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HOPF ALGEBRAS AND GALOIS DESCENT

Antonico A. Blanco Ferro

¥

Knus and Ojanguren say in |5| that: "some of the me-
thods used in Galois theory and in the radical theory may he
formulated in the HOpf algebras framework, This analogy led
to Chase and Sweedler to define a Galois notion of object in
terms of Hopf algebras which generalizes both cases. They
gén't formulate a corresponding theory of descent". The pur-
pose of this notes 1is to develop this theory, using as
Galois definition of object, the one given by Chase and
Sweedler in |2], and following the line of exposition in

|51.

We define a Galois descent data over a Hopf algebra
4 for a S-module M, being 5 an Galois #-object, as a homo-
morphism of algebras A: #* ———+£ndh(h} satisfying a coﬁdi-
tion of "semilinearity”. Starting with this definitionitis
obtained as a particular case, the Galecis descent for groups,
simply by taking. # = kG* . where & s a c0mmut$t1ve ring,
G the finite group of Galois extension 5 of & and &G~
the dual of its group algebra. The characferization of the

descended cobject given in section 2, is useful for several

questions related to Galois H-objects studied in a different



way in [2].

In section 3, once given, # as a Hopf algebra and.4 as
an #-module algebra, it 1is defined the set of cohomology
of # with coefficients in A, #'(#,4) with a distinghished
element, the class of the unit element of Reg{#,4). If § is
a Galois #-object, then H1{H,Homk(ﬂ, S@B#)) classifies the

twisted forms of A& over 5.

AN through this notes K is a fixed commutative ring

with 7, each 8, Hom, etc. 1is taken over K.

1. Preliminaries

DEFINITION.3.1. A Hopl adlgebaa lover k] is a k-module toge-
ther with the follawing structures p: ¥8# — # multiplica-
tion, a:# ——#B#H diagonalization n: k ——¥# unit, c:i¥—k
counit so that (#,.,n) is a k-algebra, (#,a,e) is a k-coalge-
bra;u and »n are hemomorphisms of coalgebras, or equivalently

4 and ¢ are homomorphisms of algebras.

A Hopf algebra # is said to have antipode or inverse if
there is a homomovphism of k-modules a: #—# such thaf
w-(HEX)- A= =y (28H) -4 If «:HBH——HBHis the map
which interchanges the factors, themn # is said ta be
commutative {cocommutativel if u-1t =p.{c+a=4a. .  Moreaver

e H— B verifies r-a-t= {a8x)-a and x.qu-t= w{0B2),

DEFINITION 1.2, A finite Hopf algebna is a Hopf algebra #
with antipode which is finitely generated and projective as

K-module.
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DEFINITION 1.4, Let # be a Hopf algebra, and $ be an #-object,
we define the algebra homomorphism. vyg: 585—58#4 by the

formula yolx @y) = (x@87,) . agly) = (E) XYiq) By o
Y

S will be called a Gadoia H-object if the following

conditions are satisfied:

a) § is a faithfully flat K-module

b} v is an isomorphism.

PROPOSITION 1.5. 72 # ia a finite Hopt Algebra, then H =

Hom{H K} is also a findite Hopl algebra. |2 (7.1).

If # is a finite Hopf algebra and 5 is a K-module then
we have the following:
Hom(S,S8H} > Hom{ S, Hom{#H*, 51} > Hom{H" 8 S,5) the first:.
isomarphism arising from the fact that # is a finitely .ge-
netated projective X-module, the second is the adjointness
isomorphism. In particular if 5 is an #-object, we may apply
this isomorphism to the element a, of Hom(5,58 #) to ob-
tain a wap bS: #'85 —— S, which we shall write as
bsfg ﬂx}‘=g(x);:{i}xfj)cgrx{2}> . It is easy to see that

bS is a #%-module structure for S, |2].

DEFINITION 1.6. Let # be Hopf algebra, a X-algebra 5 which
is a left #-module is called a #-module adgebra if the
-structure morphism (unit and multiplication) are #-module

morphisms.

If 5 is an #-object then it is & #"-module algebra.

DEFINITION 1.7. Let # be a Hopf algebra and A a left #-mo-
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"dule algebra. We define an algebra A# # as follows:

ABH as a K-module, the multiplication is defined by
setting (x #g) - (y#h)= {;} x: 9(”(5&) Fo(nh (we write xi#g
for x @ gwhen thought of as and element of 4 # #, xed, ge#).
Where g.m(gL) is the #-module structure of A4, and wunit
Tat Ty

A##H is called the smaah paoduct of A and 4.

In A, a structure of A# #-module is defined as

(x #g) lg) =x-gly) x,y-€ A, ge#H.

TEOREMA 1.8. J¢ # ia a Linite commutative Hopf algebaa and 5 14

any H-object, then the statements below ane equivalent.

a) §$ is a Galois H-object

b) S is4 a fLinitely generated faithful profective K-mudule, and the
mapping v @ 3 # HY —— EndiS! arising from the left SH# H —modu-
de sitauctune on 5, i4 an iaomoaphism of algebras 12

‘Th 3.3,

2. Galois DPescent

In this section # will be a finite commutative Hopf

algebra, § iJs a Galois A#-object and M is a left S-module.

DEFINITION 2.). A X-algebra homomorphism A : #" ——~ Endff)

# hg
satisfying the "semilinearity"” condition expressed by

hglx - m) = [219“}()()-!19[2](:72) with ge #’, xeS, men ,
9

is said to be a Galvia dedcent data for A4 over 5.

PROPOSITION 2.2. fach Galuia descent data for M over § de-
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teamines q fuithfully projective descent data of M over 5.
Coveasedy each faithfully projeciive descent data deteami—

nes one of Galodis.

These proceasses aae inveade Lo each othen.

Proof. Given h:#" EndiMm! |, we define

£ EndiS}) —— Endim!

Sah

¢ ENGIS) ¥ s ut SBERdIM) — 2 Endim)

where ¢ is the algebra isomorphism of theorem (1.8) defined
as wlafglx)= 4a-g(x) and alxa f{m) = x-£{m) is a S-module

structure for &ndiml

To check that £ is a faithfully projective descent data
ameunts to seeing that £ is an K-algebras homomorphism and

homomorphism of left and right 5-modules
£ will be an K-algebra homomorphism if

8.(S#h) = o : S#H —— Endim] is an K-élgebra homomor -

phism.

If x,pyes, g,peh’*, then

8'f £ x-g ful #g,5,p/ {m)
(g (1 (2] by definition of &'
]

Exegegylul - ke mtnll '
(g! r (2] because 4 isa A-algebra homomerphism
n
2 oxgg, 4l fhg p,0h fml)' |
fg/ (1) (21""p because of "semilinearility"
"

x - hg |y'- k (m}| = o' (x#g/- |B|’y#p”m)|
P by definition of e'
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The verification that £ is a left and right S-module

homemorphism is immediate.

Conversely, given & : &ndf(S) ——— EndiM}) a_faithfully
projective descent data, we know that there exist &, a

K-module, and £ : S8 AN ——-M an S-medule isomorphism |5].

We define A« H" ——EndiM! as

{2.2.a) hsli'mJ':ifFQfxi}ﬂﬂi’ where i x,@n, = Fa

‘L*
with me M, ge#

From the relation between £ and £, given ue &adis) |

VmeMm we obtain that tu(m}:,{(x “{xi} E“.{,} where
L4
,{'T(m} = Ex, an; deduced from |5| the 4.3.; moreover
>
A o= £+ g r‘nsnl’f*) because it is a composition of K-algebra

homomorphisms, is an A-algebra homomorphism, and

I og. ., Ix!). hg fm}
¢ 17 tel by definition of A

n

{

Logqixt- £ | Eorpfxeny

fg! because £is a 5-module homomor—

. phism

EHEg g yixlgp)fxtany)

fg because pgis a #-module homomor-

n phism {1.6}
4 Eg(x-xi)ani‘zk fx.ml
L £ by definition of A, and because £
is a S-module isomorphism
Then A verifies the condition of semilinearity. Both

processes are trivially inverse to each other.

In |5] up to isomorphism, it is defined the X-module #
such that SEA2> 4 by A= (melM|tulx-m) =ulx) -m ¥xe 5,

Vu e Endl$5))
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COROLARIO 2.3. 7n the conditions of theorem 2.2 il

N' -imeh/hgim) = clgl-m ¥gel 1 then N=N'
Proof. Given me #, then for every g in 0 we obtain

hgfml {by definition of A& (2.2.))
]
Ty pq)lis (because meA# )

)
It

“'I?S#q}”j”'m {by definition of ¢}

gl7¢) - m (because ng is an #*-module homomorphism)
efgl - m then ANewn’

Given mc#’, then for any xin § and any.w in &ndf 5/ we have

£ (x> ml {by definition of # (2.2))

[e- (5 BAJ - p_?]u(x--m} {supposing v'f.’u} = EXL#Q?J

I +
le (zx, #hq,) I(x:m! (by definition of e (2.2))
L

n .
Ix, - hq‘.‘(x'm) {by semilinearity of &}

+ n
Ix., L gq. (x/lhq, fm) {because meX')
“rgl trii Y
]
Ex. L g. ix}) efq, j-m (because # is a Hopf algebra)
i tgr Tt “(2)
n
Ex, g fx) m (by definition of ¢ )
“ [
Wz_xi#qj_}fxl-m:u(x!-m then A'c ¥

AL

PROPOSITION 2.4. Jn #he hipothesis of (2.2}, Lf M L4 an 5-

algebra with staucturnes My ¢ M BSM———-—!“I and Nyt S—M and
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the Galois descent data venifies #he conditionas:

a) hAgim - myl = (;} hgpqimyl - hgyyimy) mym,eh  gel

*

b} hq(?m}:: sr‘q)-‘!m ge

FThen N L4 a K-algebaa and £:5 N M L4 an S-adgebra iso-

monphiam.

Convensedy Lf N ia an K-glgebra and f i1 a K-adgebaa
Laomoaphiam, then h veaifies the condiifionas aJ and 0/,
Proof. Using the relation between A and [, the second part
of the proposition is immediate

For the first one, we consider the diagram:

g

i 1 .
¥ m= Hom( #*.m}
g2
4

pay—LBL oy

where the upper line is an equalizer by (2.3)

g (m) i WY ——————
g ———— hgim)
95lml R OR—
q efgl+m
)
Myt MEMH m g MH————n

and £ is the inclusion of ¥ din M.
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Moreover, for any n, and n,in Aand g in #” we have ‘got that

g, my {n,@an}] = hgin, - n,/

Th 7 z 7 z by a)

E hq fn,] . hq fn,l

fgf frpt ter 2 by definition of #

bx sfq{?}in? . el’q{g})‘n‘?

fg! because #  1is a Hopf algebra

efglin,~n, = g, (myfn, @an,/]
e 2 e Then there exists

N

vy VBN _
The rest of the proof is easy

3. # and twisted forms

In the section 5 indicates a2 commutative A-algebra.

DEFINITION 3.1. Le X be a A-module, possibly with some ad-
ditional algebraic structure. A twist foam of ¥ for the
extension § is an isomorphism class of A-modules [8] with
the same type of structure as & has, and such that for each
representative A4, there exists £8:5ﬂ8—+5ﬂﬁ an S-module

isomorphism.

DEFINITION 3.2, If 8 is a coalgebra, 4 an algebra, and
f.g € Hom(8,4) then we may define £ convolution g=fAag as
fag: pA-fiﬂgﬁ- bg o

With this operation FHom(8,4) has monoide structure
whose unit element is ngTEg . If 8 is a cocommutative coal -
gebra and 4 is a commutative algebra, then #HomfB,4J is a

commutative monoide.
The group of invertible elements of Hom{B,4] for the
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.convolution is dencted by RegiB. 4/

DEFINITION 3.3. Let # be a Hopf algebra and A.an #-module

algebra; we consider the simplicial complex

60 50
RegfK, A} Regfl#, A} ReglHBH, A}
¥
s 62
n-17

0 n
8 : Regl m H, A4/ Regfm H,A)

i""——""",q' tHe L)

!nher'e vy -js the structure of 4 as A-module.

. n-1 n
6“_:7\)69( @ H, Al ————— Regin H,4/

£ vﬁ.(ﬁa...nuﬁaﬂn...am

where y, s in the f-esima positieon

i =1... n-17

n-17

T
87 : Regl @ H,A) ——— Regla H#, A}

£ - ~fne

We define a 7-cocycde L€ Regf#, A} as that .one for
which 6?,{:60,{;\ ﬁ‘?;! or-what is the same Yg.pe #H
fpg = L Ig (e 7l g s

(g) (7} 2 f2}

We will say that two 1-coclycles f,g € Regl{H,A} are

cohomologous if there exists ve Reg{K,4) such that

GOuA £ = 9,\61\) .

The previous relation is an equivalence relation. The

set of equivalence classes is denoted by analogy with the
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abelian case H?(H,AJ. It is a set with distinguished element

the class of Ngt oty o identity element of Reg (4,4}

PROPOSITION 3.4. Let #* be a Hopf algebaa and ($,b¢) a com-
mutative H -module algebra. {Fon example if S i4 a Galois
H-vbiect), Then £' =HomiN, S AN 2% SndSr‘S BN! is a . H-module

ulgebaa.

saw

Proof. We define nep:K————HE' as N

FrETRE — &

He
fug vl —— w-ve N sav
ﬂ_"_*.z,x'i.y’i,gnisi
i, 4
where vinl = I x.sn., and wufin. ) = L y.@8n;,;
. TL L £ . if
4 ¢
bey t HTBE! ~—mr &

&
S5an

qgeau ——— gful o N

n —————— L qij)'ﬁni.
i .

where I x.@n. = uinl/.
i 4 AL

It is a simple computation to check that with these

morphisms so defined, HomfH¥,5 @X) is a #*-module algebra.

Te the Amitsur complex assoctated to the commutative

K-algebra 5,
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we appiy the functer Aat (- 8A#/) which associated the group

Aut ol R B NI to each commutative A-algebra ® and we obtain

o 2 2’
. E] . N —_—
Aut!{(ﬂﬁ ——-—c-fiu/tsr’SﬂrW AuiSﬂS-’SESﬂN}.
] 2

)
A T-coclycle £ is defined as an element of AutSES{SQSﬂM

such taht a?r‘;‘l): aoz- a"p,{ . It is said that two l-cocycles
{,gaﬂutSﬂSfSﬁSﬁM are cohomologous if there exists

v e Auis(Sﬂ/v') such that 37y, £f=q- 3’ v . The previous
relation is of equiﬁalencel over the set T-coclycles. The
set of cohomology classes is denoted by H?z‘S/K. Auti - @ N}
and has as distinguished element the class of the identity in

Aut fsasan/.

Ses

PROPOSITION 3.5. Jn the hypotheasis of 3.4/, there are gaoup

homaomanphisms w; such that ;‘.’ollowi..ng diagaamas

4 0
] 3 —y
AutSr‘S gN — AutSESISBSﬂNJ — AutsﬁSES(SBSGSENJ e
k] 2
3
wO . wy w2
30 aO .
CReglK, &1 T Regl W ET ) T ReglH B H*,ET) T
. af a.2
aze commuiatives, i.e.
i _ L
60 w,;__;r = w/i a

Proof. We define w (£/: A a ... el ———HomfN,S8N)

hfqhzn...ah 8

A
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where o : & SEN

7 2 q-7 q Qs7
m-—-——-*:x’{._-h?[xihé,[...xi /1&4,[x"._hn[x.’é i Bm,

. P2 q+#?
being £ X, 8x, ®... & x;

A

gm, = ﬁ(?sn... B ?Sami

The proof of the proposition is not essentially diffe-

rent to the one given by Sweedler in [8].

F

Let be a finite commutative Hopf algebra, S a Galois
H-object and & : W (S/K, Aut (- G N )~ K (K" Hom(N, BN the map

induced by w, . Then we have got the followings:

PROPOSITION 3.6.

¢ is g bijective map which takes the distinguished ele-

ment info the distinguished element.

Proof, a} ¢ is surjective.

Let ge Regl/#*, Hom{N,S8N)] be a t-cocycle, we may defi-
ne then A : # —— &ndiS BN/
q —— hg:$§ gN¥N———+ S BN

x@gm— L Eg{”f'xiy.sm.
(gl i vt

being Iy . sm. = g {m}
ittt o)

being 4 defined like this, it happens that A is @ Galois descent
data, the proof of this assertion is easy, though it is te-
dicus. There are then 8 and ":B such taht ’:B ; S8R — SBN s
a left S-module isomorphism, A takes the form given in {2.2.a
and the ‘1-cocycle A’ = (x 8 47-{SBLI (<8I (SBE e Autoy ISBSBA)
is associated to £ |5|. Where < is the application which

interchanges the facters (1,1).
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It follows then that w?!h']qn’m} :i.:;i y,*.‘_q(x.i_}ﬂ m{.?:
{because § is commutative and £ a S-module homomorphism).
= £ zq(xi_}abi_ {because of the (2.2.a} relation between

L
it £ and A).

hgltcam) {by definition of 4 starting from g!
it

. -7 )
qu) §.E.D. where ;xiebi_;f {?Sami and ,{Hjab&,!_ Dy, @m.

: L i i i
b} ~¢is injective,

-8

Let g and g’ be two T-cocycles is Au.tS@S!S@S&;W such

that « g/ is cohomologous to w,lg'l in ﬂegfﬂ*, HomiN S @N)

The 1-coclycles g and g’ have associated to then [8]
and [8'] which are two twisted forms |5]| respectiveTy.wflgi
has associated as in a) a Galois descent data whose descent
is 8. Similar]_\.( wylg'l with B8'. Because {(2.3) 8 and 8’
are respectively determined by the egualiizers

8
#4

Hom{H™,5 8 B}

5@8

588" Homi#H™ S88"}
&

Given ve ReglK,&')such that Gova\w?!q}:w?!g’)a sT v
’ _ -1 . -
we form f:588 — 588", ﬁ_;:B,-.‘nSﬁ/Y} !Sﬁu?) “{8
where v, is the homomorphism of # in S8 N determined byv-£
is trivially a left S-module isomorphism, simply taking
into account that ’{B and ,{B, are too and that v has an

inverse in Regf/k,&£’} for the convolution.
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for

An eassy computation gives g?o £ = Hom(H™ L1« gf

i=1,2.

We have then that &8=38' 50 they define the same

twisted form, and g and g’ turn out to be cohomologous |54

COROLARIO 3.7. The twisted foam of N ovea § aae classified

in the hypothesis of (3.61 by # (H* HomiW,S®N)).

[}

12|
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