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STATE DIAGRAM FQR QPERATORS WITH MNULL SPACE OR
CONULL SPACE IN AN IDEAL OF BANACH SPACES

Teresa Alvarez

1.- Introduction

Let B be the class of all Banach spaces: the scaiar field K is
either the real field or the complex field. All operators acting between
Banach spaces which appear in this article are supposed to be linear.
For X,YEB, &£{X,Y) is the space of all operators from X into Y, the class
of all operators from X into Y with dense domain is dencted by
cCh(X»YJ. IX denctes the identity cperator on X, Jx is the embedding map
of X inte X', and XCq: Y means that X is a quotient space of Y. For
Ted (X,Y}, D{(T}, N{T} and R(T} will denote the domain, null space and
range of T respectively, and we also write CON{T): = Y/R(T),
CON(T): = ¥/RIT), while a{T), B(T) and B(T) will denote the dimension of
N{T), CON(T) and EON(T) respectively. We shall consider

JES(x,Y):

L(X,¥):

{TEL(X,Y): T is normally solvable}
(TeL(X,Y): T is bounded}

Let A be an ideal of Banach spaces. For informations and no-
tations about operator ideals and space ideals we refer to [5]. We con-
sider the ideals, 5, R or F, the ideals of all separable, reflexive or

finite dimensional Banach spaces respectively.

Some notations will be used without explanation because their

meaning is obvious.

In this paper we obtain a state diagram of a linear operator
with dense domain between Banach spaces and its conjugate operator, and

we prove that this diagram is complete.

2. "GENERALIZED" CLASSIFICATION OF {T,T'): STATE DJAGRAM

2.1. THEOREM. Let A be an ideal and T€ ocD(X.Y). Then:




{i) «{T'} = (T}, o(T) <« F{T'}; in general the inequality
is striect. 1f, in addition T€ JJS, then o(T) = pi(T').

(i) Let A be a completely symmetric ideal, then:
(ii) N(T'}€A if and only if CON(TIE A
(112) TESES: N(T)EA if and only if CON{T'}EA.

{1131 Suppose A surjective, if CON{T')€&€ A then N{T}E A.

For arbitrary ideals, the properties are not valid, in general.

Proof. (i} It is an obvious conseguence of the duality relations,

g
=]
=i

(Tye = RT(Tr° = NI(T'),
NIT)* = X*/N{T)® = (X'/RTT )/ (N(T}°/R(T )} %ﬁ('r'}

To see that, in general, the inequality of{T) $ B(T') is strict
. ’ -1 -1
we. define TEL{l) by T(01| Gp1evv1 O yeee) = (0, ags 2 Gpieesht “n"')’

n
-1

{ un)El. Its conjugate operator is T'{ Bn) ={n g . an)E.lw .

n+1
It is obvious that N(T) = {0}, 1 /g, EW_N(T'}since R{T')Cc,. Clearly
CON(T']¢R since if 1 /¢ &R then ¢, has a subspace isomorphic to 1 H

<« - -

that contradicts ¢,€S and 1 & S,
(1i,) It is suffices to notice that N(T') = CON (T)' and thatAis
completely symmetric.
(ii,) It TE WS then N(T)' = CON (T').
('113} Note that N(T)' %l: CON(T'}, A surjective and completely
symmetric.
For arbitrary ideals, the above results are not guaranteed;

for example, if D: = [XEB: ..TXX is complemented in X''} , Tl’TQ the null

maps on 1, €, respectively, then

N(T}) 1,¢ S, CON(T;} = 1€S

N(Té)

1€D, CON(T,) = ¢, gD,

N(T,} = 185 , COMT) = 1 &5,

N(T,) = c &D, CON{T}) = 1ED.

We now introduce the following classification of

TeL(X,Y).

86



I @ alT) < = .
IT : a{T} ==and H{(T}EA.
III : a(T) ==and N(T)EA.
1 B(TI< =
2 : B(T} = =and CON(T}€E A,
3 : B(T)} = »and CON(T}§A.

By combining these possibilities we obtain nine different
situations. This classification scheme may now be applied to the

conjugate T' of T.

The properties of the (2.1} theorem on the language of the

previous classification can be written as:

T'el&y TEL

TEI = T'd1

TEMNS: TEI D> T'E1
A completely symmetric: T'€ IIT & TES3
A completely symmetric and surjective: TEIII —» T'€3
& completely symmetric and TESJNS: TEILIL=» T'E€3.

We shall proceed to construct a diagram. The shaded squares
in the diagram correspond to states that are impossible by virtue of

{2.1} theorem.

cs d s SER
1113 \NS v _CS ~N5 cs
cs & :
N&5 5
R AN R cs ° lsls
III1 cs
JUS cs 6 Ccs+
113 BL Jus cs cs
cs 6 CSH
112 JE5 QS cs & [+
IIl [o£:1
1 CS+
3 |NS NS
cs
I |ws &
CS+5
T Il
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cs : Impossible if A is completely symmelric

cs + NS : Impossible if A is completely symmetric and TE& SUS
cS + 5 : impossible if A is completely symmetric and surjective.
NS : Impossible if TENS

We analyse if the diagram is complete, so, we prove that a
procedure to construct state examples of L(X,Y) in the Taylor-Haldberg
classification, introduced in 1962 by Goldberg and Thorp [2], is valid
for cur classification.

If E E2€B then the map

l’
A ' he (| E1 x E2) «—-:-;.(hl, hz)E.El X E.2 where hl(xl}: = h(xl. 0,

h2(x2): = h{oO, xe), X € Ei' i = 1,2 is an isomorphic, thus we can

identify Ei X Eé to (E‘.1 b3 E2}' through the formula

(%) (hl,

(xl. X JEE x E,.

h2) (xl, X.): = h(xl, x.): = hl(xl) + hz(x2)€K where

2 2

For T € o oL Y)), T,€ ‘Cn(xz' Y,) it is possible identify

1

Ti x Té to (Tl X T2)' by using the {$} formula to consider

1 i ' . : .
(Tl hl' 'I'2 h2) as an element of ()(l b XQ) . Also it is clear that if we

deiine the product between two states of our classification by using

the formuela (Aa ' Bb) x (CC. Dd]: = (maX(A.C)max(a’c). max{B,D} }

mex (b, d}
then the state of the operator 'I‘1 * T2 is the product of the ’I‘l and T2
states,

(2.2) THEOREM. The state diagram for (T,T') is complete.

Proof

(Il. Il) : Let T be the identity operator in X.

I 1 : = i i

{ 1 2) Let A R, (xi)iEI a normalized Hamel basis of 12(1\1),
(ei)ie:I an orthonormal basis of 12(1). Define

T: D(TJClZ(I) — IZ{N]‘
e —BTei: =%

where D{T) is the linear span of the ci's. Clearly D{T) is

dense in 12(1'), R{T} = lz(N) and M(T) = {0 h
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{1.,,II1.)

=R |

(I_,II.)

L |

(1 ml)

9t

(1,1}

1'72

(111,,1,)

(IIIl.Ia)

Let (en )kG. NC{ei)iEI be a sequence of different vectors
4 ) :
n, m 2 n n_® 2
and xoE Ly enk/k €D{T)}, m&N. Then X =y X _kglenk/k .
n n @ 2 .
Tx —a» y : = ¢. % fk"€R({T) if m —» «; hence there
m k=1 nk

exists zne D{T)} such that Tz = yn. morepver - 2" £ 0

since xn¢ D{T}), Consequently for y€ D(T') we have that

< xn - zn, T'y>» = 0 thus xn - ZHEH(T')".

We can choose (e ) C {ej}iél disjoint sequences,
k' k &N

thus for n€ N we obtain (xn - zn)ne NC R{T')?; moreover,

x" - 2" are linearly independent, hence dim R(T')° == .

Clearly 12(1}/RTT' TE R.

Let 4 = R and T be the operator in (2.1) theorem

Let A be completely symmetric, XEF, YEA - F,T the.
null map from X into Y.

Let A be non completely symmetric, XEF, YEA, Y'€EA, T

the null map from X into Y

Let A be non completely symmetric, XE€F, YA, Y'&EA, T
the null map from X into Y

Let A be completely symmetric, MC XA, MEA, X/MEA, T

the inclusicn from X into Y

In the example (12.111) it suffices to replace T by the

conjugate operator.

In the example (IE’IHI) it suffices to replace T by the

conjugate operator

In the example (13,1111} it suffices to replace T by the

conjugate operator.

We can obtain the remaining allowed stales by application of

the previous procedure.
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