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ON THE POINCARE SERIES OF H*(GL(2,2™),2/2)

G_.R. Chapman

INTRGDUCTION. Let G be a finite group, and A a Noetherian G-ring.
Then Evens [3], Venkov [11] show that H*{G,A), the cohomology ring of
G with coefficlents in A, is finitely generated., The proofs are
essentlally non-constructive, and give little information concerning
the degtees in which the ring generators cccur; é questtion first
ralsed by Johnson [6]. Explicit descriptions of product structures of
cohomology rings are not easy to obtain, a major difficulty being to
determihe when a set of generators is complete. In this paper, we
exhibit a ¢ircumstance in which this dleiculty may be overcome, and
given an example.

Let p be a prime, and let Gp’[H*(G’A)]p denote a Syleow p-subgroup
of G, H*(G,A) respectively, Swan [10] shows that when Gp is abelian,
then [H*(G,A)]p consists aof the subring of H*(GP,A) fixed under the

action induced by inner automorphlsms of G. Consider the case when



p=2, GZ is elementary abelian, and A is Z/2, the Integers mod 2 with
trivial ¢-action. Then H*(GZ.Z/Z) is lsomorphic to

R=€Z/2){%|,...,x_ ], a polynomial ring in r indeterminates where r is
the rank of G, [7]. Consequently H*(G,ZIZ) may be calculated as a

ring of invariants RH, where H is a group whose order is odd, and hence
coprime to the characteristic of the base field of R.

In expository articles, Sleane (8] and Stanley [9] discuss
.elassical invarlant theory, in which the base field is the complex
numbers, A canonical form Ls given for the ring of invariants, from
which a complete set of generators and relations may be derived. 1In
sectlon 2 we indicate how, with minor moedificaticn, these results
apply to the situation described above.

In section 3 we apply these results to G=GL(2,2n), and obtain an
expression for the Poincaré Series of H*{GL{2,2"),2/2). The additive
structure of H*(GL(Z,ZH),ZI2) has been described by Aguadé (1], but
the knowledge of the Poincaré Serles leads, via the canonical form for
the ring of imvariants, to a complete set of generators and relations,
For n=2, the results are well known [12]. For higher values of n, the
célculation becomes more complicated, and the results of a machine
computations are presented for n=3.

I would like to thank P.J. Webb for a series of enlightening
corvespondences, and in particular for indicated how the Brauer 1ift
could be used to prove the version of Molien”s thecrem given in

thecrem 1.

2, MOLIEN”S THEQREM AND A BASIS OF INVARIANTS.

Let F be a field, H'a finite group, V an F(H)-module with F-basis

{xj,+..,%,} and character x. The polynomial ring R = Flx],.00,%x,) is
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graded, with k-th component Rk having F-basis the set of monomlals of
degree k in Xp..-0,%g {k»0). Each heH induces hiy + ¥ by ﬂ(v) = h.v
(vev), and for each §20 a map ﬂj:Rj + Rj defined by
ry T - T . TL
ey Yy = h(xl} ...h{xn) . (rl+...+rn =3jl).
This makes Ry an F(H)-module, whose character we denote by Xy Denote
by RH the subring of R irnvariant under this action, and let
= di H

aj = dlmF(Rj ).

In the classical theory, where F i{s taken to be the complex
numbers (C} Molien”s Thectem yilelds an explicit expression for L ajtj,
the Poincaré Series of RH. Moreover, RH is a Cohen-Macauley ring

which means the Poincaré Series may be written

Consequently, there exist Eree invariants fl,...,E£ {deg fi = vi) and
transient invariants g),.r. .8 (deg g; = v;) such that

k

Hz J_Lgiclf1|°"lf£] -
i=1

R

and fl....,f£ are algebraically independent over C. The results
sketched here are discussed more fully in [B], [%].

Now suppose that char(F)[ H. The fact that g is Cohen-Macauley
follows directly from [5] Propn 13 pl033, so that as In the complex
case

x
R = || gy Flf e, 6yl
i=1



Moclien”s theorem may be modified by_first assuming that F contains
|H|-th roots of unity. This may be achieved by tensoring up to a
sultable field if necessary, but does neot effgct what follows. For

h €é. let B(h), B(h, ) denote a Brauer lift of ﬁ, ﬂk respectively, and
B(x). B(xk) the Brauer characters of V, Rk respectively. We have the

following version of Molien“s theorem.

Theorem 1 1f char (F)}|H|, then
(-]
: ajtj _o det (B(h))

j=0 . IHF heH c(B(h)) '
where c(B¢h}) 1is the characteristic polynomial of B(h) in the
indeterminate t.

PROOF Let “1""'“n ¢ C denote the eigenvalues of B{h).

Then

1

[det(1 ~ B(h)t)}] =~ = 1:1(1_n1t)

= L x.ed (1
§=0 )
L1 Tn
where xj = N noeeany .
LY + ... rh, = 3

r . r
But {“1 ceany rl; T, tount r, = 1} is a set of eigenvalues for B(hk),

so that X, = B(x)(h). (2)
Since‘char(F)f H, the orthogonality relations for Brauer
characters [2] §18C are similar to those for ordinary characters, In

particular, it fellows that

1
ﬂj = m hEHB(Xj.)<h)- (3)
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Hence by (1), (2) and {3),

o=

. i 1 1

.t = T ——_—
j025" TET ey det(I-B{h)r) °

and the theorem follows.

3. THE POINCARE SERIES OF H*(GL(Z,ZH), Z/2).

For n»l, let CF(2") denote the field of 2" elements, and G be
CL(2,2"), the group of 2x2 matrices with entries in GF(2™). A Sylow

2-subgroup Cz of G consists of the matrices
(G 21 secr@™)

and is isomorphic to the direct product of n coples of Cy, Che

cyclic grovp of order 2, IF
H= (%0 ) acor(z™noh,
0 o

then H is eyelic of order 2“—1, and 1f N, C denote the normalizer of

G, in G, and centralizer of Gz in G respectively, we have the extension

2

1 +C»N~+H=+ 1,

Here R acts on G, by

’ -1
e O 1 B o
[0 a_l] [0 1] [0 a 0 1

and since Aut(Gz) = ¢L(n,2), we have a monemorphism @:H * GL(d,2).

This {s discussed more fully in [4].

n -
Let Pn(t) = jzocj+lt3 be a primitive, irreducible, degree n
polynemial over GF({2), and let u be a root of Pn(t}. Then H is

§ 0 n-1

) where 6§ = u2 «» Further, as a vecter space

generated by [ "
[



over F,, G, has basis

¢ "i] : 0<i<n-1}
o 17" :
Since
i -1 1+1
& 0 Y slo 1w
- 0<i<n-1),
( 0 6-1) ( 0 1 ) 0 4 ) ( 0 1 ) < n-1)
5 0

Cit follows that @ [

0o 48
that @(H} = M, the group generated by M,

1 ] is the companion matrix M of P lt), and

Turning to cohomology we note that HI(GZ.ZIE) < Hom (G,,2/2).
For 1 €1 € n, let x; be the element of Hz(Gz,ZIZ) which corresponds
under this isomorphism to the homomorphism which maps [é ?j]
te 1 (f j.= i-1 and O otherwise. It 1s well known (see e.g. [7])
that H*(GZ,ZIZ) is the polynomial ring R = GF(Z)[xl,...,xn]. 1t .
follows from the definition of %y that M induces a transformation

X * oxgyy (1Si<n-1),

so that, 1dentifying H with its image under ¥, we may calculate
. .
H (G,Z2/2) as the ring of invariants rY.

By theorem 1, the Paincaré series is

1 222 detB(Mi)

s (4)
21']_1 i=0 e B(-Mi )

whetre B denotes the Brauer 1ift, and ¢ the characteristic
polynomial. To simplify this expression, we first note that if Q is
a poelynomial over GF(2), then Q(yz) = [Q(y)]z. Hence 1f Q{t) is
lrreducible of degree d; the roots of Q(t) are of the form

d-1

{y,y ,...,yz }. Since the characteristic polynomlial of M 1is
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n-1

P (t), it follows that M is similar to diag (u,uz,...,uz ), and

n—-1
that M! is similar to diag (ui,uiz,....uiz Y.

To simplify (4), consider the action of Z/n (the integers
on X, = {0,1,0..,20-2} given by

2(1) = residue of 2%i mod, 2°-1 {2€Z/n, I€X ).
If Orb{i) denotes the orbit of i and |Orb(1}| = d,, then d; is

exponent of 2 mod. e{i), where
e(i) = _2_“_—1_

(2™-1,1)
is the exponent of ui in GF(2%), Moreover, ui is a root of an
irreducible polyuomial of degree d; over GF(2), For each ﬂln,
denote a set of representatives for the orbits of size d.

If n is a primitive complex (2™-1)th root of unity
corresponding to u under the Brauer 1ift, we have

- h|
n“l i?

det By = "x_ 0 =1
j=0

d
-1 i
cB(Ml) = ?30 (nf -ty = Tn (tf-p) (0<1<2"-
]

Thus from {4) we obtain

Theorem 2. The Poincaré Serfes of H (GL(2,2%),Z/2) ts

LT, - N
2%1 ajn 1% 4n1 A o
jLio(n -t)

where n and Od are defined ahove,
We exhibit the Poincaré Series for some low values of u,

explicit expression seems hard to obtain for arbitrary n,

med. n)

the

let O

2y .

An
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(1Y If n =2, the orbits of X, are {0}, {i1,2} and theorem 2 gives
1 1 2
S =" - (n*=1)
3 (- (n-t)(n“-c}

as the Poincaré Series. This simplifies to

-t + tz

{1~tX{l-c™)

as is well known (see e.g. [121).
(i1) If n = 3, the orbits of X3 are {0}, {1,2,4}, {3,5,6} so we obtain
1 3 3

+ 1 (/=1

[ +
(1-t)> (n—t)(nz—t)(nb—t) (n3—t)(n5—t)(n6-t)

1

7

which can be written

1-2e+e 2400082054t 8
(1-)2(1-t ")

(111} For n = 4, the orbits of X; are {0} {5,10}, {1,2,4,8},
{3,6,9,12} and {7,11,13,14}. A lengthy calculation shows the Poincaré
Series is
l—2t+tz—t3+3t4+t5“t6-t?+t8—t9't10+t11+3t12-t13+t14—2t15+t16
a-v)%@-tHa-e?)

4, The Cohomology Rings for m = 2,3,

As observed in section 2, the Poincaré Serles (as given by

theorem 2} may be wrirten in the form

i
r {l-t *)
i=1
though not necessarily uniquely. However, if free invariants can be
found in degrees VireraaVp, and transient lovaviants In degrees

Vysses, ¥ then we may conclude that these generate the entire ring,
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{1) When n = 2, (6) may be written

1+ t3
{(1-t" 3} {1-t7)

Write x,y 1nstead of X)1Xgpe Since

A= xz + xy + Yz » B = xy(xty}

and € = x3 + xzy + y3 are invarliants with

c? = a¥ + 82 + CuB,

*
it follows that these three elements generate H {GL(2,22),2{2) as a
commutative ring of exponent 2 subject to the single relation given.

{ii} For n = 3, the Polncaré Series may be written

4 5 &

+3c7 + 3¢ 7 11

I + 2t + 2t + t

{1—t3)(1-t4}(1—t7)

Write x,v,z for Xyr¥Xga¥qe Searching in the ring of invariants, we

find ring generators.

A = x3 + y3 + 23 + xz2 + yzz + xyz + xyz

B, = xé + y& + z& + x2y2 + yzzz + zzxz + xyz{x+y+z),

By = x3(y+z) + xyz(y+z) + z3CX+Y} + x2y2 + Y3Z s

By = x3y + xzzz + xy3 + x23 + ysz + yzzz R

€y = XS + ys + ZS + xyz{xytyz+zx) + xy& + xz“ + yaz '

Cy = xy4_+ yz& +ozxt 4 x2y3 + y223 + 22x3 + xzyz(y+z) +

Cy = x“y + yaz + 2%+ x3y2 + y3z2 ¥ 25%2 +.xy3(x+y) )

D, = x“yz + y“zz T N R S R 224+ xyz(x3+y3+za) + xzyzz ,
T O T A R T Y L
D3 = xsy + ysz + zsx + x2y222 + xsz + x4y2 + x“yz + yzs,

g = xyz{xjy + y3z + z3x + xy3 + yz3 + zx3) ’

Ey = x%y + yez + 2%% + x5y2 + y522 + 293 + XOy(xty)

Ey = x&y + yﬁz + 2% =+ x3ja + y3z& + z3xa + xy3(x3+y3}-

2
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We claim that A’Bl‘zl' may be taken as free invarlants, with transient
invariants, 52,33 in degree 4, ci’CZ’C3 in degree 5, DI’DZ‘D3 in.
degree §, Ez,ES in degree 7 and Clﬂi in degree 11. To establish this
claim \I-ae have to show that the product of any two transient
invariants, and the square of each transient invariant lies in

Su (ug,$s)
where § is the ring generated by 4,8),E,, and g; runs over the set of
translent invariants. Any such relation which invelves the transieat
Clnl_may be obtained from the other relations. Hence we need only
consider the remazining 10 transients, which means there ate 35
relations to be established. These relations have been obtained, but

are not presented here, due to their quantity and complexity.
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