil , = 1. since X = 21?2 e L', we

apply Scharz lnegquality to obtain
Gy £(x) s {JK[y] [ (x-y) | % ay}t/?
and part (i) 1is proved by letting N + =,

Now, under the hypothesis of (ii), |K(x)] is dominated

by a decreasing, radial, integrable function, and thus:
(k « 1£}HY 2 come|H P < comps

In particular, the maximal operator:
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sup ¢ J -|T
n

2, 1/2
sup £ - mew £]% aw?t/
R

m{u+é-)

is bounded in LP(R™), 2 < p & » and of weak type (2,2).
By a standard technique, thepointwise convergence result
will be proved for every f ¢ Lp, 25 p<e, if we esta-

blish this result for every Schwartz function. But, if

¢ e f(R™:

{Jnm(m&_} £ - mow) 0E? dwt/?

A

{[{Jtmcmagy Cmwy | 1FE)] agr? aurt/? ¢

[

J H3 [Im(maa) - mw % auwlf? g

Since m € L2

, the inner integral in the last expression
is bounded independently of 6§, £, and it vanishes when
§ + 0, so that an application of Lebergue's dominated .

convergence theorem ends the proof. [

The following particular case of Theorem D is

worth mentioning: Let m = X where B is the unit ball

'B’
in R™. Then

lmoo| = [x|™2 fa,, GslxDh]| s c(1s|x]y M 2-1/2

and both parts of the theorem can be applied. If we
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write SE for the partial sum operator corresponding to

the multiplier XE’ then the first part shows that it

makes sense to define the operator:

£ - {[ s,z £1% aurl/?
mll

for every f ¢ Lp(E{n), 2 §ps e, even though, by Feffer-

man's theorem ([3]), each one of the operators S can

u+B
be defined only in LZ. Moreover, the second part gives:

Corollary 3: If fe LP(R™), 2 S p <=, then

s*ftz) = sup {J |Sr(u+3) f(m)]3 du}z/g L0 My flx)
D<p<on n

Tim J |5

rre |u|<1

rlusg) $08 - f(x)|2 du = 0 a.e.

Given an open bail V in R™ containing the
origin, it is not known whether
(1) lim S _, £(x) = £(x) a.e.
rre T

is true for every f ¢ Lz. What Cerollary 3 shows is that
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a certazin average of the statements (10} for all balls con-
taining the origin is true, but this is only a poor

substitute which 1is far away from {10) itself.

5: The Case of Locally Compact Groups

An essential part of the results in sections
2 and 4 «can be formulated in the context of locally
compact Abelian (f.c.a.) groups, providing some sort of

unified version of the discrete and continuocus cases.

Since there is no Hardy-Littlewood operator in this general

context, we only obtain the LP inequalities, but not the
polntwise estimates, and a different, slightly longer

approach must be followed.

-

Let X be a f£.c.a. group with dual group X
A general element of X ({resp. X ) will be denoted by

X, ¥, etc. (resp. £, a, etc.}, and ds, df¢ will be the

-~

Haar measures on X and X which we shall assume to

be suitably normalised with respect to each other. The

letters H and T will be used to represent closed sub-

groups of X and X , their Haar measures being my and

me, respectively.

The coperator to be considered here is
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G f(x) = { Il(ag) v £001% dml )3 1/2
: T

I

[l [ <y, e>gly) £0c-y) dyl? dm, (@)} /2
T

When X = X = R"

., we can take T , ohtaining the

il

z
operator defined in (1), or T = X = R"™, in which case

we get the operator G of (9) {(with g = m in both cascs).

Theorem E: Let g & LI( X)) be a positive function such

that

(117 ( Jlé(u)iz dmp ()} E -y <
T

Then, the operator ¢ defined above i3 bouanded ia

LP( X) when 2 s p £ =, and more precisely:

HGfIIp 3 Milfilp (rertf; 25psw)

Proocf: We define the closed subgroup of X

i
H=T = {xe X: <x,a> = 1 for all «ael}

so that T = (X/H). The Haar measure m in X/H is
defined as the dual of LR Then, a unique Haar measure

my can be fixed in H so that, defining
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Tx) - J £(xey) dmy, () e LX)
H

{where X = (x + H) € X/H), the following identity always
holds

(12) J f(x) dx = J ¥z dmex)
X . X/H

A series of simple lemmas will be needed in the precof:

Lemma 1: If g e tTex) is posttive, then, for every

£ e §

J lg(a-g) |2 dm, (a) 3 j lgra) |2 dn, (o) = "

r T

Proof: Since (£)7(a) = f(a) for every @ & I , Plan-

cherel's theorem implies

J lga-2)1? dm{(a) = J e ]2 & )
X/H
T
- 2 ) -
I lg(a)|© dmp (0} = J g(X)“ dm(X)
T X/H
" L
But |f(X)| £ |f| (X) for every £, and in our particu-
lar case, we have |(§g)m(i)[ g E(i}, which concludes the

proof of the lemma.
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In our next result, we shall denote by B a

i
B

Lebesgue space consisting of all (strongly) measurable

Banach space (with dual B*) and by Lp ( X) the Bochner-

B-valued functions F(x) defined on X and such that

I F(xy 5 is integrable.

Lemma 2: Let K (x) be a measureble B*-valued funection
such that
(13) J [Kiz)-p| dz s cl| pl} b e B

Then, the formula

(14) T Flx) = [ K(z-y)- F(y) dy

defines a bounded operaior from Lé( XJ) to LI(X ) with

nerm s O,

1
for all simple integrable functions F, since these are

dense in L;. For each such function F, (13) implies

Proof: It suffices to verify that || TF||, ¢ CI‘FllL

that TF(x) 1is well defined, and

IITF(x)[ dx $ J J |K(x-y)- F(y)| dy dx =
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= J { J X (x)-Fly)| dx} dy £ C [I[F[y)l]B dy .

In the next lemma, we take as our Banach

space B = B = LZ(FO] = LZ{FO; mr), where Po is a fixed

compact subset of T, Functiens F ¢ LE(X) are then iso-
metrically identified with functions f(x, a} = F(x) (@)

in the product space LZ(XXFO).

Lemma 3: Let U : A Lg be defined by Uf(z, a) =

(og) # flx). Then U <is_a bounded operator with norm

$ M, and its edjoint [ TR Lg > Lz is given by (14}

where the kermel ia: K(z) = kixz, w) = gl(-z) <z, a>,

Proof: The first assertion follows from Plancherel's

theorem and Lemma 1:

[ e ol d e - | [ |3(e-a) 26)|% dg dmp(e)

X Fo X

s M I 123 |% dg = M f [£ix)|% dx

X | X
The kernel of U is obtained by a simple computation
which is left to the reader (the fact that we take a com-

pact subset rper makes all the integrals absolutely
convergent) .

103



We are now in a position to complete the
proof of Theorem E. Let Gof denote the operator defined
as Gf after replacing T by FO. If it is proved that
||Gof|]p < Mllfllp (2 £ p§=) for an arbitrary compact
subset Ty of r , then, letting I‘o increase to T
we get the desired result for Gf. But |Go £(x)] =
= {lu f(x)I[B, so that the inequalities to be obtained

are

15 uf =M £ 2 s £ e

as v el ,o<nllell, (2 5p s
B .

For p = 2, this was proved in Lemma 3. For p = =, (15)

is equivalent, by duality, to

W Epll 1 M|} Eif ]

and this can be proved by verifying that the kernel K(x)
defined in Lemma 3 satisfies (14) with constant C = M,

in fact, given b = bi{e) @ B = LZ(FO):

jX(-x) «b] = | J g(x) <x, o>b(e) dm, (a) |
r
0
= [hx)] gx)
with h e L°( X/H) and [[nfl, = il bl 5, so that we can
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use the identity (12) to obtain

J IK(x)-b| dx = J Ihz) | ¥%) d¥R) s
X X /H 4

s dbnll, 2N, = Il g m

Finally, the case 2 < p <« =« of (15) follows by interpecla-

tion, and the proof is completed. B

When T = ¥, (11) simply means that g ¢ LZ(X).
Moreover, in this case, the assumption g 2 0 1is not neces-
sary, and we have a statement completely analogous to
Theorem D(i). On the other hand, if T 1is discrete and
g has compact support, then (11) is trivially verified.
The truncation argument used in Theorem B can also be
applied to the smooth G-function considered here: Given
me L% i] , we say that it is an LP-multiplier if the
operator Tm defined (and bounded} in Lz( X) by

(T, £f3° = £ m admits a bounded extension to LP[X),

Theorem F: Let me L (X) bea compactly supported -

multiplier, with 2 £ p <. If T +is a diserete sub-

group of X , then, the operator

Aftz) = 1§ frz)|d 172
ae

rle(a;.J
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is bounded in LFP( XJ.

Proof: First of all, we need the analogue of (4):

(16) 172

=

12

|1(§GF le(u;-) fa 11p

2 .1/2
£ C ¢ f )
SN I

which is a consequence of the theorem of Marcinkiewicz and
Zygmund [6] together with the identity

T f(x) = <x, ubTm(af) (x)

mia+-)

-

Then, we take a function q(&) of positive type in X
such that q has compact support and §{(&) = 1 for all
£ & supp(m). Since q(£) = g{(E) for some positive

g e LT( X), we can form with this function g the above
G-function, which can also be written now as

6 f(x) = (§ IT £y |2 1/2

asl qla+)

Since G is a bounded operator in LP(X), we only have

to apply (16) with fa = Tq(u¥.} f. 2
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