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ON F' - CLOSURE COF F - HOMOGENECUS GROUPS

J.M. Olazibal & P.A. Ferguson®

ABSTRACT: Given a homomorph F, a finite group G is
a EF group if G has an F-projector F such that every sol
vable F-subgroup is contained in some conjugate of F. G is
F—homogeneous if NG{X)/CG(X} £ F for every solvable F-sub-
group of G. The following theorem is proved. Assume that F
is an s-closed extensible homomorph and G is a SF group
which is F—homogeneous, then G € F' F,

This theorem generalizes results about D, 7m-homocgeneous

groups and rn'-closure.

Introduction

All groups considered in this paper are finite. In [1],
it is shown that if = is a set of prime numbérs, then every
7- homogeneous D_-group is r'-closed. The following equivalen
ce is then trivial: G/0 ﬂ.(G) is & solvable s-group if and
only if G is a w-homogeneous b -group with solwvable Hall

#-subgroups.
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In this paper, as in [4], we consider an extensible
ans s=closed homomorph F and genéralize these results,

We recall that a non-empty class of groups F is a
homomorph if whenever G € F, then all homomorphic images of
G are contained in F. A homomorph is s—closed if whenever
G € F, then all subgroups of G are contained in F. A homo-
morphr F is extensible if whenever both G/N and N are con-

tained in F, then G &€ F. Let F denote any homomorph which

is ¢losed under normal subgroups;: then F', the derived class
of F, is defined by F' = {G|S/N € F implies that S = N
for each subgroup 5 of G}. (See [4]). For such a homomorph
f, the radical GF' is defined for a group G by

GF‘ =~(N§ Gln € F'> is defined for a group G. A group G
is defined to bg F'-closed if G/GF' € F or eguivalently if
GeF'F.

Let F be a homomorph, a group G is defined to be a
DF group if & has an F-prejector F such that every sclva-
ble F-subgroup of G 1is contained in some c&njugate of F.

G is deéfined to be a D_ group if G has exactly one

F
conjugacy class of F-projectors and every F-subgroup of G
is ceontained in an f-projector,

G is defined to be F-homogenecus if NG(X)/CG{X) € F

for every solvable F-subgroup X of G, |is F-homogeneous

if NG(X)/CG(X) € F for every F-subgroup X of G.
We note that if G is a w-homogeneous D_-group, then
it is direct to see that G 1is an F-homogeneous DF—group

where F is s-closed extensible homomorph of m-groups. We show
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{Lemma 3} that GF' = Oﬂ,(G) for this F, Thus the following
theorem is a generalization of the result menticned in the

first paragraph.

Thecrem A
Assume that F is an s-closed extensible homemorph and

~—

G is a Dy group which is E—homogeneous, then G € F' F.
The following corocllary generalizes the second remark in
the first paragraph and characterizes the product class F'(f MH)

when H is a solvable . class.

Corellary B
Let F be an s-closed and extensible homomorph and H a

class of sc¢lvable groups. Then the following are equivalent:

(i) . G € F'(F N H).

(ii} G is a DF—group with F-projectors belonging to
H and G is F-homogeneous.

(iii} G is a EF—group with an F-projector F belon-

ging to H an G is F-homogeneous.
Corcllary B strengthens Theorem IIT 2.6 of [4] by re-

placing the nilpotency hypothesis in the F-projectors of that

-theorem by sclvability.
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Section One

Lemma 1
Let F bhe an s-closed homomorph. Every subgroup H of

an ?—homogeneous group G is an F-homogeneous group.

Proof:

Let X be a soclvable F-subgroup of H, then X 1is an
F-subgroup of G. Whence N, (X)/Cg(X) € F. Now N (X)/Cy(X) =
= (N (X) NH)/(CL(X) O H) = (N (X} O H)C, (X} /Co(X) implies that
NH(X)/CH{X) is isomorphic to a subgroup of NG(X}/CG(X}. Since

F is s-closed, NH(X)/CH(XJ € F.

Lemma 2
Let F an extensible homomorph of finite groups and let

G be an F-homogeneous group. Then:

(i) G/K 1is an F—homogeneous group for each normal sol
vable F-subgroup X of G.
(1ii) If F 4is also an s-closed homomorph, with

G/KEF' F and K €F where K is solvable, then & € F' F,

Proof:

(i) Let X/K be a solvable F-subgroup of G, then
X 1is solvable so NG(X)/CG(X) € F. Now p : NG{X) ——>NG/K(X/K)/

/ CG/K(X/K) defined by pig) = gk is an epimorhism whose kernel
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contains CG(X).

Therefore, NG/K(K/K) / CG/K(X/K} is an ep%morphlc ima-
ge of the F-group NG(X}/CG(X). Since F 1is a homomorph,
NG/K(X/K) / CG/K(X/K) lies in F. Hence G/K is a F-homoge
necus group.

(ii} Let M/K be the F'-radical (G/K)F, of G/K.
Since K€ F and M/KE€ F', {|K, | M:K|) =1 as F 1is s-clo
sed. Now the Schur-Zassenhaus theorem yields a subgroup L of
M  such that M = KL and M/K = L, Let Kp denote a Sylow p
subgroup of K. By the Frattini argqument M = NM(Kp)K‘ Thus
RUNINE VSR |

Further, NM(KPJ N K 1is a normal Hall subgroup of
NM(KP). Hence by the Schur-Zassenhaus theorem, NM(KPJ has a

Hall subgroup L of order | 1] and Ly and L are canjuga

1
te in M. Thus, by Sylow thecry, we may choose notation so

that L CN \(K).

Therefore, LCM(KP)/CM(KP) is contained in NM(KP)/CM(KP).
Since G is thomogeneous, Lemma 1 implies that NM(KPLKh(KpHEF.
Now LCM(KPJ/CM(KP) must be an F-group because F is sfclosed.
However, L € F' implies that LCM{KP}/CM(KP) e F',

Thus, |LCM[KP)/CM/KP)I = 1 and [L,Kp] = 1. Repeating
the argument for all primes p dividing [Kl, we conclude that
M=1LxK and L =H#g,. '

Now L 1is a characteristic subgroup of M so L A G.
Finally, G/L / M/L =6G6/M, M/L =K &€ F, and G/M = G/K /M/K € F;
Since F is extensible, G/L € F' F,

We state Lemma 3 and Proposition 4 in greater generality
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than needed for independent interest. We note that every s-clo-
sed extensible homomorph F is an s-closed and saturated forma
tion by [5, I (1.2}, (2.1), I 2.5)] and the proof of

[5, I (1.14}}.

Lemma 3

Assume F is an s-closed and saturated formation and &
is a SF—group with F-projector F such that every solvable
F-group in G lies in some F9, g € G. Let 1w denote the set

of prime divisors of |F|, then F ig a Hall w-subgroup of

G and Gpy = 0., (G),
Proof:
Let Fp denote a non-trivial Sylow p-subgroup of F.
If F is not a Sylow p-subgroup ©of G, there is a p-group K

P
h that F_ A K and K : F = .
suc a b n [ p] p

Since F 1is s-closed and saturated, K must belong to
F following [5, I: (3.1)]. But K is sclvable so K C FI
wﬂich is a contradiction. Hence F is a Hall w-subgroup of G,

Let R be any «'-subgroup of G, If R € F', there is
NAT with T/NE€F and R 2T 2N. Let v be a prime divi-
ding [f:N], then F contains ZV, a cyclic group of order v,
However, R also contains <x> a cyclic group ¢f order v
and <x> € F.

Since <x> 1is solvable, <x> C F9 which contradicts
(GFl, IRI) = 1. Thus R € F' and in particular 0_,(G) C P

If vI(IGF.l. IF1), then both F and F' contain a cyclic

34



group of order v since F and F' are s-closed. This contra

dicts F mn F' = {1}. Hence, GF' = OW.(G).

Proposition ¢

Let F be an s-cleosed saturated formation. Assume G
is a BF-group with F-projector ¥ such that every solvable
F-subgroup of G 1lies in some F9. 1If whenever two elements

in F are conjugate in G then they are conjugate in F,

then G € F' F.

Proof:

Let 7 dencte the set of prime divisors of |Fl. By
Lemma 3, F 1is a Hall n-subgroup of G. Let E be an elemen )
tary subgroup of G such that |El | |Fl, then E =2 x P
where P 1is a p-group and 2 is c¢yclic. Following [5,I.(3.1)],
P and every Sylow subgroup of Z 1lie in F. Now F a forma-
tion yields E € F. Hence, E C F9 for some g € G. The
Brauer-Suzuki Theorem [3, Th, (8.22)] implies that G =0ﬂ.(G)F.
By Lemma 3, OF,(G) = GF' whence G € F' F.

Proof of Theorem A

The proof is divided into three parts. Let G be a mini
mal counterexample to the theorem, F bhe a F-projector such
“that every seolvable F-subgroup lies in a conjugate of F, and

let 7 dencte the set of prime divisors of |F|.

(A} There are no normal non-trivial solvable F-subgroups

of G.
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Assume K is a nontrivial normal sclvable F-subgroup
of G, then KCF and F/K is a F-projector of G/K. Sup-
pose X/K is any solvable F—subgroup‘of G/K, then X is
sol%able and X € F. Thus, X C 9 and X/K € (F/K)gK. Hence,
G/K is a BF—group. By Lemma 2, G/K is F;homogeneous. The
minimality of G Yields G/K € F' F. Now G € F' F follows

from Lemma 2.

{B) Let S be a non-trivial p-subgrocup of F. Then
(1) N;{S) is F'-closed.
(ii) NG(S) = NF(S}OW. (CG(S)), and
(1ii) 8 C FY implies that F" = FY where

y €0, (Co(S)}.

We first show that (B) (i) and (ii) hold for any

1 #5 such that
(*18 ¢ F implies N _(S) = (N_(§):T
FW F

for r € NG(S).

o~

Assume (s) holds, we will show ﬁG(S) is a DF—group
and that. NF(S] is an F-projector of NG(S). IF K is any
Sylow v subgroup of NG(S] for v a prime in w7, then KS
is a p group if v =p or a {p,v)-group. In particular, KS
is solvable so K5 C F¥. By (%) Ks [= (NF(S))r for some
r € NG(S). Thus, NF(S} is a Hall w-subgroup of- NG(S).

Let U be a subgroup of NG(S) which contains N_({8)

F
with WA U and U/WE F. If t is any prime dividing [U:W],

then F s~closed implies that F contains a cyclic group of
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order t. However, U alsoc contains a cyclic subgroup < x>

of order t. Since <x> is a solvable F-group, <x> C F9,
Therefore, U/W 1is a #-group. Since NF(S) is a Hall
#-subgroup of NG{S}, U = WNFES}. Hence, NF{S) is an F-pro-
jector. It T 1is & solvable F-subgroup of NG(S), then T§
is solvable and TS € F¥ for some w € G,

Mow (*) implies that TS C {NF{S))r for some rEENG(SL
Hence NG(S) is a EF—group. By Lemma 1, NG(S) is E—homoge-
necus, Using (A}, ING(S)I <16l so NG{S) is F*~closed., Lemma
3 implies that NG(S}F, = Oﬂ.(NG(S)). However, Oﬁ.(NG(S))ECG(S))
since NG(S}/CG(S) € F and is thus a f-group. Hence NG(S)F‘ =

0y ¢ (Co(8)) and B.(8) = 0,,(C,{S)INL(S) follows directly.

We now prove (B) by induction on IFp : 8] where - Fp
is a Sylow p subgroup of F. Assume first that IFp :8] =1,
then § is a Sylow p-subgroup of G. Hence, S CF N 2 yvields
5 = wa where £ € F. Therefore, fw £ NG(S} and (%) 1is sa-
tisfied so {i} and (ii) are proved.

Now NG(S} = NF(S}QK'(CG(S}) yields fw = fly where
£, € NL(S) and y € 0_,(C,(5)). Hence F” = FY and (iii) fo-
llows. -

We assume (B) 1is proved for all p-subgroups T of Fp
such that [Fp :T] < [Fp :8] and {8 > 1l. Let ? be a Sylow
p subgroup of N,(S), then [Tl >1(S| and SCTCS C F9
where Sy is a Sylow p-subgroup of NG(S).

By induction F9 = FY .where y € O“,(CG(T)}. Hence,
Neg (S) = (NF(S})y s0 T is a Sylow subgroup of N.(S). If

SCFN Fw, let U be a Sylow p-subgrouv of W w(S).
F
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Then § CU = Ty C T where r € N.(S} and ITll =isl.
i

~1 Y
Wr 1
= <
elds F F where y1 ﬂﬂ'{CG(TI”‘

1
Now T, CF" T arp y

1
Therefore, Nw(S) = (NF{S))er where y;r € N,(S) and

{s} 1is5 satisfied.

Y. r
Hence, (B} {i} and {ii} are proved. Further, 7 =r 1

where YT =] NG{S} = NF(S)OK‘(CG(S}) yiel&s yir = fy where

f e NF(S) and y € On,(CG(SJ). Now {B) (iii) follows.

(C) Final Contradiction.

By Lemiva 3, F is a Hall wm-subgroup of G. Thus,
NG(F) = FM where M is a Hall =#'-subgroup of NG{F). Let
p€ 7, then the Frattini argqument and the Schur-zassenhaus
theorem imply that there is a Sylow p subgroup Fp of F
Such that NG(Fh = NG(FP)F and M C NG(FP)‘ By (B} {ii),
M C CG(FP). Repeating this argument for all primes p in =,

we see that M C CG(F} and NG(F) = F x M,

#

Suppose 2z, = 2% where z and z, © F°, then

1 2 1
zl e ¥ n F. Because of {B), an argument analogcous to that

used in the proof of {1, Lemma 5] implies that F" = FY for

1

some y € 0 ,(C;(z;}). Thus, wy - € NG{F} and by the previous

paragrah w = fmy where f € F and m € M, Hence
-1 -1.-1 -1
- .¥y m°f _ £
z, z3 =2y 80 2z, and zZ,

The theorem now follows from Proposition 4.

are conjugate in F.

Proof of Corcllary B:

(1) = (11). [4,II. (2.7)] yields that G is a Dy-group,
and {4, III (2.2)] dimplies that G is F-homogeneous., Let F

be an F-projector of G, then G/GF. = F and G/GF’ €EF 0OH,
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Therefore, F € H.
(ii} = (iii) It is cbvious.
{(iii) = (i) By Theorem A, G € F' F,
Now G/GF' = F € F implies that G € F'(F N H).
As noted in the introduction if a group G is ﬂ—ﬁomogg

then G is F—homogeneous and D where F

neous and D F

ﬂ"
is the s-closed extensible homomorph of w-groups.
The following generalization of the theorem in [1] may

be obtained easily from Theorem A and Lemma 3.

Corgllary C:
Assume G 1is a finite group which is r-homogeneous and
has a Hall w#-subgroup which contains a conjugate of every sol-

vable +s-subgroup of G, then G is n'-cleosed.
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